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Dynamics of a fractional reaction–diffusion epidemic model1

Md Shah Alam*2

Department of Mathematics, Huston-Tillotson University, Austin, TX 78702, USA3

Abstract4

We investigate the global dynamics of a spatiotemporal epidemic model with regional fractional diffu-5

sion, nonlocal asymptomatic transmission, crowding-dependent disease incidence, and periodic intermit-6

tent treatment. The proposed model captures the combined effects of long-range dispersal, hidden infection7

pathways, population crowding, and time-dependent intervention strategies. By combining semigroup8

theory with robust Lp estimates, we establish the global existence, uniqueness, positivity, uniform bound-9

edness, and asymptotic behavior of classical solutions. To complement the theoretical analysis and provide10

further insight into the model dynamics, numerical simulations are performed to illustrate the effects of11

the fractional diffusion order, nonlocal asymptomatic transmission, intermittent treatment, and population12

crowding.13

14
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tent treatment; Global existence and asymptotic behavior.17

1 Introduction and Main Results18

1.1 Introduction19

Spatiotemporal epidemic models provide a fundamental framework for understanding the spread of in-20

fectious diseases in heterogeneous environments and for designing effective intervention strategies. By21

integrating disease transmission with spatial dispersal, these models offer a more realistic description of22

epidemic dynamics than purely temporal formulations. Consequently, they have been extensively em-23

ployed to investigate disease persistence, spatial propagation, traveling waves, pattern formation, optimal24

control, and numerical simulations; see, for example, [4,35,37,39,41,42,45,51,52] and the references therein.25

A broad class of spatiotemporal epidemic models is formulated as reaction–diffusion systems (RDS),26

where diffusion terms describe the spatial movement of individuals and reaction terms characterize local27

disease transmission and progression. Although classical reaction–diffusion models have proved highly28

successful in describing spatial epidemic dynamics, the underlying local diffusion assumption may be29

inadequate for representing long-range human mobility associated with migration, commuting, and modern30

transportation networks.31

The increasing connectivity of modern societies through urbanization, international travel, and trans-32

portation networks has substantially enhanced long-range interactions among populations, allowing disease33

transmission to occur between geographically distant regions through the movement of infected individuals34

or indirect contacts. Nonlocal diffusion naturally accounts for such long-range dispersal, while nonlocal35

reaction terms describe disease transmission arising from interactions between individuals located at dif-36

ferent spatial positions. Consequently, nonlocal epidemic models provide a more realistic framework37

for studying disease spread in heterogeneous environments and have attracted considerable attention in38
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recent years. Extensive studies have been devoted to their analytical, qualitative, and numerical proper-1

ties [5, 11, 12, 14, 17–19, 28, 31, 32, 49, 50, 53–55, 57, 58].2

Among nonlocal dispersal mechanisms, fractional diffusion operators have emerged as an effective3

framework for modeling anomalous diffusion and Lévy-type long-range movement beyond the classical4

Brownian paradigm. Their ability to capture nonlocal interactions over multiple spatial scales makes them5

particularly suitable for epidemic models involving long-range dispersal. Consequently, fractional epidemic6

models have received considerable attention, and their well-posedness, persistence, spreading dynamics,7

traveling waves, and optimal control have been well studied in [6, 7, 10, 16, 26, 27, 47]. In particular, the8

regional fractional Laplacian provides a natural framework for describing long-range dispersal within9

bounded habitats, making it especially suitable for spatial epidemic models defined on finite geographical10

domains [3].11

Asymptomatic transmission is a defining feature of many infectious diseases, including COVID–19,12

influenza, and dengue fever. Because asymptomatic individuals are less likely to be detected or isolated,13

they often continue their routine activities and may spread infection over broad spatial scales through human14

mobility and social interactions. This naturally motivates the use of a nonlocal incidence mechanism to15

describe infections generated by asymptomatic individuals, thereby accounting for disease transmission16

beyond local neighborhoods. In addition, the intensity of disease transmission is strongly influenced17

by population crowding, since densely populated environments such as transportation hubs, schools,18

refugee camps, hospitals, and urban areas substantially increase contact opportunities and facilitate disease19

spread. Incorporating a crowding-dependent transmission factor into the nonlocal incidence therefore20

provides a more realistic description of epidemic dynamics by capturing the combined effects of long-range21

human mobility and local population density. Related studies on asymptomatic transmission, nonlocal22

force of infection, crowd influence, and their relation with spatial epidemic dynamics can be found in23

[2, 9, 21, 22, 24, 25, 33, 34, 38, 46, 56, 59] and the references therein.24

Periodic treatment strategies are widely used in infectious disease control. Owing to limited healthcare25

resources, economic constraints, and scheduled public health programs, treatment is often implemented26

intermittently rather than continuously. Such intervention protocols have been investigated in epidemic27

models; see, for example, [23, 29, 44].28

Motivated by the above observations, we propose a spatiotemporal epidemic model that integrates29

regional fractional diffusion, a nonlocal incidence mechanism for asymptomatic transmission, crowding-30

dependent disease transmission, and periodic intermittent treatment within a unified framework. The31

proposed model captures key features of real-world epidemics, including long-range human mobility,32

hidden transmission through asymptomatic individuals, population-density effects, and time-dependent33

intervention strategies. To the best of our knowledge, this is the first rigorous analytical study of a fractional34

epidemic model that simultaneously incorporates these mechanisms. The interaction of fractional diffu-35

sion, nonlocal transmission, and intermittent treatment introduces significant analytical challenges, while36

providing new insights into disease dynamics and control.37

38

Let n ∈ N and let Ω ⊂ Rn be a bounded open subset with smooth boundary ∂Ω, where ∂Ω is an39

(n − 1)-dimensional C2+ϱ-manifold for some ϱ ∈ (0, 1), and Ω lies locally on one side of ∂Ω.40

We consider the following epidemic model:41

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

St(x, t) = dS(−∆)αS(x, t) + b(x) − S(x, t)g(x, t) − µ(x)S(x, t), (x, t) ∈ Ω × (0,∞),

I1t
(x, t) = dI1

(−∆)αI1(x, t) + σ(x)S(x, t)g(x, t) −
(
λ1(x) + µ(x)

)
I1(x, t), (x, t) ∈ Ω × (0,∞),

I2t
(x, t) = dI2

(−∆)αI2(x, t) +
(
1 − σ(x)

)
S(x, t)g(x, t) −

(
λ2(x) + µ(x) + δ(x) + γ(x, t)

)
I2(x, t),

(x, t) ∈ Ω × (0,∞),

Rt(x, t) = dR(−∆)αR(x, t) + λ1(x)I1(x, t) +
(
λ2(x) + γ(x, t)

)
I2(x, t) − µ(x)R(x, t), (x, t) ∈ Ω × (0,∞),

NαS = NαI1 = NαI2 = NαR = 0, (x, t) ∈ (Rn \Ω) × (0,∞),(
S(x, 0), I1(x, 0), I2(x, 0),R(x, 0)

)
=

(
S0(x), I1,0(x), I2,0(x),R0(x)

)
≥ 0, x ∈ Ω,

(1.1)

The functions S(x, t), I1(x, t), I2(x, t), and R(x, t) denote the densities of susceptible, asymptomatic infected,42

symptomatic infected, and recovered individuals, respectively, at location x ∈ Ω and time t > 0. Initial data43
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are assumed to be nonnegative and bounded. The force of infection is given by1

g(x, t) =

∫

Ω

ρ(x, y)ω(y)β1(y)I1(y, t) dy + β2(x)I2(x, t), ω(y) = 1 + κC(y).

The first term represents the nonlocal asymptomatic incidence and the second term accounts for the local2

transmission generated by symptomatic infected individuals. The functions ρ(x, y),ω(y), and the remaining3

model parameters are described in Table 2.4

For each compartment u ∈ {S, I1, I2,R}, the homogeneous nonlocal Neumann boundary condition is5

given by6

Nαu(x, t) = Cn,α

∫

Ω

u(y, t) − u(x, t)

|x − y|n+2α
dy = 0, (x, t) ∈ (Rn \Ω) × (0,∞), (1.2)

where Cn,α =
4αΓ( n

2+α)
πn/2 |Γ(−α)| is the normalization constant and Γ(z) =

∫ ∞
0

tz−1e−t dt, Re(z) > 0, denotes the Gamma7

function.8

The condition (1.2) prevents individuals from entering or leaving the habitat through nonlocal dispersal9

and ensures that all spatial interactions remain confined to the domain Ω.10

Consequently, the diffusion process is governed by the regional fractional Laplacian. For each u ∈11

{S, I1, I2,R}, the operator admits the Riesz integral representation12

(−∆)αu(x, t) = Cn,α P.V.

∫

Ω

u(y, t) − u(x, t)

|x − y|n+2α
dy, (x, t) ∈ Ω × (0,∞). (1.3)

Biologically, the regional fractional Laplacian describes the nonlocal movement of individuals within the13

spatial domain. Unlike classical diffusion, which represents only local random movement, it permits14

occasional long-distance dispersal, with the likelihood of movement decreasing as the distance between15

locations increases. The fractional exponent α ∈ (0, 1) governs the degree of nonlocality: smaller values of16

α correspond to heavier-tailed movement patterns and hence more frequent long-range travel.17

18

The epidemiological parameters used in system (1.1) are summarized in Table 2.19

Table 1: Description of the epidemiological parameters in system (1.1).

Parameter Description

α ∈ (0, 1) Order of the fractional diffusion operator.

dS > 0 Diffusion coefficient of susceptible individuals.

dI1
> 0 Diffusion coefficient of asymptomatic infected individuals.

dI2
> 0 Diffusion coefficient of symptomatic infected individuals.

dR > 0 Diffusion coefficient of recovered individuals.

b(x) ≥ 0 Spatially heterogeneous recruitment rate of susceptible individuals.

β1(x) ≥ 0 Transmission rate associated with asymptomatic infected individuals.

β2(x) ≥ 0 Transmission rate associated with symptomatic infected individuals.

σ(x) ∈ [0, 1] Proportion of newly infected individuals who become asymptomatic.

1 − σ(x) Proportion of newly infected individuals who become symptomatic.

µ(x) ≥ 0 Natural mortality rate.

λ1(x) ≥ 0 Recovery rate of asymptomatic infected individuals.

λ2(x) ≥ 0 Recovery rate of symptomatic infected individuals.

Continued on next page
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Table 1 – Continued from previous page
Parameter Description

δ(x) ≥ 0 Disease-induced mortality rate of symptomatic infected individuals.

γ(x, t) ≥ 0 Spatially heterogeneous periodic treatment rate acting on symptomatic in-
fected individuals.

ρ(x, y) ≥ 0 Nonlocal transmission kernel describing the influence of infected individuals
at location y on susceptibles at location x.

ω(y) ≥ 1 Crowding-dependent transmission factor.

C(y) ≥ 0 Crowding intensity at location y.

κ ≥ 0 Strength of crowding-induced transmission.

γ(x, t) ≥ 0 represents a spatially heterogeneous treatment rate and is assumed to be bounded and periodic1

in time with period T > 0. For any L ∈ (0,T), there exists a nonnegative function γ1(x, t), positive on a subset2

Ω̂ ⊂ Ω of positive measure. Moreover, there exist a constant γ0 > 0 such that γ1(x, t) ≥ γ0, (x, t) ∈ Ω̂× [0,∞),3

and4

γ(x, t) =

⎧⎪⎪⎨⎪⎪⎩
0, x ∈ Ω, kT ≤ t < (k + 1)T − L, k ∈N ∪ {0},

γ1(x, t), x ∈ Ω, (k + 1)T − L ≤ t < (k + 1)T, k ∈N ∪ {0}.

Throughout each treatment cycle of duration T, therapeutic intervention is implemented only during the5

final L-time units. Consequently, no treatment is administered over the interval kT ≤ t < (k+1)T−L, whereas6

symptomatic individuals receive treatment at rate γ1(x, t) during (k + 1)T − L ≤ t < (k + 1)T. This periodic7

treatment protocol reflects intermittent intervention strategies commonly adopted in practice due to limited8

healthcare resources, seasonal treatment campaigns, or scheduled public health control programs.9

We adopt the following notation throughout the paper where all the spatial parameters are continuous10

and bounded on Ω:11

b∗ := max
x∈Ω

b(x) ≥ 0, σ∗ := max
x∈Ω

σ(x) ∈ [0, 1], µ∗ := max
x∈Ω

µ(x) ≥ 0, µ0 := min
x∈Ω

µ(x) > 0,

δ∗ := max
x∈Ω

δ(x) ≥ 0, δ0 := min
x∈Ω

δ(x) > 0, λ∗i := max
x∈Ω

λi(x) ≥ 0, λi,0 := min
x∈Ω

λi(x) > 0,

β∗i := max
x∈Ω

βi(x) ≥ 0, C∗ := max
x∈Ω

C(x) ≥ 0, ω∗ := max
x∈Ω

ω(x) = 1 + κC∗,

γ∗ := max
(x,t)∈Ω×[0,T]

γ(x, t) ≥ 0,

for i = 1, 2. For convenience, we write the reaction terms in system (1.1) as12

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

f1(x, t,S, I1, I2,R) = b(x) − g(x, t)S(x, t) − µ(x)S(x, t),

f2(x, t,S, I1, I2,R) = σ(x)g(x, t)S(x, t) −
(
λ1(x) + µ(x)

)
I1(x, t),

f3(x, t,S, I1, I2,R) =

(
1 − σ(x)

)
g(x, t)S(x, t) −

(
λ2(x) + µ(x) + δ(x) + γ(x, t)

)
I2(x, t),

f4(x, t,S, I1, I2,R) = λ1(x)I1(x, t) +
(
λ2(x) + γ(x, t)

)
I2(x, t) − µ(x)R(x, t).

(1.4)

From a mathematical perspective, system (1.1) presents several analytical challenges arising from the re-13

gional fractional diffusion operator, the nonlocal incidence mechanism, the strong nonlinear coupling among14

the epidemiological compartments, and the spatial heterogeneity of the model coefficients. These features15

considerably complicate the derivation of global Lp estimates, the establishment of uniform boundedness,16

and the analysis of the long-time behavior of solutions.17

To address these challenges, we establish the global existence, uniqueness, positivity, uniform bound-18

edness, and asymptotic behavior of classical solutions by combining semigroup theory with robust Lp
19

estimates.20
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In addition to the analytical results, we perform a series of numerical simulations to complement the1

theoretical analysis and provide a visual illustration of the model dynamics. These computations are not2

intended as independent mathematical evidence; rather, they serve to demonstrate the qualitative behavior3

predicted by the theory.4

1.2 Statement of the Main Results5

We assume that6

(D) (Diffusivity) dS, dI1
, dI2

, dR > 0, ρ ∈ C(Ω × Ω,R+) such that ρ(x, y) = ρ(y, x) for all x, y ∈ Ω and there7

exists a Λ > 0 such that8

∫

Ω

ρ(x, y) dy ≤ Λ < ∞.

(Qp) (Quasi-positivity) The reaction vector field F is quasi-positive; that is, for every (x, t) ∈ Ω × [0,∞)9

and every (S, I1, I2,R) ∈ R4
+, we have f1(x, t, 0, I1, I2,R) ≥ 0, f2(x, t,S, 0, I2,R) ≥ 0, f3(x, t,S, I1, 0,R) ≥10

0, f4(x, t,S, I1, I2, 0) ≥ 0.11

Under (D), together with the boundedness assumptions on βi(x), i = 1, 2, and ω(x), the nonlocal force of12

infection g(x, t) defines a bounded linear operator with respect to (I1, I2). Consequently, the incidence term13

is locally Lipschitz on bounded subsets of the positive cone. Hence, the reaction vector field is locally14

Lipschitz with respect to the state variables.15

Additionally, biologically, ρ(x, y) represents the transmission intensity from infected individuals located16

at y to susceptible individuals at x. The continuity of ρ ensures that transmission varies smoothly across the17

spatial domain, the symmetry assumes isotropic spatial interactions, and the uniform bound guarantees18

that the total infection pressure experienced at each location remains finite.19

Theorem 1 Assume that (D), (Qp) hold and (S0, I1,0, I2,0,R0) ∈ L∞(Ω;R4
+).Then there exists a unique classical global20

component-wise nonnegative solution (S(x, t), I1(x, t), I2(x, t),R(x, t)) to the system (1.1). Moreover, each component21

remains uniformly bounded in the sup norm for all time.22

Theorem 2 Assume that the hypotheses of Theorem 1, Lemma 2.3, and Lemma 2.4 hold. Let S∗ denote the disease-free23

steady state satisfying (2.15). If S0(x) ≤ S∗(x) for all x ∈ Ω, then the unique classical global solution of system (1.1)24

satisfies25

lim
t→∞
∥I1(·, t)∥L∞(Ω) = lim

t→∞
∥I2(·, t)∥L∞(Ω) = lim

t→∞
∥S(·, t) − S∗∥L∞(Ω) = 0.

The remainder of this paper is organized as follows. In Section 2, we establish the global well-posedness26

and asymptotic behavior of solutions to system (1.1). Numerical simulations are presented in Section 3.27

Finally, concluding remarks are given in Section 4.28

2 Proof of Main Theorems29

Since the equation for R is linear with forcing terms depending only on I1 and I2, it suffices to analyze the30

subsystem consisting of S, I1, and I2. The component R is then uniquely determined by the corresponding31

linear nonhomogeneous nonlocal equation.32

We will use the following semigroup theory [43] to prove Theorem 1. Let us define, X := L2(Ω),33

X+ := {z ∈ X : z ≥ 0 a.e. on Ω}. Define the operators Aiz = di(−∆)αz, i ∈
{
S, I1, I2

}
with domain34

D(Ai) =
{
z ∈ Hα(Ω) : Aiz ∈ L2(Ω), Nαz = 0 on Rn \Ω

}
.

The regional fractional Laplacian is associated with the bilinear form35

Eα(u, v) =
Cn,α

2

∫

Ω

∫

Ω

(
u(y) − u(x)

)(
v(y) − v(x)

)

|x − y|n+2α
dx dy, u, v ∈ Hα(Ω).

5



where the corresponding fractional Sobolev space is defined by1

Hα(Ω) :=

{
u ∈ L2(Ω) :

∫

Ω

∫

Ω

|u(y) − u(x)|2

|x − y|n+2α
dx dy < ∞

}
.

The norm on Hα(Ω) is given by2

∥u∥2Hα(Ω) := ∥u∥2
L2(Ω)

+

∫

Ω

∫

Ω

|u(y) − u(x)|2

|x − y|n+2α
dx dy = ∥u∥2

L2(Ω)
+ [u]2

Hα(Ω),

where, [u]2
Hα(Ω) :=

∫

Ω

∫

Ω

|u(y) − u(x)|2

|x − y|n+2α
dx dy

denotes the Gagliardo seminorm [40, 48].3

For each i ∈ {S, I1, I2}, the operator4

Ai := di(−∆)α.

The operator Ai is a nonnegative self-adjoint operator on L2(Ω) associated with the bilinear form Eα.5

Moreover, Ai generates a species-dependent strongly continuous analytic semigroup {Ti(t)}t≥0 on L2(Ω). In6

the absence of reaction terms, the corresponding diffusion process conserves the total population mass. For7

further details on the regional fractional Laplacian, the associated nonlocal Neumann boundary conditions,8

and their analytical properties, we refer the reader to [13, 15].9

Introducing the product space X = L2(Ω) × L2(Ω) × L2(Ω), the diffusion part of system (1.1) can be10

represented by the block-diagonal operator11

A = diag(AS,AI1
,AI2

) with D(A) = D(AS) ×D(AI1
) ×D(AI2

).

Since each diagonal operator generates an analytic semigroup on L2(Ω), it follows from standard product12

semigroup theory thatA generates an analytic C0-semigroup on X,see, for instance, [8, 43]. Consequently,13

system (1.1) may be formulated as a semilinear evolution equation on X, where the coupling is introduced14

solely through the reaction terms.15

16

Next, we state and prove two auxiliary lemmas that play an important role in the proofs of Theorems 117

and 2.18

Lemma 2.1 Let S, I1, I2 be the unique nonnegative maximal solutions of the system (1.1) on the interval [0,Tm) with19

Tm ∈ (0,∞]. Then there exists an M > 0 such that
∫
Ω

(
S + I1 + I2

)
dx ≤M for any µ0 > 0.20

Proof of Lemma 2.1: Let u = (u1, u2, u3) ≡ (S, I1, I2). Adding the first three equations of the system (1.1) and21

then integrating over Ωwe get,22

∫

Ω

3∑

i=1

uit (x, t) dx ≤
∫

Ω

3∑

i=1

di(−∆)αui(x, t) dx +

∫

Ω

b(x) dx −
∫

Ω

µ(x)

3∑

i=1

ui(x, t) dx

≤ b∗
∫

Ω

dx − µ0

∫

Ω

3∑

i=1

ui(x, t) dx

here we used
∫
Ω

∑3
i=1 di(−∆)αui(x, t) dx = −

∫
Rn\Ω

∑3
i=1Nαui(x, t) dx = 0. Using the Grönwall’s inequality to23

the above differential inequality we get,24

∫

Ω

(
S(x, t) + I1(x, t) + I2(x, t)

)
dx ≤M, t ∈ [0,Tm)

where M := max
{ ∫
Ω

(
S0(x) + I1,0(x) + I2,0(x)

)
dx, b∗ |Ω|

µ0

}
. □25

The following lemma establishes a uniform Lp(Ω)-estimate for solutions of system (1.1) for every 2 ≤ p <26

∞, which plays a crucial role in the proofs of Theorems 1 and 2.27

6



Lemma 2.2 Assume that the hypotheses of Lemma 2.1 hold. Then, for every p ∈Nwith p ≥ 2, there exists a constant1

Lp > 0, independent of the fractional diffusion order α, such that2

∥(S, I1, I2)(·, t)∥Lp(Ω) ≤ Lp, ∀ t ≥ 0.

Proof: To establish the Lp(Ω)-estimates, we introduce the following Lyapunov-type functional, which was3

originally proposed for two-component systems in [30] and later extended to m-component systems in [1].4

We assume u = (u1, u2, u3) ≡ (S, I1, I2), θ = (θ1, θ2, θ3), and a > 0 (to be determined) to define5

Lp(u)(t) =

∫

Ω

∑

θ∈Z3
+
, |θ|=p

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx

Differentiating with respect to t we get,6

Lp(u)′(t) =

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

( 3∑

i=1

a2θi+1uit (x, t)
)

dx

=

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

⎛
⎜⎜⎜⎜⎜⎝

3∑

i=1

a2θi+1
(
di(−∆)αui(x, t) + fi(x, t,u)

)⎞⎟⎟⎟⎟⎟⎠ dx

= I + J (2.1)

where7

I =

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

3∑

i=1

a2θi+1di(−∆)αui(x, t) dx

If we consider K(x, y) =
Cn,α

|x−y|n+2α in (1.3), then we can write,8

I =

∫

Ω×Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

3∑

i=1

a2θi+1diK(x, y)(ui(y, t) − ui(x, t)) dy dx

=

∫

Ω×Ω
K(x, y)

3∑

i=1

Ui(v(x, t))ψi(x, y, t) dy dx
[
ψi(x, y, t) = ui(y, t) − ui(x, t), i = 1, 2, 3

]

where9

3∑

i=1

Ui(v(x, t)) =
∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

3∑

i=1

a2θi+1di and v(·, t) =
(
S(·, t), I1(·, t), I2(·, t)

)

Due to the fact that K(x, y) = K(y, x) > 0, for any Θ > 0 we have10

∫

Ω×Ω
v(x, t)ΘK(x, y)(v(y, t) − v(x, t)) dy dx = −1

2

∫

Ω×Ω
(v(y, t)Θ − v(x, t)Θ)K(x, y)(v(y, t) − v(x, t)) dx dy

Using this estimate we can write11

I = −1

2

∫

Ω×Ω
K(x, y)

3∑

i=1

(
Ui(v(y, t)) −Ui(v(x, t))

)
ψi(x, y, t) dy dx

= −1

2

∫

Ω×Ω
K(x, y)

(
U(v(y, t), x, y, t) −U(v(x, t), x, y, t)

)
dy dx

7



where we used U(v, x, y, t) =
∑3

i=1 Ui(v)ψi(x, y, t). Now, using Mean Value Theorem (differentiating with1

respect to {S, I1, I2}) we can write2

I = −1

2

∫

Ω×Ω
K(x, y)

∑

i∈{S,I1,I2}

(
Ui(ṽ(y, t)x, y, t) −Ui(ṽ(x, t), x, y, t)

)
dy dx

= −1

2

∫

Ω×Ω
K(x, y)

[
US(ṽ(x, y, t), x, y, t)ψS +UI1

(ṽ(x, y, t), x, y, t)ψI1
+UI2

(ṽ(x, y, t), x, y, t)ψI2

]
dy dx (2.2)

where ṽ(x, y, t) = v(x, t) + K̂(v(x, t), v(y, t), x, y, t)(v(y, t) − v(x, t)) and 0 < K̂(v(x, t), v(y, t), x, y, t) < 1. Also,3

ψi = ψi(x, y, t), i ∈ {S, I1, I2}. Now,4

US(ṽ(x, y, t), x, y, t) =
∂

∂S̃

⎛
⎜⎜⎜⎜⎜⎝

3∑

i=1

Ui(ṽ)ψi

⎞
⎟⎟⎟⎟⎟⎠ =

∂

∂S̃

⎛
⎜⎜⎜⎜⎜⎜⎝

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ũi(x, t)

θi

3∑

i=1

a2θi+1diψi

⎞
⎟⎟⎟⎟⎟⎟⎠ = a1 + b1 + c1

Now,5

a1 =
∂

∂S̃

⎛
⎜⎜⎜⎜⎜⎜⎝

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ũi(x, t)

θi a2θ1+1dSψS

⎞
⎟⎟⎟⎟⎟⎟⎠

=

∑

θ1+θ2+θ3=p−1

(
p

θ1 θ2 θ3

)
aθ

2
1
+θ2

2
+θ2

3θ1S̃(x, y, t)θ1−1 Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3 a2θ1+1dSψS(x, y, t)

=

∑

θ1+θ2+θ3=p−1

1

θ1!

(
p

θ2 θ3

)
aθ

2
1
+θ2

2
+θ2

3θ1S̃(x, y, t)θ1−1 Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3 a2θ1+1dSψS(x, y, t)

=

∑

θ1+θ2+θ3=p−1

1

(θ1 − 1)!

(
p

θ2 θ3

)
aθ

2
1
+θ2

2
+θ2

3 S̃(x, y, t)θ1−1Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3 a2θ1+1dSψS(x, y, t)

=

∑

(θ1−1)+θ2+θ3=p−2

1

(θ1 − 1)!

(
p

θ2 θ3

)
a(θ1−1)2+θ2

2
+θ2

3 S̃(x, y, t)θ1−1Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3 a4(θ1−1)+4dSψS(x, y, t)

=

∑

θ1+θ2+θ3=p−2

1

θ1!

(
p

θ2 θ3

)
aθ

2
1
+θ2

2
+θ2

3 S̃(x, y, t)θ1 Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3 a4θ1+4dSψS(x, y, t)

=

∑

θ1+θ2+θ3=p−2

(
p

θ1 θ2 θ3

)
aθ

2
1
+θ2

2
+θ2

3 S̃(x, y, t)θ1 Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3 a4θ1+4dSψS(x, y, t)

=

p−2∑

θ=0

(
p

θ

)
aθ

2
1
+θ2

2
+θ2

3 S̃(x, y, t)θ1 Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3 a4θ1+4dSψS(x, y, t)

Using similar technique, we can find b1, c1 and similar estimates for UI1
(ṽ(x, y, t), x, y, t),UI2

(ṽ(x, y, t), x, y, t).6

Then replacing these into (2.2) we can write7

I = −1

2

∫

Ω×Ω
K(x, y)

[
(a1 + b1 + c1)ψS + (a2 + b2 + c2)ψI1

+ (a3 + b3 + c3)ψI2

]
dy dx

= −1

2

∫

Ω×Ω
K(x, y)

∑

|θ|=p−2

(
p

θ

)
aθ

2
1
+θ2

2
+θ2

3 S̃(x, y, t)θ1 Ĩ1(x, y, t)θ2 Ĩ2(x, y, t)θ3

(
ψS ψI1

ψI2

)

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

dSa4θ1+4 dS+dI1

2 a2θ1+1a2θ2+1 dS+dI2

2 a2θ1+1a2θ3+1

dS+dI1

2 a2θ1+1a2θ2+1 dI1
a4θ2+4 dI1

+dI2

2 a2θ2+1a2θ3+1

dS+dI2

2 a2θ1+1a2θ3+1 dI1
+dI2

2 a2θ2+1a2θ3+1 dI2
a4θ3+4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎝
ψS

ψI1

ψI2

⎞
⎟⎟⎟⎟⎟⎟⎠ dy dx.

If max

{√
dS+dI1

2
√

dSdI1

,

√
dI1
+dI2

2
√

dI1
dI2

}
< a < min

{√
(dS+dI1

)(dI1
+dI2

)

2dI1
(dS+dI2

) ,

√
(dS+dI2

)(dI1
+dI2

)

2dI2
(dS+dI1

)

}
, then using Sylvester’s Criterion8

we can write the quadratic term in I above as zTAz ≥ 0 ∀ z ∈ R3 where9

8



A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

dSa4θ1+4 dS+dI1

2 a2θ1+1a2θ2+1 dS+dI2

2 a2θ1+1a2θ3+1

dS+dI1

2 a2θ1+1a2θ2+1 dI1
a4θ2+4 dI1

+dI2

2 a2θ2+1a2θ3+1

dS+dI2

2 a2θ1+1a2θ3+1 dI1
+dI2

2 a2θ2+1a2θ3+1 dI2
a4θ3+4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

and z = ψi for all i ∈ {S, I1, I2}. Therefore, we1

have2

I ≤ 0. (2.3)

We also have,3

J =

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

⎛
⎜⎜⎜⎜⎜⎝

3∑

i=1

a2θi+1 fi(x, t,u)

⎞
⎟⎟⎟⎟⎟⎠ dx

=

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

[
(a2θ1+1 − σ(x)a2θ2+1

+ σ(x)a2θ3+1 − a2θ3+1) f1(x, t,u)

+ (a2θ2+1 − a2θ3+1)
(
σ(x) f1(x, t,u) + f2(x, t,u)

)
+ a2θ3+1

(
f1(x, t,u) + f2(x, t,u) + f3(x, t,u)

)]
dx

= J1 + J2 + J3 (2.4)

Since, σ(x) ≥ 0, if a > 1 and θ3 < min{θ1, θ2} then (a2θ2+1 − a2θ3+1) > 0 and (a2θ1+1 − σ(x)a2θ2+1 + σ(x)a2θ3+1 −4

a2θ3+1) > 0. Now,5

J1 =

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi (a2θ1+1 − σ(x)a2θ2+1
+ σ(x)a2θ3+1 − a2θ3+1) f1(x, t,u) dx

=

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi (a2θ1+1 − σ(x)a2θ2+1
+ σ(x)a2θ3+1 − a2θ3+1)

(
b(x) − g(x, t)S(x, t) − µ(x)S(x, t)

)
dx

≤
∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx
⃦⃦
⃦(a2θ1+1 − σ(x)a2θ2+1

+ σ(x)a2θ3+1 − a2θ3+1)b(x)
⃦⃦
⃦∞,Ω

≤ b∗σ∗1
(
a2θ1+1

+ a2θ2+1
+ 2a2θ3+1

) ∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx

where we used Hölder’s inequality, considered σ∗
1
= max{1, σ∗}. Using similar technique we get,6

J2 ≤ b∗σ∗(a2θ2+1 − a2θ3+1)

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx

and7

J3 ≤
∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi a2θ3+1
(
b(x) − µ(x)

3∑

i=1

ui(x, t)
)

dx

≤ b∗a2θ3+1

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx − µ0a2θ3+1

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi

3∑

i=1

ui(x, t) dx

≤ b∗a2θ3+1

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx − a2θ3+1µ0p!

∫

Ω

∑

|θ|=p

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx

Replacing J1, J2, J3 in (2.4) we get,8

J ≤
[
b∗σ∗1

(
a2θ1+1

+ a2θ2+1
+ 2a2θ3+1

)
+ b∗σ∗(a2θ2+1 − a2θ3+1) + b∗a2θ3+1

] ∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
i

Π
3
i=1ui(x, t)

θi dx − a2θ3+1µ0p!

∫

Ω

∑

|θ|=p

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx

9



≤ C1

∫

Ω

∑

|θ|=p−1

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx − a2θ3+1µ0p!

∫

Ω

∑

|θ|=p

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx

Since a > 1, max

{√
dS+dI1

2
√

dSdI1

,

√
dI1
+dI2

2
√

dI1
dI2

}
< a < min

{√
(dS+dI1

)(dI1
+dI2

)

2dI1
(dS+dI2

) ,

√
(dS+dI2

)(dI1
+dI2

)

2dI2
(dS+dI1

)

}
, θ3 < min{θ1, θ2}, and1

by considering a ≥ 1 we can write,2

Lp(u)(t) =

∫

Ω

∑

|θ|=p

(
p

θ

)
a
∑3

i=1 θ
2
iΠ

3
i=1ui(x, t)

θi dx ≤ max{a}
∫

Ω

∑

|θ|=p

(
p

θ

)
Π

3
i=1ui(x, t)

θi dx.

So, if, max

{
1,

√
dS+dI1

2
√

dSdI1

,

√
dI1
+dI2

2
√

dI1
dI2

}
< a < min

{√
(dS+dI1

)(dI1
+dI2

)

2dI1
(dS+dI2

) ,

√
(dS+dI2

)(dI1
+dI2

)

2dI2
(dS+dI1

)

}
, and θ3 < min{θ1, θ2},3

then we get,4

J ≤ C1Lp−1(u)(t) −
p!a2θ3+1µ0

max{a} L
p(u)(t)

≤ C1Lp−1(u)(t) − C2Lp(u)(t)

Replacing I and J in (2.1) we get,5

Lp(u)′(t) ≤ −I + C1Lp−1(u)(t) − C2Lp(u)(t)

≤ C1Lp−1(u)(t) − C2Lp(u)(t) (2.5)

Taking p = 2 we get,6

L2(u)′(t) + C2Lp(u)(t) ≤ C1L1(u)(t) ≤ C1M (using Lemma 2.1)

using Grönwall’s inequality we get,7

L2(u)(t) ≤M2, ∀ t ∈ [0,Tm) and for any M2 > 0.

Proceeding inductively by taking p = 3, 4, . . . in (2.5), we conclude that for every t ≥ 0 and each 2 ≤ p < ∞,8

there exists a constant Mp > 0 such that9

Lp(u)(t) ≤Mp.

Moreover, since θ ∈ (0,∞)3, there exist positive constants ε1 and ε2, depending only on θ, such that10

ε1∥u(·, t)∥Lp(Ω) ≤
(
Lp(u)(t)

) 1
p ≤ ε2∥u(·, t)∥Lp(Ω), 2 ≤ p < ∞.

Hence,11

∥u(·, t)∥Lp(Ω) ≤ Lp, ∀ t ≥ 0, 2 ≤ p < ∞,

for some constant Lp > 0. □12

13

Proof of Theorem 1: With the above setting before Lemma (2.1), standard semilinear evolution theory [43]14

guarantees that system (1.1) admits a unique maximal solution (S, I1, I2) ∈ C([0,Tm);X), defined on a maximal15

interval [0,Tm), where Tm ∈ (0,∞]. Moreover, the solution satisfies the variation-of-constants formulas16

u(x, t) = Tu(t)u0(x) +

∫ t

0

Tu(t − τ)F(x, τ, S, I1, I2,R)dτ,

10



for u ∈ {S, I1, I2}, F = fi. Since the reaction terms satisfy the quasi-positivity condition (Qp), standard compari-1

son arguments along with nonnegative initial data imply that the maximal solution remains component-wise2

nonnegative. Thus,3

S(x, t) ≥ 0, I1(x, t) ≥ 0, I2(x, t) ≥ 0,

for all x ∈ Ω and t ∈ [0,Tm).4

To establish global existence, it suffices to rule out finite-time blow-up. More precisely, the continuation5

principle implies that either Tm = ∞ or6

lim sup
t→T−m

{
∥S(·, t)∥∞,Ω + ∥I1(·, t)∥∞,Ω + ∥I2(·, t)∥∞,Ω

}
= ∞. (2.6)

Consequently, global existence follows once it is shown that the solution remains uniformly bounded in7

L∞(Ω) on every finite time interval.8

Now, if we define ASS(z) = dS(−∆)αz − µ0z, then ASS(z) generates TSS(t) on L2(Ω). Also, since S, I1, I2 are9

nonnegative then the first equation of (1.1) yields10

St(x, t) = dS(−∆)αS(x, t) + b(x) − g(x, t)S(x, t) − µ(x)S(x, t)

≤ dS(−∆)αS(x, t) + b∗ − µ0S(x, t)

which gives us11

S(x, t) ≤ TSS(t)S0(x) + b∗
∫ t

0

TSS(t − τ) dτ ≤ ∥TSS(t)S0∥∞,Ω + b∗
∫ t

0

∥TSS(t − τ)∥∞,Ω dτ

Hence,12

∥S(·, t)∥∞,Ω ≤ C3, t > 0 (2.7)

where C3 := max
{
∥S0∥∞,Ω, b∗

µ0

}
. We now invoke Lemma 2.1 and 2.2, which provide the L1(Ω) and Lp(Ω)13

estimates, respectively for infected class I1, I2, for 0 ≤ τ < T < Tm. Integrating the Lp(Ω) estimates of I1, I2 in14

Lemma 2.2 with respect to time from τ to T, we can write15

∥I1∥p,Ω×(τ,T), ∥I2∥p,Ω×(τ,T) ≤ Lp(T − τ) (2.8)

for 2 ≤ p < ∞.16

Note that since this estimate only depends on the size of T − τ, it follows from a limiting process that17

∥I1∥p,Ω×(τ,Tm), ∥I2∥p,Ω×(τ,Tm) ≤ Lp(Tm − τ). (2.9)

Since, g(x, t) ≥ 0, let us recall that18

f2(x, t,S, I1, I2,R) = σ(x)g(x, t)S(x, t) −
(
λ1(x) + µ(x)

)
I1(x, t) ≤ σ(x)g(x, t)S(x, t) ≤ σ∗g(x, t)S(x, t)

f3(x, t,S, I1, I2,R) =
(
1 − σ(x)

)
g(x, t)S(x, t) −

(
λ2(x) + µ(x) + δ(x) + γ(x, t)

)
I2(x, t) ≤ g(x, t)S(x, t)

so, if we define19

G(x, t) = σ∗1g(x, t)S(x, t)

where σ∗
1
= max

{
1, σ∗

}
, then20

f j(x, t) ≤ G(x, t), for j = 2, 3.

Then (2.9), Lemma 2.1 and (2.7) imply the boundedness of ∥G(·, t)∥p,Ω×(τ,Tm) for each 1 ≤ p < ∞. For j = 1, 221

letΨ j be the unique nonnegative solution to22

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

Ψ jt (x, t) = d j(−∆)αΨ j(x, t) + G(x, t),Ω × (0,Tm),

NαΨ = 0, R
n \Ω × (0,Tm),

Ψ j = I j,0(x), Ω × {0},

11



Then comparison principle for fractional parabolic initial boundary value problems implies that I j ≤ Ψ j for1

j = 1, 2 and from the Lp(Ω × (0,Tm)) bound on G(x, t) for p > n+2α
2α , ∥Ψ j∥∞,Ω×(0,Tm) is bounded for j = 1, 2.2

Therefore, ∥I1∥∞,Ω×(τ,Tm)∥I2∥∞,Ω×(τ,Tm) is bounded. So, there exists a constant C4 > 0 such that3

∥I1(·, t)∥L∞(Ω), ∥I2(·, t)∥L∞(Ω) ≤ C4 for all t > 0, (2.10)

where C4 depends on ∥S0∥L∞(Ω), ∥I1,0∥L∞(Ω), ∥I2,0∥L∞(Ω), dS, dI1
, dI2

, µ0, λ0, δ0, γ0, b∗,Cn,α, σ∗
1
, β∗, α, and the domain4

Ω, but is independent of time. This along with (2.7) proves the theorem. □5

6

The following result is analogous to Lemma 2.1; however, its proof relies essentially on the nonlocal7

nature of the infection incidence term. It is worth noting that, during the treatment-free intervals, the8

treatment rate satisfies γ(x, t) = 0, and consequently the corresponding estimates reduce to those of the9

treatment-free case.10

Lemma 2.3 Assume that the hypotheses of Theorem 1 and Lemma 2.2 hold. If ξ = min
{
λ1,0+µ0, λ2,0+µ0+δ0+γ0

}
>11

C3ζ where ζ = max
{
Λ(1 + κC∗)β∗

1
, β∗2

}
then12

lim
T→∞

∫ T+1

T

∫

Ω

(
I1(x, t) + I2(x, t)

)
dx dt = 0.

Moreover, for every 1 ≤ q < ∞,13

∥I j∥Lq(Ω×(T,T+1)) → 0 as T→∞, j = 1, 2.

Proof: Let u = (u1, u2) ≡ (I1, I2). If we add the second and third equations of system (1.1) and then integrating14

over Ωwe get,15

∫

Ω

2∑

i=1

uit (x, t) dx =

∫

Ω

2∑

i=1

di(−∆)αui(x, t) dx +

∫

Ω

g(x, t)S(x, t) dx −
∫

Ω

(
λ1(x) + µ(x)

)
u1(x, t) dx

−
∫

Ω

(
λ2(x) + µ(x) + δ(x) + γ(x, t)

)
u2(x, t) dx

≤ C3

∫

Ω

g(x, t) dx − (λ1,0 + µ0)

∫

Ω

u1(x, t) dx − (λ2,0 + µ0 + δ0 + γ0)

∫

Ω

u2(x, t) dx

≤ C3

∫

Ω

g(x, t) dx − ξ
∫

Ω

2∑

i=1

ui(x, t) dx

where we considered ξ = min
{
λ1,0 + µ0, λ2,0 + µ0 + δ0 + γ0

}
which implies −(λ1,0 + λ2,0 + µ0 + δ0 + γ0) ≤ −ξ.16

Additionally, using the definition of the nonlocal infection incidence term we get17

∫

Ω

g(x, t) dx =

∫

Ω

∫

Ω

ρ(x, y)ω(y)β1(y)I1(y, t) dy dx +

∫

Ω

β2(x)I2(x, t) dx

using Fubini’s Theorem on the first term we can write18

∫

Ω

g(x, t) dx =

(∫

Ω

ρ(x, y) dx

) (∫

Ω

ω(y)β1(y)I1(y, t) dy

)
+

∫

Ω

β2(x)I2(x, t) dx

≤ Λ
∫

Ω

ω(y)β1(y)I1(y, t) dy +

∫

Ω

β2(x)I2(x, t) dx

≤ Λω∗β∗1
∫

Ω

I1(x, t) dx + β∗2

∫

Ω

I2(x, t) dx = Λ(1 + κC∗)β∗1

∫

Ω

I1(x, t) dx + β∗2

∫

Ω

I2(x, t) dx

≤ ζ
∫

Ω

(
I1(x, t) + I2(x, t)

)
dx = ζ

∫

Ω

2∑

i=1

ui(x, t) dx

12



where ζ = max
{
Λ(1 + κC∗)β∗

1
, β∗2

}
. Replacing this along with ξ we get,1

∫

Ω

2∑

i=1

uit (x, t) dx ≤ C3ζ

∫

Ω

2∑

i=1

ui(x, t) dx − ξ
∫

Ω

2∑

i=1

ui(x, t) dx (2.11)

for ξ > C3ζ, we solve the above differential inequality and then integrate with respect to time from T to T+12

to get3

lim
T→∞

∫ T+1

T

∫

Ω

2∑

i=1

ui(x, t) dx dt = lim
T→∞

∫ T+1

T

∫

Ω

(
I1(x, t) + I2(x, t)

)
dx dt = 0. (2.12)

Now, by virtue of Lemma 2.2, the infected populations I1 and I2 are uniformly bounded in Lp(Ω) for every4

1 < p < ∞. Integrating the estimate of Lemma 2.2 over the time interval (T,T + 1), we obtain5

∥I j∥Lp(Ω×(T,T+1)) ≤ Cp, ∀T ≥ 0, 1 < p < ∞, j = 1, 2, (2.13)

where Cp > 0 is independent of T.6

Let q > 1. Since7

I
q

j
= I

1
2

j
I

q− 1
2

j
,

Hölder’s inequality yields8

∫ T+1

T

∫

Ω

I j(x, t)
q dx dt ≤

(∫ T+1

T

∫

Ω

I j(x, t) dx dt

) 1
2
(∫ T+1

T

∫

Ω

I j(x, t)
2q−1 dx dt

) 1
2

,

for j = 1, 2.9

Combining (2.12), (2.13), and the nonnegativity of I j, we infer that10

∫ T+1

T

∫

Ω

I j(x, t)
q dx dt −→ 0 as T→∞.

Consequently,11

∥I j∥Lq(Ω×(T,T+1)) −→ 0 as T→∞, j = 1, 2, 1 ≤ q < ∞. (2.14)

This completes the proof. □12

13

Now, we assume S∗ is the disease-free steady state which is the unique positive solution of14

⎧⎪⎪⎨⎪⎪⎩
dS(−∆)αS∗(x) + b(x) − µ(x)S∗(x) = 0, x ∈ Ω,
NαS∗ = 0, x ∈ Rn \Ω.

(2.15)

Since b(x) ≥ 0, b ≢ 0, and µ(x) ≥ µ0 > 0, it follows from the positivity of the resolvent associated with15

dS(−∆)α − µ(x) that16

S∗(x) > 0 for all x ∈ Ω.

Lemma 2.4 Assume that the hypotheses of Theorem 1 hold and that the condition of Lemma 2.3 is satisfied. If17

S0(x) ≤ S∗(x) in Ω for any S∗ satisfying (2.15), then the susceptible population converges to the disease-free steady18

state S∗ on sliding time intervals. More precisely,19

∥S − S∗∥q,Ω×(T,T+1) → 0 as T→∞,

for every 1 ≤ q < ∞.20

13



Proof: We assume S∗(x) is the disease-free steady state satisfying (2.15). Now, from the first equation of1

system (1.1) we can write,2

0 = dS(−∆)αS∗(x) + b(x) − µ(x)S∗(x), x ∈ Ω

Since, b(x) ∈ C(Ω), S∗ ∈ L∞(Ω) for all x ∈ Ω and we define3

z(x, t) = S∗(x) − S(x, t) with z(x, 0) = S∗(x) − S(x, 0) = S∗(x) − S0(x) ≥ 0.

Since S∗ is independent of t, then using the first equation of the system (1.1), we get,4

zt(x, t) = −St(x, t) = −dS(−∆)αS(x, t) − b(x) + µ(x)S(x, t) + g(x, t)S(x, t)

= −dS(−∆)αS(x, t) + dS(−∆)αS∗(x) − µ(x)S∗(x) + µ(x)S(x, t) + g(x, t)S(x, t)

= dS(−∆)α(S∗(x) − S(x, t)) − µ(x)(S∗(x) − S(x, t)) + g(x, t)S(x, t)

= dS(−∆)αz(x, t) − µ(x)z(x, t) + g(x, t)S(x, t)

Since z(x, 0) ≥ 0 along with S, I1, I2, β1, β2, ρ, µ, ω, κ,C ≥ 0, and the semigroup generated by dS(−∆)α − µ(x) is5

positive, the comparison principle gives6

z(x, t) ≥ 0 for all x ∈ Ω, t ≥ 0.

Hence,7

S(x, t) ≤ S∗(x) for all x ∈ Ω, t ≥ 0.

Now integrate the equation for z over Ω to obtain8

d

dt

∫

Ω

z(x, t) dx = dS

∫

Ω

(−∆)αz(x, t) dx −
∫

Ω

µ(x)z(x, t) dx +

∫

Ω

g(x, t)S(x, t) dx

≤ −µ0

∫

Ω

z(x, t) dx + C3ζ

∫

Ω

(
I1(x, t) + I2(x, t)

)
dx

If we consider9

Z(t) =

∫

Ω

z(x, t) dx =

∫

Ω

(
S∗(x) − S(x, t)

)
dx

then for ξ > C3ζ, using the estimate obtained from (2.11) (i.e.
∫
Ω

(
I1(x, t) + I2(x, t)

)
dx ≤ e−(ξ−C3ζ)t

∫
Ω

(
I1,0(x) +10

I2,0(x)
)

dx) we can write,11

Z′(t) + µ0Z(t) ≤ C3ζe−(ξ−C3ζ)t

∫

Ω

(
I1,0(x) + I2,0(x)

)
dx

Since (ξ−C3ζ) > 0 and µ0 > 0, multiplying the above inequality by eµ0t, integrating from 0 to t, and sending12

t→∞, we get13

Z(t)→ 0.

Additionally, Z(x, t) ≥ 0, therefore, we have14

∥S(·, t) − S∗∥1,Ω =
∫

Ω

|S(x, t) − S∗(x)| dx =

∫

Ω

Z(x, t) dx = Z(t).

Consequently,15

∫ T+1

T

∫

Ω

|S(x, t) − S∗(x)| dx dt =

∫ T+1

T

Z(t) dt→ 0, as T→∞. (2.16)

14



Now, since S is uniformly bounded by (2.7) and S∗ ∈ L∞(Ω), Ω is bounded, it follows for every 1 ≤ p < ∞1

there exists C∗p > 0 such that2

∥S − S∗∥p,Ω×(T,T+1) ≤ ∥S∥p,Ω×(T,T+1) + ∥S∗∥p,Ω×(T,T+1) ≤ C∗p, ∀T ≥ 0

Using the above estimate along with (2.16) and following the same interpolation argument as in Lemma 2.3,3

we get4

∥S − S∗∥q,Ω×(T,T+1) → 0 as T→∞,

for every 1 ≤ q < ∞. □5

6

Proof of Theorem 2: By Theorem 1, the solution is global, nonnegative, and uniformly bounded in L∞(Ω).7

Moreover, by Lemma 2.3, for every 1 ≤ p < ∞,8

∥I j∥Lp(Ω×(T,T+1)) → 0 as T→∞, j = 1, 2.

Since S is uniformly bounded in L∞(Ω), we obtain9

∥ f2∥Lp(Ω×(T,T+1)) ≤ σ∗C3ζ
∗
(
∥I1∥Lp(Ω×(T,T+1)) + ∥I2∥Lp(Ω×(T,T+1))

)
+ (λ∗1 + µ

∗)∥I1∥Lp(Ω×(T,T+1)) → 0

∥ f3∥Lp(Ω×(T,T+1)) ≤ σ∗1C3ζ
∗
(
∥I1∥Lp(Ω×(T,T+1)) + ∥I2∥Lp(Ω×(T,T+1))

)
+ (λ∗2 + µ

∗
+ δ∗ + γ∗)∥I2∥Lp(Ω×(T,T+1)) → 0

as T → ∞, where we used ζ∗ = max
{
Λ∗(1 + κC∗)β∗

1
|Ω|, β∗2

}
, σ∗

1
= max

{
1, σ

}
and Λ∗ = max(x,y)∈(Ω×Ω)

{
ρ(x, y)

}
10

(by the definition of ρ). Hence,11

∥ f j∥Lp(Ω×(T,T+1)) → 0, as T→∞, j = 2, 3.

By the Lp-regularity theory for fractional parabolic equations with homogeneous nonlocal Neumann12

boundary conditions, there exists a constant Kp > 0, independent of T, such that13

∥I j∥Lp(T,T+1;W2α,p(Ω)) + ∥∂tI j∥Lp(Ω×(T,T+1)) ≤ Kp, j = 1, 2.

Equivalently, I j is uniformly bounded in the fractional parabolic space14

W2α,1
p (Ω × (T,T + 1)).

Choose p > n+2α
2α . Then the fractional parabolic Sobolev embedding yields15

W2α,1
p (Ω × (T,T + 1)) ↪→ Cϵ,ϵ/(2α)(Ω × [T,T + 1])

for some ϵ ∈ (0, 1) [36, 48]. Hence I1 and I2 are uniformly Hölder continuous on Ω × [T,T + 1], with Hölder16

constants independent of T.17

Combining this uniform Hölder continuity with the decay of the Lp-norms on sliding time intervals, and18

applying the standard contradiction argument as in [20], we obtain19

lim
t→∞
∥I j(·, t)∥L∞(Ω) = 0, j = 1, 2.

Now, let S∗ denote the disease-free steady state as in Lemma 2.4, and define20

z(x, t) := S∗(x) − S(x, t)

then using Lemma 2.4, for every 1 ≤ p < ∞we have21

∥z∥Lp(Ω×(T,T+1)) → 0 as T→∞.

Following similar argument as above, we obtain22

∥z(·, t)∥∞,Ω → 0 as t→∞.

Since z = S∗ − S, it follows that23

lim
t→∞
∥S(·, t) − S∗∥∞,Ω = 0.

□24
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3 Numerical Simulations1

The purpose of this section is to complement the theoretical results established in the previous section2

through numerical experiments. Rather than providing additional mathematical proofs, these simulations3

are intended to visualize the effects of regional fractional diffusion, nonlocal asymptomatic transmission,4

intermittent treatment, and population crowding on disease dynamics.5

All simulations are performed on the square domainΩ = (0, 10)×(0, 10), using a uniform 128×128 spatial6

mesh over the time interval [0, 200]. Time integration is carried out using an implicit–explicit second-order7

backward differentiation formula (IMEX–BDF2), in which the diffusion operators are treated implicitly8

while the nonlinear reaction terms are handled explicitly.9

The regional fractional Laplacian in each compartment is discretized through the Riesz integral repre-10

sentation. For a generic variable U ∈ {S, I1, I2,R},11

(−∆)αU(xi, y j) ≈ Cn,α

∑

(k,ℓ)≠(i, j)
(xk ,yℓ)∈Ω

Ui, j −Uk,ℓ

[
(xi − xk)2 + (y j − yℓ)2

] n+2α
2

∆x∆y, (3.1)

the interactions are restricted to the computational domain, consistent with the homogeneous nonlocal12

boundary condition (1.2) and the regional fractional Laplacian (1.3).13

The nonlocal incidence term associated with the asymptomatic infected population is evaluated using14

the two-dimensional Gaussian kernel with unit variance,15

ρ(x, y) =
1

2π
exp

(
−
|x − y|2

2

)
.

The resulting semi-discrete system is advanced in time using a second-order IMEX–BDF2 scheme, where16

the fractional diffusion terms are treated implicitly and the nonlinear reaction and nonlocal incidence terms17

explicitly.18

The diffusion coefficients, initial conditions, and spatially heterogeneous coefficient functions used in19

the numerical simulations are summarized in Table 2.20

Table 2: Initial conditions and spatially heterogeneous coefficient functions used in the numerical simula-
tions.

Quantity Spatial form Quantity Spatial form

dS 0.10 dI1
0.06

dI2
0.045 dR 0.05

S(x, y, 0) 100
(
1 + 0.20 cos πx

Lx
cos

πy

Ly

)
b(x, y) 0.25

(
0.55 + 0.45 cos2 πx

Lx
cos2 πy

Ly

)

I1(x, y, 0) 0.90
(
1 + 0.65e−

(x−5)2+(y−5)2

2.5

)
β1(x, y) 0.0055

(
0.35 + 0.65R(x, y)

)

I2(x, y, 0) 0.35
(
1 + 0.80e−

(x−3)2+(y−7)2

1.8

)
β2(x, y) 0.0035

(
0.45 + 0.55ϕ2(x, y)

)

R(x, y, 0) 0 σ(x, y) 0.68
(
0.90 + 0.10ϕ1(x, y)

)

µ(x, y) 0.010
(
0.80 + 0.40 cos2 πx

Lx
cos2 πy

Ly

)
λ1(x, y) 0.055

(
0.80 + 0.40ϕ1(x, y)

)

Continued on next page
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Table 2: Initial conditions and spatially heterogeneous coefficient functions used in the numerical simula-
tions (continued).

Quantity Spatial form Quantity Spatial form

λ2(x, y) 0.040
(
0.80 + 0.40ϕ2(x, y)

)
δ(x, y) 0.012

(
0.75 + 0.50ϕ3(x, y)

)

ϕ1(x, y) sin
(
πx
Lx

)
sin

(
πy

Ly

)
ϕ2(x, y) exp

(
− (x−7)2+(y−3)2

5

)

ϕ3(x, y) exp
(
− (x−3)2+(y−7)2

3

)
γ1(x, y) 0.055

(
0.70 + 0.80ϕ1 + 0.40ϕ2

)

C(x, y) 1 + sin2
(
πx

Lx

)
sin2

(
πy

Ly

)

κ 0.40 ω(x, y)
1 + κC(x, y) =

1.40 + 0.40 sin2
(
πx

Lx

)
sin2

(
πy

Ly

)

where1

R(x, y) =
0.50ϕ1(x, y) + 0.30ϕ2(x, y) + 0.20ϕ3(x, y)

max
(x,y)∈Ω

(
0.50ϕ1(x, y) + 0.30ϕ2(x, y) + 0.20ϕ3(x, y)

) .

which denotes a spatial risk function constructed as a weighted combination of the three basis functions2

ϕ1(x, y), ϕ2(x, y), and ϕ3(x, y). The function ϕ1(x, y) represents a smooth large-scale spatial variation across3

the computational domain, whereas ϕ2(x, y) and ϕ3(x, y) represent localized Gaussian hotspots that model4

regions of elevated epidemiological activity. The weighted combination R(x, y) is used to generate the5

spatial heterogeneity in the transmission-related coefficients while maintaining their prescribed average6

magnitudes and ensuring that the coefficients remain uniformly bounded over the spatial domain.7

Throughout the simulations, treatment is applied only to the symptomatic infected class I2. The inter-8

mittent treatment function is prescribed by9

γ(x, y, t) =

⎧⎪⎪⎨⎪⎪⎩
0, kTγ ≤ t < (k + 1)Tγ − Lγ,

γ1(x, y), (k + 1)Tγ − Lγ ≤ t < (k + 1)Tγ,
k = 0, 1, 2, . . . .

In the numerical simulations, we take Tγ = 20, Lγ = 15. Thus, treatment is inactive during the first 510

time units of each intervention cycle and active during the final 15 time units, corresponding to a 75%11

duty cycle. The treatment coefficient satisfies 0 ≤ γ1(x, y) < γ0, where the upper bound is chosen as12

γ0 = 0.33. The treatment function appears only in the symptomatic infected and recovered equations, so13

that symptomatic individuals removed through treatment are transferred directly to the recovered class.14

No treatment term is included in the asymptomatic infected equation; consequently, the I1 population is15

influenced only indirectly through the nonlocal force of infection. The periodic on–off protocol represents16

intermittent treatment strategies arising from scheduled intervention campaigns, temporary treatment17

availability, limited medical resources, or periodic public health measures. The spatial dependence of18

γ1(x, y) allows the treatment intensity to vary throughout the domain, thereby representing geographical19

heterogeneity in healthcare accessibility, treatment coverage, or intervention effectiveness.20

First, we illustrate the principal nonlocal components of the model in Figure 1. The left panel displays21

the Riesz fractional kernel associated with the regional fractional diffusion operator for α = 0.20, whose22

singularity at the origin and algebraically decaying tail characterize the long-range dispersal permitted by23

fractional diffusion. The middle panel shows the Gaussian kernel employed in the nonlocal force of infection,24

where the interaction strength decreases smoothly with distance. The right panel presents the intermittent25

treatment protocol used throughout the numerical simulations, illustrating the periodic alternation between26

treatment and treatment-free intervals.27

17



Figure 1: Fractional diffusion kernel, Gaussian transmission kernel, and intermittent treatment protocol.

Figure 2: Spatial distributions of the susceptible (S), asymptomatic infected (I1), symptomatic infected (I2),
and recovered (R) populations with and without intermittent treatment for α = 0.20.

Figure 3: Spatial averages of the susceptible (S), asymptomatic infected (I1), symptomatic infected (I2), and
recovered (R) populations with and without intermittent treatment for α = 0.20.

Figure 2 presents the spatial distributions of the susceptible, asymptomatic infected, symptomatic in-1

fected, and recovered populations at the final simulation time for the fractional diffusion model with2

α = 0.20. The heterogeneous spatial patterns arise from the combined effects of the regional fractional3

diffusion operator, the nonlocal Gaussian transmission kernel, and the spatially varying epidemiological4

coefficients. In both treatment scenarios, the compartment densities remain spatially nonuniform, reflecting5

18



the underlying environmental heterogeneity. Comparing the two panels shows that intermittent treatment1

modifies the spatial distributions by increasing the susceptible population while reducing the densities of2

both asymptomatic and symptomatic infected individuals, accompanied by a corresponding change in the3

recovered population. These results demonstrate that the periodic treatment strategy influences not only4

the temporal dynamics but also the spatial organization of the epidemic.5

The spatial distributions provide detailed information on the heterogeneous population dynamics. To6

obtain a global measure of these dynamics and to compare the treatment and no-treatment cases more7

clearly, we compute the spatial average of each population compartment,8

U(t) =
1

|Ω|

∫

Ω

U(x, y, t) dx dy, U ∈ {S, I1, I2,R}. (3.2)

Figure 3 presents the corresponding spatial averages of the four population compartments for the9

treatment and no-treatment scenarios. Consistent with the spatial distributions, intermittent treatment10

increases the average susceptible and recovered populations while substantially reducing the average11

symptomatic infected population. The effect on the asymptomatic infected population is comparatively12

moderate, indicating that the treatment primarily suppresses symptomatic infections and consequently13

mitigates disease transmission throughout the domain.14

At last, to assess the role of crowding in disease transmission, we replace the reference crowding factor by15

two alternative crowding fields representing relatively small and large population densities, while keeping16

all remaining model parameters and initial conditions unchanged. Throughout this experiment, all model17

parameters, initial conditions, and the intermittent treatment strategy remain unchanged, while only the18

crowding factor is varied. Specifically, we consider the reference crowding field together with the following19

small- and large-crowd scenarios:20

ωsmall(x, y) = 1.0 + 0.15 sin2
(
πx

Lx

)
sin2

(
πy

Ly

)
, ωlarge(x, y) = 3.00 + 1.00 sin2

(
πx

Lx

)
sin2

(
πy

Ly

)
.

Figure 4: Spatial averages of the susceptible (S), asymptomatic infected (I1), symptomatic infected (I2), and
recovered (R) populations under small- and large-crowd scenarios with intermittent treatment for α = 0.20.
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Figure 5: Spatial averages of the susceptible (S), asymptomatic infected (I1), symptomatic infected (I2),
and recovered (R) populations under small- and large-crowd scenarios without intermittent treatment for
α = 0.20.

Figures 4 and 5 compare the spatial averages under small- and large-crowd scenarios in the absence and1

presence of intermittent treatment, respectively. In both cases, increasing the crowding factor accelerates2

disease transmission, leading to a more rapid depletion of the susceptible population and earlier, higher3

peaks in both the asymptomatic and symptomatic infected populations. Consequently, the recovered pop-4

ulation increases more rapidly under the large-crowd scenario. In contrast, the small-crowd case exhibits5

slower epidemic progression, resulting in lower infection levels and a larger remaining susceptible popula-6

tion. The inclusion of intermittent treatment substantially suppresses the symptomatic infected population7

and increases the susceptible and recovered populations under both crowding scenarios. Nevertheless,8

the qualitative influence of crowding is preserved, demonstrating that higher crowd density consistently9

promotes disease transmission, whereas periodic treatment effectively mitigates its impact.10

4 Conclusion11

In this work, we investigated a spatiotemporal epidemic model incorporating regional fractional diffusion,12

nonlocal asymptomatic transmission, crowding-dependent disease transmission, and periodic intermittent13

treatment. By combining semigroup theory with Lp-energy estimates, we established the global exis-14

tence, uniqueness, positivity, uniform boundedness, and asymptotic behavior of classical solutions. These15

analytical results provide a rigorous mathematical foundation for the proposed model and ensure the16

well-posedness of its long-term dynamics.17

The numerical simulations complement the theoretical analysis by illustrating the spatiotemporal dy-18

namics of the fractional diffusion model for different fractional diffusion exponents with nonlocal Gaussian19

transmission kernels, both in the presence and absence of intermittent treatment. In addition, the simula-20

tions investigate disease dynamics under relatively small and large crowding levels to assess the influence21

of population density on disease transmission. The numerical results demonstrate how regional fractional22

diffusion, nonlocal asymptomatic transmission, population crowding, heterogeneous epidemiological pa-23

rameters, and periodic treatment jointly influence the temporal evolution and spatial distributions of the24

susceptible, asymptomatic infected, symptomatic infected, and recovered populations. They further show25

that variations in the fractional diffusion exponent, the spatial interaction range of the nonlocal transmission26

kernel, and the crowding level produce distinct qualitative patterns of disease spread and persistence.27

20



The proposed framework provides a flexible mathematical setting for studying infectious disease trans-1

mission in heterogeneous environments where long-range mobility, asymptomatic transmission, and spa-2

tially varying intervention strategies play important roles. Future work may focus on incorporating more3

general regional fractional operators, alternative nonlocal transmission kernels, stochastic effects, data-4

driven parameter estimation, and optimal control strategies within fractional epidemic models.5
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