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Abstract

This article develops a mathematical framework for the bivariate analysis of
flood frequency in the Senegal River recorded at the Bakel station, using
peak flow and flood volume as event characteristics. It clarifies the distinction
between annual maxima and peaks over threshold (POT), states the assump-
tions required for marginal standardization and copula identification, derives
the Gumbel–Hougaard conditional laws and tail-dependence coefficient, and
proves the formulas and ordering properties of AND and OR return periods. A
marked-Poisson formulation converts event probabilities into return periods in
years. The empirical workflow is illustrated with a reproducible synthetic sam-
ple of 100 hydrologically plausible flood events distributed over 1990–2025. Peak
excesses are fitted by a Generalized Pareto Distribution (GPD) and volumes by a
shifted Gamma (Pearson III) distribution. The simulated sample yields Kendall’s

τ̂ = 0.604, a Gumbel–Hougaard parameter θ̂ = 2.523, and upper-tail depen-
dence λ̂U = 0.684. Among four one-parameter copulas, Gumbel–Hougaard has
the lowest AIC and then consequently outperforms.

Keywords: Senegal River, Bakel station, Peaks over threshold, Gumbel–Hougaard
copula, Upper-tail dependence, Conditional distribution, Joint return period
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1 Introduction

Flood severity is intrinsically multivariate: the instantaneous hydraulic load is related
to the peak discharge Q, whereas storage, inundation duration, and cumulative stress
are strongly influenced by the flood volume V [1]. A univariate analysis cannot, by
itself, specify the probability that both design variables exceed prescribed levels.
Copulas separate marginal behaviour from dependence and therefore provide a nat-
ural framework for this problem ([1], [2]). They also enable the flexibility to model
complex dependency structures while bypassing the constraints of traditional multi-
variate distributions [3]. Furthermore, by isolating the tail dependence, this approach
facilitates a more accurate assessment of joint risks associated with extreme hydro-
logical events that might be otherwise underestimated by simpler models [4]. This
methodology proves particularly advantageous when dealing with non-independent
variables, as it allows for the derivation of conditional return periods essential for
robust hydrologic design [5]. In this context, the Gumbel–Hougaard copula serves as
an effective instrument for capturing the strong upper-tail dependence characteristic
of extreme peak–volume pairs [6]. This selection is justified by the copula’s capac-
ity to model joint extreme behavior, as it accounts for the upper tail dependence
that is critical for flood frequency analysis [7]. This selection is further validated by
empirical rank-plots, which demonstrate that extreme observations frequently cluster
along the upper diagonal, reflecting a strong positive correlation between discharge
and volume [8]. Moreover, the application of such copula functions addresses the
traditional requirement that marginal distributions share a common family, allowing
for more flexible, independent modeling of individual variable characteristics [9].
Consequently, this study explores the efficacy of the Gumbel–Hougaard copula in rep-
resenting the dependence structure of extreme events at the Bakel station, consistent
with its established utility in capturing strong positive association between hydro-
logic variables [10, 11]. In particular, Archimedean copula structures are frequently
employed due to their ease of construction and their capacity to represent diverse
dependency patterns [12]. By enabling the decoupling of marginal selection from the
choice of dependence structure, these models overcome the limitations of classical
multivariate distributions that often force unrealistic homogeneity across hydrological
variables [13, 14]. Specifically, such frameworks allow researchers to select optimal
marginals–such as the Generalized Pareto or Gamma distributions used here–while
independently specifying a copula to encapsulate the specific tail-dependence char-
acteristics observed in the Senegal River dataset [15, 16]. Furthermore, the study
addresses the non-stationary challenges posed by climatic shifts in the Senegal basin,
acknowledging the emerging need to move beyond static parameterization [17].
While stationary models provide a foundational baseline, time-varying copulas are
increasingly adopted to assess how evolving climatic drivers modulate the joint prob-
ability of hydrological extremes [18]. Consequently, this research builds upon these
methodological advancements to provide a robust statistical assessment of flood risk
at the Bakel gauge, specifically addressing the non-linear interdependencies between
discharge magnitudes and total volumes [19, 20]. To evaluate the robustness of these
models, we employ formal Goodness-of-Fit tests alongside the Cramér-von-Mises
statistic, acknowledging that selecting a single copula requires balancing the inherent
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simplification of dependence structures with the need for accurate extreme value esti-
mation [21]. Finally, by systematically evaluating both AND and OR return periods,
this study provides a comprehensive probabilistic assessment of potential dike failures
or agricultural disruptions that result from the concurrence of high peak discharge
and large flood volumes [22, 23]. These joint return periods offer critical insights into
the reliability of hydraulic structures under combined flood properties, a necessity
for informed engineering decision-making in water resources management [24], [25].
However, practitioners must remain cognizant that uncertainties inherent in both the
marginal parameter estimation and the selected dependence structure can signifi-
cantly propagate into final risk predictions [26]. To mitigate these effects, a sensitivity
evaluation framework is required to quantify how individual parameter uncertainties
and the chosen dependence structure contribute to the overall variance in predicted
joint return periods [27]. Such rigorous uncertainty quantification is essential, as the
choice of AND versus OR exceedance definitions can fundamentally alter the per-
ceived risk profile for infrastructure design [28, 29]. Ultimately, integrating these joint
return periods into hydraulic design ensures that infrastructure resilience is evaluated
against compound hazard scenarios rather than isolated flood attributes [30],[31].

In this paper, the application is designed to represent the post-Manantali dam
period 1990− 2025 corresponding L= 36 years. To this end, and in the absence of an
authenticated event observational series, we construct N = 100 synthetic events con-
sistent with the climatic conditions of Senegal. This gives η= N/L = 2.7778 events
per year. The contribution is threefold: (i) a complete mathematical foundation; (ii)
a reproducible simulation calibrated to plausible ranges of Bakel station ; and (iii)
a fully consistent estimation of margins, dependence, and joint return periods. By
focusing on the stochastic generation of these synthetic series, this study addresses
the scarcity of continuous observational records and provides a framework to quantify
environmental uncertainty in regional water management.

The remainder of the article is organized as follows. Section 2 presents the math-
ematical framework and statistical methods. Section 3 provides empirical results
obtained through simulation and finally, Section 4 establishes the conclusion and future
directions.

2 Mathematical framework and statistical methods

2.1 Flood events, POT sampling, and assumptions

Let X(t), t ∈ [0, T ], denote the discharge process at the gauging station: a non-
negative, continuous-time stochastic process (in practice observed at a fixed sampling
interval δt, e.g. daily or sub-daily).

Let q0 denote a fixed high threshold, expressed in the same units as X(t) (m3/s),
used to define exceedances in the peaks-over-threshold (POT) framework.

A flood event is a maximal time interval Ei = [tstarti , tendi ] ⊂ [0, T ] during which
X(t) > q0 continuously, indexed i = 1, . . . , n over the observation period, and treated
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as a single hydrologically coherent episode after declustering — the merging of suc-
cessive excursions above q0 separated by less than a minimum inter-event time ∆ (in
the same time units as t), so that each Ei corresponds to one physically distinct flood.

Each event Ei is characterized by a bivariate mark (Qi, Vi), where:

• Qi = maxt∈Ei X(t) is the peak discharge of event i, in m3/s;

• Vi =

∫

Ei

(
X(t) − q0

)
+
dt is the flood volume of event i: the volume of discharge

exceeding q0 over the event window, with (x)+ := max(x, 0) denoting the positive
part.

Units. With X(t) in m3/s and t in seconds, Vi as defined above is in m3. To report
Vi in hm3 (1 hm3 = 106 m3), the conversion

V
[hm3]
i = V

[m3]
i /106

must be applied and stated explicitly. If X(t) is observed at discrete times with
sampling interval δt (seconds) rather than continuously, Vi is computed as the
Riemann-sum approximation:

Vi ≈ δt
∑

t∈Ei

(
X(t)− q0

)
+
.

Assumption 1 (Event process) After declustering, the event times form a stationary homo-
geneous Poisson process with rate η > 0 events per year, and the marks (Qi, Vi) are
independent and identically distributed, independent of the event times, with continuous
marginal distribution functions FQ and FV .

Remark 1 Assumption 1 requires diagnostics for seasonality and trend, a documented
run length or hydrograph-separation rule, and tests of residual event dependence. If non-
stationarity is detected, η, the margins, or the copula parameter must be allowed to depend
on covariates.

Definition 1 (Conditional event-scale margins) Let Q and V denote the random variables
representing, respectively, the peak discharge and the flood volume of a generic flood event
extracted by the POT procedure of subsection 2.1 — i.e. Q and V are the (unindexed)
random-variable versions of the event marksQi and Vi introduced there. Since only events sat-
isfying Qi > q0 are retained in the extracted sample (by construction of the POT scheme), Q
and V are not observed unconditionally: their distributions must be understood as conditional
on membership in this extracted event population, i.e. conditional on the event {Q > q0},
where q0 is the same peak threshold used in subsection 2.1 to define event membership.

The conditional event-scale margins are the cumulative distribution functions of Q
and V given this conditioning event:

FQ(q) = P(Q ≤ q | Q > q0), q ≥ q0,

FV (v) = P(V ≤ v | Q > q0), v ≥ 0,
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where FQ is the conditional cdf of the peak discharge and FV the conditional cdf of the flood
volume — both conditioned on the same selection event {Q > q0} (peak-based membership),
rather than on separate thresholding of Q and V individually. FQ is supported on [q0,∞)
since Q > q0 is guaranteed by conditioning; FV is supported on [0,∞), as an event’s volume
can in principle be arbitrarily small even when its peak exceeds q0.

Remark 2 (POT versus block maxima) The Gumbel distribution is the GEV model with
shape parameter ξ = 0 and has an exponentially decaying right tail. Classical POT theory,
however, motivates a generalized Pareto distribution (GPD) for sufficiently high threshold
excesses, not a Gumbel law. A Gumbel margin may still be treated as a candidate empirical
model, but its use must be justified by diagnostics and model comparison.

For the peak excess Y = Q− q0 > 0, a theoretically motivated candidate is the GPD

Gξ,σ(y) =

{
1− (1 + ξy/σ)−1/ξ, ξ ̸= 0,

1− e−y/σ, ξ = 0,
1 + ξy/σ > 0, σ > 0,

where ξ is the shape parameter and σ the scale parameter.
Alternatively, if the block-maxima framework is adopted instead — i.e. modeling the peak

Q itself rather than the excess Y over q0 — and a Gumbel candidate is retained, its CDF is

FGum
Q (q) = exp

[
− exp

(
−
q − aQ
bQ

)]
, bQ > 0, (1)

with location parameter aQ and scale parameter bQ. We write FGum
Q (rather than FQ) to

distinguish this specific parametric candidate from the general conditional margin FQ(q) =
P(Q ≤ q | Q > q0) of Definition 1.

For the companion margin FV of Definition 1, a candidate parametric form is the shifted
Gamma (Pearson type III) distribution

FP3
V (v) =

1

Γ(k)

∫ (v−aV )/bV

0
tk−1e−t dt, v > aV , k, bV > 0, (2)

with shape parameter k, scale parameter bV , and location (shift) parameter aV ; equivalently,
the unscaled integral form is

FP3
V (v) =

[
bkV Γ(k)

]−1
∫ v

aV

(x− aV )k−1e−(x−aV )/bV dx.

Since Definition 1 requires v ≥ 0, this candidate is only admissible when aV ≥ 0; if the
fitted location parameter is negative, the model should be truncated at zero and renormalized,
or an alternative candidate (e.g. GPD on V , by analogy with Q) considered instead.

2.2 Copulas and probability integral transforms

Definition 2 (Bivariate copula) A bivariate copula is a distribution function C : [0, 1]2 →
[0, 1] with uniform margins. In particular, C(u, 0) = C(0, v) = 0, C(u, 1) = u, C(1, v) = v,
and C is two-increasing.
(See Nelsen (2006) [32], for more details.)

Theorem 2 (Sklar) For any bivariate distribution function H with margins F1 and F2, there
exists a copula C such that

H(u, v) = C
(
F1(u), F2(v)

)
. (3)

If both margins are continuous, C is unique on [0, 1]2. Conversely, any copula and any two
univariate distribution functions define a bivariate distribution through (3).
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Proof (See Sklar (1959), or Nelsen (2006) [32]). □

In the application below, H is taken to be the joint conditional distribution of
(Q, V ) given Q > q0, with margins FQ and FV as given in Definition 1; Theorem 2
then guarantees that the dependence between peak and volume can be represented
separately from their marginal behavior, via a copula C. Let’s adopt the proof of the
theorem in our context.

Let F−1
Q (u) = inf{q : FQ(q) ≥ u} and define F−1

V similarly. On Range(FQ) ×

Range(FV ), set C(u, v) = H
(
F−1
Q (u), F−1

V (v)
)
; this is then extended to all of [0, 1]2

by the standard boundary convention C(u, 0) = C(0, v) = 0, C(u, 1) = u, C(1, v) =
v at the endpoints outside the margins’ ranges. The distribution properties of H
imply groundedness, uniform margins, and two-increasingness of C on this domain,
and substitution recovers (3). When both margins are continuous, Range(FQ) and
Range(FV ) are dense in [0, 1], and continuity of C forces the extension to be unique on
the closure [0, 1]2. Conversely, given any copula C and univariate CDFs FQ, FV , the
composition H(q, v) = C(FQ(q), FV (v)) inherits groundedness and two-increasingness
from C, and has margins FQ, FV since C has uniform margins.

Remark 3 (Probability integral transform.) Under continuity of the margins, U = FQ(Q) and
W = FV (V ) are uniform on (0, 1) and have joint CDF C. Indeed, for u ∈ (0, 1), continuity
gives P(U ≤ u) = P(Q ≤ F−1

Q (u)) = u; similarly for W . Since

P(U ≤ u,W ≤ w) = P
(
Q ≤ F−1

Q (u), V ≤ F−1
V (w)

)
= H

(
F−1
Q (u), F−1

V (w)
)
,

equation (3) gives P(U ≤ u,W ≤ w) = C
(
FQ(F−1

Q (u)), FV (F−1
V (w))

)
= C(u,w).

2.3 The Gumbel–Hougaard model

For θ ≥ 1, define

Cθ(u,w) = exp
[
−
{
(− log u)θ + (− logw)θ

}1/θ
]
. (4)

At θ = 1 this is the independence copula uw; as θ → ∞, it converges to the
comonotonic copula min(u,w).

The Gumbel–Hougaard family is Archimedean: it can be written Cθ(u,w) =
φ−1

(
φ(u) + φ(w)

)
for a generator φ : [0, 1] → [0,∞) that is continuous, strictly

decreasing, convex, and satisfies φ(1) = 0. Here φ(u) = (− log u)θ, with inverse
φ−1(t) = exp(−t1/θ); substituting recovers (4).

The dependence between U and W under Cθ is summarized by three standard
coefficients: Kendall’s tau,

τ = P
[
(U1 − U2)(W1 −W2) > 0

]
− P

[
(U1 − U2)(W1 −W2) < 0

]
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for independent copies (U1,W1), (U2,W2) ∼ Cθ; the upper tail dependence

coefficient,

λU = lim
t↑1

P(W > t | U > t) = lim
t↑1

1− 2t+ Cθ(t, t)

1− t
;

and the lower tail dependence coefficient,

λL = lim
t↓0

P(W ≤ t | U ≤ t) = lim
t↓0

Cθ(t, t)

t
.

Proposition 3 (Dependence coefficients) For the Gumbel–Hougaard copula,

τ = 1−
1

θ
, λU = 2− 21/θ, λL = 0.

Consequently, inversion of Kendall’s tau gives θ̂ = 1/(1− τ̂) whenever 0 ≤ τ̂ < 1.

Proof (See Genest & MacKay (1986), [33]). □

The Archimedean generator is φ(u) = (− log u)θ. The standard identity for
Archimedean copulas ,

τ = 1 + 4

∫ 1

0

φ(u)

φ′(u)
du

yields φ(u)/φ′(u) = u log(u)/θ, hence τ = 1 + (4/θ)
∫ 1

0
u log u du = 1 − 1/θ, using∫ 1

0
u log u du = −1/4.

Furthermore, Cθ(t, t) = t2
1/θ

. Therefore

λU = lim
t↑1

1− 2t+ Cθ(t, t)

1− t
= 2− 21/θ

by L’Hôpital’s rule. Finally, Cθ(t, t)/t = t2
1/θ−1 → 0 as t ↓ 0 for finite θ ≥ 1, giving

λL = 0; the independence boundary θ = 1 gives the same result.

For the synthetic empirical estimate τ̂ = 0.6036, Proposition 3 gives θ̂ = 2.5229 and
λ̂U ≈ 0.6838. The estimate of θ should not be used as the sole model-selection crite-
rion: Gumbel–Hougaard must be compared with plausible alternatives using likelihood
criteria, goodness-of-fit tests, and upper-tail diagnostics.

2.4 Conditional distributions: Conditioning on a volume

Suppose C is continuously differentiable and V has a positive density at v. With
u = FQ(q) and w = FV (v),

P(Q ≤ q | V = v) = ∂2C(u,w), (5)

where ∂2C(u,w) := ∂C(u,w)/∂w denotes the partial derivative of C with respect to
its second argument, evaluated at (u,w).
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For (4), putting A = (− log u)θ + (− logw)θ,

∂2Cθ(u,w) = Cθ(u,w)A
1/θ−1 (− logw)θ−1

w
. (6)

Indeed, for small h > 0, the ratio P(Q ≤ q, v < V ≤ v+h)/P(v < V ≤ v+h) equals

C(u, FV (v + h))− C(u, FV (v))

FV (v + h)− FV (v)
.

Letting h ↓ 0 gives (5). Differentiating (4) gives (6).
We call

P(Q > q | V > v) =
1− u− w + C(u,w)

1− w
, w < 1, (7)

the conditional exceedance probability of Q given V > v.

2.5 Joint return periods under a marked-Poisson model

For thresholds (q, v), define the sets of risks

DAND = {Q > q, V > v}, DOR = {Q > q or V > v}.

Theorem 4 (Return period of a set of risks) Under Assumption 1 — recalling that η denotes
the mean annual rate of the marked-Poisson event process — if pD = P((Q,V ) ∈ D) > 0,
then dangerous events form a Poisson process with rate ηpD. Their mean waiting time is

TD =
1

ηpD
=

µ

pD
, µ =

1

η
, (8)

where µ denotes the mean inter-event time of the underlying (unmarked) Poisson process —
i.e. the mean time between successive flood events regardless of their marks.

The probability of at least one dangerous event during a horizon of h years is

RD(h) = 1− exp(−h/TD). (9)

Proof Independent marking and Poisson thinning imply that events whose marks lie in D
form a Poisson process of rate ηpD. Its waiting time is exponential with mean (ηpD)−1,
proving (8). The probability of zero events in h years is exp(−ηpDh), which gives (9). □

Corollary 5 (AND and OR formulas) With u = FQ(q) and w = FV (v),

TAND(q, v) =
1

η{1− u− w + C(u,w)}
, (10)

TOR(q, v) =
1

η{1− C(u,w)}
. (11)

Proof Inclusion–exclusion gives P(Q > q, V > v) = 1− u−w +C(u,w). Also, P(Q ≤ q, V ≤
v) = C(u,w), so the complement has probability 1− C(u,w). Apply Theorem 4. □
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Define event-scale univariate return periods TQ = [η(1 − u)]−1 and TV = [η(1 −
w)]−1. Correspondingly, write pQ = P(Q > q) = 1 − u, pV = P(V > v) = 1 − w,
pAND = P((Q,V ) ∈ DAND), and pOR = P((Q,V ) ∈ DOR) for the correspond-
ing exceedance probabilities, so that each return period above is T = 1/(ηp) for its
respective p.

Corollary 6 (Ordering and diagnostic inequalities) For all nondegenerate thresholds,

TOR ≤ min(TQ, TV ) ≤ max(TQ, TV ) ≤ TAND. (12)

Proof Because DAND ⊆ {Q > q}, {V > v} ⊆ DOR, their probabilities satisfy pAND ≤
min(pQ, pV ) ≤ max(pQ, pV ) ≤ pOR. Since p 7→ 1/(ηp) is strictly decreasing in p, taking
reciprocals reverses each inequality; multiplying by 1/η then proves (12). □

These return periods correspond to different sets of risks; neither is intrinsically
”the” bivariate return period. The set must be chosen from the failure mechanism of
the structure being studied.

3 Simulation-based empirical results

3.1 Reproducible simulation design

The empirical illustration uses exactly 100 synthetic POT events distributed across
the 36 hydrological years 1990–2025. Twenty-eight years contain three events and eight
years contain two. Event dates fall within the broad flood-season window from late
July to early November. Dependence is generated from a Gumbel–Hougaard copula
with simulation parameter θ0 = 2.5. Conditional on event membership,

Q− q0 ∼ GPD(ξ0 = −0.12, σ0 = 850), V − 1150 ∼ Gamma(k0 = 7.2, b0 = 410).

Durations are obtained from the volume–peak relation

Di ≈
106Vi

86400SiQi
, Si ∈ [0.58, 0.86],

where Si is a dimensionless hydrograph shape factor. This construction preserves
the threshold, plausible physical ranges, positive peak–volume dependence, and the
approximate relation between peak, volume, and duration as shown in Figure 1 . It
does not reconstruct historical floods.

3.2 Descriptive statistics and marginal fitting

Table 1 summarises the simulated event marks. Every peak exceeds q0 = 2400 m3 s−1.
The range of durations, 13–29 days, is consistent with the imposed hydrograph
relation.
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Fig. 1: Peak discharges and flood volumes.

Table 1: Descriptive statistics for the 100 synthetic
events.

Variable Mean Std. dev. Minimum Maximum

Q (m3 s−1) 3133.9 620.8 2405.2 5292.8
V (hm3) 4101.1 1120.7 2252.6 7370.5
D (days) 20.9 3.5 13 29

Maximum-likelihood estimation gives

ξ̂ = −0.2215, σ̂ = 898.06

for Q− q0, and

k̂ = 3.5367, âV = 1953.18, b̂V = 607.34

for the shifted Gamma/Pearson III volume margin. Because parameters are estimated,
goodness-of-fit is evaluated by a 400-replicate parametric bootstrap rather than by
ordinary Kolmogorov–Smirnov critical values. The resulting statistics areDQ = 0.0534
with pQ = 0.741 and DV = 0.0531 with pV = 0.653. Thus neither marginal model
is rejected at the 5% level. The Q–Q plots in Figure 2 show no systematic departure
over the simulated range.

3.3 Dependence estimation and copula selection

The sample Kendall coefficient is

τ̂ = 0.6036,
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(a) Fitted GPD quantiles (b) Fitted Pearson III quantiles

Fig. 2: Q–Q diagnostics for the fitted GPD peak-excess and Pearson III volume
margins.

with nonparametric bootstrap interval [0.5051, 0.6867]. Inversion gives

θ̂ =
1

1− τ̂
= 2.5229, θ̂95% ∈ [2.0205, 3.1914],

and therefore
λ̂U = 2− 21/θ̂ = 0.6838.

The Gumbel parameter estimated by maximum pseudo-likelihood is 2.5016, close
to both the inversion estimate and the simulation value 2.5.

Table 2: One-parameter copula comparison based on
pseudo-likelihood.

Copula Parameter Log-likelihood AIC

Gumbel–Hougaard 2.5016 56.362 −110.724
Gaussian 0.8043 51.828 −101.656
Frank 8.0569 49.787 −97.574
Clayton 1.5052 31.352 −60.703

Gumbel–Hougaard has the smallest AIC as shown by the results presented in Table
2. Relative to the Gaussian alternative, ∆AIC = 9.07, providing substantial model-
selection support for explicit upper-tail dependence within this synthetic experiment.
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3.4 Joint return periods

Table 3 reports design pairs defined by common marginal non-exceedance probabilities
p, so that FQ(qp) = FV (vp) = p. The annual event rate is η̂ = 100/36. All values obey
Corollary 6.

Table 3: Return periods derived from the fitted synthetic model.

p qp (m3/s) vp (hm3) TQ = TV (yr) TOR (yr) TAND (yr)

0.80 3615.80 4957.62 1.80 1.41 2.47
0.90 4019.80 5632.59 3.60 2.78 5.11
0.95 4366.30 6257.35 7.20 5.51 10.37
0.98 4749.85 7035.74 18.00 13.72 26.16

For example, the pair (4366.3 m3/s, 6257.4 hm3) has marginal return period 7.2
years for either component, OR return period 5.51 years, and AND return period 10.37
years. The shorter OR period reflects the larger union event; the longer AND period
reflects the smaller intersection. Figure 3 and Figure 4 display this geometry over a
continuous range of thresholds.

Fig. 3: OR and AND joint return-period isolines under the fitted Gumbel–Hougaard
model.

4 Conclusion and perspectives

This work supplies the definitions, assumptions, proofs, and diagnostics required for a
rigorous bivariate POT analysis. It corrects the Pearson III CDF, the characterization
of the Gumbel margin, the uniqueness condition in Sklar’s theorem, the conditional-
copula notation, and the annualisation of return periods. It also proves a simple
ordering theorem that serves as a numerical quality check.
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Fig. 4: Q-V scatter plot with conjoined contour lines TAND and TOR.

The synthetic experiment produces a coherent empirical chain: plausible event
marks, acceptable marginal fits, strong upper-tail dependence, selection of the gen-
erating Gumbel–Hougaard family, and joint return periods satisfying the theoretical
ordering constraints. It therefore demonstrates that the proposed methodology is
computationally and mathematically consistent. However, no operational conclusion
concerning Senegal River infrastructure should be drawn from simulated values. Conse-
quently, authenticated discharge records, event-extraction rules, units, and uncertainty
analysis remain necessary for a site specific risk assessment.
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