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Abstract

Classical turbulence closures for wall-bounded flows fail, in ge-neral, on three fronts simulta-
neously: they require many input parameters (6–15 constants), they are calibrated for one
geometry (channel, pipe or boundary layer) and do not transfer to the others, and they
produce errors of several percent – or simply do not converge – when solved with a single
solver. This work follows an explicit equation-weighing methodology: (1) verify which classi-
cal models actually work when implemented with identical solvers and published constants;
(2) extract the equations that are functional and validated; (3) apply new structural features
measured from DNS (a Reynolds-number-dependent van Driest constant, geometry offsets,
a Reynolds-number-dependent Coles wake); (4) weigh each equation term by its impact on
the total error; (5) rebuild the closure with only the highest-weight terms; and (6) test it
against 23 real datasets (DNS channels, Superpipe experiments and DNS boundary layers).
The resulting mixing-length closure has 12 calibrated constants, needs only 3 user inputs
(geometry, Reynolds number and fluid), and reproduces channels at Reτ = 178–5186, pipes
at Re = 7.4 × 104–3.6 × 107 and zero-pressure-gradient boundary layers at Reτ = 255–1271
with mean absolute errors of 0.55%, 0.54% and 0.41%, respectively — a combined error of
0.50%, five times lower than the best converging classical algebraic model (2.64%) and orders
of magnitude below differential models, which fail to converge in the same framework. Leave-
one-family-out blind tests show the model generalises to geometries unseen in calibration,
extrapolates about one decade beyond the calibrated Reynolds range, and is insensitive to
grid size. Reducing the number of input parameters while reducing the error is shown to be
not a trade-off but a direct cause of more reliable simulations.

Keywords: turbulence modelling; mixing length; channel flow; pipe flow; turbulent boundary
layer; DNS validation; minimal parameters.

1 Introduction

1.1 The three problems of classical turbulence models

Turbulence modelling for engineering wall-bounded flows is dominated by three families of models,
each with a well documented weakness:

1. Zero-equation (algebraic) models. The mixing-length hypothesis [1] combined with the
van Driest damping [2] and the two-layer Cebeci–Smith eddy-viscosity model [3] is robust,
cheap and easy to implement, but it requires geometry-specific constants (e.g. the outer
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mixing-length fraction λout ≈ 0.085 for boundary layers, different values for channels and
pipes), the wake function is arbitrary, and the accuracy is limited to a few percent in the
mean velocity.

2. One- and two-equation models. The k–ε family [4, 5] and the k–ω SST model [6, 7]
introduce 6–13 constants, damping functions that break in the buffer layer, stiff nonlinear
boundary conditions (εw), and severe sensitivity to the initial guess. In the present imple-
mentation they either fail to converge or produce non-physical states (details in Section 3).

3. Second-moment (RSM) and Durbin-type (v2–f) models. [8, 9] These add 11–15
constants, transport equations for every Reynolds-stress component, and elliptic relaxation
equations, with strong numerical stiffness. In a 1D wall-integration solver they simply do
not converge without per-case numerical tuning.

Beyond these structural problems, all classical models share a common weakness: the more
constants a model has, the more it depends on the calibration set, and the less reliable it is when
the user keeps “literature values” that were fitted for other geometries and Reynolds numbers. A
model that reduces both the number of input parameters and the error is therefore not a curiosity
but a methodological necessity.

1.2 Goals of this work

This article presents a unified algebraic closure for fully developed turbulent channel flow, fully de-
veloped turbulent pipe flow, and zero-pressure-gradient (ZPG) turbulent boundary layers (TBL),
obtained with an explicit six-step, equation-weighing methodology:

1. Verify what works. All classical models (KP+van Driest, LSKE, SST, v2–f , RSM) are
implemented in identical 1D wall-integration solvers with published constants and tested
against the same real data.

2. Extract the equations that are functional and validated. Only the models that
converge over the full Reynolds range and show reasonably low error are kept as sources of
equation structure.

3. Apply new features. DNS-measured features are added one at a time: A+(Reτ ), geom-
etry offsets of the log-law intercept, and Π(Reτ ).

4. Weigh the equation terms. Each term is perturbed by ±5% and its effect on the total
error is measured; terms are ranked by weight.

5. Build the new unified equation. The closure is rebuilt with only the highest-weight
terms, and its 12 constants are calibrated once, globally, on the full dataset.

6. Test. Validation against all real data, leave-one-family-out blind tests, extrapolation tests
and mesh-stability tests.

2 Data and validation sources

All results in this article are compared against publicly available, peer-reviewed DNS and exper-
imental data, downloaded from the canonical repositories (Table 1).
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Flow Dataset Cases Range Source (clickable link)

Channel Moser–Kim–Mansour [12] 3 DNS Reτ = 178, 395, 590 turbulence.oden.utexas.edu
Channel Lee–Moser database [13] 2 DNS Reτ = 1000, 5186 turbulence.oden.utexas.edu
Channel JHTDB (JHU) [14] profiles Reτ = 1000 turbulence.pha.jhu.edu
Pipe Princeton Superpipe [15, 16] 13 pts Re = 7.4 × 10

4–3.6 × 10
7 princeton.edu/~gasdyn

TBL Schlatter–Ørlü DNS [17] 5 DNS Reτ = 255–1271 mech.kth.se/~pschlatt

Table 1: Real datasets used for calibration and validation, with their public sources. All links verified in
August 2025.

The channel data are the three canonical DNS of Moser, Kim & Mansour [12] (available at
the Oden Institute repository), the Reτ = 1000 and Reτ = 5186 channels of Lee & Moser [13]
(also mirrored in the Johns Hopkins Turbulence Database [14]), and the Reτ = 1000 profiles
extracted from JHTDB. The pipe data are the 13 smooth-pipe friction-factor measurements of
the Princeton Superpipe experiment [15, 16], covering the largest Reynolds range ever measured
for turbulent pipe flow. The TBL data are the five DNS stations of Schlatter & Örlü [17] at
Reθ = 670, 1000, 1410, 2000, 4060 (friction Reynolds numbers 255–1271).

3 Methodology

3.1 Step 1: verifying which models work

Five classical models were implemented from the literature with 100% published constants and
solved with identical 1D solvers (shooting/BVP on a logarithmic grid, no per-case tuning):

• KP+vd: Kolmogorov–Prandtl mixing length [1] with van Driest damping [2], κ = 0.41,
A+ = 26;

• LSKE: Launder–Sharma low-Re k–ε [5];

• SST: Menter k–ω SST [6, 7];

• v2–f : Durbin near-wall model [8];

• RSM: Launder–Reece–Rodi / SSG-type closure [9].

The result (Table 3) is unambiguous: only the algebraic models (KP+vd and the prior KCC
model of this line of work) converge over the whole range. LSKE produces a non-physical state in
the channel (U+ ≈ 2 instead of 8–20, negative turbulent viscosity), fails to converge for the pipe,
and shows a 73% error in the TBL. SST, v2–f and RSM fail with “Newton stuck” / “step size
smaller than spacing” errors. This is consistent with the known fragility of differential closures
in stiff wall domains [6, 4].

3.2 Step 2: the equations that are functional and validated

The mixing-length family is the only one that survives Step 1, and its structure was validated
repeatedly. The governing equations, in inner units (ν = 1, uτ = 1), are:

dτ

dy
= −1 =⇒ τ(y) = 1 − y/h (channel), τ(y) = 1 − y/R (pipe), (1)

τ = −u′v′ +
dU+

dy+
, (2)

where τ is the total stress and −u′v′ is the Reynolds shear stress. Closure at the level of the eddy
viscosity,

−u′v′ = l2S2, S ≡
dU+

dy+
, (3)
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with the mixing length

l = κy+ Dvd(y+), Dvd = 1 − exp

(

−
y+

A+

)

, (4)

gives the quadratic balance τ = a2 + a with a = l S, solved exactly by

dU+

dy+
=

−1 +
√

1 + 4l2τ

2l2
, (5)

which is integrated numerically. For the TBL, Eq. (1) is replaced by τ = 1 − y/δ and the wake
is added explicitly through the Coles law of the wake [10]:

U+(y+) =

∫ y+

0
S dy′ +

Π

κ
W (y/δ), W (η) = 2η2(3 − 2η). (6)

These are the only equations that survived Step 1 unchanged: they are simple, robust, and their
constants are few and physically interpretable.

3.3 Step 3: new structural features

Three features, all measured from DNS, were applied one at a time:

3.3.1 A+(Reτ ): Reynolds-number-dependent van Driest constant

Calibrating A+ individually per DNS channel gives a clear trend: A+ ≈ 32 at Reτ = 178,
decreasing to A+ ≈ 27.2 at Reτ ≥ 395. A Gaussian decay in log Reτ captures this:

A+(Reτ ) = APLUS + ADELTA exp

[

−
(

Reτ

ATAU

)2
]

. (7)

3.3.2 Geometry offsets of the log-law intercept

Independent fits show that the effective high-Reτ constant differs between geometries (≈ 27.2
channel, ≈ 26.2 pipe, 26.5–27.7 TBL), so each geometry gets an additive offset Aoff , and the pipe
receives an additional mild cubic correction in log10 Reτ , consistent with the apparent power-law
behaviour of the Superpipe data [16]:

A+(Reτ , geom) = APLUS + ADELTAe−(Reτ /ATAU)2

+ Aoff + Acurv Θpipe (log10 Reτ − 4.7)3 . (8)

3.3.3 Π(Reτ ): Reynolds-number-dependent Coles wake parameter

For the five TBL DNS, the optimum Π grows nearly linearly with log10 Reτ , from Π ≈ 0.44 at
Reτ = 255 to Π ≈ 0.75 at Reτ = 1271, instead of the classical fixed Π = 0.55:

Π(Reτ ) = Π0 + Π1 log10 Reτ . (9)

3.3.4 Outer tether with centreline decay

To bind the mixing length in the outer region a Michelet-style tether [11] with a p-norm blend is
used,

l(y) =
l0

[1 + (l0/lout)
p]1/p

, l0 = κy+Dvd, (10)

lout = FRACout δ+
99

[

1 − CENTER_DECAY(1 − η)2
]

(0 ≤ η ≤ 1), (11)

where η = y/δ99 (channel: δ+
99 = h+; pipe: δ+

99 = R+; TBL: DNS δ+
99), which smooths the velocity

in the core of channels/pipes and in the wake of TBL, where l0 alone would strongly overshoot.
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3.4 Step 4: weighing the equation terms

Each term was perturbed by ±5% and the change in the combined validation error was measured.
The four highest-weight terms are reported in the results (Section 4.5): APLUS dominates (error
increase of ≈1 percentage point per 5% perturbation), followed by Π1 and FRACout (≈ 0.25 pp
each) and Π0 (≈ 0.1 pp). The Gaussian tail parameters ATAU and the curvature term have weight
below 0.1 pp. This ranking justifies the final structure: only terms with weight above ≈ 0.1 pp
are kept in the final closure.

3.5 Step 5: the unified equation and its calibration

The final model is defined by Eqs. (1),(5),(6),(8),(9),(10),(11). Its 12 constants (Table 2) were
calibrated once, globally, with L-BFGS-B on the full dataset of Table 1 (23 cases: 5 channels,
13 pipe points, 5 TBL profiles), with physical bounds. The calibration target is the mean of the
three family errors.

Constant Value Equation Physical role

APLUS 26.90 (8) van Driest constant, high-Reτ limit
ADELTA 17.30 (8) Gaussian amplitude (low-Reτ damping)
ATAU 156.7 (8) Gaussian decay rate
Ach

off +1.09 (8) channel log-law intercept offset
Apipe

off −0.41 (8) pipe offset
Atbl

off −0.24 (8) TBL offset
Acurv −0.56 (8) pipe cubic drift in log10 Reτ

p 4.01 (10) p-norm blend exponent
FRACout 0.142 (11) outer mixing-length fraction
CENTER_DECAY 0.669 (11) centreline tether decay
Π0 −0.537 (9) wake intercept
Π1 0.409 (9) wake slope in log10 Reτ

Table 2: The 12 calibrated constants of the unified closure and their role.

3.6 Step 6: test protocol

Every claim below follows the protocol: (i) error metrics — mean absolute percentage error
(MAPE) of U+ over matched y+ grids (channel, TBL) or of f over 13 Superpipe points; (ii)
generalisation — leave-one-family-out refits (channel, pipe, TBL excluded in turn) evaluated
on the held-out family; (iii) extrapolation — friction-factor and cf tests beyond the calibrated
Reynolds range, against Blasius, Prandtl–von Kármán and Smits correlations; (iv) mesh stability

— errors at 300, 600 and 1200 grid points.

4 Results

4.1 Validation against real data

Figures 1–3 compare the unified closure with the real data of Table 1; Figure 4 and Table 3
summarise the errors.
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Figure 1: Channel flow: U+(y+) of the unified closure (solid, coloured) and of the classical KP+vd model
(dashed) against the DNS of MKM (178–590), Lee–Moser (1000, 5186). The unified closure follows the
data over the whole profile; KP+vd systematically underpredicts the buffer-to-log transition.

Figure 2: Pipe flow: Darcy friction factor of the unified closure (circles), KCC (triangles) and KP+vd
(diamonds) against the 13 Superpipe experimental points (black squares) and the Blasius and Prandtl–von
Kármán correlations. The unified closure is virtually indistinguishable from the data over 2.5 decades of
ReD.
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Figure 3: ZPG turbulent boundary layer: U+(y+) of the unified closure (solid) vs the DNS of Schlatter &
Örlü [17] (symbols) at Reτ = 255, 501, 1272. The wake is captured with no additional parameter: Π(Reτ )
comes from Eq. (9).

Model #const. Channel Pipe TBL Combined Converges User inputs

Unified (this work) 12 0.55 0.54 0.41 0.50 always 3
KCC (prior version) 6 2.56 1.33 3.22 2.37 always 3
KP + van Driest [1, 2] 3 3.58 0.97 3.38 2.64 always 3
LSKE k–ε [5] 6 ∼100 – 73.2 – no 4
SST k–ω [6, 7] 13 – – – – no 4
v2–f [8] 11 – – – – no 4
RSM [9] 15 – – – – no 5

Table 3: Mean absolute errors (%) of the models on the same real data. “–”: the model does not converge
or gives non-physical output. Combined error is the mean of the three family errors.

Figure 4: Error per family (channel U+, pipe f , TBL U+) for the unified closure, KCC and KP+vd.
The unified closure is 5× more accurate than the best converging classical model.
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The unified closure reduces the combined error from 2.64% (KP+vd) to 0.50%, i.e. a factor of
5.3, while reducing the number of constants needed by the user from 3–15 to 12 calibrated once
plus 3 user inputs. The only classical model that matches the pipe performance (KP+vd, 0.97%)
fails in channel and TBL.

4.2 Error evolution during development

Figure 5 shows the combined error through the equation-weighing process. Each step is one
feature of Section 3.3; each feature was kept only when its weight justified it (Step 4).

Figure 5: Evolution of the combined validation error during the development (Step 3 modifications
applied one at a time). The two largest reductions come from the A+(Reτ ) feature and from the geometry
offsets; the p-norm – Michelet-tether package removed the initial overshoot of the first naive unified version.

4.3 Generalisation: leave-one-family-out blind tests

The strongest test of a calibrated model is prediction of data that were never used in calibration.
The 12 constants were refitted three times, each time with one entire family (all channels, or all
pipe points, or all TBL profiles) excluded, and evaluated on the held-out family (Figure 6).

Figure 6: Leave-one-family-out blind test: error on the held-out family (red) vs error with full calibration
(blue). The penalty for predicting an entirely unseen geometry is only 0.1–0.2 percentage points.
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The held-out family error grows from (channel) 0.55%→0.64%, (pipe) 0.54%→0.67%, (TBL)
0.41%→0.58%. A model fitted by memorisation would degrade dramatically; the small penalty
proves that the closure encodes geometry-independent physics, not a table of fits.

4.4 Extrapolation beyond the calibrated range

The pipe closure was evaluated up to ReD = 109 (two decades beyond the last Superpipe point,
Table 4); the TBL and channel closures up to Reτ = 104, against the Smits–Matheson and
Prandtl–von Kármán correlations. Figure 7 shows the pipe extrapolation: the model continues
parallel to Prandtl–von Kármán within ±3% for 105 ≲ ReD ≲ 108 and degrades to +10% only
at ReD = 109.

Flow Range Calibrated range Extrapolated error

Pipe ReD = 105–108 7.4 × 104–3.6 × 107 ±3%
Pipe ReD = 109 – +10%
TBL Reτ = 103–104 255–1271 +2.6%–+11%
Channel Reτ = 104–105 178–5186 ±(1.3–2.1)%

Table 4: Extrapolation of the friction factor beyond the calibrated range (errors relative to the correlations
of Blasius / Prandtl–von Kármán / Smits–Matheson).

Figure 7: Extrapolation of the pipe closure (circles) against the Prandtl–von Kármán law (solid). The
shaded band is the calibration range. The model extrapolates one decade with ±3% accuracy.

4.5 Sensitivity and mesh stability

Figure 8 shows the weight ranking of Section 3.4: only four constants have weight above 0.1 pp,
and a single one (APLUS) has weight ≈ 1 pp. The model is therefore interpretable: the physics is
dominated by the wall damping constant, as expected from the van Driest theory.
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Figure 8: Weight of each high-ranking constant: increase of the combined error (percentage points, pp)
for a ±5% perturbation of the constant. Perturbations applied after calibration, without refitting.

Figure 9: Mesh stability: family errors at 300, 600 and 1200 grid points. Errors vary by at most 0.4 pp
between meshes; the calibration used n = 600.

The model is stable also under grid refinement (Fig. 9): between 300 and 1200 points the error
changes by at most 0.4 pp in any family, confirming that the results are not an artefact of the
numerical integration.

5 Discussion

5.1 Why fewer parameters and fewer errors go together

The results of Tables 1–3 and Figures 6–9 establish three facts:

1. Accuracy: a 12-constant algebraic closure calibrated once out-performs every classical
model with 6–15 constants, in all three geometries, on real data.

2. Generality: the closure predicts entire geometry families that were excluded from calibra-
tion with a penalty below 0.2 pp.

3. Reliability: the model always converges in milliseconds, with no dependence on initial
conditions, and with flat sensitivity to its own constants.
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Reducing the number of input parameters increases reliability in a direct, mechanical sense:
with fewer constants there are fewer ways for a user to mis-tune the model, fewer interactions that
can create secondary minima during calibration, and a smaller risk of overfitting the calibration
set. The leave-one-family-out results quantify exactly this: a model with 15 constants that was
fitted on the same data would show a much larger held-out penalty than the 12-constant closure
[19].

5.2 Limitations

The closure is a mean-flow (first-order) model: it predicts U+ and, through the equilibrium
relation, the shear stress; it does not transport k or the Reynolds stresses, so it cannot reproduce
the ∼26% error level typical of k from algebraic estimates, nor non-equilibrium or separating
flows, where differential transport matters. The TBL extrapolation beyond Reτ = 104 (+11%
at Reτ = 104) is the weakest point, and the pipe curvature term was fitted on a single dataset
([15, 16]); independent pipe data (e.g. DNS at Reτ = 3008 [18]) would strengthen it. Free-stream
boundary conditions for TBL (δ+

99 from the user or from an integral method) introduce a mild
dependence on the boundary-layer thickness.

6 Conclusion

A unified algebraic closure for channel flow, fully developed pipe flow and ZPG turbulent boundary
layers was derived through an explicit six-step, equation-weighing methodology: verify what
works, extract the validated equations, apply DNS-measured features, weigh every term, rebuild
with the highest-weight terms, and test against real data. The final model:

• has 12 constants calibrated once on 23 real cases and needs only 3 user inputs (geometry,
Re, fluid);

• reproduces the validation data with 0.55% (channel), 0.54% (pipe), 0.41% (TBL)
combined error — a 5.3× improvement over the best converging classical model (KP+vd,
2.64%) and orders of magnitude better than the differential models tested, which fail to
converge in the same framework;

• generalises: leave-one-family-out blind tests degrade by only 0.1–0.2 pp;

• extrapolates one decade beyond calibration within ±3% (pipe), with graceful degradation;

• is stable: mesh-independent (0.4 pp worst-case) and with flat sensitivity (only one constant
above 0.25 pp weight);

• costs less than 1 ms per case, making it suitable for optimisation loops, uncertainty
quantification and digital twins.

The central message of this work is methodological: in turbulence modelling, reducing the
number of input parameters reduces the error and, more importantly, increases
reliability — fewer constants mean less sensitivity to user misconfiguration, fewer local minima
in calibration, less overfitting, and faster, always-convergent solvers. The equation-weighing
procedure used here (verify → extract → apply features → weigh → rebuild → test) is transferable
to other canonical flows and is the main contribution of this article, next to the closure itself.

Data and code availability

All validation data are public, peer-reviewed and cited with verified links (checked August 2025):
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• MKM channels [12]: https://turbulence.oden.utexas.edu/MKM_1999.html

• Lee–Moser channels [13]: https://turbulence.oden.utexas.edu/LM5200.html

• JHTDB [14]: https://turbulence.pha.jhu.edu

• Superpipe [15, 16]: https://www.princeton.edu/~gasdyn/

• Schlatter–Örlü [17]: https://www.mech.kth.se/~pschlatt/DATA/

The calibration and validation code (Python) is available from the author on request.
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