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Abstract

Background. Fairness audits of clinical prediction models reduce subgroup
AUROC to a cut-point, ratio-rule or permutation comparison, all testing one
null: equal true AUROC in every subgroup. That null is false for a perfectly fair
model whenever case mix differs, and we asked by how much.

Methods. Seven procedures ran on common simulated data at a« = 0.05: a
fixed cut-point, the four-fifths rule, raw and studentized permutation tests, and
three readings of a double-corrected variance estimator. Case-mix cells made one
shared model be the data-generating probability, differing across subgroups only
in predictor spread, swept across 16 values and measured in 21 demographic par-
titions of five clinical cohorts. A closed form turns each partition’s own geometry,
not the ratio, into the gap a fair model would show; we refitted every cohort 24
times and built a noise-only reference. A subgroup Cox calibration test ran on
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the same sweep and on matched pairs varying only the mechanism behind a fixed
gap.

Results. The raw permutation test’s false-flag rate for a perfectly fair model
rises from 0.056 at p = 1.0 to 0.918 at 2.0 and 1.000 at 3.0. Studentizing tracks
it to within 0.008; raising n from 2,000 to 10,000 at a fixed true gap drives five
procedures to 1.000. Measured p has median 1.145; across 24 refits the median
runs 1.132-1.223 and the maximum 1.999-6.388. The implied case-mix gap is
no more stable: its median runs 0.013-0.030, its maximum 0.131-0.219 and the
count reaching the 0.05 disparity convention 2—7 of 21, so we quote no point
value; 9 of 21 exceed a noise-only reference. Where scores are true conditional
probabilities, the calibration test held nominal (mean 0.0499) while separating
mechanism at fixed true gaps (0.049 vs 0.078, 0.051 vs 0.293, 0.047 vs 0.502),
which no AUROC-gap procedure did. We could not decompose observed gaps.
Conclusions. Subgroup AUROC-gap tests should not be used as fairness evi-
dence for clinical prediction models. A gap that cannot be decomposed cannot be
interpreted. Report subgroup AUROC descriptively beside the case-mix distri-
bution, with subgroup calibration and net benefit: existing advice we measured
rather than invented.

Keywords: subgroup analysis, case mix, discrimination, AUROC, algorithmic
fairness, clinical prediction model, estimand, permutation test

1 Background

Disaggregated evaluation, reporting a model’s performance separately within demo-
graphic subgroups, is now standard in clinical prediction model reporting, written into
reporting guidance [1, 2], into widely used auditing toolkits [3-5] and into regulatory-
facing testing plans [6]. In practice the disaggregated numbers are almost always
reduced to one summary before a judgement is made, and two reductions dominate:
the maximum-minus-minimum range of subgroup AUROC compared against a fixed
cut-point, usually 0.05; and the four-fifths ratio rule, imported from employment-
discrimination regulation [7], which flags a model when the smallest subgroup value
falls below 80% of the largest. Both are deterministic screens with no reference distri-
bution and no stated error rate. A third family adds inference to the same summary,

by permutation [8] or by correcting the variance of the subgroup estimates [9].



All of them share one thing, and it is the thing this paper is about. Whatever the
statistic and whatever the calibration, the null hypothesis being tested is that true
AUROC is the same in every subgroup, and that null is treated as synonymous with

the model being fair. It is not.

What is already known

The statistical shortcomings of the individual procedures are well documented and
none is our discovery. The four-fifths rule’s false-positive behaviour is roughly forty-
seven years old: Greenberg [10] showed that the rule “in many situations can lead
to large statistical errors of both kinds,” Boardman [11] computed its exact Type I
and Type II error probabilities in the same volume, Morris and Lobsenz [12] supplied
a significance test for the impact ratio, Collins and Morris [13] compared the Type
I error and power of competing significance tests for adverse impact specifically in
the small-sample regime, and Besse et al. [14] derived the asymptotic distribution
of the disparate-impact indexes themselves so that confidence intervals, rather than
a single point estimate, can accompany a disparate-impact judgement. Roth et al.
[15] re-confirmed by simulation that it “often resulted in false-positive readings of
adverse impact even when there were no underlying (population) standardized group
differences.” Watkins and Chen [16] traced how a single clause of disparate-impact
law was abstracted into a metric and codified into machine-learning fairness toolkits,
which is how it reached the audits studied here.

Studentized permutation inference for the AUC is likewise established. Janssen
[17] proved that studentized permutation statistics are asymptotically exact under
extended, non-exchangeable nulls, the generalized Behrens—Fisher problem, with the
nonparametric counterpart in Neubert and Brunner [18], the general theory including

maxima of studentized absolute differences in Chung and Romano [19, 20], DiCiccio
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and Romano [21], and, most directly, permutation-based inference for the AUC specif-
ically in Pauly et al. [22]. Any result we report about studentization confirms that
literature rather than adding to it, and inherits its open problems: Munko and Sattler
[23] show that standard studentization does not deliver the correct joint limiting dis-
tribution in multiple-testing settings, a live caveat on any maximum-over-partitions
construction including ours.

The estimation-side literature is equally clear. Lum et al. [9] showed that common
group-wise disparity measures are biased estimators of what they represent, worst
when categories have few members, and proposed a double-corrected variance estima-
tor; the analogous bias in binned calibration-error estimators is established [24, 25];
subgroup-specific tests in randomised trials reject at between 7% and 66% under a true
null [26]; and apparent subgroup disparities can be artefacts of training stochasticity,
small subgroups, or the instability of AUROC across resamples [27-29]. Evaluation
choices have been framed as “fairness hacking” [30] and their multiplicity addressed
[31], while concurrent work continues to build tests of the same null [32, 33]. The
chain linking a rank correlation to the Mann—Whitney statistic, and hence to AUROC,
has four distinct links. Cureton [34] introduced the rank-biserial correlation coefficient
and proved its equivalence to Kendall’s tau and Spearman’s rho, without reference
to the Mann—Whitney statistic; Glass [35] proved his simplified formula algebraically
equivalent to Cureton’s; Wendt [36] gave the simplified, U-based form that is the
rank-biserial /U identity itself; and Willson [37] showed that the coefficient is a linear
function of U in order to supply distribution theory and critical values, a contribution
distinct from the identity itself. The corresponding AUC identity is older than the
source usually given for it. Bamber [38] is routinely credited with AUC = U/(mn),
including in earlier versions of this manuscript, but Bamber’s own abstract presents
that relation as established material under review and claims as new the systematic

treatment: asymptotic normality, variance formulas, competing confidence-interval



constructions, and the maximum variance of the area estimator over convex ordinal
dominance graphs. The identity itself predates him. Green [39] states the equivalence
between the area under a yes—no ROC curve and forced-choice proportion correct, and
Birnbaum and Klose [40] were already deriving bounds on the variance of the Mann—
Whitney statistic in that role. We therefore cite Bamber for the systematic treatment
and the variance methods, Green and Birnbaum—Klose for priority on the identity, and
Hanley and McNeil [41] for the clinical statement, that the area equals the probability
a randomly chosen diseased subject is ranked above a randomly chosen non-diseased
one, and that this is what the Wilcoxon statistic estimates, which is the form in which
the identity actually reached this literature. The same U statistic underlies Somers’

D, which is itself an affine function of AUROC [42, 43].

The objection that has already been made in this journal’s field

Set against all of that is a separate literature that has been saying, for a decade, that
subgroup discrimination is not a like-for-like quantity. Discrimination measures how
well a model separates the cases it is shown, so a subgroup whose predictor values are
more spread out is easier to separate, and a single model with one coeflicient vector
therefore ezpects unequal subgroup AUROC whenever covariate distributions differ.
A cluster-specific c-index varies substantially across centres for one model [44]; model-
based concordance was introduced to quantify how much of a c-statistic change is
attributable to case mix rather than to the model [45]; across 224 external validations,
c-statistic variation is mainly associated with case mix [46]; CHARGE-AF discrimi-
nation falls from 0.72 to 0.57 across age strata within one model [47]; AUC varies by
10-20% between subpopulations, higher for subgroups whose scores are more spread
out [48]; correlation among predictors shifts AUC in both directions depending on the
sign of the effects it correlates [49]; and discrimination and calibration respond differ-

ently to case-mix shift depending on the causal direction of prediction [50]. Closest of
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all, Nieboer et al. [51] found that a permutation test on the c-statistic “may provide
misleading results in the presence of case-mix differences.”

Pfohl et al. [52] state the general form of the objection for algorithmic fairness,
arguing through causal graphical models that equal performance across subgroups is
an unreliable fairness target even when the data are representative and the null is
correctly specified. That paper has been widely cited as a caution and rarely acted on.
Petersen et al. [53] make the parallel argument that apparent underperformance in a
subgroup can reflect an irreducibly harder prediction task rather than a remediable
model deficiency, and Jones et al. [54] give a causal taxonomy of the dataset-bias
mechanisms that produce subgroup performance gaps in medical imaging specifically.
This paper is the empirical demonstration of Pfohl et al. [52]’s central point in the case
that dominates practice, and it goes one step further: the failure requires no selection
bias, no unrepresentative data and no misspecification, only that subgroups differ in
case mix. Subgroups do differ in case mix, by more than sampling noise alone would
produce in 9 of the 21 clinical partitions measured below, and by amounts that span
a wide range, and it is the amount, not the fact, that decides how badly an audit is

misled.

The impossibility results, and what they cost the alternative

A separate and older literature bears directly on where this paper ends up, and it is
not comfortable for the direction we point in. Chouldechova [55] and Kleinberg et al.
[56] showed that calibration within groups, balance for the positive class and balance
for the negative class cannot hold simultaneously unless base rates are equal or the
predictor is perfect. Subgroup prevalence is essentially never equal in a clinical cohort,
so any audit that asks for calibration and equal error rates is asking for something
arithmetically unavailable. That is a reason the equal-AUROC target is doomed on

its own terms, and it is prior to anything we measure.



Pleiss et al. [57] sharpen it in the direction that costs us most. They show that cal-
ibration is compatible with only one of the equal-error-rate constraints, and, the part
a paper recommending calibration has to confront, that satisfying the relaxed crite-
rion is achieved by withholding information from an existing classifier’s predictions,
so it is no better than randomising a fraction of them. Calibration is cheap to satisfy
and weak as a fairness criterion: a model can be perfectly calibrated in every subgroup
and still be useless, or harmful, in one of them. We take this as a constraint on what
our Section 3.4 result can mean. Showing that a subgroup calibration test does not
inherit the case-mix failure is not showing that calibration is a sufficient fairness crite-
rion, and the impossibility results say it cannot be one. What survives is comparative

and narrow, and we keep it that way throughout.

What this paper adds

We take one shared model, with identical coefficients, which is the exact data-
generating probability, Bayes-optimal and perfectly calibrated in every subgroup,
treating no subgroup differently in any respect, and let subgroups differ only in the
distribution of the predictor. Every flag raised on such data is a false alarm about
fairness; we measure how often seven procedures raise one.

Five things here are, to our knowledge, new. First, a head-to-head Type I error
comparison of these seven procedures on common simulated nulls; the individual pro-
cedures have been analysed, but not against each other on the same data. Second, a
sensitivity analysis for the subgroup-admissibility rule specifically, the minimum-size
threshold below which a subgroup is dropped, which Simson et al. [30] anticipate as
an instance of the general multiverse problem but do not study. Third, quantification
of the case-mix failure across seven auditing procedures at once, which localises it in
the estimand rather than in any one test; the two closest antecedents do something

different, since Pfohl et al. [52] argue the point theoretically without quantifying it
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across procedures, and Nieboer et al. [51] quantify it for a single permutation test in an
external-validation setting rather than a subgroup fairness audit. Fourth, an AUROC-
specific argument that a ratio scale is meaningless for a quantity whose uninformative
point is 0.5, which is why the four-fifths rule transfers particularly badly here. Fifth,
and this is the part that makes the rest usable, the case-mix magnitude is not assumed
but measured, in every demographic partition of our own clinical cohorts, and each
partition’s own measured predictor geometry is then evaluated in closed form, so the
output is the subgroup AUROC gap a perfectly fair model would produce on that
partition rather than a rate borrowed from a chosen simulation geometry. We claim
novelty for nothing else: not for studentization, not for small subgroups inflating noise,
not for the four-fifths rule’s false positives, and not for the case-mix objection itself.

One further result is a measurement of other people’s recommendations rather
than a contribution of ours, and we are explicit about the distinction. We put a
subgroup calibration test and model-based concordance [45, 58, 59] through the same
sweep and the same matched-pair positive control as the seven procedures, and report
their operating characteristics under case mix (Section 3.4). We did not devise either
quantity, we do not propose them as fairness tests, and the finding is comparative and
bounded to the data-generating process under which it was measured.

We also report a negative result. We attempted to decompose our cohorts’ observed
gaps into a case-mix component and a genuine residual, applying van Klaveren et al.
[45]’s existing estimator, and could not make the decomposition stable enough to
report (Section 3.2). We report the attempt and its failure because a gap that cannot
be decomposed is a gap that cannot be interpreted, which is the paper’s thesis rather

than an exception to it.



Disclosure: five things we got wrong

We state these at the front, once, and do not return to them. The reader is entitled
to know that the authors have been wrong about this evidence base five times, and
by how much.

One. The raw range test was reported as well behaved. Our first analysis concluded
that no clinical cohort produced a subgroup gap distinguishable from its own permu-
tation null, and framed that as a negative result about a class of published findings.
It rested entirely on the raw max—min range permutation test under one admissibility
rule, with no measurement of that procedure’s operating characteristics.

Two. The studentized test was recommended. A later analysis of the same data
reported the studentized permutation test as uniquely well behaved, nominal under
both nulls and stable across rules, and recommended it. Two things were wrong. Sta-
bility was measured by counting flagged cohorts, and a count is invariant to which
cohorts are in the set; measured by identity, the studentized test is among the least
stable procedures in the comparison (Table 5). And the recommendation rested on
calibration under an equal-AUROC null, which Table 2 shows is not the null that mat-
ters. Neither analysis was released, no preprint, no repository, no conference version,
and this manuscript supersedes both.

Three. A case-mix magnitude was assumed rather than measured. An earlier draft
of this paper headlined a false-flag rate of 0.918, obtained at a per-level linear-predictor
standard-deviation ratio of p = 2.0, and described that ratio as a moderate and
clinically ordinary amount of case-mix heterogeneity. That description had no citation
and no measurement behind it; it was an assumption wearing the clothes of a finding.
The quantity was directly measurable in the ten fitted models we already had, and
when measured its median is 1.145 across 21 clinical partitions, with exactly one
reaching 2.0 (Section 3.1). The correction cost the paper its single dramatic number

and returned a distribution with a predictable structure, which is a better result, but
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we did not know that when we went looking, and it is a smaller finding at the median
than the one previously claimed.

Four. The attributable fraction was computed correctly and measured its own
machinery. An earlier version reported that case mix explains a median 93% of
observed subgroup AUROC gaps; a subsequent repair reported 29%. Both figures
are withdrawn, and so is the attributable fraction as a reported quantity.
This error is of a different kind from the first three. The number was not assumed.
It was computed, from code that ran, on the right data. It was wrong because the
estimator was near-tautological: its numerator had been Cox-recalibrated within each
level, and because Cox recalibration is monotone it leaves the level’s observed AUROC
exactly unchanged while forcing calibration, so model-based concordance of the recal-
ibrated predictions reproduces the observed AUROC almost exactly, at a median
absolute difference of 0.0030 and a correlation of 0.9956. An estimator can be imple-
mented correctly, tested and reproducible, and still be measuring itself; nothing about
the number’s provenance would have revealed that. What did was asking what the
quantity would equal if case mix played no part at all. That much is a clean method-
ological finding and we keep it (Section 3.2). The 29% that replaced it is withdrawn
for a different reason again, and the 93% is not recoverable from the current result
files, because the estimator that produced it no longer exists: the fraction’s denomi-
nator is an observed gap frequently near zero at these sample sizes, so the ratio is not
estimable here, and no repair of the estimator changes that. The first error produced
a wrong number. The second showed there was no number to produce. The residual
gap, which is a difference rather than a ratio and does not inherit that pathology, we
do report.

Five. The implied case-miz gap was reported from one fit. The version before this
one withdrew the maximum p as unstable across refits and kept its downstream prod-

uct, the implied case-mix gap, at full precision: median 0.022, maximum 0.173, and
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5 of 21 partitions reaching the 0.05 convention. That was not defensible, because the
implied gap is computed from the same fitted linear predictor. Propagated through
the same 24 specifications, its median runs 0.013 to 0.030, its maximum 0.131 to 0.219,
and the count reaching 0.05 runs 2 to 7. All three point values are withdrawn.
Two further checks that should have been run before, and now are, cut in the same
direction: the implied gap has a noise floor, because it is a maximum minus a mini-
mum, and only 9 of the 21 partitions clear it; and the earlier text asserted that Eq. (2)
assumes a Gaussian linear predictor while also asserting that it makes no distribu-
tional assumption, which cannot both be true. The identity is distribution free. The
two-parameter plug-in is what was Gaussian, and its cost is now measured rather than
assumed away.

The common thread in the first three is not test choice. Each time, a quantity that
could have been measured was instead assumed: that the raw permutation test was
well behaved, that count-based stability was stability, that p = 2.0 was ordinary. Each
assumption was load-bearing. Pre-registering any of those analyses would have pre-
served its error intact. What caught all five was recomputing the thing itself, checking
an estimator against a case where its answer was known in advance, and refusing to

let a withdrawn quantity keep its downstream product.

2 Methods

2.1 Setting, statistic and admissibility

A held-out test set of m patients carries model scores s;, binary outcomes y;, and
demographic partitions C (age band, sex, race and ethnicity, insurance status). A

~

partition ¢ divides the cohort into disjoint levels g; A, is the empirical AUROC in
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level g. The statistic reported in current practice is

Ac = maxd, —windy, A = mxA ®
the maximum over partitions of the within-partition max—min range, taken over
admissible levels only.

A level is admissible if it meets a size criterion and contains at least two positive
and two negative outcomes; a partition contributes to Eq. (1) only if at least two of
its levels are admissible. Five size criteria are swept: at least 20, 30, 50 or 100 rows (m20,
m30, m50, m100), and at least 10 observations in each outcome class (ev10). m30 is the
reference throughout, being the commonest choice in practice. The two-of-each floor
is what the code enforces (null _reference.py, rule admits) and is the minimum
for an estimable within-level AUROC; earlier versions of this manuscript stated it as
one of each, which understated the rule. The distinction is not cosmetic. Of the three
levels excluded here for degenerate labels, two carry no positives at all (Diabetes 130
age_group=[0-10), n = 31; BRFSS 2024 age_group=18-24, n = 44) and would fail
either rule, but the third, the synthetic cohort’s age_group=18-44, n = 371, carries
one positive and 370 negatives. Its AUROC is computable and useless; it is excluded
by the two-of-each floor and would have been admitted under the rule as previously

described.

2.2 The seven procedures

All seven consume the same frozen (s,y) and the same partition geometry under
the same admissibility rule, so they differ in the statistic and its inference, not in
the inputs. Subgroup AUROC variances are DeLong’s structural-component variances
throughout [60].

(1) Fized 0.05 cut-point. Flag the cohort if A > 0.05. No reference distribution.

12



(2) Four-fifths ratio rule. Flag the cohort if ming ﬁg/maxg Eg < 0.80 in
the worst partition [7]. Computed with fairlearn 0.13.0 (MetricFrame.ratio,
method="between_groups") [4]. No reference distribution.

(3) Raw maz-min range permutation test. A from Eq. (1), calibrated against a
permutation null at the cohort’s own geometry. Conditional on (s, y), subgroup labels
are permuted within outcome classes, positives among positives, negatives among neg-
atives, which holds every level’s size and prevalence fixed while forcing equal true
AUROC across levels. The statistic is recomputed under the same admissibility rule
on each draw and a one-sided permutation p-value is reported [61]. Nothing is refitted,
so the statement concerns a given fitted model on a given split.

(4) Studentized permutation test [8]. The statistic is the maximum over admissible
level pairs of |A; — A\j |/A/ Vi + ‘A/j, with inference from the same stratified permutation
draws, seed and B as procedure (3), combined by single-step max-T" over pairs sharing
one permutation pass [62]. Two adaptations of the published method are stated explic-
itly. The permutation is stratified within outcome class rather than free, because a free
permutation resamples each level’s event count and leaves many subgroup AUROCs
unestimable; stratification also makes the draws identical to those of procedure (3), so
the two differ in the statistic alone. And the published two-group test is extended to
many levels by max-T". A variance floor of 1072 is applied: a level pair whose summed
DeLong variance falls at or below it carries no estimable sampling variability, so the
pair is dropped from the max-T family rather than given an infinite statistic. This
changes the family over which the familywise rate is controlled, so it is counted rather
than merely handled. No pair is dropped for the ten cohorts’ observed statistics; the
floor does bind, however, among the permutation replicates that build the reference
distribution, in six (cohort x rule) cells: NHANES 20212023 under m20, m30 and m50
(33 of 180,000 pair-evaluations dropped in each) and under ev10 (8 of 100,000), and

NHIS 2023 under m20 and m30 (8 of 290,000 each). Because the max-T" family defines
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the reference distribution against which the observed statistic is judged, these drops
belong in this accounting even though they never touch the ten cohorts’ own statistics.

(5-7) Double-corrected variance [9]. The estimator Vg. = S? — v, subtracts the
mean sampling variance of the subgroup AUROCSs from their empirical variance, per
partition. Because the published estimator targets a variance while current practice
reports a range, three inferential readings of it are evaluated: (5) a closed-form z-test
on Vyc; (6) Cochran’s @ on the same inputs [63], which weights levels by precision
rather than equally; and (7) a parametric bootstrap interval on V.. Procedures (4)
to (7), and both alternatives of Section 2.4, are our implementations. No
published package implements either method for this setting. Each carries a stated
adaptation: the published two-group studentized test is extended to many levels by
single-step max-T', the permutation is stratified within outcome class rather than free,
and the variance floor removes unestimable pairs from the max-T" family. Every result
we report for these procedures is therefore a property of our implementation and not of
the original authors’ claims, and we do not repeat this caveat at each table; it applies
throughout. Procedures (1) and (2) state no error rate, so their rejection frequencies
are reported throughout as implied false-flag rates rather than as Type I error against

a claimed level.

2.3 Three null families

Type I error was estimated at nominal a = 0.05 from 1,000 independent simulations
per cell with B = 999 permutation replicates within each, every geometry run under
both the m30 and ev10 rules. Datasets are a pure function of (geometry, replicate,
seed); the geometry’s seed word is a CRC-32 digest of its name rather than Python’s
salted string hash, and PYTHONHASHSEED is pinned for the whole process tree, so every

cell is reproducible bit for bit.
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Simple null (6 geometries, 12 cells).

Subgroup membership is assigned independently of (s,y), so subgroup score distribu-
tions and true AUROC are identical by construction and full exchangeability holds.
The six geometries vary the number of levels (3 to 10), how unequal they are (balanced
through to sizes 1,100/500/200/140/60), the number of partitions the maximum runs
over (1 to 5), and prevalence (down to 0.075). Unless stated otherwise n = 2,000,
prevalence 0.20, true AUROC 0.75.

Composite equal-AUROC null (11 geometries, 22 cells).

Every level has the same true AUROC but a different score distribution, produced by
a level-specific strictly monotone map applied to the scores within that level. AUROC
is rank-based, so such a map leaves each level’s true AUROC exactly unchanged while
the score distributions diverge; exchangeability fails and an unstudentized permutation
test has no validity guarantee. This is the null studentization is designed for. The
set spans three transform families (s — s%, s — expit(alogit s), and a two-segment
piecewise-linear map), 1, 3 and 5 partitions, n € {500,2000,10000} and prevalence
€ {0.05,0.20,0.50}. Each dataset is checked for transform-induced ties, which would
silently move the true AUROC and turn a null cell into a power calculation. What
this family does not cover is unequal true AUROC, which is the point of the third.

The simple and composite families together give the 34 cells of Table 4.

Case-miz null (6 geometries, and a 16-point sweep).

Here the true subgroup AUROCs are deliberately unequal and the model is never-
theless perfectly fair. A single linear predictor L = by + « is drawn with a per-level
mean and standard deviation; the outcome is y ~ Bernoulli(expit(L)); and the model
score is expit(L). The model is therefore the exact data-generating probability: Bayes-
optimal, perfectly calibrated in every subgroup, one coefficient vector for everybody,

no term distinguishing subgroups. The intercept by is solved by quadrature so the
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level-weighted prevalence hits its target exactly, and each level’s true AUROC is com-
puted by quadrature rather than simulated, so the reported gaps carry no Monte Carlo
error; this quadrature step exploits the same closed-form relation between AUC and
the linear predictor’s distribution that Austin and Steyerberg [64] give for a single
population.

The whole of a spread-driven geometry is one number: p, the ratio of the largest
to the smallest per-level standard deviation of the linear predictor. Because it is one
number, it can be swept, and it can be measured in real data; both are done here.
The sweep holds everything else fixed, three levels of equal size, n = 2,000, prevalence
0.20, per-level standard deviations p—1/2 /1/ p'/? rescaled to unit geometric mean, and
moves p across 16 values from 1.0 to 3.167, at 1,000 simulations and B = 999 per
point under m30. The true AUROC gap it induces rises from 0 at p = 1 to 0.198 at
p = 3.167, computed by quadrature. A sensitivity sweep additionally forces every level
to the same true prevalence, which changes the curve little (raw max—min permutation
0.941 versus 0.918 at p = 2.0), so the effect is not a prevalence artefact.

The six named geometries are listed in Table 2 and reported at m30. Their p values
are 1.0 (location only), 1.222 (mild), 2.0 (moderate) and 3.167 (strong). They are not
the same runs as the sweep: they carry different geometry seed words, and at a given p
their per-level standard deviations differ from the sweep’s unit-geometric-mean param-
eterisation (mild is 0.9/1.0/1.1, the sweep’s p = 1.222 point is 0.905/1.000/1.105).
Where the two meet they therefore agree only to within Monte Carlo error: raw max—
min permutation 0.918 versus 0.920 at p = 2.0 and 0.141 versus 0.162 at p = 1.222,
against a Monte Carlo standard error near 0.011 on each. Both are reported; neither
is a replication of the other. Level size is not the operative constraint for five of the six
geometries, but it is for casemix location_3: its level 0 sits at a true prevalence of
0.022 (about 15 of 668 rows are events). The dropped level is the one with the highest

true AUROC, i.e. the level generating the gap, so m30 and ev10 do not agree on this
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geometry (fixed_threshold_005: 0.642 vs. 0.589; raw max—min permutation: 0.226
vs. 0.214).

Monte Carlo precision.

With 1,000 simulations the Monte Carlo standard error of a rate near 0.05 is about
0.0069; across all cells its median was 0.00686 and its maximum 0.01581. Because
Table 4 reports a maximum over 34 cells, the comparison for the worst cell is not
0.05 but the 95th percentile of the maximum of 34 such rates from a correctly sized
procedure. Treating the 34 cells as independent gives 0.072. They are not independent:
each of the 17 geometries contributes one cell under m30 and one under ev10, computed
on the same simulated datasets, so the two are positively correlated. Modelling that
pairing, 17 independent geometries, with the m30 and ev10 cells within a geometry
treated as perfectly correlated, gives 0.0700 instead. A worst cell inside the paired-

structure band is not evidence of miscalibration and we do not treat it as such.

2.4 Two calibration-based alternatives, and a positive control

Existing guidance recommends reporting subgroup calibration and clinical utility
instead of a discrimination gap [58, 59], and van Klaveren et al. [45] give model-
based concordance as the case-mix-corrected benchmark for discrimination. Neither
recommendation had been measured against the failure mode documented here. We
therefore ran two calibration-based quantities through the same simulation harness,
on the same replicates and the same admissible levels as the seven procedures.

(A) Subgroup Cozx calibration test. Within each admissible level, the two-parameter
recalibration logit Pr(y = 1) = a + blogit s is fitted by Newton—Raphson and tested
against (a,b) = (0,1) by a likelihood ratio statistic on 2 degrees of freedom against
the offset model logit @ = logits. This is the standard two-parameter recalibration
assessment, applied within subgroup. Per-level p-values are Holm-adjusted across the

levels of the partition [65] and the cohort is flagged if the smallest adjusted p falls
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below a = 0.05. This is a test, with a reference distribution and a nominal level, so
its rejection rates are comparable with those of procedures (1)—(7).

This is a test of weak calibration, and that is the weakest rung that
counts as calibration at all. In Van Calster et al. [66]’s hierarchy, a correct calibra-
tion intercept and slope, the two parameters this test examines, is weak calibration;
moderate calibration, the property that an event rate of R% obtains among patients
with predicted risk R%, is strictly stronger, and strong calibration is stronger again
and unattainable in practice. A model can pass a two-parameter test and still be badly
miscalibrated over regions of the risk scale, so nothing below should be read as evi-
dence that a model passing this test is calibrated in the sense that matters clinically.
We use the two-parameter form because it is what practice uses and because it has a
reference distribution; it is a lower bound on what a calibration assessment should be.

(B) Model-based-concordance excess. For each admissible level we compute model-
based concordance from the model’s own predicted risks [45], the concordance the
model implies for the case mix it was applied to, if the model were correct, and subtract
the level’s observed AUROC. The reported quantity is the maximum of that difference
over levels. This is a descriptive statistic in AUROC units, not a test. It has
no threshold, no reference distribution and no error rate in the simulation, and it is
reported as such throughout; the summary we give for it is a mean over replicates,
never a rejection rate.

Neither quantity is proposed here and neither is new: (A) is standard calibration
assessment applied by subgroup, (B) is van Klaveren et al. [45] applied by subgroup.
We measured two existing recommendations; we did not invent a procedure. Both
assume that within-subgroup calibration is achievable and checkable, which in a level

carrying a few dozen events it is not, and that assumption is a real limit on both.
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Positive control: matched case-mix and unfairness arms.

A procedure that never fires also has a nominal false-flag rate, so a low rate under
case mix is worthless on its own. We therefore built matched pairs in which the same
true subgroup AUROC gap is produced by two different mechanisms. In the case-
mix arm, level 0’s linear predictor is compressed relative to the others and the model
remains the exact data-generating probability, so the gap is entirely case mix and
the excess over what the model implies is exactly zero. In the unfairness arm, level
0’s outcome is partly driven by a covariate the model does not use (weight w), so
the model genuinely delivers less discrimination in that level than its own predictions
imply, by exactly the size of the gap. The two arms are constructed to agree on true
AUROC by level to four decimal places at each of three gap sizes (0.050, 0.123, 0.200).
A third geometry combines both mechanisms at a total gap of 0.123, of which 0.076 is
genuine excess. Two further geometries make the model unfair with no AUROC gap
at all: a subgroup-specific calibration slope of 2.0, and a subgroup-specific intercept

shift of one logit. All are run at 1,000 simulations, B = 999, m30.

2.5 An attempted decomposition of the observed gaps, and

how it was checked

We attempted to estimate, for every partition of every cohort, how much of the
observed subgroup AUROC gap the model’s own case mix accounts for. The extreme
level pair is selected once on the observed data and held fixed; model-based con-
cordance is computed for each of the two levels from the raw predicted risks, and
their difference is the case-mix-implied gap. Two summaries follow: the residual gap,
observed minus implied, in AUROC units; and the case-mix fraction, implied divided
by observed. Intervals are percentile bootstrap, B = 2,000, resampling rows within
(level, outcome) and refitting every step of the estimator inside each replicate, with

seeds pinned per (cohort, rule, partition).
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The unit of analysis is 33 distinct partitions, not 64.

The estimator runs on (cohort x rule x partition) combinations, of which there are
33 under m30 and 31 under ev10. Those are not 64 independent quantities. The ev10
set is a subset of the m30 set, so the union is 33 distinct cohort x partition
cells, and on the 31 cells present under both rules the two measurements of the case-
mix attributable fraction, the decomposition’s own estimator, correlate at r = 0.997.
Counting them as 64 would double-count 31 cells: exactly the double-count we refused
when constructing the reference band of Section 2.3, where 34 cells are treated as
17 paired geometries for the same reason. Every count in this analysis is therefore

reported out of 33.

A check with a known answer.

Before reading any decomposition we asked what the fraction would equal if case
mix played no part at all. Cox recalibration, the two-parameter fit of Section 2.4,
applied within a level, is a strictly monotone transform of the level’s scores. AUROC
is rank-based, so recalibration leaves the level’s observed AUROC ezactly unchanged
while forcing the predictions to be calibrated there, which is precisely the condition
under which model-based concordance reproduces observed AUROC. Computing the
numerator from recalibrated predictions therefore drives it onto the denominator by
construction, whatever the case mix. This check is reported in Section 3.2; it is what
identified the withdrawn 93% figure, and it is the one durable result of this analysis.

Because the extreme pair is fixed from the observed data, all intervals below are
conditional on that selection and do not cover the uncertainty in which levels are

extreme, which makes them narrower than an unconditional interval would be.
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2.6 Cohorts, models and the admissibility sweep

Six clinical cohorts were used as testbeds: UCI Heart Disease (Cleveland) [67], UCI
Diabetes 130-US Hospitals [68], NHIS 2024 [69], NHIS 2023 [70], NHANES 2021-
2023 [71] and BRFSS 2024 [72]. A synthetic cohort from a Synthea-inspired process
[73, 74] and three non-clinical contrast cohorts, UCI Adult Income [75], Folktables
ACS-Income (California 2018) [76] and Statlog German Credit [77], were run identi-
cally but are reported in Additional file 1, together with the cohort-provenance table
(Supplementary Table S2), because the question this paper asks is what a clinical
audit faces. Every result in the main text is a clinical result unless stated otherwise.

These are testbeds, not populations. The clinical set is one encounter-level
EHR extract, four unweighted complete-case survey extracts analysed without sur-
vey weights, strata or primary sampling units, and one 1988 dataset of 303 rows.
No population-level epidemiological inference is intended or supported by
anything in this paper. The selection is deliberate: sparse-event subgroups are
the regime in which admissibility bites, and an unweighted extract is exactly what a
practitioner audits when they run one of these toolkits on a public file.

Seven of the ten models are gradient-boosted tree ensembles [78] (XGBClassifier:
n_estimators 200, max_depth 4, learning rate 0.05, subsample 0.80,
colsample bytree 0.80, random_state 42), six of them at eval metric logloss;
the synthetic cohort’s model is built by a separate routine that does not record one.
The other three, Adult Income, ACS-Income and German Credit, are logistic regres-
sion, a scikit-learn [79] pipeline of StandardScaler and LogisticRegression at
library defaults with max_iter 1000 and random_state 42. Every model is fitted on
an 80/20 random split within the same cohort, seed 42 throughout; no model crosses
a site, time or population boundary. On Diabetes 130, where the analytic unit is an
encounter, the split is grouped on the patient identifier to avoid leakage [80]. Model

quality is not at issue and is not reported: all seven procedures see the same scores,
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so any difference between them is a property of the procedure. Versions of Python,
NumPy, SciPy, pandas, scikit-learn, XGBoost and fairlearn are listed in Additional
file 1, Supplementary Table S1.

For the cohort analyses the default is B = 10,000 permutation draws; the simu-
lation uses B = 999 per replicate because 1,000 replicates x 34 cells x 7 procedures
makes the larger value impractical. A permutation p-value can never be zero and none
is printed as such; the smallest attainable value is reported as p < 1/(B+1). All com-
parator results use the joint permutation scheme, in which one permutation pass is
shared across partitions within a cohort. The independent scheme, in which each par-
tition is permuted separately, was also run and changes no cohort’s verdict for either
permutation procedure under any rule (Table 5). We make no claim that this compar-
ison tests a dependence assumption: both schemes combine cohorts under the same
independence assumption and neither is a diagnostic for the other.

Verdict stability is measured at the level at which the decision is actually made,
the cohort, and by identity rather than count: a count of flagged cohorts is invariant to
any permutation of the flagged set, so it can be constant while every cohort in the set
changes. We therefore report which cohorts change verdict across the five admissibility
rules, in two variants: one ignoring rules under which a cohort is not evaluable, one
treating non-evaluability as a distinct verdict. We do not use the count-based “does
the conclusion invert” metric from our earlier analysis: only a procedure with a zero
baseline can fail it, so it confounds power level with rule sensitivity. Because five
clinical cohorts are tested, cohort-level results are also reported after Holm’s step-
down correction [65] across cohorts. Every table is generated from stored result files

rather than transcribed.
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2.7 Subgroup AUROC in closed form

The simulation of Section 2.3 computes each level’s true AUROC by quadrature. That
is a numerical answer for particular geometries; the general relation it instantiates can
be stated directly, and stating it converts the sweep from something that establishes
a result into something that calibrates its magnitude.

Let the model be well specified in level g: the score S it reports is the true con-
ditional event probability, so Y | S ~ Bernoulli(S). Write 7, = E[S] for the level’s
prevalence and A, = E |S — 5’| for the Gini mean difference of its risk distribution, S

and S’ independent copies. Then

1
T2 dn, (-7, @
No distributional assumption enters the identity: not normality, not a logit link, only
well specification. We verify that directly, reproducing Eq. (2) against the definition
of AUROC to within 7 x 107 on eight risk-distribution shapes including Laplace,
lognormal, bimodal, uniform, ¢3 and chi-square. Equation (2) is the population form
of van Klaveren et al. [45]’s model-based concordance; in the rare-outcome limit it
reduces to Austin and Steyerberg [64]’s binormal c-statistic expression ®(o,/v/2),
which the sweep already uses implicitly.

The assumption is in the plug-in, not in the identity, and the two must not be
conflated. Evaluating Eq. (2) requires 74 and A,. Recovering them from a level’s linear-
predictor mean and standard deviation alone, as L ~ N(pu,,0;) with S = expit(L),
makes both one-dimensional integrals in (u4, 04) and is what imports normality. Two
parameters are not a sufficient summary of a risk distribution: at a linear-predictor
standard deviation of 0.600 a Gaussian gives A; = 0.658 while a two-atom distribution
at the same standard deviation gives 0.646. An error of 0.012 per level is not negligible

against implied gaps whose median is near 0.02, so we compute both the Gaussian
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1059 plug-in and an empirical evaluation that takes m, and A, straight from the level’s
1060

1061 observed fitted scores and assumes no shape at all.

1062
1063
1064 tion of the level’s own risk distribution, so a single model with one coefficient vector
1065

1066 Produces different true AUROC in every level whose predictor distribution differs,
1067
1068
1069 evaluating Eq. (2) at the 11 named case-mix geometries reproduces the 45 per-level
1070

1071 true AUROC values that Section 2.3’s independent trapezoid quadrature returns, to
1072
1073
1074 error.

1075

1076

1077 2.8 Measuring case-mix magnitude in the cohorts, and
1078

1079 computing what it implies

1080

1081 For every demographic partition of every cohort, at the reference rule m30, we take

1082
1083 the fitted model’s linear predictor, the logit of the predicted probability, which is the

The consequence is the whole of the paper’s mechanism in one line. A, is a func-

and the equal-AUROC null is false for that model by construction. Consistency check:

a maximum absolute discrepancy of 6.13 x 1079, which is that rule’s own truncation

182; linear predictor exactly for the three logistic models and is the raw margin for the

1086 seven gradient-boosted ones, and compute its mean and standard deviation within
1087

1088 each admissible level. The partition’s measured case-mix magnitude p is the largest of
1089
1090

1091 five evaluable clinical cohorts have two or more admissible levels at m30; UCI Heart
1092

1093 Disease contributes none, so nine of the ten cohorts appear at all and five clinical
1094
1095

1096 cohorts are computed and stored but are not used here, because the question is what
1097

1098 @ clinical audit faces.
1099
1100
1101
1102
1103
1104

those level standard deviations divided by the smallest. Twenty-one partitions of the

cohorts contribute the 21 partitions. Twelve further partitions of the four non-clinical
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From measured geometry to implied gap.

Each partition’s implied case-mix gap is then computed from that partition’s own
geometry, by evaluating Eq. (2) at each admissible level and taking the max-minus-
min range. The result is the subgroup AUROC gap a perfectly fair, well-specified
model would exhibit on that partition’s measured predictor distribution, in AUROC
units, on the same scale as the observed gap it sits beside. The implied gap is not
a function of p and is not obtained by converting it. Its inputs are the per-level
quantities, not their ratio, and the difference is visible in the table: three partitions at
p of 1.140, 1.140 and 1.145 imply 0.010, 0.014 and 0.012. p is reported beside it as a
screening summary, not as its argument.

We compute the implied gap under both evaluations of Section 2.7, the Gaus-
sian plug-in from (fi4,0,) and the empirical evaluation from the level’s observed
scores, and we report both. Because the linear predictor is a property of the fit-
ted model rather than of the cohort, we also evaluate the closed form on every
one of the 24 refit specifications, and we build a permutation reference in which
the levels of a partition are drawn from one common predictor distribution, so
both p and the implied gap can be read against the noise floor of a max-minus-
min statistic at that partition’s own level sizes. That reference matters because
p is a maximum over a minimum and the implied gap a maximum minus a
minimum: both exceed their no-effect value with probability one whether or not
any case mix is present, so neither is evidence of anything until it is compared
with its own null. The generating scripts are recompute/casemix_implied_gap.py,
casemix_implied_gap_robustness.py and casemix_implied_gap-null.py, and their

outputs are the CSVs of the same names.

A mapping we tried first, and withdrew.

An earlier version of this manuscript instead read each p onto the 16-point sweep by

linear interpolation and reported the resulting rejection rate as an induced false-flag
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1151 rate. That mapping is withdrawn and no number from it survives in this manuscript.

1153 It failed on three counts. It borrowed one geometry for every partition: the sweep fixes

1154 311 tevel means at zero, while real partitions differ in level mean by up to 4.48 logit
1156 units, and our own casemix_location_3 geometry has p = 1.0 exactly, every level at
1157

1158 identical spread, and still induces a true gap of 0.017 and a false-flag rate of 0.226,
1159
1160
1161 and unreported: nearest-neighbour rather than linear interpolation moves the median
1162

1163 from 0.094 to 0.067. And seven of the 21 partitions bracketed into the single sweep
1164
1165
1166 error of 0.021 on that difference, so the interpolated value there was reading noise; an
1167

1168 ¢ighth, Diabetes 130 age_group at p = 3.304, lay beyond the sweep’s last node and
1169
1170
1171 borrowed geometry and no simulation, which is why it replaces the mapping rather
1172

1173 than repairing it.

1174

1175 . . .
What the implied gap is not.
1176 P gap

ﬂ;g The empirical evaluation of Eq. (2) rests on one assumption that a real cohort does not

1179 satisfy exactly, that the model is well specified in the level; the Gaussian plug-in adds a

1180
1181 second. The implied gap is therefore a model-based reference value, what a fair model

1182
1183

which no p-indexed mapping can express. The interpolation rule was load-bearing

segment [1.0, 1.1], whose two endpoints differ by 0.011 against a Monte Carlo standard

was clamped rather than interpolated at all. Equation (2) needs no interpolation, no

with this predictor geometry would produce, and not an estimate of how much of the

1184 observed gap is case mix. It carries no interval. We report no observed-minus-
1185

1186 implied contrast, and the reason is worth stating. Because the data-generating
1187
1188
1189 much, and that directional prediction is weak: the level it puts at the top and the level
1190

1191 it puts at the bottom both match the observed extremes in only 7 of the 21 clinical
1192
1193
1194 the 87 admissible clinical levels the implied and observed AUROC correlate at 0.852

1195
1196 with a median absolute difference of 0.031 and a range of —0.233 to +0.128, which

process has no noise term, Eq. (2) predicts which level ranks best as well as by how

partitions, against roughly 5 expected if the two orderings were unrelated. Across
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is the size of the well-specification failure. Two unsigned ranges that often point in
opposite directions cannot be subtracted and called a residual. Section 3.2 is where

we attempted a decomposition and reports why it does not stand.

3 Results

3.1 How much case mix there is, and what gap it implies

Table 1 is the headline result, and the first thing to read in it is that the answer is a

distribution.

The measured magnitude, reported as a range.

Across the 21 demographic partitions of the five evaluable clinical cohorts, the mea-
sured case-mix magnitude p has median 1.145 in the published fit. That single fit is
not the quantity of interest, so we refitted every cohort under 4 model classes x 6
seeds, 24 specifications in all. The median p across those refits runs 1.132—1.223, and
the published 1.145 sits near the low end of that interval. The maximum does not
survive refitting and we do not report a value for it. Diabetes 130 age_group
is the argmax partition in 23 of the 24 specifications, so which partition carries the
most case mix is stable; but its p runs from 1.999 to 6.388 across those specifications,
with model classes disagreeing without overlapping, so how much is not estimated at
all. The published 3.304 is one draw from that range and should never be quoted as a
point. Every one of the 488 measured (partition, specification) cells exceeds 1.0; the
grid has 504 cells and 16 are not measured, because nhis2024 | insurance loses admis-
sibility under 12 specifications and nhanes2123 | insured under 4, and the smallest
measured value is 1.0009.

That universal exceedance is not evidence, and we withdraw the reading
we previously put on it. p is a maximum over levels divided by a minimum over

levels, so it exceeds 1.0 with probability one whether or not any case mix is present.
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1243 Against a permutation reference in which every level is a draw from one common

1244
1245 predictor distribution, the noise floor at these level sizes has median 1.065 across the

gig 21 partitions and runs from 1.010 to 1.215. Nine of the 21 partitions exceed their

1248 own null’s 95th percentile, and three sit below their own null’s median:

1249
1250 BRESS 2024 income, BRFSS 2024 health plan and NHIS 2024 race have less spread

gg; heterogeneity than pure sampling noise would produce at their level counts. Case mix

1253 is present and often substantial, but it is not universal, and no partition’s p should be

1254
1255 read without its null beside it.

1256

gg; What that magnitude implies, computed at each partition’s own
1259 geometry, and reported as a range.
1260

1261 Evaluating Eq. (2) at each partition’s own admissible levels gives the subgroup
ggg AUROC gap a perfectly fair, well-specified model would exhibit there. In the pub-
ggg lished fit its median is 0.022 and its range 0.003 to 0.173. That fit is not the quantity
1266 of interest either, and the implied gap inherits the exposure that p has, because it is

67
1268 computed from the same fitted linear predictor. Across the same 24 specifications

1269 the median implied gap runs 0.013-0.030 and the maximum runs 0.131—
1270

1271 0.219, so we quote a point value for neither. The published 0.022 and 0.173 are

1272
1973 single draws from those ranges. The maximum is markedly better behaved than p’s:

g;g a factor of 1.7 across specifications against a factor of 3.2, because the closed form
1276 saturates where the spread ratio does not.

1277

1978 The count reaching the 0.05 convention does not survive at all. In the
1279

1980 published fit five of the 21 partitions reach or exceed 0.05, the conventional threshold

1281 at which a disparity is declared, on case mix alone with no unfairness present anywhere
1282

1983 in the model. Across the 24 refits that count runs from 2 to 7 of the 20 or 21 partitions
1284
1285
1286 regression gives 2 to 5, the random forest 5 to 7. Under the ev10 admissibility rule

1287
1988 rather than m30 the published-fit count is 4 of 19 and the median implied gap is 0.015.

a specification measures, and the four model classes do not agree: the penalised logistic
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We therefore report the count as a range, 2 to 7 of 19 to 21, and no longer
state that five partitions reach the convention.

Two further readings are needed before any of these numbers is used. The empirical
evaluation of Eq. (2), which assumes no shape, agrees with the Gaussian plug-in on
the distribution but not on the partition: the two give medians of 0.022 and 0.022 and
maxima of 0.173 and 0.202, but they differ by a median of 0.011 and by up to 0.037
partition by partition, and NHIS 2023 insured moves from 0.007 to 0.043 between
them. And against the permutation reference the implied gap has a noise floor of
median 0.010 across the 21 partitions, so roughly half of the median implied gap is
what a max-minus-min statistic returns with no case mix at all. Nine of the 21
partitions exceed their own null’s 95th percentile. All five of the partitions
that reach 0.05 in the published fit are among those nine, so the tail of the distribution
is real even though its median is largely noise; for BRFSS 2024 race, the weakest of
the five, the null median is 0.032 against an observed 0.060.

Three features of the table are worth reading together with p rather than through
it. The implied gap is not a function of p and is not monotone in it: BRFSS 2024 sex,
at p = 1.113, implies 0.024, while NHANES 2021-2023 race, at p = 1.316, implies
0.022. Tt is also confounded with level count, in the same way and for the same reason
that p is: across the 21 partitions the correlation between level count and the implied
gap is 0.661, the nine two-level partitions have a median implied gap of 0.010 against
0.031 for the twelve with more, and the partition carrying the maximum, Diabetes 130
age band, is the one cut into nine native decade bins where the other cohorts use four
to six. The worked example of Section 3.9 is built on that partition, and the confound
belongs beside it. Level count and level means both matter, and NHIS 2024 age band
shows why: its levels differ in linear-predictor mean by 4.48 logit units, the largest

spread anywhere in the study, which the spread ratio alone does not see. This is the
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1335 concrete reason the withdrawn mapping of Section 2.8 could not work: p is a useful
1336

1337 screening summary, not a sufficient statistic for a partition’s case-mix geometry.
1338

gig Age partitions carry more case mir than sex partitions, and the ordering
1341 survives refitting.

1342

1343 The five age_group partitions occupy the top of the p distribution and the five sex or

1344
1345 gender partitions the bottom: in the published fit age runs from 1.285 to 3.304 and

1346 gex from 1.022 to 1.145, with no overlap, though the upper end of the age range is the
1347

1348 value we withdraw above and should be read as a range. Race and ethnicity partitions
1349
1350
1351 1ot an artefact of one fit. Across the 24 refit specifications, age exceeds sex in 116
1352

1353 of 120 (specification, cohort) comparisons, and the concordance of the full partition

1354
1355 ranking across specifications has Kendall’'s W = 0.692 over 19 partitions against a

fall in between, from NHIS 2024 at 1.051 to BRFSS 2024 at 1.335. The ordering is

1356 random-ranking mean of 0.041.
1357

1358 Three facts scope that ordering and all three belong beside it.

1359
1360 First, it is confounded with level count, and refitting cannot test the confound.

122; Every sex partition here has k = 2 levels; every age partition has k = 4 to 9. Across

1363 the 21 clinical partitions, Spearman’s correlation between level count and p is 0.582

1364
1365 (p = 0.006). More levels give more opportunity for the extreme pair of standard

122? deviations to separate, so a max-over-levels ratio is expected to rise with k under
1368 any model. Refitting leaves this untouched, because level count is a property of the

1370 partition and not of the model: all 24 specifications see the same k. We cannot separate

g;; “age is a stronger driver of predictor spread” from “age partitions are cut more finely,”
1373 and we do not claim to.
1374

1375 Second, it fails under a change of admissibility rule. Under ev10 rather than m30,
12;675 NHIS 2024 age_group falls from rank 19 of 21 to rank 7 of 19, its p dropping from
1378 1.362 to 1.073. The rule change drops that partition’s sparsest levels, which are the

1379
1380 Ones carrying its extreme spreads. A pattern that moves this much on a researcher
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degree of freedom that Section 3.7 shows is itself unjustified in practice is not a stable
finding about attributes.

Third, the ordering is coarse and nothing finer than it survives. Pairwise Spearman
correlation of the partition ranking between specifications has median 0.701, with
49% of pairs below 0.7 and the fifth percentile at 0.417. We therefore make no
claim about the ordering of individual partitions, only about the age-versus-sex
contrast, which is the one comparison coarse enough to survive.

A plausible explanation is that risk models draw heavily on age-associated physiol-
ogy, so predicted risk spreads out very differently across age bands and very similarly
across sex categories; this is consistent with the fall in CHARGE-AF discrimination
from 0.72 to 0.57 across age strata within one model [47], but we did not test it, and
given the level-count confound we report the pattern as an empirical regularity in five
fitted models rather than as a mechanism. The practical consequence is correspond-
ingly modest. A subgroup AUROC gap found on an age partition in these cohorts
sits where the case-mix-implied gap is largest, four of the five age partitions implying
0.05 or more on their own under m30 and three of five under ev10, so it should not
be treated as evidence of anything until the case-mix distribution has been inspected.
This is a statement about which audit results deserve weight. It is not a statement

that any cohort’s model is fair, nor that any cohort is free of subgroup differences.

3.2 A negative result: the observed gaps cannot be decomposed

The previous section concerns what a fair model would show. The different question,
of a real observed gap, what share is genuine and what share is case mix?, is the one an

auditor actually wants answered, and this section reports that we could not answer it.
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1427 A methodological warning that does stand: recalibration makes the

1428
1429 decomposition tautological.

1430
1431 Our first attempt reported that case mix explains a median 93% of observed gaps.

ﬁg; It was computed from a fraction whose numerator had first been Cox-recalibrated

1434 within each level. Cox recalibration is a strictly monotone transform, so it leaves the
ﬁgg level’s observed AUROC ezactly unchanged, verified to within 1072, while forcing
ﬁg; the predictions to be calibrated there, and model-based concordance of calibrated
1439 predictions is then obliged to reproduce that same observed AUROC. It does: across

1440
1441 all 224 admissible level rows the median absolute difference from observed AUROC

ﬁf} is 0.0030 for the recalibrated quantity, with correlation » = 0.9956, against 0.0162

1444 and r = 0.935 for the raw one. The numerator was being driven onto the denominator
1445

1446 by construction, so the fraction measured the recalibration step and not case mix.
1447
1448
1449 of this analysis. Any attributable-fraction estimator that recalibrates its model-implied
1450

1451 benchmark within the subgroup it is benchmarking will reproduce that subgroup’s
1452
1453
1454 case mix. The step looks like a correction and is a tautology. We record it because
1455

1456 the arrangement is natural enough that we chose it ourselves, and nothing about the
1457
1458
1459 revealed it was asking what the quantity would equal if case mix played no part at all.
1460

1461 . . . .. .

1462 The corrected fraction is also withdrawn: the decomposition is not

1463
1464

This is a general warning, not a bug report on our code, and it is the durable result

observed discrimination by construction and report a fraction near 1, whatever the

code’s correctness, its tests or its reproducibility would have revealed the defect; what

reliably estimable at these sample sizes.

1465 Repairing the estimator gave a median of about 29%, and we do not report that
1466

1467 number either. The fraction’s denominator is an observed AUROC gap, and at these
1468
1469
1470 33 distinct partitions is 0.046 and its tenth percentile is 0.010, so the ratio is routinely

1471
1472 a small number divided by a smaller and noisier one. The consequences are not subtle.

sample sizes that gap is frequently indistinguishable from zero: its median across the
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The fraction is reportable at all, operationalised as a bootstrap 2.5th percentile of the
observed gap exceeding zero, in only 15 of the 33 distinct partitions, and among
those the median 95% interval is 0.72 wide across both admissibility rules and 0.98
wide at m30 alone; 11 of 27 rule-cells exceed 1.0 in width and 4 exceed 2.0. Where
the gate does not bind the estimator degenerates outright: ACS-Income sex has an
observed gap of 0.0040 and an attributable fraction of —8.61. A quantity that can
take that value on real data at this sample size is not estimating a share of anything.
We therefore report no attributable fraction and no claim about what share of any

observed gap is case mix.

The residual gap is a difference, not a ratio, and we restore it.

An earlier version withdrew the residual gap, observed minus model-implied, along
with the fraction. That went too far. The pathology above is a near-zero noisy denom-
inator, and a difference on the AUROC scale has no denominator to be pathological.
Its intervals are correspondingly usable: median width 0.109 at m30 against 0.98 for
the fraction on the same partitions, and 10 of the 33 partitions have a residual gap
whose 95% lower bound exceeds zero. Two caveats have to travel with that tally and
they are not small. The intervals are conditional on the extreme level pair selected
from the observed data, so the count is anti-conservative. And 8 of the 33 partitions
have a negative model-implied gap, ACS-Income sex at —0.0345, NHIS 2024
age_group at —0.0200 and Diabetes 130 race at —0.0025 among them, which means
the benchmark is below the observed value for a reason the estimator cannot explain;
4 of the 10 significant residuals sit on one of those. Restricting to clinical partitions
with a non-negative implied gap and a positive lower bound leaves three of the 21:
BRFSS 2024 race, NHIS 2024 income and the NHANES age band. Three of 21 is a
modest result and we report it as one. It is not a decomposition, it is not a share, and

it does not identify unfairness; it says only that in three partitions the observed gap
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1519 exceeds what the model-based benchmark accounts for by more than the conditional
1520

1521 interval covers.

1522

E;Z This is the thesis, not an exception to it.

1525 Tpe paper’s claim is that a subgroup AUROC gap is not interpretable as fairness evi-
1526

1527 dence because it mixes a genuine component with a case-mix component in unknown

1528
1529 proportion. Our own failure to recover those proportions, with the model in hand,

1530 the data in hand, the estimator the literature supplies and 2,000 bootstrap replicates
1531

1532 per partition, is the strongest available evidence for exactly that claim. An auditor

1533
1534 with less than we had will not do better. The right response to an undecomposable

Egg gap is not a better decomposition but a report that does not depend on one, which is

1537 what Section 3.1 and the Discussion recommend: the subgroup AUROCs with their
8
1539 intervals, the case-mix distribution beside them, and no hypothesis test of equality.

Ei(l) Nothing here says any cohort’s model is fair, and nothing here says any cohort’s model

1542 is unfair; that is the point.

1543

1544 . . . .

1545 3.3 The flag rate is a steep function of case-mix magnitude
1546

1547 Figure 1, Table 2 and Figure 2 give the curve that Section 3.1 reads against. The
1548

1549 model in every one of these simulations is the data-generating probability itself: one
1550
1551
1552 of any kind present. Subgroups differ only in the distribution of the predictor they are
1553

1554 drawn from, so every rejection is a false alarm about fairness.

1555
1556
1557 1.0, where it is correctly sized, through 0.141 at p = 1.222, 0.481 at p = 1.5 and 0.918
1558

1559 at p = 2.0, to 1.000 at p = 3.0 and above. The other procedures track it closely: at
1560
1561
1562 cut-point 0.988. The curve is steepest between p = 1.2 and p = 2.0, which is precisely
1563

1564

coefficient vector, Bayes-optimal, perfectly calibrated in every subgroup, no unfairness

The raw max—min range permutation test’s false-flag rate rises from 0.056 at p =

p = 2.0 the studentized test gives 0.915, the double-corrected z-test 0.938 and the fixed
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the interval in which real partitions sit, so small differences in case-mix magnitude
between two audits translate into large differences in how often each is misled.

The 0.918 rate at p = 2.0 is one point on this curve, and it should be read
as such. The median measured partition sits at p = 1.145, well below it. An earlier
draft of this work took the p = 2.0 figure as its headline and described that geometry
as ordinary. It is not ordinary, and the correction is recorded in the Disclosure. What
survives is stronger than a point: the flag rate is a known, steep, monotone function
of a quantity that can be measured in any cohort before an audit is run. We do not,
however, convert a partition’s p into a position on this curve (Section 2.8); the curve
establishes that the failure is steep and real, and Table 1 reports what each partition’s
own geometry implies.

The failure is not a small-sample artefact and does not go away with more data;
it gets worse. At the named moderate geometry (p = 2.0, true gap 0.123) the raw
max—min range permutation test flagged in 0.920 of simulations, the studentized test
in 0.919, the double-corrected z-test in 0.946, Cochran’s @ in 0.926 and the fixed 0.05
cut-point in 0.991. Holding that true gap fixed and raising n from 2,000 to 10,000, all
five of those procedures reached 1.000, a perfectly fair model flagged in every one of a
thousand simulations, and the bootstrap-interval reading moved from 0.013 to 0.972.
This is what consistency looks like when the estimand is wrong: the procedures are
consistent estimators of a subgroup AUROC difference, that difference is real, and it
is not evidence of unfairness. It also means that a partition’s case-mix-implied gap is a
lower bound on the trouble it causes: the implied gap does not depend on sample size,
but the probability that a procedure fires on it rises with sample size without limit.

Two procedures stayed low and neither is a counterexample. The four-fifths rule
flagged at 0.119 at the moderate geometry and fell to 0.006 at n = 10,000, a diagnosis
rather than a defence: a ratio of two AUROC values sits near 1.0 for any pair of usable

AUROC values, so the rule is too insensitive to detect anything. It reached 0.791 at

35

1565
1566
1567
1568
1569
1570
1571
1572
1573
1574
1575
1576
1577
1578
1579
1580
1581
1582
1583
1584
1585
1586
1587
1588
1589
1590
1591
1592
1593
1594
1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610



1611 the strong geometry, so it is not immune, merely slow; the bootstrap interval behaved
1612

1613 similarly (0.013, 0.757, 0.972). Adding partitions does not help either: the moderate
1614
1615
1616 0.864, 0.918 and 0.993 for the four leading procedures. And the failure begins below
1617

1618 the conventional threshold of concern. At the mild geometry, whose true gap of 0.036
1619
1620
1621 0.164, the z-test at 0.208 and the fixed cut-point at 0.506. That geometry is p = 1.222,
1622

1623 & case-mix magnitude that 9 of the 21 measured partitions reach or exceed, so this is
1624
1625
1626

12;; 3.4 Under a well-specified data-generating process, the

geometry as the first of three partitions, the other two pure noise, still gave 0.852,

is below the 0.05 convention used to declare a disparity, the studentized test flagged at

the part of the curve most audits are actually standing on.

1629 calibration test does not inherit the failure
1630
123; The alternatives this literature recommends had, until now, never been measured

1633 against the failure this paper documents. Table 3 and Figure 1 measure them, on
1634

1635 the same 16-point sweep, the same replicates and the same admissible levels as the
1636
1637
1638 numbers.

1639

1640

1641 Scope.

1642 . . o .

1643 Every cell in which the calibration test was run comes from the case-mix data-
1644
1645
1646 event probability. That is the condition under which the null it tests, “this model
1647

1648 18 calibrated within each subgroup”, is true by construction. We have not evalu-

1649

seven procedures. The scope of that measurement is narrow and we state it before the

generating process of Section 2.3, in which the model score is the true conditional

ated the calibration test where scores are uncalibrated, which includes the

1651 17 equal-AUROC null geometries of Table 4: those harnesses build composite nulls

1652
1653 by applying level-specific monotone maps to the scores, which preserves each level’s

1654 AyrROC exactly and destroys calibration by design, so they cannot serve as a size

1656

36



check for a calibration test and we did not run one on them. Everything below there-
fore reads: under a data-generating process in which the score is the true conditional
probability, the calibration test holds nominal size across case-mix magnitudes. It does

not read that the test is well behaved in general.

Within that scope, the size result is clean.

Across the full sweep, while the raw max—min permutation test climbs from 0.056 to
1.000 and the fixed cut-point from 0.295 to 1.000, the calibration test’s false-flag rate
stays at nominal at every one of the 16 points: 0.056, 0.047, 0.046, 0.053, 0.051, 0.032,
0.041, 0.061, 0.051, 0.066, 0.057, 0.035, 0.048, 0.057, 0.045, 0.052. It has no trend in
p; the whole range, 0.032 to 0.066, sits within Monte Carlo error of 0.05 at 1,000
simulations (standard error about 0.0069), and the mean over the 16 points is 0.0499.
The prevalence-equalised sensitivity sweep gives the same answer (0.039 to 0.060 across
the same 16 points). The structural reason is the contrast with every AUROC-gap
procedure in Table 2: the null “this model is calibrated within each subgroup” remains
true for a well-specified model when subgroups differ in case mix, whereas the null

“true AUROC is equal across subgroups” does not.

The direction of that immunity is not universal.

van Amsterdam [50] show that which of discrimination and calibration is stable under
case-mix shift depends on the causal direction of the prediction task: when prediction
runs in the causal direction, typical of prognosis, calibration is the stable one and
discrimination is not: the arrangement our simulations instantiate. When prediction
runs in the anti-causal direction, typical of diagnosis, the relationship reverses and it
is calibration that moves. Diagnostic models are a large share of the clinical prediction
models these audits are run on. Our result is therefore specific to the causal direction
we simulated, and should not be carried across to a diagnostic setting without checking

that first.
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1703 Model-based-concordance excess is flat too, but it is not a test.
1704
1705 The maximum over levels of model-based concordance minus observed AUROC stays

1706
1707 between 0.018 and 0.021 AUROC units at every point of the sweep, with no trend in

1;83 p, against a true AUROC gap that grows from 0 to 0.198 over the same range. The

1710 quantity does exactly what van Klaveren et al. [45] intends: it does not manufacture a

1711
1712 signal out of case mix. We report it as a statistic and not as a rejection rate,

1;5’1 because in this harness it has no threshold, no reference distribution and no error rate;

1715 the flat value near 0.019 is a small finite-sample positive bias, not a false-flag rate
1716 .
1717 below nominal.

1718

1719 4 flat rate is worthless without power, so we checked, and the power is
1720

1721 modest.

1722

1723 A procedure that never fires also has a nominal false-flag rate. The matched-pair

1;;151 positive control of Section 2.4 holds the true AUROC gap fixed and varies only the

1726 mechanism. All three matched pairs are reported here, including the one
1727

1728 where the test does poorly. At a true gap of 0.050 the calibration test flags the
1729
1730
1731 its own size and no use as a detector. At 0.123 the two are 0.051 and 0.293. At 0.200

1732
1733 they are 0.047 and 0.502. On the mixed geometry, where a total gap of 0.123 is 0.076

ggg genuine excess, it flags at 0.092. So the test reaches 50% power only at an excess of

1736 0.200, and below about 0.123 it is close to blind. It responds to unfairness rather than
1737

1738 to the gap, which is the property we are reporting, but it responds weakly.
1739
1740
gg positive-control rows: the fixed cut-point, the four-fifths rule, the double-corrected
1743 z-test, and the raw and studentized permutation tests. Cochran’s () and the bootstrap-
1744
1745
1746 from Panel B of Table 3. The statement below is therefore about five procedures, not

1747
1748 seven, and we have no positive-control evidence either way for the other two. Across

case-mix arm at 0.049 and the genuinely unfair arm at 0.078, which is barely above

Coverage of that comparison. Five of the seven AUROC-gap procedures have

interval reading produced no evaluable replicates on these geometries and are absent
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those five, the case-mix and unfairness arms are indistinguishable: 0.948 against 0.950
for the raw permutation test, 0.946 against 0.947 for the studentized test, 0.970 against
0.967 for the double-corrected z-test, and 1.000 against 1.000 at a gap of 0.200 for
four of the five, the exception being the four-fifths rule, which is 0.974 against 0.970
there. They have no discriminant validity in either direction.

The converse case is starker. On the two geometries where the model is unfair,
a subgroup-specific calibration slope of 2.0 and a subgroup-specific intercept shift of
one logit, but the true AUROC gap is exactly zero, the three inferential AUROC-
gap procedures with positive-control rows range from just below nominal to well
above it (0.043 to 0.078), the four-fifths rule at 0.000 and the fixed cut-point at
0.266 to 0.313, while the calibration test flags at 1.000. Those two geometries
are correctly-specified alternatives for the calibration test, not evidence
of general sensitivity: they perturb the intercept and the slope, which are the two
parameters the test estimates, so a rate of 1.000 there is the test detecting exactly
what it was built to detect and says nothing about its sensitivity to other forms of
unfairness. What the pair of results does establish is the complementary point about
the gap tests, which is that they miss real unfairness when it does not happen to move
AUROC.

Model-based-concordance excess is the weaker of the two on this control. It sepa-
rates the matched arms only slightly better than chance: an area under the curve for
distinguishing a case-mix replicate from an unfairness replicate of 0.590 [0.565, 0.614]
at a gap of 0.123 and 0.545 [0.520, 0.570] at 0.200, against 0.743 [0.722, 0.765] and
0.840 [0.823, 0.857] for the calibration test and 0.491 to 0.514 for every AUROC-gap
procedure. The honest summary is that within the scope stated above the calibration
test does not respond to case mix and does respond, weakly, to unfairness, while model-
based-concordance excess does not respond to case mix and barely detects unfairness

at all. We report both rather than only the one that performs better.
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1795 What this does and does not establish.
1796
1797 These are two existing recommendations [45, 58, 59] measured against a failure mode

1798
1799 they were not previously tested on. We are not proposing a procedure and we are not

128(1) recommending the Cox calibration test as a fairness test. Four things bound the claim.

1802 It is a weak-calibration test, the lowest rung of Van Calster et al. [66]’s hierarchy.
1803

1804 Its immunity is specific to the causal direction we simulated and reverses in the anti-
1282 causal direction typical of diagnosis [50]. Calibration is in any case a weak fairness

1807 criterion, satisfiable by discarding information from an existing classifier [57], and it

1809 cannot be combined with equal error rates at unequal base rates [55, 56]. And it

1810
1811
1812 events it is not. What survives is one comparative sentence: under the conditions that
1813

1814 break the AUROC gap, this quantity does not break.

1815
1816
1817
1818
1819 The one case-mix geometry in which the procedures separate is the one that is not
1820
1821
1822 only, at equal spread, the true AUROC gap is just 0.017, the subgroups have differ-
1823

1824 ent risk, not different separability, and the raw range test flagged at 0.226 while the
1825
1826
1827 [8, 17, 22]: it restores approximate validity when score distributions differ but true

assumes within-subgroup calibration is estimable, which in a level with a few dozen

3.5 Studentization repairs location, not spread

really about discrimination. When the three levels differ in the predictor’s location

studentized test flagged at 0.044. Studentization does exactly what the theory says

1829 AUROCs do not. That repair does not extend to the case that matters. At the mod-

1830
1831

1832 test at 0.919, a difference of one simulation in a thousand and well inside Monte Carlo
1833

1834 error; on the sweep at the same p the two give 0.918 and 0.915. The sweep shows the
1835
1836
1837 0.008 of each other at all 16 points. When case mix genuinely changes the true sub-
1838

1839 group AUROC, a better-calibrated test of the equal-AUROC null simply detects the

1840

erate spread geometry (p = 2.0) the raw range flagged at 0.920 and the studentized

same thing at every magnitude in between: the studentized and raw curves are within

40



true difference more reliably; a test cannot be rescued by improving its calibration

against a null that a fair model does not satisfy.

3.6 Under equal-AUROC nulls the procedures differ sharply,

and it does not help

Table 4 reports Type I error over the 34 cells in which every subgroup has the same
true AUROC. Here the procedures separate cleanly. The fixed 0.05 cut-point rejected
at mean 0.7997 and 0.6800 under the simple and composite nulls, worst cell 0.999: on
some geometries a screen that fires essentially every time nothing is wrong. The four-
fifths rule rejected at 0.1056 and 0.0384, worst cell 0.466. The double-corrected z-test
gave 0.0948 and 0.0927, worst cell 0.168; Cochran’s @ 0.0808 and 0.0580, worst cell
0.207; and the bootstrap interval failed in the opposite direction at 0.0038 and 0.0006,
so three inferential readings of one estimator span rejection rates from 0.0006 to 0.0948
on the same data. The two permutation procedures held nominal size: the studentized
test 0.0486 and 0.0480, worst cell 0.069; the raw range 0.0490 and 0.0293, worst cell
0.058. Both worst cells lie inside the reference band for a maximum over 34 cells (0.0700
under the paired m30/ev10 structure; 0.072 if the 34 cells are treated as independent),
so neither is evidence of miscalibration; the studentized test’s worst cell sits at 0.069
against the relevant 0.0700 band, not against the wider, independence-based 0.072, so
the margin is thin rather than comfortable. The raw range’s composite-null mean of
0.0293 is the expected conservatism of an unstudentized statistic where exchangeability
fails.

The ranking in Table 4 is bounded in scope and we do not ask it to
bear weight, for the reason given in Section 2.2. Munko and Sattler [23] add a
second reason specific to this table: standard studentization does not give the correct
joint limiting distribution in multiple-testing settings, which undercuts our max-T

construction directly, and we have not implemented their covariance correction. A
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1887 reader should take from this table that the fixed cut-point and the four-fifths rule are

1888
1889 badly calibrated against the null they nominally test, a coarse conclusion consistent

123(1) with a literature going back to 1979 [10, 11, 15]. A reader should not take from it that

1892 any one of the four inferential procedures is preferable to another.

1893

1894 The case-mix result does not depend on the ranking, which is why it survives the
1895
1896
1897 in the same direction and at similar magnitudes: the two procedures nominal in this
1898

1899 table flag a perfectly fair model at 0.918 and 0.915 once case mix reaches p = 2.0, and

190(1) at 0.141 and 0.135 by p = 1.222, a magnitude 9 of our 21 measured partitions reach.

caveat. Section 3.3 shows that every AUROC-gap procedure here fails under case mix,

1902 No reordering of the seven, and no correction to any one implementation, changes

1903
1904 that; the failure is in the estimand they share. The ordering of procedures by Type I

1905
1906
1907 that matters, and we make no claim about it.

1908

1909

1910 3.7 The admissibility rule is a researcher degree of freedom
1911

1912 This section and the next concern how an audit is assembled rather than what it
gﬁ concludes, and they carry the least weight of anything reported here: they are demon-
1915
1916
1917 gives the per-cohort verdict matrix on the five estimable clinical cohorts across the
gg five admissibility rules. UCI Heart Disease is never evaluable: no partition retains
1920
1921
1922 and the cohort-provenance table, are in Additional file 1; the question here is what a
13;2 clinical audit faces.

1925
1926
1927 On the five clinical cohorts the number whose verdict is not constant across the five
ggg rules is 3 of 5 for the studentized test and the double-corrected z-test, 2 of 5 for the
1930
1931
1932

error under an equal-AUROC null therefore carries no information about the ordering

strations on testbeds, with the caveats of Section 2.6 attached to every number. Table 5

two admissible levels, so Eq. (1) has no value. The four non-clinical contrast cohorts,

Read by identity rather than count, no procedure that flags anything is stable.

raw range and for Cochran’s @), 1 of 5 for the fixed cut-point and the four-fifths rule,
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and 0 of 5 for the bootstrap interval, which flags nothing anywhere. Under the strict
variant, which counts a transition into or out of non-evaluability as a change, the
clinical counts are unchanged.

Two things follow. First, the procedure whose flagged count is most stable is among
the least stable by identity. The studentized test’s clinical flagged set is {BRFSS 2024,
Diabetes 130, NHIS 2024} under m20, m30 and m50, {Diabetes 130, NHIS 2023, NHIS
2024} under m100, and {BRFSS 2024, Diabetes 130, NHIS 2023} under ev10: the same
count of three throughout, and three different sets. A count-based metric records that
as perfect stability, which is why we do not use one. Second, the only procedure with
a constant verdict set is the one that never flags, which is trivial. A rule chosen for
statistical convenience, and usually neither justified nor reported, therefore decides
which cohorts an audit names.

The raw range test flags no clinical cohort under m20, m30 or m50, NHIS 2023 under
m100, and NHIS 2023 and NHIS 2024 under ev10; after Holm correction across the five
estimable clinical cohorts it flags none under any rule. That is the one procedure Holm
nullifies completely; it is not representative of the other four procedures with a p-value.
The studentized test survives Holm at Diabetes 130 and BRFSS 2024 under m20, m30,
m50 and ev10, and at Diabetes 130 alone under m100. The double-corrected z-test
and Cochran’s ) survive more broadly still: the z-test at three clinical cohorts under
m20-m50 and at one to three under m100/ev10; Cochran’s @ at all five clinical cohorts
under m20-m50 and at three to four under m100/ev10. Table 5 gives the Holm-adjusted
decision for every procedure and rule beside the unadjusted one. The independent

permutation scheme changes no verdict for either permutation procedure.

3.8 Admissibility decides whose performance is measured

Ten subgroup levels were excluded across the ten cohorts at the reference rule

(Figure 3): seven below the minimum size of 30 rows and three for degenerate labels.
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1979 Two of those three have no cases at all, which makes AUROC undefined rather than
1980

1981 merely imprecise. The third, the synthetic cohort’s 18-44 band, has one case in 371
1982
1983
1984 each floor of Section 2.1. Six are age bands, one is a sex category, and three are race
1985

1986 and ethnicity categories, all three of them minority categories in NHIS 2024 and two
1987
1988
1989 sibility rule removes the smallest levels first, and in cohorts drawn from a majority
1990

1991 population the smallest levels are the minority categories. A rule chosen for statistical
1992
1993
1994 about at all, and it is currently chosen without justification and often without report.
1995

1996

1997 3.9 A worked example

1998

1999 Take one cohort and audit two attributes. In Diabetes 130 the gender partition shows

2000
2001 an observed subgroup AUROC gap of 0.013, and its measured geometry implies a

;883 gap of 0.003 for a fair model, against a noise-only reference of 0.001. The age_group

2004 partition of the same cohort, same model, same test set, shows an observed gap of
2005

2006 0.216, and its geometry implies between 0.117 and 0.219 across the 24 refit specifica-
2007
2008
2009 reports both gaps against the same 0.05 cut-point, or against the same permutation
2010

9011 null, treats them as two readings of one quantity. They are not. On the gender parti-
2012
2013
2014 own. On the age partition a fair model would show something between two and four
2015

2016 times the threshold at which a disparity is declared, on case mix alone. The age result
2017
2018
2019 audit’s own output says so, because the audit does not measure case mix.

2020

2021 We are careful about what this does and does not license. It does not license the
2022
2023
2024

rows: its AUROC is computable and carries no information, and it fails the two-of-

of them carrying no cases at all. The pattern is structural, not incidental: an admis-

convenience therefore decides which populations an audit is capable of saying anything

tions, 0.173 in the published one, against a noise-only reference of 0.017. An audit that

tion a fair model would show essentially no gap, so the observed 0.013 is the model’s

carries far less information about fairness than the gender result, and nothing in the

conclusion that the 0.216 age gap in Diabetes 130 is case mix. The implied gap is what

44



a fair, well-specified model would show with this predictor geometry, not an estimate of
this model’s case-mix component, and Section 3.2 reports that we could not estimate
that component at all. Nor is a single number available here: no implied-gap
value in this example is stable enough across specifications to quote as a point, which
is why the age figure is given as a range. This partition is also the one cut into nine
native decade bins where the other cohorts use four to six, and both p and the implied
gap rise with level count, so part of what makes it extreme is how finely it is cut. Nor
does it license the conclusion that the model is fair on age, or unfair on gender, or
anything about this model, which is fitted to an encounter-level extract as a testbed.
What it licenses is a claim about evidential weight. Two gaps of similar nominal size,
read through the same test, can carry very different amounts of information, and the
difference is computable in advance from the predictor distribution alone.

For the same point in a controlled setting, take a team auditing three age bands of
roughly 667 patients each at prevalence 0.20, whose oldest band has predictor values
twice as dispersed as the youngest’s. They are standing at p = 2.0, where the fixed
cut-point fires with probability 0.991, the double-corrected z-test with 0.946, a raw
permutation test with 0.920, and studentizing it changes that to 0.919. Only the four-
fifths rule usually stays quiet, at 0.119, and it stays quiet at a true gap of 0.199 in
one simulation in five. The model there is the exact data-generating probability and

treats no patient differently on the basis of age.

4 Discussion

The problem is the estimand, not the test

The results above reduce to two statements, and the second is the one that makes the
first usable. Subgroup fairness auditing of clinical prediction models tests Hy: equal
subgroup AUROC. That null is false for a perfectly fair model whenever case mix

differs across subgroups, and case mix exceeded a noise-only reference in 9 of the 21
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Table 1 Measured case-mix geometry in every evaluable clinical partition, the
subgroup AUROC gap a perfectly fair model would show there, and what
survives refitting and a noise-only reference. p is the largest over the smallest per-level
standard deviation of the fitted model’s linear predictor, over levels admissible under m30. The
implied case-mix gap is Eq. (2) evaluated at each level, maximum minus minimum, in
AUROC units, under two evaluations: Gauss. recovers the level’s risk distribution from its
linear-predictor mean and standard deviation, Emp. takes it from the observed scores. Refit
range is the Gaussian value’s range over the 24 refits. Noise is the median of a permutation
reference in which every level is a draw from one common predictor distribution, so it is what
this statistic returns with no case mix; f marks the 9 partitions above that reference’s 95th
percentile. Rows are ordered by the Gaussian value, the rule marks its median, age bands are
bold. No implied-gap value is an estimate; none should be quoted as a point.

Cohort Partition  Lev. p Obs. gap Implied gap Refit range Noise
Gauss. Emp.
NHIS 2023 sex 2 1.022 0.019 0.003 0.002 0.001-0.015 0.002
Diabetes 130 gender 2 1.022 0.013 0.003 0.002 0.001-0.019 0.001
NHANES 21-23 sex 2 1.090 0.020 0.005 0.001 0.001-0.023 0.003
NHIS 2023 insuredf 2 1.037 0.018 0.007 0.043 0.000-0.049 0.005
NHIS 2024 race 4 1.051 0.109  0.008 0.027 0.004-0.030 0.020
NHANES 21-23 insured 2 1.140 0.033 0.010 0.005 0.000-0.037 0.006
BRFSS 2024 health plan 2 1.029 0.011 0.010 0.017 0.002-0.037 0.007
NHIS 2024 sex 2 1.145 0.004 0.012 0.001 0.000-0.018 0.004
NHIS 2024 income 5 1.140 0.097 0.014 0.022 0.003-0.038 0.017
BRFSS 2024 incomet 7 1.063 0.046 0.015 0.027 0.007-0.078 0.012
NHANES 21-23 race 5 1.316 0.046  0.022 0.020 0.004-0.058 0.018
BRFSS 2024 sext 2 1.113 0.014 0.024 0.022 0.012-0.037 0.002
NHIS 2023 race 7 1.186 0.129 0.025 0.050 0.022-0.070 0.039
Diabetes 130 race 5 1.240 0.124 0.028 0.033 0.011-0.046 0.018
NHANES 21-23 age bandf 4 1.602 0.075 0.034 0.020 0.005-0.112 0.010
NHIS 2024 insurance 2 1.322 0.044 0.035 0.014 0.001-0.061 0.008
BRFSS 2024 age bandf 5 1.285 0.068 0.057 0.090 0.021-0.154 0.012
NHIS 2024 age bandf 6 1.362 0.328 0.057 0.074 0.019-0.178 0.021
BRFSS 2024 racef 8 1.335 0.224 0.058 0.060 0.028-0.096 0.032
NHIS 2023 age bandf 4 1.348 0.128 0.069 0.096 0.029-0.138 0.007
Diabetes 130 age bandy 9 3.304 0.216 0.173 0.202 0.117-0.219 0.017

Read the ranges, not the columns. In this fit the implied gap has median 0.022,
minimum 0.003, maximum 0.173, and 5 of 21 partitions reach 0.05. None of those four
numbers survives refitting as a point. Across 24 specifications (4 model classes x 6
seeds) the median runs 0.013-0.030, the maximum 0.131-0.219, and the 0.05 count 2-7
of the 20 or 21 partitions a specification measures; under ev10 the published-fit median
is 0.015 and the count 4 of 19. The same applies to p: median 1.145, minimum 1.022,
maximum 3.304 here, against a refit median of 1.132-1.223 and a refit maximum of
1.999-6.388 (Section 3.1). NHIS 2024 insurance is measured under 12 specifications
and NHANES insured under 20, so their refit ranges rest on fewer cells.

Every implied-gap value exceeds zero by construction, because a maximum
minus a minimum does, so the Noise column carries the information. Its median is
0.010, about half the median implied gap; only the 9 partitions marked f clear their own
reference’s 95th percentile, and three partitions have a p below their own null’s median.
The observed gap column is descriptive, not a decomposition: the two orderings
agree at both extremes in only 7 of 21 partitions against about 5 expected by chance,
and Section 3.2 reports why the decomposition does not stand. Nothing here says any
model is fair or unfair and no gap is a population disparity (Section 2.6); UCI Heart
Disease contributes no row. Both the implied gap and p rise with level count, a property
of the partition and not the model (correlations 0.661, 0.582), and the maximum row is
the only partition cut into nine decade bins.

Eq. (2) itself makes no distributional assumption; the Gauss. plug-in does,
and the two differ by a median of 0.011 and by up to 0.037. Both assume

well-specification, which fails here: implied and observed level AUROC
correlate at 0.852 across 87 levels, median absolute difference 0.031. Gen-
erated by  casemix_implied gap{,.rqbhustness, null}.py; p refits from

sd_ratio_robustness.csv, decomposition Ttom model_based_concordance.csv.
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Fig. 1 The false-flag rate is a steep function of case-mix magnitude, and real partitions
are spread across the whole of it. Curves: rejection probability for a model that ¢s the data-
generating probability, Bayes-optimal, one coefficient vector, perfectly calibrated in every subgroup,
as the per-level linear-predictor SD ratio p moves from 1.0 to 3.167. Three equal levels, n = 2,000,
prevalence 0.20, m30, 1,000 simulations and B = 999 per point; the induced true AUROC gap runs
from 0 to 0.198 and is computed by quadrature. Every rejection is a false alarm about fairness. The
dotted horizontal line is the nominal 0.05. Rug marks along the bottom are the 21 measured clinical
partitions of Table 1, one tick each, shown to indicate where real partitions sit on this axis. We
do not read a flag rate off this curve for any partition: the sweep fixes all level means at
zero and uses three equal levels at n = 2,000, which no real partition matches, and Table 1 instead
computes each partition’s implied gap from its own geometry (Section 2.8). The dashed vertical is
the median measured magnitude, 1.145. The dash-dotted vertical is p = 2.0, where the raw max—
min permutation test flags at 0.918, one point on this curve and not the typical case. Studentizing
tracks the raw test to within 0.008 at every point; the four-fifths rule stays low only because it is too
insensitive to detect anything. The subgroup Cox calibration test is the flat orange curve: it
is measured on the same replicates and the same admissible levels, and its false-flag rate stays within
0.032-0.066 across the whole sweep, mean 0.0499, with no trend in p. Its flatness is not insensitivity:
on a matched positive control at a fixed true gap it separates a genuinely unfair model from a fair
one with case mix, where every curve above it cannot (Table 3). Source: casemix_sweep.csv.
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2163

2164
2165 Table 2 Flag rates for a perfectly fair model under case-mix heterogeneity. One shared
2166 model with identical coefficients, which is the data-generating probability: Bayes-optimal and
perfectly calibrated in every subgroup. Subgroups differ only in the location or spread of the linear
2167 predictor, which makes their true AUROCs differ. Every entry is therefore a false alarm about
2168 fairness. Nominal @ = 0.05; 1,000 simulations per cell, B = 999; reference admissibility rule m30.
2169 Column headings give the case-mix magnitude p of each geometry, how many of the 21 measured
2170 clinical partitions of Table 1 reach that magnitude, and the true AUROC gap it induces. No
column is the typical case: the median measured partition sits at p = 1.145, between the first
2171 and second columns.

2172
2173 Location Mild  Moderate  Moderate = Moderate  Strong
only 3 part. n=10,000

2174 Case-mix magnitude p 1.0 1.222 2.0 2.0 2.0 3.167

2175 Real partitions reaching it 21/21 9/21 1/21 1/21 1/21 1/21
True AUROC gap 0.017 0.036 0.123 0.123 0.123 0.199

2176

2177 Fixed 0.05 cut-point 0.6420  0.5060 0.9910 0.9930 1.0000 1.0000
Four-fifths ratio rule 0.0310  0.0000 0.1190 0.1020 0.0060  0.7910

2178 Double-corr. variance, z-test 0.1130  0.2080 0.9460 0.9180 1.0000 0.9990

2179 Double-corr. variance, Cochran Q 0.0910 0.1700 0.9260 0.8600 1.0000 0.9990
Double-corr. variance, bootstrap CI 0.0000  0.0000 0.0130 0.0000 0.9720 0.7570

2180 Raw max-min range permutation 0.2260 0.1620 0.9200 0.8520 1.0000 0.9990
Studentized permutation 0.0440  0.1640 0.9190 0.8640 1.0000 0.9990

2181

2182 Geometries, by per-level predictor standard deviation: location only, three levels at means —2/0/ + 2 and
equal spread 1.0; mild, 0.9/1.0/1.1, true AUROC 0.726/0.745/0.762; moderate, 0.7/1.0/1.4, true AUROC
2183 0.684/0.745/0.807; strong, four levels, 0.6 to 1.9, true AUROC 0.661 to 0.860. The names are labels for
2184 positions on the sweep of Figure 1 and carry no claim about which is common; the empirical distribution of
p is in Table 1. Moderate 3 part. embeds the moderate geometry as the first of three partitions, the other
2185 two being pure noise columns. All at n = 2,000 and prevalence 0.20 except the n = 10,000 column. True
2186 AUROCSs and gaps are computed by quadrature, not simulated, and carry no Monte Carlo error.
The four-fifths rule’s low rates are insensitivity, not validity: a ratio of two AUROC values lies near 1.0 for
2187 any usable pair, and the rule’s rate falls to 0.0060 as n rises to 10,000 at an unchanged true gap.
21 Flag rates are from comparator_typel.csv; true per-level AUROC values and the closed-form consistency
88 check are from casemix_theory.json.

2189
2190
2191

2192 clinical partitions we measured, by a wide margin in the tail. No amount of Type I

2193
2194 calibration under an equal-AUROC null repairs this, because the repair addresses the

;}32 reference distribution while the defect is in the hypothesis.

2197 The second statement is about magnitude, and it is a distribution rather than
;}gg a number, and a distribution whose location we cannot pin down. At the median
;;8(1) measured partition a fair model would show a subgroup AUROC gap of between 0.013

2202 and 0.030 on case mix alone depending on which specification is fitted, which is real
2203

2904 but well under the 0.05 threshold at which a disparity is conventionally declared, and
2205
2206

2207 partitions clearing that threshold without any unfairness present runs from 2 to 7 of
2208

about half of which is the noise floor of a max-minus-min statistic. The number of
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67

Panel A. The 16-point case-mix sweep.

Table 3 The recommended alternatives, measured on the same sweep and
the same positive control. Panel A: across the full 16-point case-mix sweep, the
subgroup Cox calibration test’s false-flag rate is flat at nominal while the AUROC-gap
procedures climb to certainty. Panel B: matched pairs holding the true AUROC gap
fixed and varying only the mechanism. Nominal e = 0.05; 1,000 simulations per cell,
B =999, rule m30. In every Panel A cell and every case-mix arm of Panel B the
model is the data-generating probability, so every flag there is a false alarm.

Case-mix True AUROC Raw max-—min Fixed 0.05 Cox calib. MBC excess

p gap  permutation cut-point test (statistic)®

1.000 0.000 0.056 0.295 0.056 0.019

1.100 0.017 0.067 0.313 0.047 0.019

1.222 0.036 0.141 0.490 0.046 0.019

1.250 0.040 0.200 0.552 0.053 0.020

1.350 0.054 0.297 0.629 0.051 0.019

1.450 0.067 0.405 0.779 0.032 0.020

1.500 0.073 0.481 0.828 0.041 0.019

1.600 0.085 0.617 0.887 0.061 0.020

1.750 0.100 0.784 0.961 0.051 0.019

1.900 0.114 0.870 0.972 0.066 0.020

2.000 0.123 0.918 0.988 0.057 0.019

2.250 0.143 0.976 0.999 0.035 0.020

2.500 0.160 0.995 1.000 0.048 0.019

2.750 0.176 0.996 1.000 0.057 0.020

3.000 0.189 1.000 1.000 0.045 0.018

3.167 0.198 1.000 1.000 0.052 0.020
Mean over the 16 points 0.0499 0.0194
Panel B. Positive control: same true gap, different mechanism.

True gap 0.050 True gap 0.123  True gap 0.200 Unfair,

Procedure case mix unfair case mix unfair case mix unfair no gapb
Fixed 0.05 cut-point 0.677 0.684 0.997 0.998 1.000 1.000 0.266-0.313
Four-fifths ratio rule 0.003 0.002 0.294 0.319 0.974 0.970 0.000
Double-corr. variance, z-test 0.377 0.367 0.970 0.967 1.000 1.000 0.076-0.078
Raw max—min range permutation 0.314 0.297 0.948 0.950 1.000 1.000 0.043-0.044
Studentized permutation 0.305 0.296 0.946 0.947 1.000 1.000 0.050-0.058
Subgroup Cox calibration test 0.049 0.078 0.051 0.293 0.047 0.502 1.000

2 Not a rejection rate. Model-based-concordance excess is the maximum over levels of
model-based concordance minus observed AUROC, in AUROC units, with no threshold,
reference distribution or error rate; the column is its mean over 1,000 replicates. Its
flatness against a true gap growing to 0.198 is the result. The value near 0.019 is a small
finite-sample positive bias and is not a false-flag rate below nominal.

b Two geometries in which the model is genuinely unfair but the true AUROC gap is
exactly zero: a subgroup-specific calibration slope of 2.0, and a subgroup-specific intercept
shift of one logit. The range spans the two. Both perturb the intercept and slope
that the calibration test itself estimates, so they are correctly-specified alternatives
for that test and are not evidence of general sensitivity.

Cox calibration test, Panel A: range 0.032-0.066, no trend in p, against a Monte Carlo
standard error near 0.0069. The prevalence-equalised sweep gives 0.039-0.060, so the
flatness is not a prevalence artefact.

Panel B, matched pairs: the case-mix and unfairness arms are constructed to agree on

ORI bl gy o D [inie Lot s
A covanlate the moda] é%es not s> I:'Tac% of the Hve AU C-g3) gap proce ufes shown

gives the same rate on both arms, i.e. no discriminant vahdlty Cochran’s Q and the
bootstrap-interval reading produced no evaluable replicates on any positive-
control geometry and are omitted, so Panel B covers five of the seven AUROC-gap
procedures. A sixth geometry combining both mechanisms at a total gap of 0.123, of
which 0.076 is genuine excess, is flagged by the calibration test at 0.092.

Panel A is from casemix_sweep.csv; Panel B is from casemix_positive_control.csv.
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2257
2258
2259
2260
2261
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2264
2265
2266
2267
2268
2269
2270
2271
2272
2273
2274
2275
2276
2277
2278
2279
2280
2281
2282
2283
2284
2285
2286
2287
2288
2289
2290
2291
2292
2293
2294
2295

2296 same subgroup [41], so it is a joint function of the model and the subgroup’s covari-

2297

2998 ate distribution; widen a subgroup’s predictor distribution and its cases and controls

2299 become easier to tell apart, so its AUROC rises with the model untouched. This point

2300

Table 4 Type I error at nominal a = 0.05 under equal-AUROC nulls. Rejection
probability where every subgroup has the same true AUROC. 1,000 independent
simulations per cell, B = 999; 12 simple-null cells and 22 composite-null cells (6 and 11
geometries, each crossed with the m30 and ev10 admissibility rules). “Simple” assigns
subgroup membership independently of score and outcome; “composite” gives every level
the same true AUROC but a different score distribution. The ranking of procedures
in this table should not be read as a ranking of the published methods, for the
reasons given in Sections 2.2 and 3.6. What survives is the coarse fact that two
procedures in wide use are badly calibrated even against the null they nominally test,
and, independently of any ranking, the finding of Table 2 that every AUROC-gap
procedure here fails under case mix, so no ordering among them would rescue the family.

Simple null (12 cells) Composite null (22 cells) Worst

Procedure mean max mean max cell
Fixed 0.05 cut-point 0.7997 0.9990 0.6800 0.9600  0.999
Four-fifths ratio rule 0.1056 0.4660 0.0384 0.1430  0.466
Double-corr. variance, z-test 0.0948 0.1670 0.0927 0.1680 0.168
Double-corr. variance, Cochran @ 0.0808 0.2070 0.0580 0.0910 0.207
Double-corr. variance, bootstrap CI  0.0038 0.0170 0.0006 0.0080 0.017
Raw max—min range permutation 0.0490 0.0580 0.0293 0.0500  0.058
Studentized permutation 0.0486 0.0690 0.0480 0.0590  0.069

Monte Carlo standard error across the 34 equal-AUROC cells this table reports: median 0.00686,
maximum 0.01577. Treating the 34 cells as independent, the 95th percentile of the maximum of 34
such rates from a correctly sized procedure at 1,000 simulations is 0.072; accounting for the paired
structure (each of 17 geometries contributes one m30 and one ev10 cell computed on the same
simulated datasets, hence positively correlated) it is 0.0700. The two permutation procedures’
worst cells (0.058 and 0.069) are inside both bands, but the studentized test’s margin under the
relevant paired-structure band is 0.069 against 0.0700, not against the wider independence-based
0.072, and this thin margin is not evidence of miscalibration.

The fixed cut-point and the four-fifths rule state no error rate; their entries are implied false-
flag rates, not Type I error against a claimed level.

These are the procedures’ properties under the null they nominally test. Table 2 shows that this
ranking does not survive case mix.

Source: comparator_typel.csv.

21, and the largest implied gap from 0.131 to 0.219. A summary that reports only the
median understates the tail. A summary that reports only the tail, which is what our
own earlier draft did by taking p = 2.0 as the headline, overstates the typical case. A
summary that reports either as a point, which is what the version before this one did,
overstates what we know.
The mechanism is not subtle and was not discovered here. AUROC is the proba-

bility that a randomly chosen case scores above a randomly chosen control from the

50
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Table 5 Which clinical cohorts each procedure flags, by admissibility rule, unadjusted and
after Holm correction. Identity, not count. Cohort codes: B BRFSS 2024, D Diabetes 130, A NHANES
2021-2023, N3 NHIS 2023, N4 NHIS 2024. UCI Heart Disease is not evaluable under any rule and is omitted.
B = 10,000, joint permutation scheme, seed 42. “Raw” is the unadjusted per-cohort decision at o = 0.05;
“Holm” is the decision after Holm’s step-down correction [65] across the five estimable clinical cohorts,
applied where the procedure reports a p-value. The last column counts clinical cohorts whose raw verdict is
not constant across the five rules, of 5 estimable. The four non-clinical contrast cohorts are in Additional file 1.

Procedure m20 m30 m50 m100 ev10 Clin.
Fixed 0.05 cut-point Raw B DAN3N4 BDAN3N4 BDAN3N4 BDAN3N4 BDN3N4 1/5
Holm n/a n/a n/a n/a n/a
Four-fifths ratio rule Raw B D N4 B D N4 B D N4 D N4 B D N4 1/5
Holm n/a n/a n/a n/a n/a
Doubl test Raw B DA BDA BDA D B D N4 3/5
ouble-corr., z-tes Holm B D A BDA BDA D B D N4
Double-corr., Cochran Q Raw B D AN3N4 BDAN3N4 BDAN3N4 D N3 N4 B D N3 N4 2/5
g v Holm BD AN3N4 BDAN3N4 BD A N3N4 D N3 N4 B D N3 N4
Raw
Double-corr., bootstrap CI Holm — o o o o 0/5
. Raw — — — N3 N3 N4
Raw max-—min range perm. Holm — o o o o 2/5
. . Raw B D N4 B D N4 B D N4 D N3 N4 B D N3
Studentized permutation Holm B D BD BD D BD 3/5

“—” means no clinical cohort flagged; “n/a” means the procedure reports no p-value, so Holm
correction does not apply (Section 2.2). The bootstrap-interval reading flags no cohort under any
rule, raw or Holm, which is why its verdict is trivially constant.

The studentized permutation test’s raw decision returns a count of three under every rule, but three
different sets; a count-based stability metric would record this as perfect stability, which is why we do
not use one. Under the strict variant, which treats non-evaluability as a distinct verdict, the clinical
counts are unchanged.

Running the independent permutation scheme instead of the joint scheme changes no cohort’s raw
verdict for either permutation procedure under any rule. This is not a test of a dependence assump-
tion; both schemes combine cohorts under the same independence assumption.

Holm correction across the five estimable clinical cohorts nullifies the raw max—min range permuta-
tion test’s flags entirely, but does not nullify the other three inferential procedures: the studentized
test survives at Diabetes 130 and BRFSS 2024 under m20, m30, m50 and ev10, and at Diabetes 130
alone under m100; the double-corrected z-test and Cochran’s @ are unchanged from their raw deci-
sions at every rule shown.

Source: rule_stability.csv.
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2347
2348
2349
2350
2351
2352
2353
2354
2355
2356
2357
2358
2359
2360
2361
2362
2363
2364

2365 location mild moderate moderate strong
0.017 0.036 0.123 n=10% 0.199
2366 0.123

2367
2368

2369
2370 —— Fixed 0.05 cut-point —4&— Double-corr. variance, z-test

0.6 [~

0.4

Probability of flagging a perfectly fair model

Case-mix geometry, and the true subgroup AUROC gap it induces

2371 =@— Raw max—min range permutation = & Studentized permutation

2372 - .4 .- Four-fifths ratio rule ...s.. Double-corr. variance, bootstrap CI
2373

2374 Fig. 2 At sufficient case-mix magnitude every procedure flags a perfectly fair model. The
2375 five named geometries, complementing the continuous sweep of Figure 1; their case-mix magnitudes
2376 pare 1.0, 1.222, 2.0, 2.0 and 3.167, of which the 21 measured clinical partitions reach 1.222 nine times
2377 and 2.0 once (Table 1). The model in every cell is the exact data-generating probability, with one
2378 coefﬁ'men.t Ve'ctor, Bayesjoptlmal a'nd perfectly cahbratefi in every sw'ubgroup; sgbgroups differ on'ly. in

the distribution of the linear predictor. The dotted horizontal line is the nominal 0.05. Studentizing
2379 repairs the location-only geometry (0.226 to 0.044), where the true AUROC gap is a negligible 0.017,
2380 and does nothing at the moderate spread geometry, where the raw and studentized tests give 0.920
2381 and 0.919. Going from n = 2,000 to n = 10,000 at an unchanged true gap of 0.123 drives four
92382 procedures to 1.000 and the bootstrap interval from 0.013 to 0.972: the failure is a property of the

estimand, so more data makes it worse, not better. The four-fifths rule stays low only because it
2383 is too insensitive to detect anything, and reaches 0.791 at the strong geometry. Flag rates are from
2384 comparator_typel.csv; true per-level AUROC values are from casemix_theory. json.

2385

2386 was made for external validation [45, 46, 51]; what Table 2 and Figure 1 add is the
2387

2388 magnitude in the fairness setting, the fact that it is confined to no one procedure,
2389
2390

2391 on. The n = 10,000 column is what we would ask a sceptical reader to look at first: if
2392

and, in Table 1, how much of it there is in cohorts of the kind these audits are run

92



Subgroup levels excluded

Age band Race/ethnicity Sex

Demographic axis of the excluded subgroup level

. below the minimum size of 30 rows

. degenerate labels: no cases or no controls, AUROC undefined

Fig. 3 Admissibility rules preferentially silence minority strata. All ten subgroup levels
excluded across the ten cohorts at the reference rule m30, by demographic axis and reason. Every
one of the three race and ethnicity exclusions is a minority category in NHIS 2024: NH-AIAN (n =
23, no cases), NH-AIAN+other (n = 17, one case) and NH-Other/Multi (n = 18, no cases). The
sex exclusion is female patients in UCI Heart Disease (n = 19). An admissibility rule removes the
smallest levels first; in cohorts drawn from a majority population the smallest levels are the minority
categories, so the rule decides whose performance an audit is capable of describing at all. Source:
excluded_subgroups.csv.

the flagging were noise, more data would reduce it, and instead five procedures go to
1.000 at an unchanged true gap. That is the signature of a consistent estimator of the
wrong quantity, and it means the problem cannot be managed by powering the audit

better or collecting more patients, both of which make it worse.
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2439 Engaging Pfohl et al.

2440

;ig Pfohl et al. [52] argue, through causal graphical models, that equal subgroup per-
2443 formance is an unreliable fairness target even under representative sampling and a
2444
2445
33116 conditional-independence alternatives may both be invalid absent explicit assumptions
244; about the bias mechanism. The natural defensive reading of that paper, that this is a
2449
2450
3351 results close off. Our case-mix simulations have no selection bias, no unrepresentative
242;23 sampling, no misspecification, no measurement error and no label bias; the score is
2454
2455
3356 covariate distribution, which alone produces flag rates from 0.056 at p = 1.0 to 1.000
2422 at p = 3.0. Their argument is therefore stronger than a sampling caveat: the target
2459
2460
;ig; ical question about that audit’s cohort and partition. Table 1 answers it for ours, as
2463 a range rather than a number. A fair model would show a subgroup AUROC gap of
2464
2465
;igg tamination is small in most of our partitions and larger than the reporting threshold
2468 in somewhere between a tenth and a third of them.

2469
2470
;i% ment does not reach. AUROC has an uninformative point at 0.5, not at 0.0, so a ratio
2473 scale on it is meaningless: a four-fifths ratio of 0.80 corresponds to one subgroup at
2474
2475
;j;g sits at 0.900. The rule is simultaneously blind to a subgroup for whom the model is
2478 useless and triggerable by pairs of values that are both clinically acceptable. Nothing
2479
2480
2481 yeaningful zero, to a concordance probability, which does not: an objection separate

2482
2483 from the Type I error objection of Greenberg [10], Boardman [11], Roth et al. [15].

2484

correctly specified null, and that under selection bias disaggregated evaluation and its

sampling problem, to be handled by better data or sensitivity analysis, is the one our

the true conditional probability, and the only thing differing between subgroups is the

is unreliable in the base case. How badly it fails in any given audit is then an empir-

0.013 to 0.030 at the median partition and 0.131 to 0.219 at the worst, so the con-

We add one refinement specific to AUROC that a general performance-parity argu-

0.500, pure chance, while another sits at 0.625, and also to one at 0.720 while another

about the number 0.80 survives the change of scale from selection rates, which have a

o4



What to do instead

Who these recommendations are for. They are addressed to the people who build, audit
and sign off on clinical prediction models: model developers, evaluation and validation
teams, and the governance committees that approve deployment. Clinicians and
patients are out of scope as audiences. We have not studied how a subgroup
performance report should be presented to a clinician at the point of care, and we make
no claim about what a patient should be told about subgroup performance. Those
are questions about communication and consent that this paper’s evidence does not
reach, and they matter enough that they should not be answered by inference from a
simulation study.

Do not use a subgroup AUROC-gap test as fairness evidence for a clinical predic-
tion model. This applies to all seven procedures studied here, including the two that
are correctly sized under an equal-AUROC null and including the one our own earlier
analysis recommended. It applies whether the gap is compared to a cut-point, a ratio,
or a permutation distribution.

If a gap statistic is reported at all, report it descriptively and next to the case-
mix distribution. A subgroup AUROC table is informative about how well the model
separates each subgroup’s cases from its own controls, which is a real and reportable
property; it becomes misleading the moment it is converted into a hypothesis test
whose null is equality. Report each subgroup’s AUROC with its interval, and beside
it the distribution of the predicted probability within that subgroup, spread as well
as location, so a reader can see whether an observed difference is what a shared, fair
model would produce.

Compute the implied case-mix gap beside every observed gap, and weight the
observed gap accordingly. The per-level mean and standard deviation of the linear
predictor are one line of code on data an audit already has, and Eq. (2) turns them

into the gap a fair model would show, in the same units as the gap being reported,
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2531 with no simulation. Compute it from the observed scores rather than from their mean
2532

o533 and standard deviation: the identity needs no distributional assumption and the two-
2534
2535
2536 a noise-only reference beside it, by permuting the level labels, because a maximum
2537

9538 IMinus a minimum is positive whether or not any case mix is present. Our own parti-

parameter plug-in adds one that moves individual partitions by up to 0.037. Compute

;gig tions show what that buys. In these cohorts an audit of a sex or gender partition faces

2541 an implied gap of at most 0.024 in the published fit, so a gap found there is unlikely
2542
o543 to be an artefact of case mix and deserves to be taken seriously on its own terms. An

254;1 audit of an age-band partition faces between 0.034 and 0.173 in that fit, and four of
2546 the five clear the 0.05 convention on case mix alone, so a gap found there should not
2547

o548 be reported as a finding without the case-mix geometry beside it.

2549
2550
2551 level count, which we cannot separate from it (Section 3.1). It does not survive a change
2552

o553 of admissibility rule: under ev10 the age partitions run from 0.013 to 0.173 and the
2554
2555
2556 The numbers themselves are one specification’s, and across 24 the per-partition ranges
2557

o558 are wide enough that no partition’s implied gap should be quoted as a point. And it
2559
2560
2561 feature set or another outcome could put age and sex anywhere, which is exactly why
2562

o563 the advice is to compute the implied gap rather than to memorise our ordering.
2564
2565

2566 the following, and we mark it as a proposal rather than a validated rule because we

2567
o568 have not evaluated its error rates. Where a partition’s implied case-mix gap reaches the

We put four limits on that advice. The age-versus-sex ordering is confounded with

count clearing the convention falls to three of five, so the age and sex ranges overlap.

is a property of 21 partitions in five fitted models, not a law: another cohort, another

A decision threshold, since an ordering without one is not actionable. We suggest

;ggg threshold at which the audit would declare a disparity, conventionally 0.05, report the

2571 subgroup AUROCSs descriptively and do not report a gap test at all: at that geometry
2572

9573 & fair model already produces the effect the test would be detecting. Below that, a
2574
2575
2576

gap test remains uninformative about fairness for the reasons this paper gives, but

o6



the case-mix contribution is at least small enough not to dominate. Under this rule
between 2 and 7 of our 21 partitions would be reported descriptively only, depending
on which model is fitted, which is itself an argument for computing the rule on the
audit’s own model rather than borrowing our count. We have not evaluated what
this rule does to detection of genuine unfairness, and it should not be adopted as a
standard on our say-so.

Report subgroup calibration and subgroup met benefit instead, and we have now
measured the first of these rather than only citing it. This is not a proposal of ours,
and we are explicit that it is not. What is new here is not the recommendation but the
evidence for it. On the same 16-point sweep that drives every AUROC-gap procedure
from 0.056 to 1.000, a subgroup Cox calibration test’s false-flag rate does not move at
all: 0.032 to 0.066 across the whole range, mean 0.0499 against a nominal 0.05, with no
trend in case-mix magnitude (Table 3, Figure 1). The reason is structural rather than
incidental. The null “this model is calibrated within each subgroup” remains true for
a fair model when subgroups differ in case mix; the null “true AUROC is equal across
subgroups” does not. And the flatness is not the flatness of a test that never fires: on a
matched positive control holding the true AUROC gap fixed at 0.123, it flags the case-
mix arm at 0.051 and the genuinely unfair arm at 0.293, while the raw permutation
test, the studentized test and the double-corrected z-test give indistinguishable rates
on the two arms (0.946-0.970 against 0.947-0.967); the four-fifths rule and the fixed
cut-point do not (0.294 against 0.319, and 0.997 against 0.998). On two geometries
where the model is genuinely unfair but the AUROC gap is exactly zero, the gap
procedures sit at nominal and the calibration test flags at 1.000. That is the operating-
characteristic evidence the recommendation previously lacked, and it points the same
way the guidance already did.

We are deliberately not converting this into a recommendation of our own. A sub-

group calibration test inherits the levelling-down objection [81] that attaches to any
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2623 equality criterion, says nothing about clinical utility, and assumes within-subgroup
2624

9625 calibration is estimable, which in a level carrying a few dozen events it is not; it is
2626
2627
2628 a deployed audit. The claim is comparative and bounded: under the conditions that

2629
2630 break the AUROC gap, calibration does not break. van Klaveren et al. [45]’s model-

our implementation, not a package; and we have measured it in simulation, not in

;gg; based concordance behaves similarly on the sweep, its excess over observed AUROC

2633 stays near 0.019 AUROC units while the true gap grows to 0.198, but it separates

2634
92635 the matched arms only slightly better than chance (0.545-0.590), so we report it as

223? flat rather than as useful. Van Calster et al. [58] review 32 performance measures

2638 for predictive artificial intelligence in medicine and conclude that the essential set is

2639
9640 discrimination, a calibration plot, a clinical utility measure such as net benefit with

;gjg decision curve analysis, and the distribution of predicted probabilities by outcome.

2643 Pfohl et al. [59] make the fairness-specific version of that argument: develop models cal-
2644

2645 1brated and useful for every population, with thresholds reflecting patient preferences,
2646
2647
2648 assess fairness by subgroup net benefit precisely to avoid the levelling-down incentive

2649
2650 an equal-performance criterion creates, the failure mode Mittelstadt et al. [81] identify

2651

rather than constraining a performance metric to be equal. Benitez-Aurioles et al. [82]

as endemic to fairness measures built on narrowing between-group gaps rather than on

2653 distributive-justice considerations, and Meerwijk et al. [83] found AUROC of limited
2654

2655 utility for subgroup fairness assessment in resource-limited decision support; decision
2656
2657
2658 but the quantified demonstration of why the AUROC-gap route fails, which is the
2659

2660 Part of the case existing guidance states without measuring. Subgroup calibration and
2661
2662
2663 prevalence, so they too belong in a descriptive report beside the case-mix distribution

2664
2665 rather than in an equality test. Where the question is specifically whether discrimina-

curve analysis has accessible primers [84, 85]. Our contribution is not the alternative

net benefit are not themselves immune to case mix, net benefit depends on subgroup

;ggg tion is worse than it should be given whom the model is applied to, van Klaveren et al.

2668

o8



[45] give model-based concordance as the case-mix-corrected benchmark. We applied
it to our own cohorts and could not get a stable answer out of it (Section 3.2), which
is a caution about what that benchmark can deliver at these sample sizes rather than
an objection to the quantity.

What to tell a compliance officer who mandates the four-fifths rule. Compute and
report it; refusing a mandated number is rarely a winning position. What must accom-
pany it is that the rule was written for selection rates, which have a meaningful zero,
and AUROC does not, so 0.80 has no interpretation on this scale; that its output
tracks the quantity of interest in neither direction, as it fired on a perfectly fair model
in 79% of replicates at one case-mix geometry (p = 3.167, a magnitude one of our
21 measured partitions exceeds) while at another its rate fell from 0.119 to 0.006 as
the sample size rose five-fold at an unchanged true gap; and that its false-positive
behaviour on rates has been documented since 1979 [10, 11]. A four-fifths failure is not
evidence of unfairness and a pass is not evidence of parity. The constructive substitute
is the essential set current guidance already asks for [58], reported by subgroup, with
the case-mix distribution beside it and a pre-specified account of what the organisation

would do about a genuine difference.

Admissibility, and who it silences

Two secondary findings survive independently of the estimand argument, because they
concern how an audit is assembled rather than what it concludes.

The first is that the subgroup-admissibility rule is a live researcher degree of free-
dom. Table 5 shows that every procedure which flags anything changes which cohort
it flags as the rule moves. The procedure whose count is most stable, the studentized
test at three under every rule, returns three different sets of three. Reporting the rule,
the levels it excluded and the resulting minimum detectable effect should be minimum

practice, and a cohort in which fewer than two levels per partition survive should be
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2715 reported as not evaluable, as UCI Heart Disease is here, rather than assigned a num-

2716
o717 ber. This is a specific instance of the multiverse problem Simson et al. [30] describe,

;;}g creating multiplicity of the kind Mandl et al. [31] address.

2720 Who should receive that documentation. A rule reported only inside the analytics
2721

9799 team is not reported. The admissibility rule, the list of excluded levels with their
2723

2794 sizes and event counts, and the resulting minimum detectable effect should go to

2725 whoever signs off on the model’s deployment: in most organisations that is the clinical

2726
o797 governance or safety committee that approves the model for use, and where one exists

;;;g the institutional review or ethics body that reviewed the underlying data. The point

2730 of naming a recipient outside the team is that an exclusion list is a statement about

2731
9739 Which patients the audit cannot describe, and that is a governance question rather

2733 than a statistical one.
2734

2735 The second finding is that admissibility rules are not demographically neutral
2736

2737 (Figure 3). All three race and ethnicity levels excluded here are minority categories
2738
2739
2740 are available. Hierarchical pooling of small levels, with the shrinkage made explicit,

2741
9749 redistributes information across levels. Oversampling or purposive recruitment within

2743

and two had no cases at all. Naming that and stopping is not useful. Three remedies

small strata at the design stage is the only remedy that adds information rather than

2745 redistributing it. Explicit deferral reports the stratum as not evaluable together with
2746

2747 the sample size that would be needed. What should not happen is silent deletion, the
2748
2749
2750 turally unable to say anything about the groups most likely to be harmed. None of
2751

2759 these remedies touches the case-mix problem; they address only who is measured.
2753
2754
2755 we would expect to be tried first, and a subgroup AUROC could in principle be shrunk

2756
o757 towards a pooled value under a random-effects model. We have not implemented one,

current default, which produces an audit that appears complete while being struc-

We do not evaluate a partial-pooling estimator. Hierarchical pooling is the remedy

;;gg have not measured what shrinkage does to the case-mix contamination documented

2760

60



here, and make no claim about it. We note only that pooling changes the estimate and
not the estimand: a shrunken subgroup AUROC is still a joint function of the model
and the subgroup’s covariate distribution, so we would not expect pooling to repair

the failure this paper documents. That expectation is untested.

Our own earlier conclusions

We have been wrong about this evidence base five times, and the corrections are
stated in full in the Disclosure at the front of the paper rather than repeated here.
Three of the five substituted an assumption for a measurement that was available;
one implemented an estimator correctly and had it measure itself; one withdrew a
quantity and kept its downstream product. What caught all five was recomputing the

thing itself, and pre-registration would have preserved every one of them intact.

Limitations

The case-mix result is a simulation result, in the geometries simulated. Six named
geometries and a 16-point sweep, at one or three partitions, a single prevalence apart
from the varied cells, and a Gaussian linear predictor do not exhaust the space. We
claim that these procedures fail under case mix at the magnitudes shown; we do not
characterise generally when they do and do not fail.

The implied gap is not a flag rate, and the two should not be conflated. Table 1
reports the gap a fair model would show, in AUROC units. It does not report how
often a procedure would fire on that gap, which depends on the partition’s sample
size, level sizes and prevalence, none of which Eq. (2) uses. The n = 10,000 column of
Table 2 shows how strong the sample-size dependence is. A per-partition simulation
at each partition’s own size and level structure would give flag rates directly, and we

have not run one. Readers who want a probability rather than an effect size will not
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2807 find one here, and that is deliberate: the mapping that used to supply it was not

808 ) .
9809 defensible (Section 2.8).

2810
2811

2812 p’s maximum runs from 1.999 to 6.388, with model classes disagreeing without overlap,

2813
9814 SO any statement of the form “the worst partition carries p = x” is not supported.

p itself is unstable at the top of its range, and so is the implied gap. Across 24 refits

;2}2 Which partition is worst is stable; how much worse it is, is not. The implied gap

2817 inherits this, because it is computed from the same fitted linear predictor: across the

2818
9819 same specifications its median runs 0.013 to 0.030, its maximum 0.131 to 0.219, and

;2;? the count of partitions reaching 0.05 runs 2 to 7. Its maximum is the better behaved

2822 of the two, and its count the worse. No implied-gap value in this paper is an
2823

9824 estimate and none should be quoted as a point.

2825
2826
2827 arating. One is precision: the fraction’s denominator is an observed gap that is often

2828
9829 near zero at these sample sizes, so the ratio is unstable and in one partition takes

We report no decomposition of the observed gaps, and the reasons are worth sep-

;23(1) the value —8.61. One is conditioning: the bootstrap intervals are conditional on the

2832 extreme level pair selected from the observed data, and do not cover the uncertainty

2833
9834 11 which levels are extreme, so they are narrower than an unconditional interval would

;232 be. One is an assumption we cannot check: model-based concordance assumes the pre-

2837 dictions are calibrated within the subgroup it is computed on, and on real cohorts
2838 . . .

9839 they frequently are not, so where that assumption fails the case-mix component car-
2840
2841

2842 reason, because a patient can contribute several encounter rows to the same test set.
2843

9844 We therefore treat the decomposition as not estimable here rather than as estimated
2845
2846

2847 The closed-form implied gap of Table 1 rests on well-specification, which these

2848
9849 cohorts do not satisfy. Across the 87 admissible clinical levels the implied and observed

ries a bias we do not quantify. On Diabetes 130 the interval is optimistic for a further

imprecisely, and a reader should not reconstruct a fraction from anything in this paper.

322(1) level AUROC correlate at 0.852 with a median absolute difference of 0.031 and a range
2852

62



of —0.233 to +0.128. The Gaussian plug-in adds a second assumption whose cost we
now quantify rather than assume away: it moves individual partitions by up to 0.037
against the assumption-free evaluation. The implied gap is a reference value for a fair
model with the measured predictor geometry, not an estimate of the case-mix share
of the observed gap. We report no observed-minus-implied contrast: the closed form’s
directional prediction matches the observed extremes in only 7 of 21 partitions, against
about 5 expected by chance, so the two ranges cannot be subtracted. We also report
the implied gap against a permutation reference rather than against zero, because it
is a maximum minus a minimum and is positive by construction; that reference has
median 0.010, and only 9 of the 21 partitions clear its 95th percentile.

The two alternatives are measured in simulation only, and are our implementa-
tions. The flat false-flag rate of the subgroup Cox calibration test is established on
the same synthetic sweep as everything else in Table 2, with a Gaussian linear predic-
tor, three equal levels and n = 2,000; we have not measured it on the clinical cohorts,
and its power under genuine unfairness is established on two constructed mechanisms
rather than on any real form of model unfairness. Its assumption that within-subgroup
calibration is estimable fails in exactly the small, sparse-event levels that Section 3.8
shows an audit is most likely to drop. We report it as evidence that the recommended
alternative does not inherit the failure documented here, not as a validated procedure,
and we do not recommend it as a fairness test.

Nothing here is evidence that any cohort is free of subgroup differences, and no
such claim is made. The cohort analyses illustrate how verdicts move with analyst
choices. They are not findings about the cohorts, for the reason set out in Section 2.6.

Retraining variation is not captured. All models use fixed hyperparameters and
seed 42, and every permutation null conditions on the fitted scores, so variation across
retraining seeds [27] and the instability of AUROC across resamples [29] do not enter

any interval reported here. The one place we do vary the fit is the 24-specification refit
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2899 of Section 3.1, and there the variation was large enough to withdraw a number from
2900

2901 P and three more from the implied gap.

2902
2903
2904 test, the raw range, any of the three readings of the double-corrected variance esti-
2905

2906 mator, the fixed cut-point, or the four-fifths rule. Nor do we recommend measuring

;38; p as a test: it is a descriptive quantity that tells an auditor how much weight a gap

2909 statistic can bear, and it has no error rate because it is not an inference. Of the alter-

2910
9911 Ratives we point to, subgroup calibration, subgroup net benefit, case-mix-corrected

2912

No procedure is recommended for this task. We do not recommend the studentized

concordance, all are taken from existing guidance and none is proposed here. Two of

2914 them now carry measured operating characteristics under case mix (Table 3), which is
2915

2916 @ narrower claim than a recommendation: it establishes that they do not inherit this
2917
2918
2919 not evaluated anywhere in this manuscript and we make no claim about it. Nothing
2920

9921 in this paper licenses a claim about the deployment, clinical utility or quality of any
2922
2923
2924
2925
2926
2927
2928 Subgroup fairness audits of clinical prediction models test the hypothesis that true
2929

2030 AUROC is equal across subgroups. That hypothesis is false for a perfectly fair model
2931
2932
2933 monotone function of how much they differ. We map that function with a model
2934

2035 that is the exact data-generating probability, one coefficient vector, Bayes-optimal,

2936

particular failure, not that they are adequate fairness criteria. Subgroup net benefit is

model.

5 Conclusions

whenever subgroups differ in case mix, and how badly the audit is misled is a steep,

perfectly calibrated in every subgroup, and subgroups differing only in the spread of

2938 the predictor. The raw max—min range permutation test’s false-flag rate runs from

2939
2940 0-056 where the spreads are equal, through 0.141 at a spread ratio of 1.222 and 0.918

ggg at 2.0, to 1.000 at 3.0; studentizing tracks it to within 0.008 throughout, and raising

2943 n from 2,000 to 10,000 at a fixed true gap drives five procedures to 1.000.
2944
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We then measured that spread ratio where it matters, in 21 demographic partitions
of our own five evaluable clinical cohorts. Its median is 1.145 in the published fit, and
across 24 refits the median runs 1.132 to 1.223. The maximum is not stable enough to
quote as a number and we report it as a range, 1.999 to 6.388. Feeding each partition’s
own measured geometry through the closed form gives the gap a perfectly fair model
would show there, and it is no more stable than the ratio. Across the same 24 refits its
median runs 0.013 to 0.030, its maximum 0.131 to 0.219, and the number of partitions
reaching 0.05, the threshold at which a disparity is conventionally declared, runs from 2
to 7 of 21. Under a different admissibility rule the published-fit count is 4 of 19. Against
a permutation reference that holds every level at one common predictor distribution,
9 of the 21 partitions clear the 95th percentile, and the reference’s own median is
about half the median implied gap. We therefore quote no point value for any of these
quantities. Contamination at the median is modest and partly noise. In the tail it is
real and on its own large enough to trip the convention, with no unfairness present
anywhere in the model.

We could not decompose the observed gaps, and that is a result rather than a
gap in the work. Applying the case-mix-corrected benchmark the literature supplies,
with the model and data in hand and 2,000 bootstrap replicates per partition, the
attributable fraction is reportable in only 15 of 33 distinct partitions and reaches —8.61
in one of them. We withdraw the 93% an earlier version of this analysis reported,
whose estimator was near-tautological, and we withdraw the 29% that replaced it.
The residual gap, which is a difference rather than a ratio, we do report: three of the
21 clinical partitions carry a positive residual whose conditional interval excludes zero
and whose implied gap is non-negative. An observed gap mixes a genuine component
with a case-mix component in a proportion we could not recover. That is the precise
reason a gap statistic cannot be read as fairness evidence: on a matched control holding

the true gap fixed, no AUROC-gap procedure distinguishes a fair model with case
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2991 mix from a genuinely unfair one, and none detects unfairness that leaves AUROC
2992

20993 untouched.

2994
2995

2996 evidence for clinical prediction models. Where a gap is reported, it should be reported
2997

299y descriptively, with intervals, alongside the case-mix distribution of each subgroup, and
2999
3000
3001 and subgroup net benefit, is what current guidance on evaluating predictive artificial
3002

3003 intelligence in medicine already recommends [58, 59, 82], and we are not proposing
3004
3005
3006 subgroup Cox calibration test holds its nominal false-flag rate across the entire case-
3007

3008 mix sweep, mean 0.0499, while separating a genuinely unfair model from a fair one
3009
3010
3011 An earlier version of this work presented the ratio-2.0 geometry, and the 0.918 rate
3012

3013 it produces, as the ordinary clinical case; measuring the quantity in our own cohorts
3014
3015
3016 number it cost. Whether any particular model is unfair to any particular subgroup
3017

3018 remains a question this class of test cannot settle, and we do not settle it.

3019

3020 .
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3022
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3025 Not applicable. All analyses use publicly available de-identified data or synthetic data,
3026

3027 and no human participants were recruited.
3028
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3031
3032
3033
3034
3035
3036

We therefore recommend that subgroup AUROC-gap tests not be used as fairness

never as a hypothesis test. What should be reported instead, subgroup calibration

a new measure. We have, however, now measured one of them against this failure: a

at the same true gap. The recommendation is no longer only cited; it is evidenced.

showed it is not, and the distribution that replaced it is a more useful result than the

Not applicable.
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