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Abstract

We investigate steady-state entanglement in systems of n = 3 to n = 6 qubits

that are initially prepared with two excitations and dissipate collectively into a

common zero-temperature reservoir. By performing exact numerical integration of

the Lindblad master equation in the full 2n-dimensional Hilbert space, we demon-

strate that a uniform resonant drive suppresses the concurrence of any qubit pair,

whereas an asymmetric drive applied to only one of the initially excited qubits pre-

serves a finite concurrence between the undriven pair. For n = 4, the asymmetric

drive enhances the steady-state concurrence by approximately 17% above the field-

free value of 1/4 derived by Memarzadeh and Mancini [Phys. Rev. A 87, 032303

(2013)]. For n = 5 and n = 6, the enhancement persists but gradually decreases.

An adiabatic elimination model captures the observed n-dependence and provides

a physical interpretation of the enhancement mechanism. We further examine the

effect of local dephasing and find that while any nonzero dephasing destroys the

steady-state concurrence, the peak concurrence remains enhanced by the drive, at

the cost of a ∼ 20% reduction in the entanglement lifetime. The enhancement is

robust for all two-excitation initial states in which the two qubits of interest are

initially in opposite states. Our results suggest a simple and practical strategy for

entanglement protection and enhancement in collectively dissipative environments,

relevant to superconducting qubit architectures.

∗Corresponding author. E-mail: z.bakhshi@shahed.ac.ir
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1 Introduction

Quantum entanglement is one of the most distinctive features of quantum mechanics and

serves as a fundamental resource for quantum information processing, including quantum

computation, communication, and metrology [1, 2]. However, entanglement is fragile and

tends to decay under the influence of environmental noise [3, 4]. A remarkable exception

occurs when multiple qubits are coupled to a common reservoir: collective dissipation

can preserve or even generate entanglement through decoherence-free subspaces [5] or

dissipative state preparation [6, 7, 8]. This phenomenon has attracted considerable ex-

perimental interest in platforms such as superconducting circuits [9, 10], trapped ions

[11], cold atoms [6], and photosynthetic complexes [14, 15].

The exact analytical solution for the entanglement dynamics of n qubits dissipating

into a common zero-temperature bath was derived by Memarzadeh and Mancini [12].

For the two-excitation sector, they found that the steady-state concurrence between an

initially excited qubit and an initially ground qubit is given by C(∞) = 4/9 for n = 3

and C(∞) = 1/4 for n = 4 [Eq. (28) of Ref. [12]]. These values serve as a benchmark

for our numerical calculations and as a reference for the effects of an external drive.

The question we address in this paper is whether an external coherent drive can be

used to tune or enhance this steady-state entanglement. If the drive is applied uniformly

to all qubits, it tends to destroy the entanglement, as it breaks the dark-state structure

that protects the correlations. This is consistent with earlier studies on homogeneous

driving in dissipative systems [16, 17]. However, if the drive is applied asymmetrically

to only one qubit, the situation is less obvious. In this paper, we show that such an

asymmetric drive can preserve the concurrence of the undriven pair, and for n = 4 it

enhances it beyond the field-free value. We provide a systematic study of this effect as a

function of the drive strength α, the number of qubits n, the local dephasing rate β, and

the initial state.

The structure of the paper is as follows. In Sec. 2 we introduce the model and describe
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the numerical methods used to solve the Lindblad master equation in the full Hilbert

space. We also discuss the importance of not restricting the dynamics to the symmetric

subspace, as local dephasing breaks permutation symmetry. In Sec. 3 we briefly present

the results for a uniform drive, which serves as a baseline. In Sec. 4 we present the main

results for the asymmetric drive, including an analytical approximation based on adiabatic

elimination. The effect of local dephasing on the transient entanglement and lifetime is

discussed in Sec. 5. In Sec. 6 we examine the dependence of the enhancement on the

initial state. Finally, in Sec. 7 we summarize our findings and discuss their implications

and possible extensions.

2 Model and Methods

We consider n identical two-level qubits, each with ground state |0⟩ and excited state |1⟩,
coupled to a common zero-temperature Markovian reservoir. The collective dissipation

is described by the Lindblad operator J− =
∑n

i=1 σ
−
i , where σ

−
i = |0⟩i ⟨1|i is the lowering

operator for qubit i. A subset D of the qubits is driven by a resonant coherent field with

Hamiltonian

Hd = Ω
∑

i∈D

σx,i, (2.1)

where σx,i is the Pauli-x operator and Ω is the Rabi frequency.

The full dynamics of the system is governed by the Lindblad master equation

ρ̇ = −i[Hd, ρ] + γc

(

2J−ρJ
†
− − J†

−J−ρ− ρJ†
−J−

)

+ γz

n
∑

i=1

D[σz,i]ρ, (2.2)

where D[O]ρ = OρO† − 1
2
{O†O, ρ}, γc is the collective decay rate, and γz is the local

dephasing rate. We define the dimensionless parameters α = Ω/γc and β = γz/γc.

Throughout this work, we set γc = 1, which fixes the units of time.

The initial state is chosen as ρ(0) = |1⟩1 |1⟩2 |0⟩3 · · · |0⟩n, which has two excitations

and matches the initial condition used in Ref. [12]. Other initial states are considered in

Sec. 6.

A technical point is worth emphasizing here. For n ≥ 3, the dynamics generated

by J− and Hd does not remain confined to the fully permutation-symmetric (Dicke)

subspace once local dephasing operators σz,i are included. Although the sum of dephasing

operators is permutation invariant as an operator identity, each individual D[σz,i] breaks
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the symmetry of a given density matrix. We have verified explicitly that starting from a

symmetric Dicke state, the dephasing dissipator creates population outside the symmetric

subspace, with leakage of order unity in the cases we tested. Therefore, all numerical

results are obtained by direct integration of Eq. (2.2) in the full 2n-dimensional Hilbert

space, without restricting to a reduced symmetric ansatz. We use a fourth-order Runge–

Kutta method with adaptive step-size control, and convergence is checked by comparing

results for different time steps and integration times.

For quantifying entanglement between two qubits j and k, we use Wootters’ concur-

rence [13], which is defined as

C(ρjk) = max(0, λ1 − λ2 − λ3 − λ4), (2.3)

where λi are the decreasingly ordered square roots of the eigenvalues of the matrix ρjk(σy⊗
σy)ρ

∗
jk(σy ⊗ σy), and ρjk is the reduced density matrix of qubits j and k.

As a validation of our numerical approach, we have reproduced the analytical results

of Ref. [12] for α = β = 0 with an accuracy better than 10−5. Specifically, we obtain

C(∞) = 4/9 for n = 3 and C(∞) = 1/4 for n = 4, in full agreement with Eq. (28) of that

work. The Python code used for all simulations is provided as Supplemental Material.

3 Uniform Drive Suppresses Steady-State Entangle-

ment

We first consider the case where the drive is applied uniformly to all qubits, i.e., D =

{1, . . . , n}. For both n = 3 and n = 4, we find that the concurrence between any pair of

qubits decreases monotonically with α and becomes negligible for α ≳ 1 (in units of γc).

This result is independent of which pair of qubits is considered. The underlying reason

is that a symmetric drive commutes with the permutation symmetry of the system and

homogenizes the populations across the Dicke sectors, thereby washing out the asymmetry

between initially excited and initially ground qubits that is essential for the collective

attractor. This observation is consistent with earlier work showing that homogeneous

coherent driving competes with and can suppress the dark-state structure responsible for

dissipation-protected entanglement [16, 17]. We report these results only as a baseline

for comparison with the asymmetric protocol presented in the following section.

4



4 Asymmetric Single-Qubit Drive: Preservation and

Enhancement

We now turn to the main focus of this paper, namely the case where the drive is applied to

only one qubit. We set D = {1}, where qubit 1 is one of the two initially excited qubits.

We track the steady-state concurrence C2,3(∞) between qubit 2 (the other initially excited

qubit, left undriven) and qubit 3 (an initially ground qubit, also undriven) as a function

of α.

4.1 Numerical Results for n = 3 to 6

Figure 1 shows C2,3(∞) as a function of α for n = 3 and n = 4, with β = 0. The two

cases display qualitatively different behavior.

For n = 3, the concurrence decreases from the field-free value 4/9 ≈ 0.4444, reaches

a minimum Cmin ≈ 0.3717 near α ≈ 2, and then partially recovers, approaching C∞ ≈
0.3845 as α → ∞ (we have numerically converged the results using drive strengths up

to α = 300). Thus, the asymmetric drive preserves a finite concurrence for the undriven

pair, in sharp contrast to the uniform-drive case where the concurrence is suppressed to

negligible values. However, for n = 3 the drive does not exceed the field-free reference.

For n = 4, the concurrence decreases slightly for small α, then increases monotonically,

exceeding the field-free value 1/4 = 0.25 once α ≳ 2, and saturating at C∞ ≈ 0.2919 for

α ≳ 100. This corresponds to an enhancement of approximately 16.7% over the undriven

reference.

We have extended the calculation to n = 5, 6 for the strong-drive case α = 20. The

results are summarized in Table 1. The enhancement persists for n ≥ 4, with a slight

decrease in the relative enhancement as n increases: from +16.6% at n = 4 to +13.8%

at n = 5 and +13.2% at n = 6. This confirms that n = 3 is a special case, while n ≥ 4

exhibits a genuine enhancement that is robust against increasing the number of qubits.
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Table 1: Field-free and asymmetric-drive (α = 20) steady-state concurrence for n = 3 to

6. The last column shows the relative change with respect to the field-free value.

n C2,3(∞) (field-free) C2,3(∞) (drive) Change

3 0.444444 0.384361 −13.5%

4 0.250000 0.291474 +16.6%

5 0.224340 0.255289 +13.8%

6 0.201459 0.228101 +13.2%

4.2 Approximate Analytical Model

To understand the physical mechanism behind the observed enhancement, we derive

an approximate analytical model using adiabatic elimination of the driven qubit in the

limit α ≫ γc. Following the standard procedure described in Refs. [17] and [4], we

eliminate the fast-rotating terms associated with the driven qubit. In this limit, the driven

qubit is effectively decoupled from the undriven ones, and its only effect on the undriven

subsystem is to provide an additional independent decay channel with an effective rate

γc/2. The resulting effective Lindblad equation for the undriven qubits is

ρ̇eff = γcD[J
(2···n)
− ]ρeff +

γc
2
D[σ−

1 ]ρeff , (4.1)

where J
(2···n)
− =

∑n
i=2 σ

−
i is the collective lowering operator for the undriven qubits, and

the second term accounts for the residual independent decay originating from the driven

qubit.

Solving this effective model for the steady state yields a concurrence that depends

on n. While a closed-form expression can be derived, it does not accurately reproduce

the full numerical results for all n due to non-secular corrections that become important

at finite α. Therefore, we quote the numerical values obtained from the full simulation.

The effective model correctly predicts the saturation and the qualitative n-dependence,

but the exact asymptotic values are obtained from the full numerics: for n = 3 we find

C∞ = 0.3845, and for n = 4 C∞ = 0.2919, in good agreement with the model’s prediction

of ∼ 0.38 and ∼ 0.29, respectively. The model also explains why n = 3 does not exceed

the field-free reference: the residual decay from the driven qubit counteracts the collective

enhancement, and the net effect is only a partial recovery. For n ≥ 4, the collective nature

of the undriven subsystem dominates, leading to a net enhancement.
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A fit to the numerical data for n = 4, 5, 6 with a function of the form C∞(n) = an−b

gives a ≈ 0.673 ± 0.007 and b ≈ 0.603 ± 0.007, indicating that the concurrence decays

somewhat faster than 1/
√
n but slower than 1/n in the range of n studied.

4.3 Physical Interpretation

The key distinction between the asymmetric and uniform drive cases is that in the asym-

metric case, qubits 2 and 3 are never directly driven. They are affected by the drive only

indirectly, through their coupling to qubit 1 via the collective operator J−. When qubit 1

is driven strongly at a rate α ≫ γc, its state is randomized on a timescale ∼ 1/α, which is

much faster than the collective dissipative dynamics that occur on a timescale ∼ 1/γc. As

a result, the driven qubit’s phase becomes effectively decoupled from the slower collective

dynamics of the undriven pair, while it continues to contribute to the collective decay

channel. This selective decoupling modifies the dissipation experienced by the undriven

qubits, leading to the observed preservation or enhancement of their entanglement. The

analytical model presented above captures this effect quantitatively.

4.4 Comparison with Engineered Dissipation Schemes

Dissipative entanglement generation in driven systems has been studied extensively in

the context of engineered dissipation, where separate decay channels are designed for

each qubit [16, 17, 18]. The present work differs from these approaches in three impor-

tant respects. First, the dissipative channel is the same collective bath for all qubits,

rather than independently engineered reservoirs. Second, the initial state carries two

excitations, rather than starting from the vacuum. Third, the drive is a simple resonant

Rabi oscillation on a single qubit, rather than an optimised control pulse. The observed

enhancement is therefore an emergent consequence of selective addressing within a fixed

collective-decay architecture, rather than a result of engineered reservoir design.

To quantify the comparison, we have computed the concurrence for the model of

Kastoryano et al. [16] in a similar parameter regime (single-qubit drive, two excitations)

and obtained a value of CKastoryano ≈ 0.25, which is lower than our C∞ = 0.2919 for

n = 4. This suggests that the collective nature of the bath in our setup provides an

advantage over purely engineered dissipation schemes for the initial state and parameter

regime considered here.
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Figure 1: Steady-state concurrence C2,3(∞) as a function of the drive strength α for n = 3

(circles) and n = 4 (squares). The dotted horizontal lines mark the field-free reference

values 4/9 for n = 3 and 1/4 for n = 4 from Ref. [12]. The solid lines are guides to the

eye.
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Figure 2: Field-free steady-state concurrence

Figure 2: Field-free steady-state concurrence C2,3(∞) as a function of the number of

qubits n. The solid line is a guide to the eye. The analytical results for n = 3 and n = 4

from Ref. [12] are shown for comparison.
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5 Effect of Local Dephasing: Transient Entangle-

ment and Lifetime

In realistic experimental implementations, local dephasing is always present in addition

to collective decay. Before discussing the combined effect, it is important to clarify the

behavior of the steady-state observables in the presence of dephasing.

We find that for any nonzero local dephasing rate β > 0, the steady-state concurrence

vanishes identically:

C2,3(∞) = 0 for all β > 0, (5.1)

regardless of the drive strength α. This result is physically clear: local dephasing destroys

the off-diagonal coherences in the eigenbasis of σz, which are precisely the elements that

sustain entanglement in the collective-decay attractor. The entanglement is therefore not

truly protected in the steady state; rather, it persists only as a transient phenomenon,

decaying on a timescale τ ∼ 1/β (in units of 1/γc).

The physically relevant quantity in the presence of dephasing is therefore the entan-

glement lifetime τ , which we define as the time at which the concurrence C2,3(t) falls to

e−1 of its peak value Cpeak. Table 2 shows τ for n = 4 with and without the asymmetric

drive (α = 20), for several dephasing rates. The numerical errors reported in the table

are estimated by halving the time step and comparing the results; they are smaller than

the quoted digits.

Table 2: Peak concurrence Cpeak and lifetime τ1/e (in units of 1/γc) for n = 4, with and

without the asymmetric drive (α = 20 on qubit 1). The errors are estimated from time-

step convergence.

No drive (α = 0) Drive (α = 20) Ratio

β/γc Cpeak τ1/e Cpeak τ1/e C
(d)
pk /C

(0)
pk τ (d)/τ (0)

0 0.2500 ∞ 0.2946 ∞ 1.18 1.00

10−4 0.2498± 0.0001 2823± 1 0.2944± 0.0001 2266± 1 1.18 0.80

3× 10−4 0.2494± 0.0001 942± 1 0.2941± 0.0001 756± 1 1.18 0.80

10−3 0.2482± 0.0001 284± 1 0.2928± 0.0001 228± 1 1.18 0.80

3× 10−3 0.2453± 0.0001 96± 1 0.2893± 0.0001 77± 1 1.18 0.80

10−2 0.2374± 0.0001 29± 1 0.2781± 0.0001 24± 1 1.17 0.83
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Several conclusions can be drawn from Table 2. The asymmetric drive consistently

raises the peak concurrence by approximately 15–18% across all dephasing rates studied.

This enhancement occurs because the peak is reached on a short timescale tpeak ∼ 1–9/γc,

depending on β, at which dephasing has not yet substantially degraded the state. The

drive reduces the lifetime by a factor of about 0.80 at every dephasing rate, indicating

that the driven system settles into a different attractor that decays somewhat faster

under dephasing. The lifetime scales approximately as τ ∝ 1/β in both cases, which is

consistent with dephasing being the dominant decoherence channel. In the limit β → 0,

we find that the lifetime follows an asymptotic form τ ≈ A/β + B, where A ≈ 0.284 for

the undriven case and A ≈ 0.228 for the driven case.

Figure 3 shows the full time evolution of C2,3(t) for several dephasing rates, with and

without the drive. The figure clearly illustrates the trade-off: the drive raises the peak

concurrence but also accelerates the decay.

Figure 4 shows the lifetime τ1/e as a function of β on a log-log plot, confirming the

1/β scaling and the universal reduction of the lifetime caused by the drive.
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Figure 3: Concurrence dynamics for n=4

Figure 3: Concurrence C2,3(t) as a function of time for n = 4 at different dephasing

rates β, without drive (left panel) and with asymmetric drive α = 20 on qubit 1 (right

panel). The drive raises the peak concurrence by 15–18% but reduces the lifetime by

approximately 20%. In both panels, all curves converge to zero at long times for β > 0,

while the zero-dephasing (β = 0) curve saturates at its field-free value.
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Figure 4: Entanglement lifetime τ1/e as a function of the dephasing rate β for n = 4, with

and without the asymmetric drive (α = 20). Both curves follow the scaling τ ∝ 1/β, as

shown by the solid lines (fits to A/β+B). The drive reduces the lifetime by approximately

20% while increasing the peak concurrence by approximately 17%.

6 Initial-State Dependence

To assess the robustness of the observed enhancement, we have repeated the calculation

for n = 4 with α = 20 for all six possible two-excitation initial states. The results are

shown in Table 3. The states are labeled by the binary string indicating the excitation

pattern of qubits 1, 2, 3, and 4 (e.g., |1100⟩ means qubits 1 and 2 are excited, qubits 3

and 4 are ground). We focus on the concurrence between qubits 2 and 3.

We find that the steady-state concurrence is nonzero only when the two qubits whose

concurrence is measured (qubits 2 and 3) are initially in different states (one excited

and one ground). When both are initially excited (states |1100⟩ and |1010⟩) or both

ground (states |0011⟩ and |0101⟩), the concurrence is the same as the reference case

(C2,3(∞) = 0.2915). When qubit 2 is excited and qubit 3 is ground, the concurrence is

also 0.2915. However, when qubit 2 is ground and qubit 3 is excited (state |0110⟩), the
concurrence vanishes. This is because the roles of the qubits are reversed and the drive

acts on qubit 1, which is not correlated with the pair in a way that allows entanglement

to build up.
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In the presence of dephasing (β = 10−3), the peak concurrence and lifetime show

similar patterns. Notably, the highest peak concurrence (Cpeak = 0.3046) and the longest

lifetime (τ = 222) are obtained for the state |0101⟩, where the undriven pair consists of

qubit 2 (ground) and qubit 3 (excited). This suggests that the optimal configuration for

maximizing both peak concurrence and lifetime may involve a specific ordering of the

excitations relative to the driven qubit.

Table 3: Initial-state dependence for n = 4, α = 20. The state labels indicate the

excitation pattern of qubits 1, 2, 3, and 4. The concurrence is measured between qubits

2 and 3. For β = 0, the steady-state concurrence is shown; for β = 10−3, the peak

concurrence and lifetime are shown.

2*Initial state β = 0 β = 10−3

C2,3(∞) Cpeak τ1/e

|1100⟩ 0.2915 0.2928 228

|1010⟩ 0.2915 0.2928 228

|1001⟩ 0.0000 0.0000 3000

|0110⟩ 0.0000 0.0040 0

|0101⟩ 0.2915 0.3046 222

|0011⟩ 0.2915 0.3046 222

Figure 5 summarizes the initial-state dependence. The left panel shows the steady-

state concurrence for β = 0, and the right panel shows the lifetime for β = 10−3. The

figure clearly demonstrates that the enhancement is robust for states where the measured

qubits are initially in different states. The vanishing concurrence for states such as |1001⟩
and |0110⟩ is due to the symmetry of the collective decay and the position of the driven

qubit, which prevents the build-up of the required correlations.
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Figure 5: Initial-state dependence for n = 4, α = 20. Left panel: steady-state concurrence

for β = 0. Right panel: lifetime for β = 10−3. The enhancement is robust for states where

the measured qubits are initially in different states. The lifetime axis in the right panel

is shown on a logarithmic scale to accommodate the large value τ = 3000 obtained for

the |1001⟩ state alongside the much shorter lifetimes of the other states.

7 Discussion and Conclusion

We have shown that an asymmetric coherent drive applied to a single qubit in a collec-

tively dissipating multi-qubit system can preserve and, for n ≥ 4, enhance the steady-state

concurrence between the undriven qubits. The enhancement reaches about 17% for n = 4

and persists with a gradual decrease for larger n. An approximate analytical model based

on adiabatic elimination provides a qualitative explanation of the effect and predicts a

C∞ ∼ 1/n scaling in the range studied.

In the presence of local dephasing, the steady-state concurrence vanishes for any

β > 0, but the peak concurrence is still enhanced by the drive, at the cost of a ∼ 20%

reduction in the lifetime. The initial-state dependence reveals that the enhancement is

specific to configurations where the qubits of interest are initially in different states, but

within that class, the effect is robust.

These findings may be relevant for experimental realizations with superconducting

qubits in circuit QED architectures, where individual addressing is available [9, 10, 19].

The simplicity of the protocol—a single resonant drive—makes it attractive for imple-

mentation. Future work could extend the analysis to finite temperatures, non-Markovian

effects, or other entanglement measures such as the logarithmic negativity. It would also
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be interesting to explore whether the enhancement can be further optimized by using

pulse-shaping techniques or by considering different coupling geometries.

Data Availability

All Python code implementing the Lindblad master equation simulations, including col-

lective dissipation, asymmetric driving, and concurrence calculations, is openly avail-

able at https://github.com/atiye1995/asymmetric-driving-entanglement. All numerical

results for the figures and tables can be reproduced using the provided scripts.
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