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Analysis of a nonlocal SIR model via a diffusive limit
approach

Md Shah Alam*

Department of Mathematics, Huston-Tillotson University, Austin, TX 78702, USA

Abstract

We investigate a spatially heterogeneous nonlocal SIR epidemic model with convolution-type diffu-
sion and an intermittent treatment strategy. The model incorporates long-range dispersal while allowing
the susceptible, infected, and recovered populations to diffuse at distinct rates. Using semigroup theory,
we establish the global existence, uniqueness, positivity, and uniform boundedness of classical solutions.
Robust LP-energy estimates are then developed to investigate their asymptotic behavior. Since the non-
local convolution operator lacks the classical parabolic smoothing property, a diffusive limit approach is
employed to recover the required smoothing properties through convergence to the corresponding local
reaction—diffusion model. Numerical simulations illustrate the effects of spatial heterogeneity, nonlocal dis-
persal, increasing interaction radii of the Gaussian kernel, and intermittent treatment on the spatiotemporal
dynamics of the epidemic, with the observed trends remaining consistent with the theoretical analysis.

AMS Subject Classification [2020]: 35K57, 35B40, 92D30, 45K05

Keywords: Nonlocal SIR model; Convolution-type diffusion; Intermittent treatment; Global existence;
Asymptotic behavior; Diffusive limit.

1 Introduction and Main Results

1.1 Introduction

Since the pioneering work of Kermack and McKendrick [22], mathematical models have become indispens-
able tools for understanding the transmission dynamics of infectious diseases and for designing effective
intervention strategies. Among the numerous compartmental epidemic models proposed over the past
century, the susceptible-infected-recovered (SIR) model remains one of the most fundamental and influen-
tial frameworks in mathematical epidemiology. The SIR model has served as the foundation for numerous
epidemic models incorporating demographic effects, vaccination, treatment, spatial heterogeneity, stochas-
ticity, and network interactions. It has been successfully applied to a wide range of infectious diseases,
including influenza, tuberculosis, Ebola, SARS, and COVID-19.

The mathematical theory of epidemic models has developed substantially over the past several decades,
encompassing epidemic thresholds, stability, persistence, bifurcation, optimal control, and parameter esti-
mation. Comprehensive treatments of deterministic epidemic models can be found in the monographs of
Anderson and May [3], Diekmann and Heesterbeek [14], Hethcote [18], Keeling and Rohani [21], Brauer
and Castillo-Chavez [7], and Diekmann et al. [13]. These works have established a rigorous mathematical
framework for understanding disease transmission and have provided theoretical guidance for modern
public health policies.

While classical compartmental models assume spatially homogeneous populations, real epidemic out-
breaks typically occur in heterogeneous environments where population density, environmental conditions,
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healthcare accessibility, and human mobility vary across regions. Consequently, incorporating spatial het-
erogeneity into epidemic models has become an important area of research in mathematical epidemiology.
Spatially explicit models provide a natural framework for investigating the temporal and geographical
spread of infectious diseases, spatial persistence, invasion fronts, and regional control strategies, particu-
larly for diseases strongly influenced by population movement and environmental variability.

A natural extension of the classical SIR framework incorporates spatial diffusion through reaction—
diffusion equations, in which susceptible, infected, and recovered individuals move randomly according
to Fickian diffusion represented by the Laplace operator. Such models provide a natural framework for
studying the interaction between disease transmission and spatial movement, and have been widely used
to investigate epidemic propagation in heterogeneous environments, traveling waves, disease persistence,
extinction, spatial pattern formation, and threshold dynamics.

During the past two decades, reaction—diffusion SIR models have been studied extensively from both
theoretical and computational perspectives. Allen et al. [2] investigated disease dynamics in heteroge-
neous environments and established several threshold results for spatial epidemic models. Wang and
Zhao [36,37|] developed a comprehensive theory for the basic reproduction number of reaction-diffusion
epidemic systems and demonstrated its fundamental role in determining disease persistence and extinction.
Peng [31] analyzed the global dynamics of diffusive epidemic systems under heterogeneous transmission
mechanisms, while Kuniya [25] examined the influence of spatial diffusion on epidemic thresholds and
long-term behavior. Other important developments include the works of Capasso and Maddalena [10],
Lewis et al. [28], and Cantrell and Cosner [9]. Collectively, these studies demonstrate that spatial diffusion
can substantially influence the spread, persistence, and control of infectious diseases.

Although reaction—diffusion epidemic models have been highly successful, their diffusion mechanism
is based on the classical Laplace operator, which assumes infinitesimally small random displacements
resembling Brownian motion. While this assumption is appropriate for predominantly local movement,
many contemporary epidemics involve inherently nonlocal mobility. Air transportation, railway networks,
highways, daily commuting, and seasonal migration enable infected individuals to travel directly between
geographically distant locations, bypassing intermediate regions. Consequently, classical diffusion may
underestimate the speed of disease spread and fail to capture important long-range transmission pathways.

Moreover, classical diffusion assumes that movement is driven solely by local density gradients. In
practice, human mobility is strongly influenced by transportation infrastructure, socioeconomic activities,
employment, education, and healthcare accessibility, leading to interactions between distant locations.
Similar long-range movement patterns arise in animal migration, bird dispersal, marine ecology, and vector-
borne disease transmission. These observations indicate that the Brownian motion assumption underlying
reaction—diffusion models is often too restrictive for describing realistic dispersal processes.

These limitations have motivated increasing interest in nonlocal dispersal models, in which movement
is described by integral operators rather than differential operators. By allowing direct interactions between
distant locations through dispersal kernels, nonlocal diffusion provides a flexible framework for modeling
heterogeneous mobility patterns and establishing a natural connection between microscopic movement
mechanisms and macroscopic population dynamics. These biological and mathematical considerations
motivate the development of epidemic models based on nonlocal diffusion.

The increasing availability of mobility data and advances in the mathematical theory of nonlocal par-
tial differential equations have stimulated growing interest in epidemic models with nonlocal dispersal.
Unlike the classical Laplace operator, nonlocal diffusion is typically represented by an integral operator
that describes movement through a dispersal kernel, naturally accounting for long-range interactions and
heterogeneous mobility patterns. Over the past two decades, nonlocal diffusion equations have been stud-
ied extensively in ecology, population dynamics, image processing, phase transitions, and epidemiology,
providing new insights into spatial pattern formation, invasion phenomena, persistence, traveling waves,
and asymptotic behavior [4}(6}8,/11[12,(15}(16,120,33,38}39].

A widely adopted formulation of nonlocal diffusion is based on convolution-type integral operators of
the form

oK) = [ ot () = u)dy,

where the kernel ¢ describes the probability of movement from one location to another. The kernel is
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typically assumed to be nonnegative, symmetric, normalized, and compactly supported or rapidly decay-
ing. Unlike local diffusion, which depends only on infinitesimal neighborhood interactions, convolution
operators allow spatial interactions over finite distances whose magnitude is determined by the support of
the kernel. Consequently, different choices of kernels can represent various dispersal mechanisms ranging
from short-range random movement to long-distance migration. From the mathematical viewpoint, con-
volution operators preserve positivity, satisfy comparison principles under suitable assumptions, generate
positive semigroups, and converge to the classical Laplace operator under appropriate scaling of the dis-
persal kernel. These analytical properties, together with their ability to model long-range interactions, have
made convolution-type nonlocal diffusion operators a fundamental tool in the study of nonlocal partial
differential equations and their applications in biology, ecology, and epidemiology [4,6,(11}12,(16,19,27].

Besides incorporating realistic dispersal mechanisms, effective disease control strategies constitute an-
other fundamental aspect of epidemic modeling. In practice, treatment and vaccination programs are
rarely implemented continuously. Instead, public health interventions are often applied periodically be-
cause of limited medical resources, economic constraints, seasonal outbreaks, or logistical considerations.
Examples include annual influenza vaccination campaigns, seasonal mosquito-control programs, periodic
mass drug administration, and recurrent intervention strategies adopted during the COVID-19 pandemic.
Consequently, epidemic models with periodic treatment provide a more realistic description of disease
management than models with constant treatment rates.

Among various control strategies, intermittent treatment has attracted considerable attention because
it balances disease suppression with implementation cost. By activating treatment only during prescribed
time intervals, it reduces resource consumption while maintaining effective disease control. From a mathe-
matical viewpoint, periodic treatment introduces non-autonomous coefficients that lead to rich dynamical
behaviors, including periodic solutions, Floquet-type stability, threshold dynamics, and bifurcation phe-
nomena [1723}32].

In the present work, recovery is assumed to occur exclusively through treatment. Consequently, infected
individuals enter the recovered compartment only during treatment periods, while no recovery occurs
when treatment is inactive. This assumption enables us to investigate the impact of intermittent therapeutic
interventions on disease spread and control.

Motivated by the above considerations, we study a spatially heterogeneous nonlocal SIR epidemic
model with convolution-type diffusion and intermittent treatment. The proposed framework incorporates
long-range dispersal together with periodic disease intervention. We establish the global existence, unique-
ness, positivity, and uniform boundedness of classical solutions, and investigate their asymptotic behavior
through a diffusive-limit approach. Numerical simulations are presented to investigate the influence of in-
creasing interaction radii of the Gaussian kernel and intermittent treatment on the spatiotemporal dynamics
of the epidemic.

To formulate the model, let n € IN and let Q C R" be a bounded domain with smooth boundary
2Q, where 9Q is an (n — 1)-dimensional C>*? (0 < p < 1) manifold. We consider the following spatially
heterogeneous nonlocal SIR epidemic system:

Si(x, 1) =dsT'sS(x, t) + b(x) — u(x)S(x, t) = p(x)S(x, HI(x,t), x€€Q, t>0,

Ii(x, 1) =dil(x, t) + B(x)S(x, HI(x, t) — (ulx) + y(x, )I(x, 1), x € Q, t >0, 11)
Ri(x, 1) = drIrRR(x, ) + y(x, HI(x, 1) — p(x)R(x, t), xeQ, t>0, '
(5,1, R)(x,0) = (So(x), Ip(x),Ro(x)) =0, x e,

The functions S(x, t), I(x,t), and R(x, ) denote the densities of susceptible, infected, and recovered individ-
uals, respectively, at location x € Q) and time ¢ > 0. The initial data are assumed to be nonnegative and
bounded.

The nonlocal diffusion operators I's, I';, and I'r describe the spatial movement of the three epidemiological
compartments and are defined by

Tiu(x, t) = fQ di(x, y)(uy, B) - u(x, b))dy, i€ (S,LR),

where ¢;(x,y) > 0 is a symmetric interaction kernel characterizing movement between locations x and y.
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For simplicity, we assume that all compartments share the same interaction kernel,

gi)S(x/ y) = (PI(xr y) = qu(x/ ]/) = ¢(X, y)

Accordingly, the nonlocal diffusion operators reduce to

Tu(x, ) = Tu(x, ) = fQ o, y)(uy, H - u(v,H)dy,  i€(SLR], (12)

where ¢ satisfies the boundedness assumption in (D1

Biologically, the operator I models nonlocal dispersal by allowing individuals at location x to interact
with or move to other locations y € Q according to the interaction kernel ¢(x,y). In contrast to classical
diffusion, which is driven by local spatial gradients in infinitesimal neighborhoods, nonlocal diffusion
incorporates long-range movement arising from mechanisms such as human travel, commuting, migration,
and transportation networks. Consequently, the disease dynamics at a given location depend not only on
the local population but also on interactions with individuals across the spatial domain.

The function b(x) > 0 denotes the spatially dependent recruitment rate of susceptible individuals, while
t(x) = 0 represents the natural mortality rate. The treatment function y(x, t) > 0 is assumed to be bounded,
spatially heterogeneous, and periodic in time with period T > 0. For any L € (0, T), there exists a nonnegative

function y1(x, t), positive on a subset QcQof positive measure, and a constant yy > 0 such that y;(x, t) > vy,
(x,t) € QX [0,0), and
wh 0, xe€Q, kT<t<(k+1)T-L keNU{0}
Y, t) =
yilxt), x€Q, (*k+1)T-L<t<((k+1)T, keNU{0}.

Thus, during each treatment cycle of length T, no treatment is administered over the interval kT < f <
(k+ 1)T — L, whereas infected individuals receive treatment at rate y1(x, t) during the final L-time units of
the cycle. This periodic treatment protocol models intermittent intervention strategies arising from limited

healthcare resources, seasonal treatment campaigns, or scheduled public health control programs.
We adopt the following notation throughout the paper where all the spatial parameters are continuous

and bounded on Q:

b* :=maxb(x) 20, f:=maxp(x) 20, y":= max y(xt) >0, u":=maxpu(x) =0, po:=minu(x)>0.
xeQ) xeQ) (x,1)eQx[0,T] X€ xeQ

For notational convenience, we write the reaction terms in system (1.1)) as

Fl (xr tr Sr Ir R) b(.X) - [J(X)S(X, t) - ﬁ(X)S(X, t)l(x/ t)
F(x,t,S,I,R) = [Pz(x, t,S,1, R)] = {ﬁ(x)S(x, HlI(x, 1) — (u(x) + y(x, H)I(x, 1) | (1.3)
Fs(x,t,5,1,R) y(x, Hl(x, t) — u(x)R(x, t)

Since the reaction terms are polynomial functions of the state variables (S, I, R) with bounded coefficient
functions, the mapping F is locally Lipschitz continuous with respect to (5,1, R), uniformly in (x,t), on
bounded subsets of R3.

1.2 Statement of the Main Results
Let us assume that

(D1) (Diffusivity)d; > Oforalli=1,2and ¢ € C (5 xQ, 1R+) such that ¢(x, y) = ¢(y, x) for all x, y € Q and
there exist ¢, A > 0 such that

0<e< f ¢(x, y)dy < A forall x € Q. (1.4)
Q

(Qp) (Quasi-positivity) For each F1(0,I, R), F»(S, 0, R), F3(S,1,0) > 0 whenever t > 0 and (5, R) € ]R?r.
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Theorem 1.1. Assume that|(D1){and|(Qp)|hold, and let (So, Iy, Ro) € C(C;R3). Then system admits a unique
global component-wise nonnegative classical solution (S,1,R) of system (1.I). Moreover, each component remains
uniformly bounded in the sup norm for all time.

Although Theorem [I.1]establishes the global existence and uniform boundedness of classical solutions,
it does not immediately yield their asymptotic behavior. The main difficulty stems from the fact that
convolution-type nonlocal diffusion operators generally do not possess the parabolic smoothing property
enjoyed by the classical Laplace operator. Consequently, the standard techniques used for local reaction—
diffusion systems cannot be applied directly to the nonlocal model.

To overcome this difficulty, we exploit the diffusive-limit result established in Theorem[A.T} whose proof
is deferred to Appendix [Al This result shows that, under an appropriate scaling of the dispersal kernel,
solutions of the nonlocal system converge to those of the corresponding local reaction—diffusion system.
Since the uniform estimates derived in Lemmas are independent of the nonlocal kernels, they
remain valid in the limiting process. This enables us to transfer the asymptotic properties of the limiting
local reaction—diffusion system to the original nonlocal model, leading to the following asymptotic result.

Theorem 1.2. Assume that the hypotheses of Theorem [A.T|hold. Let u = (S, I, R) denote the limiting local solution
obtained in Theorem[A.1| Assume further that o +yo > p*Cs and that So(x) < S*(x) in Q, where S* is the disease-free
steady state of the limiting local system. Then

lim [l Dl =0, Lim IS¢, 5= Sllwe =0.
The main analytical contributions of this paper may be summarized as follows.

(i) Unlike many existing studies, our analytical framework allows the susceptible, infected, and recovered
populations to possess distinct compartment-dependent nonlocal diffusion coefficients, providing
a more realistic description of heterogeneous dispersal while introducing additional mathematical
challenges.

(if) We develop a robust LP-energy framework that yields uniform a priori estimates despite the distinct
nonlocal diffusion operators and nonlinear epidemic interactions. These estimates are fundamental
to the asymptotic analysis.

(iii) Since convolution-type nonlocal diffusion operators lack the classical parabolic smoothing property,
we employ a diffusive-limit approach to establish the asymptotic behavior by proving convergence of
the nonlocal model to its corresponding local reaction—diffusion counterpart.

The remainder of this paper is organized as follows. In the next section, we prove Theorems|[I.Tjand [1.2}
Section [3| presents numerical simulations illustrating the effects of spatial heterogeneity, the interaction
radius of the Gaussian kernel, and intermittent treatment on the dynamics of system (L.I). Concluding
remarks are given in Section [4 while the proof of the diffusive limit result, Theorem is deferred to

Appendix

2 Proof of Main Theorems

Since the equation for R is linear with forcing terms depending only on I, it suffices to analyze the sub-
system consisting of S and I. The component R is then uniquely determined by the corresponding linear
nonhomogeneous nonlocal equation.

2.1 Proof of Theorem

Lemma 2.1. Let (S,I) be the unique nonnegative maximal solutions of the system on the interval [0, T,,) with
T € (0, 00]. Then there exists an My, > 0 such that fQ (S + I)dx < Mr,, for any o > 0.
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Proof of Lemma Let u = (u1,u2) = (S,I). Adding the first two equations of the system (1.1) and then
integrating over Q) we get,

2 2
i\ Ay dx < diliu; )d b(x)dx — i(x, Hd
L;u (x, 1) x<LZ ai(x, t) x+j;2 (x)dx Ly(x);u(x f)dx

i=1

2
< b*fdx - f u;(x, t)dx 2.1
i m0;<> 1)

here we used ¢(x, y) = ¢(y, x) to get

2 2 2
diTjui(x, )dx = diTu;(x, Ddx = d; — ui(x, ) dyd
L; W)XL; Wﬂxff; (6, )y, ) — ui(x, D)dydx
2
:fdeicp(x,y)ui(y,t)dydx—fdeicf)(x,y)ui(x,t)dydx
Q V055 Q V055
2 2
= f f Y di(x, yyuily, dydx - f f Y di(x, yyuily, Hidydx
aJaoim aJaim
=0

Now, using the Gronwall’s inequality to the above differential inequality in we get,

f (SCx, B) + I(x, H))dx < My, te€[0,Ty)
Q

where My, o= max( (509 + (o), 2], ;

We are now ready to prove Theorem [1.T] and we use semigroup theory [30] for this purpose. Assume

thatmholds, andsetX = C(Q), X2 ={z=(z1,22) € X*: 2> 00n Q, i = 1,2}. Fori € {S,1},letT; be defined
by (1.2). ThenT; € £(X) and [|Tillzx) < 2A. Consequently, Aiz = d;T';z generates a uniformly continuous
semigroup {T;(t)}s=0 on X, for each i € {S,I}.

Introducing the product space X = X x X, the diffusion part of system can be represented by the
block-diagonal operator

A = diag(As, Ar)

Since each diagonal operator generates semigroup on X, it follows from standard product semigroup theory
that A generates uniformly continuous semigroup on X,see, for instance, [5,[30]. Consequently, system (1.1)
may be formulated as a semilinear evolution equation on X, where the coupling is introduced solely through
the reaction terms.

Proof of Theorem Under the above setting, standard semilinear evolution theory [30] guarantees
that system (L.1)) admits a unique solution

u = ()7 € CH([0, Tmax); X?)

defined on a maximal interval [0, T),), where T, € (0, o]. Letu = (uq,uz) = (S,I) and ug = (11,0, U20) = (So, Ip)-
Then, for i = 1,2, the variation-of-constants formula is

t
Lli(t) = Ti(t)l/li,o + j; Ti(t - T)Fi(', T, Ll(’l')) drt. (22)

Since the reaction terms satisfy the quasi-positivity condition [(Qp)} standard comparison arguments along
with nonnegative initial data imply that the maximal solution remains component-wise nonnegative.
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To establish global existence, it remains to exclude finite-time blow-up. By the continuation principle,

either T,, = oo, or
lim sup [[u(#)llx2 = oo. (2.3)
t—=T,,

Consequently, global existence follows once it is shown that the solution remains uniformly bounded in
L*(Q)) on every finite time interval.

Define A11 : X — X, A1z = dil'1z — uoz, then Aq1(z) generates T11(f) on X. Since u; are nonnegative for
i = 1,2, the first equation of yields

ulf(x/ t) < dlrlul(x/ t) + b(x) - [u(x)ul(xl t) < dlrlul (X, t) +b - [u()ul(xr t)

Applying the variation-of-constants formula yields

t

t
u(x, t) < T (Hugo(x) + b*f Tt —1)1dt < [T (Hurolloa + b*f IT11(t = Tl dT
0 0

%

b
Sl )l £C3, 20, [C3 = max {||50||oo,Q, E} ] (2.4)

Now, we add the first two equations of (1.1)) to obtain

1

2 2 2 2 2
i, (x, ) = Z diTiui(x, ) + b(x) — u(x) Z wi(x, £) = y(x, Bua(x, 1) < Z AT ii(x, B) + b — g Z ui(x, t)
=1 i=1 i=1

i=1 i=1

But

diii , = di ilx, = , dii . d . dii : , d
; Tiuti(x, 1) ; Tui(x, ) fgqb(xy); iy, £ dy ; u(xt)L¢(xy) y

2 2
<t [ S0 Y10 )y = doin Y 65,0 [ 65,0y
Q i=1 i=1 Q

2 2
Sdmax/vfzui(y/t)dy_dming u;i(x, t)
Q5 i=1

2
< dmaxA*MT,,, - dming Z u,-(x, t)
i=1

where dmay 1= MaXi=12{di}, dmin := Mini12{di}, A* := [|Plleo axq- Since ¢ € C(QAXQ; R,), it follows that A* < co.
Here, we used Holder’s inequality together with Lemma [2.1| to estimate the first term, while the second
term follows from the lower bound in (1.4). Hence

2

2
Y 406 < dmar A M, + b = (o + dmine) Y 16, ).

i=1 i=1

Applying the variation-of-constants formula to the above differential inequality yields

”ul('/ t) + uz('/ t)“oo,Q S C4/ te [0/ Tm)/ (25)
where C4 := max {”SQ + Il %} Hence the solution remains uniformly bounded on [0, T,), so the
continuation criterion (2.3) precludes finite-time blow-up. Therefore T, = oo. O



1 2.2 Proof of Theorem

2 The following lemma establishes a robust uniform L?(Q)-estimate for solutions of system (1.1) for every
s 2<p<oo.

+ Lemma 2.2. Assume that the hypotheses of Lemma[2.1)hold. Then, for every p € N with p > 2, there exists a constant
s L, > 0, independent of kernel ¢(x, y) of nonlocal diffusion operator such that

“(S/ I)(/ t)”LV(Q) S Lp, Vt 2 0

s Proof: To establish the LF(CQ))-estimates, we introduce the following Lyapunov-type functional, which was
7 originally proposed for two-component systems in [24] and later extended to m-component systems in [1].
s  We assume u = (u1,up) = (S,1), 6 = (61, 62), and a > 0 (to be determined) to define

LPw)(t) = f Z ( )Z’z-l@?H?:lu,-(x, HPidx

0€Z2, 16|=p

o Differentiating with respect to time we get,

aZQ +1u1, (X t)

LP(uy () = fQ Z (Z)azlzl@fzﬂleui(x,t)g
|Ol=p-1

o i

= f Z (P)azfl Q?Hleui(x, t)e‘[ a0t dF ui(x,t) + Fi(x, t, u))
Q\g1=p-1 i=1

=1+] (2.6)

10 where

2
= L Z (g)azf—l 9?1‘[2 _uix, (x, )% Zaze L4, Tui(x, Hdx
61=p-1

i=1

i=1

2
= f fg 2 (g)az'?-l T, ui(x, t)e"Zaze"“diqb(x,y)(ui(y, t) — ui(x, t))dydx
|O=p—1

2
- fg fQ o(x, y) 2 U;i(v(x, H)ii(x, y, t)dydx [witx, v, B) = uily, ) — ui(x, ), i =1,2]
i=1
11 where
2
Z Ui(v(x, 1)) = ( )QZ?_l elgl_lleu,-(x, £)0 Zazaiﬂdi and o(,t) = (5(., 0,1, t))
|6l=p-1 i=1

12 Due to the fact that ¢(x, y) = ¢(y, x) > 0, for any © > 0 we have
[ [ o060 et - ot myndy = =3 [ [ 6009 = o090t (0t 1) - ot )y
QJOQ QJO
13 Using this estimate we can write
2
1= [ [ ot (e, = Lot 00t v vl

=—% fQ fQ dx, y) (U, 1), %, y, ) — U(o(x, D), %, , 1) Jdydx



1 where we used U(v,x,y,t) = Z?zl Ui(v)i(x, y, f). Now, using Mean Value Theorem (differentiating with
2 respect to {5, I}) we can write

=—= f f P(x, ) Z oy, t)x, y, t) — Ui(d(x, 1), x, y, t))dxdy

i€{S,I}
= L L dx, y)[Us@, v, 1), %, y, s + Ui(@(x, y, 1), x, y, Oy [dxdy 2.7)

s where 9(x,y,t) = v(x,t) + K(v(x, t),v(y, 1), x, y, ) (0(y, t) — v(x,t)) and 0 < K(v(x,t),v(y,t),x,y,t) < 1. Also,
+ Pi=vi(x, y, 1), i €{S,I}. Now,

. J (& 2 5 . 2 .
Us(@(x,y,t),x,y,t) = = Z U;@)y; | = Z (g)aﬂm 0TI iti(x, 1) Za26’+1d1‘¢i —
I5\'= 075 |61=p-1 =1

5 Now,

d

p L 02 6; 201+1
a = 95[|9| 1(9) VT d0i(x, ) a dl,b]

Y, ( ) 72018 (x, y, 0" (v, O dsys(x, y, 1)
61+60,= =p— 1

)3 —,( 4 ) B%018(x, y, ) v, 020 dsys(x, y, 1)
1

01+0,=p-1 011102

= - 1 - '(GP )ae§+8§§(x, v, t)el—lj(x, v, t)92a261+1d5¢5(x/ yb)
‘91+92:p—1( 1= DO,

= 1 P\ 6-17+63 5 01-17, 0, -A(01-1)+4

) © -1)!(62)” IR, y, % , y, %O s (x, )

(01-1)+0,=p-2

I
Il M
|
=)
H—-
—_——
D <

)099955(90 y, )" I(x, y, )%a* O dss(x, y, 1)
2

P 91+ 5(x, y, 0)91(x, y, ) 2a*9dsys(x, y, t)
61 6>
61+62:p—2

p-2

La=) (g)a9?+6%§<x, v, ), y, D% Hdsys(x, y, 1)
0=0

s Using similar technique, we can find b; and similar estimates for U(4(x, y, t), x, y,t). Then replacing these
7 into (2.7) we can write

1=—1f f x, )| (@ + br)s + (a2 + o) |dxdy

=——ff¢(xy) Y

( ) 01+033(x, v, 0% 1(x, y, 1)% ('#s(x vt iy, t))

|6=p-2
dsa461+4 ds;—dz 201+1520,+1 IPS(X Y, f) v,
dsT+011a291+1a262+1 d; A02+4 1/11(96 Y, t)

ds+d . PP . . .
24 then using Sylvester’s Criterion we can write the quadratic term in I above as zTAz > 0 ¥
sdn

s If a>




1

2

4

ze]szhereAz(

We also have,

ds gA01+4
ds ;dz 201+1,202+1 d[a4@2+4

ds;rdl 420141 3202+1

I<0.

2

J= 5 Z (g)a):f 167 T2 ui(x, 1) [Z a?0 1 (x, t,u)] dx
|0]=p-1

i=1

= f(; Z (g)a):?—1 ezzﬂf:lui(x, t)@f[(az@1+1 — a?%" Yy (x, t, 1) +a292+1(F1(x, t,u) + Fa(x, t, u))]dx
|O1=p—1

=L+

Ifa>1and 6; > 0, then (a?91+! -

a?%2*1) > 0. Now,

Jx =fQ ). (Z)”Z’z“ T i, O (@)1 = P Fy (x, £ u)dx
|O=p—1

I Sb*(a261+1 +a292+1)f Z

- f Z (Z)az’ VOTIZ ui(x, 1)@+ = 2% 41)(b(x) — B)S(x, 1) — p(x)S(x, 1) )dx
2 jo1=p-1

< L Z (g)az’ 167 T2 ui(x, £)%dx H(aze1+1 - a262+1)b(x)”000
1Bl=p-1

(g)azlz—l Q?Hleui(x, £)%idx
61=p-1

where we used Holder’s inequality. Similarly,

2

Ja < fo |9§‘_1 (g)aZ?—l O i (x, % (b(x) — () Z wi(x, 1) )dx

2 .
<b a292+1 f Z (g)azi—l Q%Hl,zzlui(x, t)eldx - [.l()ﬂ292+1 f Z
Qgl=p-1 Q

i=1

2
(Z)azrz-l OITI2, ui(x, D) Z ui(x, t)dx

|6l=p-1 i=1

< b*g?0+1 fQ Z (Z)azf-l efnleui(x, H%dx — a2+ yop! L Z (Z)a):fz-l Q?Hl-zzlui(x, £)%dx
16]=p-1

Replacing 1, > in (2.9) we get,

] < b*(a291+1 +2a262+1)f

- ]S le Z (P) e 162 H2 " (x t)@ dx — 292+1u0plf
=t \0 Q

Sincea > 1,a >

d5+d1]

2\fdsdr,

L)) = fQ

Q

61=p

P\ r2, 212 0; 20+
Z(Q) VT ui(x, )7 dx — a™? yp'f
101=p-1

161=p

Ojor=p

( ) Ih Q?Hizzlu,-(x, 1)%dx
161=p

01 > 0,, and by considering a > 1 we can write,

( ) L0 T2 ui(x, 1)%dx < max{a f ( ) _ui(x, £)%dx.
2 jor=p

10

) and z = ¢i(x, y,t) for all i € {S,I}. Therefore, we have

(2.8)

(2.9)

( ) Ih Q?Hizzlu,-(x, £)%dx



. ds+dy
So, if, a > max {1, 2\/@} and 6; > 0,, then we get,
!a262+1y0
< p-1 G 4
£ Gl - o R

s ] S CLLTNu)(t) — CoLP(u)(t)
Replacing I and ] in we get,
L) (t) < =1+ C1 L7 u)(t) — CrLP(u)(t) < CrLP L (u)(t) — CaLP(u)() (2.10)
Taking p = 2 we get,
L2u) (t) + CoLP(u)(t) < CLLY(u)(t) < CiMr, (by Lemma[2.1)
using Grénwall’s inequality we get,
L2u)(t) <My, Vtel0,T,) and for any M, > 0.

Proceeding inductively by taking p = 3,4, ... in (2.10), we conclude that for every t > 0 and each 2 < p < oo,
there exists a constant M, > 0 such that

LP(u)(t) < M,.
Moreover, since 0 € (0, 00)?, there exist positive constants €1 and ¢, depending only on 6, such that
el Dl < (L@O) < eallut D@, 2<p <o,
Hence,
[u(, Ol < Ly, Vt>0,2<p< o,
for some constant L, > 0. O

The proof of the next result follows the same strategy as Lemma but additionally exploits the de-
cay induced by the treatment term together with the uniform L*(Q2)-bound established in Theorem [1.1]

Lemma 2.3. Assume that the hypotheses of Theorem[I.1|and Lemma[2.2)hold. If uo + yo > p*Cs then

T—o0

T+1
lim f I(x, t)dxdt = 0.
T Q

Moreover, for every 1 < g < oo,
Mllsxrre1y =0 as T — oo.

Proof: Integrating the second equation of system over () we obtain,
f Li(x, t)dx = f dril'l(x, t)dx + f B(x)S(x, H)I(x, t)dx — f (y(x) +y(x, t))I(x, H)dx
0 0 Q o}
<BCs f I(x, t)dx — (1o + Y0) f I(x, t)dx
Q Q

For po + yo > p'Cs, Gronwall’s inequality applied to the above differential inequality yields

f I(x, t) dx < e~ (Ho*ro=FCa)t f In(x) dx. (2.11)
Q Q

11



20

Integrating this estimate over the interval (T, T + 1) gives

T+1
lim f I(x, t)dxdt = 0. (2.12)
T Q

T—o0

Now, by virtue of Lemma the infected population I is uniformly bounded in L*(Q) for every 1 < p < co.
Integrating the estimate of Lemma[2.2|over the time interval (T, T + 1), we obtain

Iz xr+1)) < Cp, VT20, 1<p<oo, j=1,2, (2.13)

where C, > 0 is independent of T.
Let g > 1. Since

=1z,

Holder’s inequality yields

T+1 T+1 3 AT+l i
f fl(x,t)qudtﬁ(f fl(x,t)dxdt) (f fl(x,t)qudxdt) .
T Q T Q T Q

Combining (2.12), (2.13), and the nonnegativity of I, we infer that

T+1
f fl(x,t)qudt—>0 as T — oo.
T Q

||II|U(Q><(T,T+1)) —0 asT —> o0, 1< q < oo. (214)

Consequently,

This completes the proof. m|

We assume that S* denotes the disease-free steady state, given by the unique nonnegative solution of
dsT'sS*(x) + b(x) — pu(x)S*(x) =0, x e Q. (2.15)

Since b(x) > 0, b £ 0, pu(x) > po > 0, and ¢(x,y) > 0, the positivity of the resolvent associated with the
operator dsI's — p(x) implies that

S5'(x) >0, xeQ.

Lemma 2.4. Assume that the hypotheses of Theorem Lemma [2.2 hold and that the condition of Lemma [2.3]is
satisfied. If So(x) < S§*(x) in Q for any S* satisfying (2.15), then the susceptible population converges to the disease-free
steady state S* on sliding time intervals. More precisely,

IS = S*llg.oxar+1) = 0 as T — oo,
forevery1 < g < co.

Proof: We assume S*(x) is the disease-free steady state satisfying (2.15). Now, from the first equation of
system (I.I) we can write,

0 =dsI'sS™(x) + b(x) — u(x)S*(x), x€Q.
Since, b(x) € C(ﬁ), S§* e L*(Q) for all x € Q and we define

z(x,t) = S*(x) — S(x, t) with z(x,0) = S*(x) — S(x, 0) = S*(x) — Sp(x) = 0.

12



Since S is independent of ¢, then using the first equation of the system (1.1), we get,

zi(x, t) = =Sp(x, t) = =dsT'sS(x, t) — b(x) + u(x)S(x, t) + B(x)S(x, t)I(x, t)
= —dsT'sS(x, t) + dsT'sS™(x) — p(x)S™(x) + u(x)S(x, £) + B(x)S(x, H)I(x, t)
= dsls(S"(x) — S(x, £)) — u(x)(S"(x) = S(x, £)) + p(x)S(x, HI(x, £)
= dsTsz(x, t) — u(x)z(x, t) + B(x)S(x, t)I(x, t)

Since z(x,0) > 0 along with S,I,5,u > 0, and the semigroup generated by dsI's — u(x) is positive, the
comparison principle gives

z(x,t) >0 forallxe Q, t > 0.
Hence,
S(x,t) < §*(x) forallxe Q, t > 0.

Integrating the equation satisfied by z over Q gives
% f z(x, t)dx = f dsTsz(x, t) dx — f p(x)z(x, t) dx + f B(x)S(x, )(x, t) dx
Q Q Q Q
< —Uo f z(x, t)dx + °Cs f I(x,t)dx
0 Q

If we consider

Z(t) = fQ z(x, t) dx = fQ (5'(x) - S(x, ) dx

then for ug + yo > B'Cs, using the exponential estimate established in Lemma (i.e. fQI(x, t)dx <
e~ (Ho+y0=f Co)t fQ Ip(x) dx) we can write,

Z'(t) + o Z(t) < pCae Wotro=FGalt f To(x)dx
Q

Since (o + Yo — B'C3) > 0 and o > 0, multiplying the above inequality by e/!, integrating from 0 to ¢, and
sending t — co, we get

Z(t) = 0.
Since z(x,t) > 0,

IS, ) = S*lla = fQ [S(x,t) = S*(x)|dx = fQ(S*(x) —S(x,t))dx = Lz(x, tdx = Z(t).

Consequently,

T+1 T+1
f f [S(x, t) — S*(x)| dxdt = f Z(H)dt — 0, as T — oo, (2.16)
T Q T

Since S* € L*(Q)) and Q is bounded, it follows that S* € LP(Q) for every 1 < p < co. Therefore, using the
LP(Q)-bound for S established in Lemma 2.2} we obtain

IS = S™llrxcrr+1)) < ISr@x 1)) + 1S Ip@xr,r+1)) < Ly + 1S™Ir@) =2 C,,, T=0.

Combining the uniform LP-bound above with (2.16) and applying the same interpolation argument as in
Lemma[2.3] we conclude that

IS = S’llgoxTre1) = 0 as T — oo,

13
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for every 1 < g < oo. m|

Proof of Theorem Let (S,I) denote the limiting local susceptible and infected components obtained
in Theorem Since the recovered component satisfies a linear parabolic equation driven by the infected
population, it can be determined uniquely once I is known. Therefore, it suffices to establish the asymptotic
behavior of S and I. Since the nonlocal diffusion operators satisfy

f Fw(x, t)dx =0,
Q

the estimates obtained in Lemma are independent of the particular choice of the nonlocal kernels.
Therefore, they remain valid for the limiting local solution u = (S, I) obtained through Theorem [A.T

The pair (S,I) is the unique global classical solution of the corresponding limiting local susceptible—
infected subsystem obtained in Theorem[A.1] Moreover, by the global boundedness result for the limiting
local system, there exists a constant M > 0 such that

0<S(x,t), I(x,t) <M, xeQ, t>0.
We first prove the decay of I. The infected component of the limiting local system satisfies
I = diAL + g(x, 1),
where
8(x, £) = B(0)S(x, HI(x, ) — (u(x) +y(x, I(x, £).
Using the uniform L*-bound for S, we obtain
lgCe, O < (BM + p" +y7) 1(x, 1).
Consequently, for every 1 < p < oo,
lIgllzrxr,r+1)) < (BM + 1" + y*) llpaxcrr+1)) — 0

as T — oo.
By the maximal LP-regularity theory for linear parabolic equations with homogeneous Neumann bound-
ary conditions, there exists a constant K, > 0, independent of T, such that

1l r+1,m20 ) + 19l @x(r,T41)) < Kp.
Equivalently,

||I||w§f’ (QX(T,T+1)) < KP'

n+2

Choose p > "3=. Then the parabolic Sobolev embedding theorem implies that
WIHQX (T, T +1)) = C#Qx [T, T +1])

for some ¢ € (0,1) [26]. Hence I is uniformly Holder continuous on Qx [T, T + 1], with Holder constants
independent of T.
Combining this uniform Holder continuity with

Mlr@xrrsry =0 as T — oo,

and applying the standard contradiction argument based on the uniform Holder continuity and the decay
of the LP-norms on sliding time intervals, we obtain

lim [l1(, w2 = 0.

14
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Next, define

z(x, t) := 5% (x) — S(x, t).

Since S” is the disease-free steady state of the limiting local system, z satisfies
zt = dsAz — p(x)z + p(x)S(x, H)I(x, t).
Set
G(x, t) := —u(x)z(x, t) + B(x)S(x, HI(x, t).
Using the uniform L*-bound for S, we have
IG(x, O] < wlz(x, )] + MI(x, t).
Therefore, for every 1 < p < oo,
Gl x(r, 1)) < Wzl @xcr,r+1y) + B Ml @xrr41)) — 0
as T — oo. The same maximal L7-regularity argument applied to
zy = dsAz + G(x, 1),
there exists a constant K, > 0, independent of T, such that
||Z||w§" x(11+1)) S Kp-

Choosing p > #2, the parabolic Sobolev embedding gives uniform Holder continuity of z on QX|[T, T+1].

Since
llzllraxr ey =0 asT — oo,
the same contradiction argument yields
tim [2(, )l = 0.
Since z = §* — §, it follows that
Lm [IS( #) = S'lleo,0 = 0.

This completes the proof. O

3 Numerical Simulations

This section presents numerical simulations to complement the theoretical results established in Section 2}
The objectives are to illustrate the qualitative behavior of the proposed epidemic model and investigate the
effects of intermittent treatment on disease evolution.

Simulations are performed on the square domain Q = (0,10) x (0, 10) using a uniform 128 x 128 spatial
mesh over the time interval [0,200]. To ensure a fair and direct comparison of the model dynamics as the
interaction radius of the nonlocal kernel increases, all simulations employ the same computational domain,
spatial discretization, initial conditions, parameter values, and intermittent treatment protocol.

Time integration is performed using a second-order Crank-Nicolson finite difference scheme for the
diffusion terms, while the nonlinear reaction terms are treated explicitly. For the nonlocal model, the
classical Laplace operator is replaced by the corresponding convolution-type nonlocal diffusion operator,
whereas all remaining components of the numerical implementation are kept unchanged.

15
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Table 1: Diffusion coefficients, initial conditions, and spatially heterogeneous coefficient functions employed
in the numerical simulations.

Parameter Spatial form Parameter Spatial form
(ds, di, dg) (0.10, 0.06, 0.05) u(x, ) 0.01 (1 +0.75 cos Z—x cos Z—y)
x y
S(x, ,0) 100(1 + 0.20 cos == cos 2 n@y | 0.05(1+075sin? 2= sin?
L, L, L. L,
0.8(1+0.30 (=57 + =57,
160 . 30exp 3 R, y) 0.65r1(x, y) + 0.352(x, v)
o 03 (1 050 exp(_ (x=372+(y- 7)2)) ’ maxg (0.65r1 + 0.3577)
. . 5
R(x,,0) 0 n@,y) sin(mtx/Ly) sm(ny/ Ly)
maxg sin(mx/Ly) sin(ny/ Ly)
X T ex (——<X*7)2+(y 73)2)
b(x,y) 0.25 (0.50 +0.50 cos® — cos? —y) r2(x, y) P >
Lo Ly — =7+ (y=3F
maxg exp(—T)
B(x, ) 0.006 (0.25 + 0.75 R(x, 1))

The diffusion coefficients, initial conditions and spatially heterogeneous coefficient functions employed
throughout the numerical simulations are summarized in Table

Since recovery in system occurs exclusively through the treatment term y(x, y, t)I, we choose the
initial recovered population to be R(x, y,0) = 0. Consequently, in the absence of treatment, where y(x, y,t) =
0, no individuals transition from the infected to the recovered class, and therefore the recovered population
remains identically zero throughout the simulation. In contrast, under intermittent treatment, infected
individuals recover during the treatment intervals, resulting in a positive recovered population.

Throughout this section, the intermittent treatment strategy is implemented by periodically activating
and deactivating the spatial treatment coefficient according to

0, kT, <t<(k+1T,-L,,
y(x,y,t) = k=0,1,2,..., (3.1)
ritxy), (k+1T,-L,<t<k+1T,,

where the spatially heterogeneous treatment coefficient y1(x, y) is given in Table[l} Throughout the simu-
lations, we choose the treatment period T, = 20 and treatment duration L, = 10. Consequently, treatment
is inactive during the first half of each cycle and active during the final half, corresponding to a 50% duty
cycle. The choice of T, = 20 provides a representative intervention cycle over the simulation interval,
while L, = 10 allows equal durations of treatment and treatment-free phases. This periodic on-off pro-
tocol models intermittent public health interventions arising from limited medical resources, scheduled
treatment campaigns, or temporary control measures. At the same time, the spatially varying coefficient
y1(x, y) permits the treatment intensity to differ across the computational domain, thereby accounting for
geographical heterogeneity in healthcare resources and intervention effectiveness.

To incorporate spatial heterogeneity in disease transmission, we introduce the normalized spatial risk
function R(x, y), defined in Table[l} The function R(x, y) combines the background distribution r(x, y) with
the localized hotspot distribution ,(x, y) to represent regions of varying transmission intensity. Specifically,
r1(x, y) models gradual large-scale spatial variability, whereas r»(x, y) captures localized areas of elevated
infection risk. Their weighted combination yields a heterogeneous transmission landscape, which is subse-
quently used to define the spatially varying transmission coefficient (x, y).

To facilitate comparison of the model dynamics for different interaction radii of the nonlocal kernel,
we compute the spatial averages of the susceptible, infected, and recovered populations over the spatial
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domain, defined by
U = 1 f U(x,y,t)ydxdy,  Ue{S,IR}, (3.2)
1A Jg

which provide a concise measure of the overall epidemic dynamics while filtering out local spatial variations.
The nonlocal reaction—diffusion system (NRDS) in (I.I) can be written compactly as

U, = DTU + F(x, t, U),

where F is the same reaction vector field and I denotes the normalized Gaussian nonlocal diffusion operator.
For U € {5, I, R}, the nonlocal operator is implemented as

2
Tu(x,t) = chg(x, Uy, t) — U(x, t)dy with ¢s(x, y) = 271102 exp(— |x202y| )

o = 0.25,1.0,5.0 are used to represent increasing interaction ranges, from relatively localized dispersal
to broader long-range movement. The nonlocal diffusion terms are discretized within the same Crank-
Nicolson framework as the local model. Since the convolution-based diffusion operator is applied through
FFT-based matrix—vector products rather than being assembled explicitly, the resulting linear systems are
solved iteratively using the BICGSTAB (Bi-Conjugate Gradient Stabilized) method [34,35].

Figure [1| illustrates the normalized Gaussian interaction kernel for three representative values of the
interaction radius 0. As o increases, the kernel becomes progressively broader and less concentrated around
its center, indicating that individuals interact over increasingly larger spatial distances. Consequently,
larger values of o correspond to stronger long-range dispersal, whereas smaller values emphasize localized
movement and interactions.

2-D Gaussian Kernel

o =025 o=1

o=5
25 0.15
10.012
2
2 0.01
0.01
. 15 01 o1 . 0.008
S S S 0.005
4 0.006
0 0 0.05 0
10 o 10 10 0.004
) 10 ) 10 . 10 Moz
5 5 5
0 0 0
y 00 P y 00 z y 00 z

Figure 1: Gaussian interaction kernels corresponding to ¢ = 0.25, 1.0, and 5.0.

Figures present the simulation results for the nonlocal model described in system (I.1). Figure
and 3 show the final spatial distributions of the nonlocal reaction—diffusion system corresponding to the
three interaction radii o = 0.25, 1.0, and 5.0 at t = 200 of the susceptible, infected, and recovered populations
with and without intermittent treatment, respectively.

As the interaction radius increases from ¢ = 0.25 to ¢ = 5, the final spatial distributions of S, I, and
R exhibit noticeable quantitative changes while preserving their overall spatial patterns. In particular,
the locations of the peaks and valleys remain similar for all three values of o, although their magnitudes
become less pronounced as o increases. Thus, increasing the interaction radius influences the amplitude of
the spatial distributions without altering their qualitative structure.

A more pronounced difference is observed between the cases with and without intermittent treatment.
Without treatment, the infected population remains relatively large throughout the domain, whereas the
recovered population is identically zero, as evidenced by the flat surface in the third column of Figure
When intermittent treatment is introduced, the infected population is substantially reduced for all values of
0, while a positive recovered population develops across the domain. The susceptible population also attains
larger values under treatment than in the untreated case. These observations indicate that the treatment
strategy has a considerably greater impact on the long-term spatial distributions than the variation of the
interaction radius over the range considered.
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Nonlocal SIR spatial distributions with treatment for o = 0.25
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Nonlocal SIR spatial distributions with treatment for o =1
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Nonlocal SIR spatial distributions with treatment for o =5

S with treatment, o =5 I with treatment, 0 =5 R with treatment, o = 5
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Figure 2: Final spatial profiles of S, I, and R for NRDS with intermittent treatment at ¢ = 200 for o = 0.25,
1.0, and 5.0.

Nonlocal SIR spatial distributions without treatment for o = 0.25

S without treatment, o = 0.25 I without treatment, o = 0.25 R without treatment, o = 0.25
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Nonlocal SIR spatial distributions without treatment for o =1
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Nonlocal SIR spatial distributions without treatment for o =5
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Figure 3: Final spatial profiles of S, I, and R for NRDS without intermittent treatment at f = 200 for ¢ = 0.25,
1.0, and 5.0.
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Figure[dillustrates the absolute differences in the spatial averages of the nonlocal model for kernel
radii 0 = 1 and o = 5, using the solution corresponding to ¢ = 0.25 as the reference. The top row presents
the results with intermittent treatment, whereas the bottom row corresponds to the absence of treatment.

For the susceptible and infected populations, the discrepancies increase as the interaction radius becomes
larger, indicating that broader nonlocal interactions produce progressively greater changes in the epidemic
dynamics. In both treatment scenarios, the largest differences occur during the early stages of disease
transmission, when the epidemic evolves most rapidly, and subsequently decrease as the solutions approach
their long-time states.

The recovered population exhibits a different behavior. Under intermittent treatment, the discrepancy
initially increases with the kernel radius but does not vary monotonically over the entire simulation,
reflecting the fact that the recovered population accumulates through the treatment-induced transfer from
the infected class. Consequently, its dynamics depend on the cumulative infection history rather than solely
on the instantaneous effect of the interaction radius. In contrast, when intermittent treatment is absent, the
recovered population remains identically zero throughout the simulation, that is, R(x, ) = 0, and therefore
the spatial-average differences vanish identically for all values of o.

Change in Nonlocal Spatial Averages Relative to o = 0.25 with Intermittent Treatment
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Figure 4: Absolute differences in the spatial averages of S, I, and R for the NRDS with kernel radii 0 = 1
and o = 5, measured relative to the reference case 0 = 0.25. The top row corresponds to simulations with
intermittent treatment, while the bottom row shows the corresponding results without treatment.

4 Conclusion

In this paper, we studied a spatially heterogeneous nonlocal SIR epidemic model incorporating unequal
diffusion coefficients, demographic effects, and an intermittent treatment strategy. The spatial movement of
the susceptible, infected, and recovered populations was modeled by convolution-type nonlocal diffusion
operators, allowing long-range interactions while preserving the heterogeneous structure of the epidemic
process. The presence of distinct diffusion coefficients for the three epidemiological compartments intro-
duces additional analytical challenges that are not encountered in models with identical diffusion rates.
Using semigroup theory together with suitable LP-energy estimates, we established the global existence,
uniqueness, positivity, uniform boundedness, and asymptotic behavior of classical solutions. To overcome
the lack of parabolic smoothing for the nonlocal convolution operator, we employed a diffusive limit
approach and proved that the nonlocal system converges to its corresponding local reaction—diffusion
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counterpart. This convergence allows the asymptotic behavior of the nonlocal model to be deduced from
the smoothing properties of the limiting local system. Numerical simulations are presented to illustrate the
effects of spatially heterogeneous coefficients, nonlocal dispersal, increasing interaction radii of the Gaussian
kernel, and intermittent treatment on the spatiotemporal dynamics of the epidemic model.

Several interesting problems remain open for future investigation. These include establishing direct
asymptotic estimates for the fully nonlocal system without appealing to diffusive limit arguments, studying
threshold dynamics and persistence, and extending the present framework to more general classes of
nonlocal diffusion operators, including fractional and nonlinear nonlocal models.

The analytical framework developed here is sufficiently general to be applicable to a broad class of
heterogeneous nonlocal reaction—diffusion systems arising in mathematical biology and related applications.
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A Diffusive Limit

The purpose of this appendix is to justify the diffusive-limit approximation used in the proof of Theorem
Since the nonlocal diffusion operator does not possess the parabolic smoothing property enjoyed by the
classical Laplacian, the asymptotic L*(Q)-behavior cannot be obtained directly from the nonlocal system.
Instead, we establish the convergence of the nonlocal model to the corresponding local reaction—diffusion
SIR system under a suitable rescaling of the convolution kernel. The desired uniform asymptotic behavior
of the limiting local system then follows from the classical LP-L* smoothing theory for parabolic equations.

Although the analysis in the main text is carried out for the reduced subsystem (S, I), since the recovered
population R is uniquely determined by a linear nonhomogeneous equation once I is known, it is technically
more convenient to formulate the diffusive-limit argument for the full vector-valued system (S, I, R). This
allows the compactness framework to be applied directly to the reaction vector field.

Let us assume that

(D2) (Diffusivity) d; > 0 for alli = 1,2,3 and i € C*(R4;R) is nonincreasing, has compact support, and
satisfies [, P(|zl)dz = 1, i, lzPy(lzl) dz = M < oo.

(Lp) (LP-continuity) There exists f € IN such that, for every p > f, the reaction vector field
F:IP(Q;R%) — L2(Q;R?)
is continuous on bounded subsets.
To recover the classical diffusion operator, we introduce the family of rescaled kernels
it y) = "Gl -y, jeN. (A1)

For each j € N, let uj = (ul,]-, us,j, ug,j) =(S i1, R j) denote the solution of the nonlocal SIR system associated
with the above rescaled kernel which satisfies assumption Foreach j € Nand i =1,2,3, we consider
the following family of nonlocal SIR systems:

deutyj(x, 1) = d f 2Pl = yD (v, £) — wi(x, 1)) dy + Fi(x, t ), x € Q, £20,
Q

(A2)
u;j(x,0) = uip(x), xeQ.
The corresponding local reaction—diffusion SIR system is
iy = %Aui + Fi(x,t,u), onQ X (0,0),i=1,2,3,
Vu;-n=0, on dQ x (0,00),i=1,2,3, (A.3)

Ui = Uiy, onQ,t=0,i=1,2,3.
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where u = (11, Uz, u3) = (5,1, R). The main objective of this appendix is to show that, under the assumptions
above, there exists a subsequence of {u}en converging to the solution of in LP(Q x (0, T); R3) for every
T >0and 1 < p < co. The global existence theory of Morgan [29] guarantees the existence of a unique
component-wise nonnegative global classical solution to (A.3).

The following theorem establishes the convergence of the family of nonlocal solutions {u}jen to the
corresponding solution of the local reaction—diffusion SIR system as the interaction kernel converges to the
Laplacian in the diffusive limit.

Theorem A.1. Suppose n > 2, and assume that|(D2)}[(Qp)} and[[Lp)|hold. Then, for each j € IN, the nonlocal system
admits a unique component-wise nonnegative global classical solution u;, and the local system admits a
unique component-wise nonnegative global classical solution u. Moreover, for every T > 0, there exists a subsequence
of {uj}jen, still denoted by {u;}jen, such that

up—u  inLPQx0,T;R?,
forevery1 <p < oo,
Remark A.1. As in the general diffusive-limit framework, the restriction n > 2 is imposed because the
compactness argument used below relies on estimates that are presently available in this setting. The one-

dimensional case is expected to be true for the present SIR system as well, but it would require a separate
compactness argument and is not pursued here.

Proof of Theorem
Definition A.1. For each j € IN, define the nonlocal energy functional
2
Yilz] = LLq)j(x, y)(z(x) —z(y)) dydx, z € L2(Q), (A.4)

where ¢; is given by (A.T).

Lemma Al. Let T >0,j € IN,and 1 < p < co. Let uj = (u1,j,u, u3]) be the unique global classical solution of
(A.2). Then there exist constants C,r > 0 and Cr > 0, independent of j, such that

3
Z i, ) < Cpr, O<EST, (A.5a)
t 3
f Z Yiluij(,9)|ds<Cr,  0<t<T (A.5b)
0 %=1

Proof: The estimate follows by the same argument as in Lemma Indeed, replacing the kernel
¢ by the rescaled kernel ¢; does not affect the LF(Q)-energy estimate, and therefore the proof carries over
verbatim to (A.2).

Now, multiplying the i-th equation of by u;(x,t), integrating over (2, and then summing over
i=1,2,3, we obtain

1d 3 3 3
57 fg i jx, tP dx = Y d; fQ fQ 16, 00, y) (s, D) = e, D) dyde + Y fg i /0, Fi(x, , u(x, 1)) dx
i=1 i=1 i=1

=:A+B. (A.6)
Using the symmetry of ¢, we have

3 3
Zdl f f ui,j(x,t)¢j(x,y)(u,-,j(y,t)—ui,j(x,t))dydx=—%Zdl fQ f b, x, y) 1t 1y, D) = i, t)) dydx
3

d;ln Z [ul ]( 1]

i=1

A
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1

where din = min;=; »3{d;}. Also,

3
B:= ;Lui,j(x/ BFi(x, £, uj(x, t)) dx
_ fb(x)m,j (5, D — f w0, H2dx — f B)un, j(x, £ 1z, j(x, t)dx + f Blx)un,j(x, thun j(x, t)dx
Q Q = “
_f([u(x)+y(x’t))u2,j(xlt)2dx+fy(x,t)u2,j(x,t)u3,,-(x,t)dx—fH(X)u3,j(x,t)2dx
Q Q ¢

3 3
<b f uy,j(x, t)dx + °Cs f up j(x, t)2dx+)/* ( f up j(x, t)zdx) ( f us j(x, t)zdx)
Q Q Q Q

<C

where we used the uniform L*-bound from Theorem the Ll-bourld from Lemma the L2-bound
from Lemma and the nonnegativity of u; ;, 8, u, and y. Hence B < C, where C > 0 is independent of j.
Substituting the estimates for A and B into (A.6), we obtain

3
1d
sk,
i=1

Integrating from O to t < T, we get

3 t 3 3
1 i 1 =
E Zl ”uz] t)”LZ(Q) I;n ‘fo‘ Zl“ «yj[ui,j('/ S)] ds < E Zl ”uz] O)HLZ(Q) + CT.
= i= =

Therefore, using the L2-boundedness of the initial data, there exists Cr > 0, independent of j, such that

t 3
f Zyj[ui,]-(-,s)]ds < Cy, 0<t<T.
(U

This proves (A.5b). |

The uniform LP- and nonlocal energy estimates established in Lemma allow us to estimate the time
derivatives of the approximate solutions, a key ingredient for the compactness argument. In particular, we
prove that du; j is uniformly bounded in L*(0, T; (W""*1(Q))’), where (W'"*1(Q2))’ denotes the dual space of
WL1(Q), equipped with its usual dual norm.

(e8]

Ylui (-, )] <C

Lemma A.2. There exists Ct > 0, independent of j, such that

3 2

ds < Cr, (A7)
(Wl,rHl (Q))’

forall0 <t <TandjeNN.
Proof: Fixi € {1,2,3}. For any C € W"*(Q), t > 0, and j € N, we have

‘ f c<x> (3, )| <

i [ € [ oy 0(oi0,0)= 0, 0) e | [ <0t

=1+ (A.8)

where

Ji= ‘diLLC(x)ij(X, ]/)(Ui,j(]/, £) — u;i(x, t)) dydx
d;
-2 U(; L i, y)(C(x) - C(?/))(”i,j(y/ t) — uij(x, f)) dydx
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d; 1/2 »

) ( f bj(x, y)(C) - C(y))2 dde) ( f f b, y) (1 1y, B) = 0 Cx, t))2 dydx)
aJa 0Jo
1/2

i g 1/2
=3[} [ o fe - o) avax) vt

2 \Ua Ja

Since ¢ has compact support by assumption there exists R > 0 such that
R
supp(®)) © {(xf »ER": -yl < 7}.

Therefore, following the proof of Lemma 4.2 in [27], there exists a constant Cs > 0, independent of j, such
that

12
2
( [ [ etxnfcer-co) dydx) < Gl
Consequently,
J1 < CsdillCllwna i (-, D12, 0<t<T.

Also,

L= 'L C)Fi(x, t, uj(x, t)) dx

< GllCll=
< Golllllwiniqy, forall0<t<T

S||C||Lw(Q)f|Fi(X,f,uj(X,f))|dX
Q

Here the uniform L'-boundedness of Fi(-, ¢, uj(-,t)), which follows from the L/-bounds in Lemma and
the structure of the reaction terms, together with the embedding W'"*1(Q) < L®(Q).
Substituting the estimates for J; and J, into (A.§), we obtain

auj,‘
fQ C(x)a—t](x, t) dx| < CsdillCllwir Y jlui i, ) + Collllwin o (A9)

Taking the supremum over all C € W"*1(Q) satisfying [|C[lyym1(q) < 1, we obtain

au,-,j

7(» t) < Csd; Y jlui (-, H]Y* + Ce.

(Wl,r1+1 (Q))/

Squaring both sides, integrating over (0, ), and using Lemma |A.1} we obtain

|| i ’ 22 [ 2
f 7(-,5) ds < 2Czd: f Y luii(-,5)]ds + 2C.T
0 (WLn+1(Q)y 0
< CT/
where Cr > 0 is independent of j. Summing over i = 1,2,3 completes the proof. O

The following compactness result is taken from [27].

Lemma A.3. Let T > 0. Then the sequence {u;}jen is relatively compact in L*(Q2 X (0, T); R®). Moreover, every
cluster point of {u;}jen belongs to L*(0, T; H'(C; R?)).
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Proof of Theorem By Lemma|A.3] there exists a subsequence {u }ten and a component-wise nonneg-
ative function u such that

u e ([0, TT; (W' (@) ) n L=(0, T; L2) N [2(0, T; H'(©Y),

and
lim sup [|(w;j, — wi)(, Dl qy =0, i=1,23, (A.10)
k=0 <<t
T
]}i_{rolo j; (ot e — wi)(-, t)||§2(g) dt=0, i=1,2,3, (A.11)
and
uij (x,t) = ui(x,t) forae. (x,t) € Qx(0,T), i=1,2,3. (A.12)

Since uj, — uin L*(Q x (0, T); R*) and {u;,} is uniformly bounded in L*(0, T; L/ (Q; IR?)), for every 1 < p < oo,
interpolation yields

u, —u in  LM(Qx(0T);R, 1<p<oo.
Therefore, by assumption
Fi('/ ‘Y ujk) — Fi('/ ‘y 1/[) in LZ(Q X (O/ T))/ i= 1/ 2/ 3.

The desired convergence follows by applying Proposition B.1 in [27] together with a standard diagonaliza-
tion argument. m|
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