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Abstract

We use scanning near-field optical microscopy to study hyperbolic phonon polaritons in
hexagonal boron nitride (hBN) cavities with regular and chaotic geometries . In Sinai billiards, we
observe quasi-periodic edge modes, quantum scarring, and irregular patterns that evolve as the
probe-sample coupling is varied. The random-wave features coexist with non-chaotic one-
dimensional boundary modes arising from non-trivial polariton reflection at the billiard edge. In
successive iterations of Koch snowflake billiards, we find polaritonic interference patterns of
progressively finer structure. The Fourier transforms of polaritonic images reveal densely
populated circles in the reciprocal space, in agreement with Berry’s random-wave conjecture.
We develop a numerical framework based on the two-dimensional Helmholtz equation with
boundary conditions that encode angle-dependent reflection phase shifts. Theoretical analysis of
dissipative Green’s function qualitatively reproduces the observations. The calculated level
statistics exhibit a crossover from Poisson-like behavior in integrable billiards to Wigner-Dyson-
like behavior in chaotic ones. These results establish van der Waals cavities as a rich platform for
studying generalized chaotic dynamics of light-matter hybrid polaritons.

Keywords: polariton, quantum chaos, nanoimaging

Introduction

Quantum mechanics is a wave theory, but generic wave problems are nontrivial. Outside
a small set of separable models, the specific spectrum and eigenfunctions of the Helmholtz or
Schrdédinger operator are controlled by geometry, making resonant cavities a canonical setting
for studying wave dynamics®. While the spectra and the eigenfunctions are specific to each cavity,
they typically fall into one of two categories. The rare integrable cases exhibit Poisson-like
spectral statistics and regular eigenfunctions?, often displaying clear symmetries or patterns.
More generally, cavities display irregular eigenfunctions® and the eigenvalue statistics of the
random-matrix theory*>®. This dichotomy has its counterpart in classical dynamics of a particle
confined in a cavity. In particular, the non-integrable quantum cases correspond to classically
chaotic billiards”#%°, The core open problem in experimental studies of quantum chaos is to
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definitively measure its universal signatures in real physical systems that are subject to external
noise, environmental decoherence, losses, finite-size constraints, etc. not included in idealized
theoretical models. Recent experiments have studied chaos in systems of photons?!!/12,13,14,
electrons 1%, and excitons'’. Phonon-polaritons provide another, yet unexplored arena for
guantum chaos. In this work, we investigate experimentally and theoretically chaotic signatures
of phonon polaritons in hexagonal boron nitride (hBN)81°, These collective modes are coherent
hybrid excitations of mid-infrared photons and optical phonons distinguished by low losses and
strong light-matter interaction?’. Optical anisotropy of hBN gives rise to hyperbolicity and multi-
modal structure manifested in, e.g., super resonances?! and superluminal singularities??. Here,
we exploit these hyperbolic phonon polaritons to reveal signatures of chaotic wave dynamics
including complex spatial patterns, sensitivity to perturbations, scarring 22, and Berry’s
circles?*.0ur results institute phonon polaritons in van der Waals materials as a new platform for
guantum chaology.
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Figure 1: Nano-imaging of hyperbolic phonon polaritons in hBN. a. The isofrequency surface of
the polaritons. The in-plane and the out-of-plane components of 3D vectors are designated by
1 and z, respectively. The dashed light blue arrows show polariton momenta k, and Kk,
that have the same in-plane component Kk, (the solid light blue arrow). The dashed dark-blue
arrows indicate the Poynting vectors S, S, and their 2D projection S,. b. Schematic of the
experiment. The sharp tip of a near-field probe (the gray needle) scatters the infrared light (the
orange arrows) and launches polaritons in hBN. The sine wave represents the [ = 0 polariton
mode with dashed light blue and orange arrows indicating k,;—o and K,;5, modes,
respectively. The flattened periodic spikes depict “hot spots” due to the rays that are
superpositions of multiple [ > 0 modes. c. An s-SNOM image of a corner of a larger hBN crystal



where the [ = 0 polariton mode dominates. d. An s-SNOM image of a smaller square-shaped
sample where the I > 0 rays are prominent. w = 1429 cm™! in both ¢ and d. e. Polariton
dispersion calculated for h'°BN of thickness d = 68 nm. f, g. Calculated Q -factor and

propagation length of the modes. The dashed lineis w = 1429 cm™.

Seeing hBN phonon polaritons

The phonon polaritons we study appear inside the mid-infrared Reststrahlen band (RB)
wro < w < wrg of hBN (TO, transverse optical, LO, logitudinal optical) where its principal
permittivities £Z(w), €*(w) are of opposite signs'”18. The permittivity 1 (w) < 0 diverges to
very large negative values near the in-plane optical phonon frequency wrg = 1395 cm™! and
approaches zero at w; o = 1650 cm™1, with values quoted for isotopically enriched h 1°BN?>,
The permittivity €?(w) > 0 remains approximately constant across the RB. As shown in Fig,. 1a,
the polariton isofrequency surfaces are shaped as hyperboloids e'k? + e”kZ = etek}y, in
momentum space, where ky, = 2mw is the photon momentum. These hyperboloids are

asymptotic to the cone with an opening angle 8 such that tanf = —i\/e_i/\/e_z. The dashed
arrows in Fig. 1a and b indicate the momentum Kk, = (K, k,) and the energy flux (Poynting
vector) S,, of the polaritons.

In a thin hBN layer of a thickness d, the out-of-plane momentum k, is restricted to
discrete values +k,; where k,, = (r/d)(l +6,), | =0,1,... is an integer, and 6, = §,(w)
is a dimensionless function'®2®, The polariton dispersion splits into multiple branches with two-
dimensional (2D) in-plane momenta |k, | = k;(w) = [ezkrz,h — (ez/sl)kf,l]l/z, as illustrated by
Figs. 1b,e. As detailed in SI, the dispersion of the principal (I = 0) mode can be mapped to that
of (non-hyperbolic) plasmon-polaritons in a film with a complex conductivity o(w) =
—%cdelw. The hyperbolicity resurfaces when modes with different [ form superpositions.
These multi-mode wavepackets (Fig. 1b) propagate as collimated rays?’, generating surface “hot
2n e 2d tan 6.

+17R]

spots” with the period -

To image the propagation of the phonon polaritons, we employed scattering-type
scanning near field optical microscopy (s-SNOM). As shown in Fig. 1b, a mid-infrared laser beam
is focused on a metallized tip by a parabolic mirror. Incident photons at the tip apex launch
polaritons that propagate outward, undergo multiple reflections from the billiard boundaries,
and form standing-wave interference patterns. The tip subsequently outcouples propagating and
interfering polaritons back into the far-field for detection. By operating in tapping mode with
psedoheterodyne signal demodulation??, the near-field component of the signal is isolated and
recorded with~ 15 nm resolution. Figures 1c and 1d show representative s-SNOM maps for two
samples of thickness d = 68 nm at frequency w = 1429 cm™!. As illustrated in Fig. 1b and
presented in data (Fig. 1c-d), the principal polariton mode exhibits a smooth sinusoidal wave
profile (Fig. 1c), while the higher-order polaritons produce periodic hot spots (Fig. 1d). The latter
is more prominent in smaller cavities (Fig. 1d), possibly due to a stronger polariton confinement?°.



When the dielectric losses are included, the permittivities ¢, (w), &,(w) and the
polariton momenta k; = k;(w) acquire imaginary parts that determine the quality factor, Q =

% Re k;(w)/Im k;(w). For higher-order polariton modes which are more phonon-like, Q =

—%Re tan 6 /Imtan @ is limited primarily by losses in hBN that depend on frequency, isotopic

composition?*, and temperature®. The calculated Q-factor of these modes displays a broad
maximum @ ~ 50 in the middle of the RB (Fig. 1f). For the principal mode, losses in the
substrate (SiO2) also contribute to Q, especially near the bottom of the RB where this mode is
more photon-like. The quality factors determine the propagation lengths L; =
[2 Im k;(w)]™! = Q/Re k;, which are plotted in Fig. 1g for d = 68 nm case. Since samples
studied in our work have lateral sizes L in the micron range, both [ =0 and 1 polaritons
experience multiple bounces in billiard cavities.

The aforementioned mapping to 2D plasmons (SI) helps to simplify modeling of the
principal polaritons laterally confined in a sample of a nontrival shape. This mapping implies that
the real-space distribution of the electric field ¥(x,y) of the principal polariton mode just
above the surface can be approximately described by the 2D Helmholtz equation

(Vi +E)Y(x,y) = F(x,y), (1)
E = k§(w), (2)

supplemented with the appropriate boundary conditions (BC) at the edges. Such BC differ from
those at the large-area interfaces. In the thin-slab limit k,d « 1, they approach instead the BC
for 2D plasmons3!-32 that involve a direction-dependent reflection phase shift (SI, Sec. 2B).
Function F(x,y) on the right-hand side of Eq. (1) represents an external source of the
polaritons corresponding to the localized excitation by the near-field probe in this work. With a
&-function-like F(x,y), the solution to Egs. (1-2) defines the polariton Green’s function. On the
other hand, if F(x,y) is set to zero in a finite-size billiard, the solutions of Eq. (1) are
eigenfunctions Y,,(x,y) corresponding to discrete real eigenvalues E,, . The spectral
decomposition of the Green’s function is dominated by eigenmodes with E,, close to k3(w).
Observability of individual eigenmodes is limited by the dielectric losses where at most ~ Q
lowest eigenmodes can be resolved because Im k3 (w) ~ E,;,/Q becomes larger than the level
spacing s,, = E;,41 — E;n as m increases.

For a 3D hBN nanocrystal of size d K L < L,, a generic shape of the boundary is
expected to construct a non-integrable billiard. On the other hand, a common example of
integrable billiard is a spheroidal particle?®. Below we will investigate a few special cases of
billiards hosting chaotic hBN phonon polaritons.
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Figure 2: Polariton chaos in Sinai billiards. a.-i. Scarring effect of hBN phonon polaritons. The
first row shows experimental s-SNOM data (the third-order demodulated pseudoheterodyne
signal S3). The second row shows the Green’s function simulations. The third row illustrates the
classical trajectories (the orange lines). The s-SNOM data in a is taken ona 76 nm thick hB 1°N
at 1408.5 cm™!. The data in d is taken on the same sample at 1413 cm™!. The datain g is taken
on a 60 nm thick natural hBN at 1405 cm™!. All the samples have width 3 um and hole
diameter 1.2 um. The scale bars are 1 um. j.-I The s-SNOM data for a 72 nm-thick natural hBN
sample with probe tapping amplitudes 110, 93,and 81 nm atfrequency w = 1493 cm™ 1. m,
n. Calculated eigenvalue spacing distribution for a square and a Sinai billiard. The dashed green
and solid red curves represent the Poisson distribution and the GOE Wigner surmise, respectively.

Signatures of chaos in a polariton Sinai billiard

The Sinai billiard33, which can be presented as a square domain with a central hole, is an
ergodic dynamical system that serves as a paradigm3*3> for studyng of quantum chaos. The
chaoticity originates from defocusing of particles or waves propagating within the domain when
they reflect off the convex inner boundary. Here we demonstrate three key signatures of chaos
in polariton Sinai billiards: the eigenfunction scarring, the butterfly effect, and the eigenvalue
statistics.

Quantum scarring3®3” is a phenomenon where the eigenstates of a classically chaotic
guantum system have enhanced probability density in a vicinity of unstable classical periodic
orbits. In our polariton billiards, the scarring manifests itself as brightened traces in the polariton
maps presented in Fig. 2a-i. We observed three types of scars in polariton Sinai billiards which
are refer to as the “+” cross (Fig. 2a-c), the “X” cross (Fig. 2d-f), and the I'-cross (Fig. 2g-i). Each
leg of these four-legged crosses is an independent orbit. The top row of the 3 X 3 grid in Fig.



2a-i shows our experimental data, the middle row presents numerical simulations, and the
bottom row illustrates the periodic orbits from which the naming of the scars was derived. The
“+” scars are associated with the shortest orbits, which are the least unstable of the three. They
are the most prevalent types of scars we observed, appearing in a large variety of eigenmodes.
The X scars are also fairly common and can be observed in multiple scenarios (SI). The TI'-cross
scars are relatively rare. In our experiments, they appear to be formed by the higher-order
polariton modes rather than the principal ones.

We note three other features in images in Fig.2. First, there is a darkened ring along the
inner perimeter in Figs. 2a and 2d. We tentatively attribute it to defocusing by the curved
boundary that causes incident and reflected polariton waves to have a reduced constructive
interference. Second, we observe the polariton hot spots (or rather, hot lines) due to the
polariton rays: the concentric circles near the inner perimeter and the squares near the outer
perimeter of the billiard (Fig. 2g). Third, we detected polariton edge modes along the outer
perimeter in Figs. 2a and 2d. According to the theory3?, the edge modes have a slightly shorter
wavelength than the surface polaritons with the result for 2D plasmons as 0.906. For the
simplified BC we use for hBN phonon polaritons, the ratio of the edge and surface polariton
wavelengths is cos(m/8) = 0.924 (Sl Sec. 2C). Because of the wavelength mismatch, for ideal
edges, these polariton edge modes would be a separate integrable one-dimensional (1D)
subsystem. In reality, edge imperfections cause mixing of the surface and edge polaritons,
creating an extra dissipation channel for the former. Additional data for different frequencies and
billiard geometries can be found in Sl.

To model the experimental imaging data we assume that the s-SNOM signal is
proportional to the Green’s function (Sl), which we compute numerically. For simplicity, we
account for all types of polariton losses by using a complex E with an imaginary part treated as
an adjustable parameter. Overall, our simulations (Fig.2b,e,h) show a good qualitative
agreement with the experimental observations (Fig. 2a,d,g).

Next, we address the observed sensitivity to external perturbations (the butterfly
effect)®. Since the near-field interaction between the probe and the sample depends on their
separation?®, changing the probe tapping amplitude modifies the initial conditions for polariton
launching, and so can be considered a perturbation. As shown in Fig. 2j-l and S, the s-SNOM maps
are greatly altered by changing the tapping amplitude. Figure 2l displays a much higher contrast
and additional fine features compared to Figs. 2j and k measured at larger tapping amplitudes.
Our modeling indicates that these extra features can be attributed to whispering-gallery-type
polariton eigenmodes. Although contrast improving with decrease in tapping amplitude is not
unusual for s-SNOM, we posit that the observed sensitivity to perturbations reflects not only the
local probe-sample coupling, but also the intrinsic sensitivity of chaotic polariton dynamics. We
return to this point below when we discuss Fig. 4.

Another widely accepted signature of quantum chaos is the eigenvalue statistics. For
integrable systems, the eigenvalue spacing distribution P(s) is Poissonian. On the other hand,
the spectral properties of a classically chaotic system follow the universal Wigner-Dyson statistics
of Gaussian random matrices. In particular, for spinless time-reversal-symmetric systems, P(s)
is normally described by the Gaussian Orthogonal Ensemble (GOE) and is closely approximated
by an analytical expression known as the Wigner surmise. There are two reasons to verify these
conjectures for our polariton billiards. First, our problem is characterized by non-standard BC.



Second, some billiards exhibit anomalous properties even for standard Dirichlet BC because of
Kramers-like degeneracies. For the purpose of this verification we computed several thousand
eigenvalues E,, (SI) of the square and the Sinai billiards. We plotted the distribution P(s) of
the nearest-neighbor spacings s, = E,,,;1 — E,,, measured in units of the average spacing, in
Figs. 2m and n. The square billiard is integrable for the Dirichlet BC and remains such for our BC
as well. The level spacing in this billiard is well described by the Poisson distribution (Fig. 2a, the
dashed green curve). On the other hand, P(s) for the Sinai billiard conforms to the GOE Wigner
surmise (the solid red curve), corroborating its chaotic nature.

Although the finite polariton loss prevents experimental study of eigenvalue statistics, we
were able to obtain spectral comparison with the intergrable 1D edge modes. To do so, in
addition to the single-color imaging, we performed broadband hyperspectral near-field imaging.
Figure 3a shows spectra taken along the billiard edge. They exhibit discrete increments in the
total number of nodes that correspond to switching between consecutive eigenmodes. This
behavior is characteristic of an integrable 1D cavity. In contrast, spectra acquired in the interior
of the Sinai billiard (Fig. 3b) display complex nodal patterns which presumably arise from chaotic
dynamics. The key features of Fig. 3a and b are qualitatively comparable with Green’s function
simulations shown in Figs. 3c and d.
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Figure 3: Hyperspectral images of phonon polaritons. a. Image taken along the edge of an hBN
Sinai billiard of thickness 100 nm and width 5 um. The location of the line scan is marked by
the dashed line in the inset. b. Image taken along the line in the interior of the Sinai billiard. Scale
bars in both aand b: 2 um. c-d. Green’s function simulations for a-b.

Koch snowflake billiards

Koch’s fractal curve construction*! inspires another interesting example of nonintegrable



billiards featuring increasing boundary complexities. Starting from a regular hexagon (Fig. 4a-c),
each subsequent iteraction is generated by trisecting edges and inserting inward equilateral
triangles for the boundaries. The three rows in Figs. 4 a-l present the corresponding s-SNOM data,
their fast Fourier transforms (FFTs), and the FFTs of the simulated Green’s functions. The
dominating wave featuresare [ = 1 modes measured with a fixed probe amplitude of 106 nm,
(other conditions available in SI). All the FFT maps inherit C; symmetry from the billiard
geometries, and the central bright spot is due to the finite-size effect. Interestingly, at the
distance of approximately ks, = 12.56 um~! (indicated by the orange arrow and the half
dashed circles), the high-intensity features corresponding to [ =1 phonon polariton modes
behave distinctively. As the iteration order increases, this feature evolves from a set of six
isolated dots and patches (Fig. 4b,e) to a nearly isotropic ring (Fig. 4h, k). This progressively
increasing uniformity of the polariton momentum directions complies with Berry’s random-wave
conjecture3. Briefly, this conjecture states that in the semiclassical limit, eigenstates of a chaotic
system can be viewed as superpositions of numerous plane waves with a statistically isotropic
momentum distribution. Therefore, a chaotic cavity eigenmodes ,,,(r) consist of waves whose
momenta densely populate the circle |k, | = Re k. Since the s-SNOM signal represents the
Green’s function, which is bilinear in ,,(r), the FFT of the s-SNOM amplitude is maximized on
thering of radius 2 Re k, correspondingto kpi,g. Similar circles* have been recently observed
in experimental studies of plasmons in graphene on twisted hBN.

Another measure of wave randomness is the autocorrelation length®® of the real-space
polariton images. We have calculated this length for the data in Fig. 4a, d, g and j, obtaining 717,
484, 327, and 255 nm, respectively. As the boundary becomes increasingly more fractal, the
autocorrelation length converges to m/(Re k,) ~ 250 nm, i.e., one half of the polariton
wavelength, serving as additional evidence3? for the emergence of chaos.

A few remarks on the Sinai and the Koch snowflake billiards are in order. First, while a
smooth boundary predominantly supports specular reflection of polaritons, a multiscale
boundary can locally scramble the reflection phase and thereby promote diffused scattering.
Second, in the Sinai billiards, scarring of eigenfunctions gives rise to quasi-regular features in the
momentum space, obscuring Berry’s circles. In contrast, Koch snowflake billiards with fractal
boundaries are a better choice to observe the random-wave effect. Third, the 0-th and 1-th
iteration of Koch snowflake billiards are not classically chaotic. However, quantum wave effect
allows chaotic behavior to arise?*. Therefore, if sufficiently high-order eigenmodes are accessible,
guantum chaos can happen in classically non-chaotic billiards.
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Figure 4: Berry’s random-wave conjecture tested by high-order (I = 1) phonon polaritons in the
Koch snowflake billiards. a—d. Real-space images of the experimental data taken at 1429 cm™
with a probe amplitude of 106 nm. Scale bars, 1 pum. e—h. FFTs of experimental data. The orange
arrow indicates the polariton momentum ki, = 12.56 um~! sketched in dashed half circles.
As the iteration order increases, discrete features along this value merge into an almost isotropic

ring. i~l. Green’s function simulations (FFT). Scale bars, 10 um™1.

Discussion

Our experiments establish hyperbolic phonon polaritons in hBN billiards as a versatile
platform for exploring quantum chaos in hybrid light-matter systems. In Sinai billiards, we identify
multiple signatures of chaotic wave dynamics, including Wigner-Dyson level statistics, quantum
scars, and sensitivity to perturbations, along with the contrasting spectra of chaotic bulk modes
and integrable edge modes. In Koch snowflake billiards, increasing boundary complexity drives
the polariton momentum distribution towards an isotropic ring in Fourier space, consistent with
Berry’s random-wave conjecture. Together, these observations demonstrate that the onset and
characters of quantum chaos in polariton billiards can be engineered through geometry and
boundary conditions, in additon to the tunability of polariton dispersions and quality factors.
These capabilities extend wave chaotic physics to deeply subwavelength collective excitations



and points towards broader realizations in plasmonic, excitonic and magnonic polariton systems.

Beyond providing a new setting for fundamental studies of quantum chaos, our findings
could be harnessed for applications such as enhanced light-matter interaction?°, broadband
coupling®, and information scrambling®® in quantum materials. The ability to sculpt van der
Waals cavities at the nanoscale, combined with the rich dispersion of hyperbolic polaritons, may
enable designer chaotic resonators for tailoring spectral and spatial properties. Future work could
explore non-Hermitian effects*’, many-body interactions*®4°, and topological features®®>! in
chaotic polariton systems, further bridging the gaps between quantum chaos, condensed matter
physics, and nanophotonics.
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