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Abstract

Cardiac electrophysiology digital twins integrate patient-specific anatomy, tissue properties and clinical measurements into

mechanistic models with transformative potential for predicting arrhythmia mechanisms and guiding ablation therapy. Realising

this vision demands solvers that are physiologically faithful, GPU-scalable, and fully differentiable, enabling gradient-based

inference of electrophysiological parameters directly from clinical recordings. Here we present JAX-EP, the first fully differen-

tiable monodomain cardiac electrophysiology solver, in which exact gradients propagate end-to-end through ionic membrane

kinetics, anisotropic tissue conductivity, and fibre orientation via forward mode autodiff. Implemented entirely in JAX as a single

JIT-compiled, checkpoint regularised time marching loop, JAX-EP couples the modified Mitchell–Schaeffer ionic model to an

anisotropic Crank–Nicolson diffusion operator on triangulated surface meshes, operating identically across one-, two-, and

three-dimensional cardiac geometries. Applied to a patient-specific left atrial surface mesh (132,803 nodes), the solver achieved

38–40× GPU acceleration over CPU execution; autodiff delivered exact gradients for all five ionic and conductivity parameters

in five forward passes, verified against finite difference reference to within 0.75%, and the spatial sensitivity of activation times

with respect to longitudinal conductivity across all LA nodes was computed 37× faster than serial finite difference evaluation.

jax.vmap vectorised batch simulation yielded 8,426–10,433× speedup over CPU sequential execution, enabling parameter

search on a 3D manifold using a single GPU. Driven by simulated high density omnipolar electrograms from a two-beat S1–S2

protocol, JAX-EP recovered five parameters across three physiologically distinct regimes with mean absolute parameter error

of 0.06–0.10%, reducing activation–recovery interval restitution error from 30.5% at initialisation to 0.5% following two phase

optimization. By introducing an automatic differentiation-enabled cardiac electrophysiology solver, JAX-EP opens new avenues

for gradient-based parameter learning and functional personalisation of cardiac electrophysiology digital twins.

Introduction

Advances in computational cardiac modelling are driving a shift from mechanistic research tools towards clinically deployable

technologies for personalised cardiovascular care. Computational electrophysiology (EP) is at the forefront of this transition,

enabling patient-specific EP digital twins (DT) for the diagnosis and treatment of arrhythmias1, 2. A faithful representation of

cardiac EP relies on the combined personalization of anatomical structure, tissue propagation and cellular function. Beyond

anatomical reconstruction, functional digital twinning requires computationally efficient calibration strategies that preserve

essential biophysical features such as fibre orientation, tissue anisotropy, and an accurate representation of cellular dynamics3.

For this reason, methods for generating these DTs are evolving from a static activation time-based description towards

functional calibration targets such as features derived from morphology of the electrogram (EGM), restitution dynamics and

the effective refractory period (ERP) of the cardiac tissue4, 5. Contemporary pipelines increasingly integrate imaging and EP

based multimodal datasets6, 7, combining LGE MRI with EAM data to jointly inform structural and functional properties, while

relying on reduced order emulators8, 9 to maintain computational tractability.

The monodomain model, derived from Tung’s 1978 bidomain framework10, couples a reaction–diffusion PDE for the

transmembrane potential with a system of ionic ODEs describing membrane kinetics11. As the computational foundation of

contemporary EP digital twins, its clinical utility ultimately depends on the accurate recovery of patient specific electrophys-

iological properties. Despite considerable advances in modeling of cardiac DTs3, 12, 13, the electrophysiological properties

governing atrial excitation, including AP kinetics, ionic time constants, and intracellular conductivity (Gil), cannot be reliably

recovered from clinical EP data14. This fundamental limitation remains a major barrier to the clinical translation of cardiac EP



Figure 1. JAX-EP overview. Top: The JAX-EP solver pipeline: patient MRI and fibre atlas define the LA geometry; ionic

profiles and tissue conductivity parameterise the forward model. Four JAX primitives (@jax.jit, lax.scan,

sparse.linalg.cg, GPU execution) implement the monodomain solver as a single Accelerated Linear

Algebra (XLA)-compiled kernel, producing transmembrane voltage Vm and HD grid omnipolar EGMs (OEGMs). The entire

pipeline is end-to-end differentiable via forward mode autodiff (curved arrow). Bottom-left (1) Differentiable inversion:

jax.jacfwd propagates five tangent vectors alongside the primal simulation (NT = 11,000 timesteps), delivering exact

gradients ∂L /∂θθθ in five forward passes at constant memory O(M×Np). Bottom-centre (2) Parameter learning: a two phase

pipeline (gradient-free Nelder–Mead warm start followed by gradient-based L-BFGS-B refinement) recovers ionic and

conductivity parameters θθθ ∗ from nine clique OEGMs with sub-percent accuracy (MSE= 1.0×10−9). Bottom-right (3) GPU

acceleration and batch simulation: jax.vmap evaluates B parameter sets as a single fused GPU kernel, yielding 10,433×
batch speedup over CPU sequential execution; forward simulation achieves 38–40× GPU acceleration, enabling the full

pipeline on a single commodity GPU in minutes. Bottom right panel: Functional validation of the recovered parameters θθθ ∗: the

top panel shows near perfect overlay of recovered (orange) and ground-truth (black) OEGM waveform morphology at the

centre clique; the bottom panel shows the activation–recovery interval (ARI) restitution curve, confirming that recovered

parameters faithfully reproduce the dynamic electrophysiological behaviour of the tissue across the full range of diastolic

intervals (100–250 ms), with individual point errors below 1%.

digital twins. Without reliable estimation of patient specific electrophysiological parameters, mechanistic models cannot fully

characterise the arrhythmogenic substrate, investigate drivers of atrial fibrillation (AF), support personalised catheter ablation

planning, or ultimately predict long term procedural outcomes. In current practice, tissue conductivity is typically estimated

indirectly by calibrating simulated and measured conduction velocities, whereas cellular electrophysiological properties are

commonly assigned population averaged values representing healthy or fibrotic tissue states15–17. Consequently, current

cardiac EP DTs remain only partially personalised12, as tissue conductivity and cellular electrophysiological parameters are

not jointly recovered from patient specific clinical electrophysiology data. Existing inversion approaches address individual

aspects of this challenge but have yet to achieve joint recovery of tissue and cellular electrophysiological properties within a

2/29



unified mechanistic framework. For instance, recent ECG calibrated atrial DT frameworks have advanced automated patient

specific model generation, yet calibration of the full EP parameter space remains computationally infeasible and insufficiently

constrained by current clinical data18. Eikonal and PIEMAP-based approaches efficiently estimate conduction patterns from

EAM data but neglect ionic dynamics19. LGE-MRI-informed atrial DTs generally rely on fixed ionic parameter sets17, 20.

Physics-informed neural networks embed EP constraints into neural architectures but often sacrifice numerical fidelity21,

while Gaussian-process and ensemble-based methods provide efficient calibration but commonly assume isotropic tissue

representations9, 22. Although reaction eikonal frameworks have enabled large scale personalisation studies23, 24, direct recovery

of tissue and cellular parameters from clinical EP data within a unified mechanistic framework remains elusive. Consequently,

direct inversion of the monodomain equations at clinical mesh resolution has not yet been demonstrated25.

The obstacle is computational: inverting the monodomain requires gradients of simulation outputs with respect to model

parameters, which for a long trajectory non linear PDE demands either a manually derived adjoint or prohibitively expensive

finite difference (FD) approximation26, 27. Differentiable programming eliminates this barrier through automatic differentiation

(autodiff)28. JAX is an open source numerical computing framework that combines high performance execution with composable

automatic differentiation, enabling exact gradients to be obtained directly from the forward solver29. JAX-Fluids30, JAX-FEM31,

and TORAX32 each demonstrated that expressing a forward solver as a composition of JAX primitives within jax.lax.scan

yields end-to-end differentiability through thousands of timesteps directly from the forward solver28, 29. Cardiac EP presents a

harder challenge than any of these: the ionic gating variable introduces steep Jacobian gradients over long trajectories, the

surface FEM on an unstructured clinical mesh requires anisotropic cotangent-weight stiffness operators, and the observable is a

nonlinear far field projection of the voltage field. To the best of our knowledge, no existing cardiac EP solver exposes these

gradients.

We present JAX-EP: the first fully differentiable monodomain EP solver on a patient-specific left atrial (LA) surface mesh

(Fig. 1). By expressing the time-marching loop, cotangent-weight FEM operators, and smooth modified Mitchell–Schaeffer

(mMS) ionic model as JAX primitives within jax.lax.scan, the entire LA manifold is simulated end-to-end differentiably

with respect to ionic and conductivity parameters without adjoint derivation or any additional code beyond the forward solver.

jax.jacfwd delivers exact forward mode gradients for all five mMS parameters in five passes, verified against an independent

FD reference to within 0.75%, and drives a parameter estimation pipeline that recovers ionic and conductivity parameters

from HD grid omnipolar EGMs with sub-percent accuracy. jax.vmap delivers batch simulation speedups of 8,426–10,433×
over CPU sequential execution, enabling parameter search on a single GPU without HPC infrastructure. The spatial Jacobian

∂AT/∂Gil across all 132,803 LA nodes is computed in two forward passes (37× GPU acceleration), and forward mode autodiff

is identified as the structurally correct differentiation mode for cardiac EP. Fig. 1 presents the solver architecture and its three

principal contributions: parameter learning, differentiable gradients, and GPU acceleration, demonstrated on a patient-specific

LA geometry. Broadly, this work establishes differentiable cardiac electrophysiology as a practical framework for translating

mechanistic digital twins from computational models into clinically actionable decision support tools.

Results

JAX-EP is a fully differentiable monodomain EP solver in which differentiability arises from the implementation architecture

rather than from additional mathematical derivation. As a consequence, JAX-EP exposes exact gradients through the coupled

ionic and tissue dynamics, enabling joint recovery of cellular and tissue electrophysiology and contributing towards the

longer-term goal of patient-specific atrial EP digital twins in clinical practice. By expressing the time-marching loop as a

jax.lax.scan primitive and all spatial operators as differentiable JAX functions, JAX-EP simulates the entire LA manifold

end-to-end while remaining differentiable with respect to the biophysical parameter vector θθθ via forward mode autodiff;

jax.jacfwd propagates tangent vectors alongside the primal state, delivering exact gradients for all parameters in forward

passes without a backward pass. Results are presented in six categories: patient-specific clinical pacing LA forward simulation;

end-to-end differentiability and gradient verification; JAX-specific computational capabilities; ionic and conductivity parameter

learning; robustness to clinical-type EGM distortion, a key requirement for translation to intracardiac recordings acquired

during routine EP studies; and solver convergence.

LA forward simulation

A patient-specific endocardial surface mesh was reconstructed from clinical MRI and EP study data acquired as part of the

HEAT-AF trial1 at Royal Brompton & Harefield Hospitals, Guy’s & St Thomas’ NHS Foundation Trust, London, UK. Virtual

catheter geometry and dimensions were derived from the clinical HD Grid Mapping Catheter (Advisor™ HD Grid, Abbott),

and pacing sites followed the clinical protocol used during patient data acquisition. The JAX-EP monodomain solver, coupled

with the mMS ionic model, was applied to simulate clinically representative pacing from the coronary sinus (CS) and left atrial

appendage (LAA) on the patient-specific LA surface mesh. Spatially varying fibre orientations were assigned from a human
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Figure 2. LA forward simulation: (A–B) LAT maps for CS (panel A - left) and LAA (panel B - right) pacing. Stars mark

pacing sites; white circles and yellow diamonds mark HD grid recording sites 1 and 2 respectively. (C) Nine-clique omnipolar

EGMs computed via spatial gradient method from the 16 electrode HD grid (site 1). CS pacing (blue) and LAA pacing (orange

dashed) overlaid showing physiologic morphology of simulated EGMs. Centre clique C5 highlighted (green background).
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Table 1. Forward simulation parameters and results.

Parameter CS pacing LAA pacing

Mesh nodes / elements 132,803 / 264,821 132,803 / 264,821

Pacing mask (5 mm radius) 729 nodes 880 nodes

Protocol 2×S1, BCL = 600 ms, NT = 24,200, ∆t = 0.05 ms

Ionic model (set III) mMS: τin = 0.300, τout = 5.000, τopen = 120.0, τclose = 150.0

Conductivity Gil = 0.350 mS cm−1, Gil : Git = 4 : 1

HD grid (per site) 16 electrodes, 2×8 arrangement, 3 mm electrode spacing, 9 omnipolar cliques

AT range (ms) [13, 223] [13, 263]
Total AT duration (ms) 210 250

CV (m s−1) 0.384 0.382

Activated nodes 132,803 (100%) 132,803 (100%)

Wall time (CPU) 2,608.2 s 2,738.6 s

Wall time (GPU, T4) 69.1 s 68.8 s

GPU speedup 38× 40×

atrial fibre atlas33 to achieve physiological spread of activation. Simulation parameters and mesh details are summarised in

Table 1 for LA forward simulation shown in (Fig. 2).

CS pacing yielded a total activation sequence of 210 ms and conduction velocity CV≈ 0.384 m s−1; LAA pacing yielded

250 ms and CV≈ 0.382 m s−1 (Fig. 2A,B). The 40 ms increase in total activation time during LAA pacing reflects the longer

conduction pathway from the LAA to the distal CS. Local activation times (LATs) were computed as the first crossing of the

membrane voltage threshold Vgate = 0.13 following the stimulus, yielding physiologically consistent values of ∼13 ms at the

pacing site, in agreement with the 10 ms stimulus onset. GPU execution reduced forward simulation time by approximately

40-fold relative to a single CPU core, producing identical activation maps.

Two simulated 16-electrode HD grid catheters placed at recording sites on the LA posterior wall yielded 32 unipolar EGMs

per pacing configuration, from which omnipolar EGMs (OEGMs) were derived at nine 2×2 electrode cliques via the spatial

gradient method34 (Fig. 2C). The OEGMs exhibited physiologically consistent morphology under both pacing configurations,

with sharp activation deflections resolved at all nine clique positions, demonstrating that JAX-EP reproduces a physiologically

plausible signal chain from transmembrane voltage to catheter-recorded waveform. The centre clique (C5) served as the primary

reference OEGM in subsequent analyses.

End-to-end differentiability and gradient verification

FD gradients of the objective loss function L (θθθ) defined as the mean squared error between the simulated and target EGMs

were computed at two high definition grid sites under CS and LAA pacing, yielding 20 independent evaluations across all five

parameters θθθ = [τin,τout,τopen,τclose,Gil] (ε = 10−3,30, 31). All 20 were finite, non-zero, and physically consistent: loss rose

with τin, fell with Gil, and sign reversals between sites reflect the geometry dependent sensitivity of each HD grid location to the

propagating wavefront (Fig. 3). GPU reduced FD computation 6.3× relative to CPU (18.9 s versus 67.9–119.7 s).jax.grad

executed on the 2,894-node HD-grid foot print patch in 22.5 s on GPU, confirming end-to-end differentiability by construction.

Backpropagating through NT = 11,100 timesteps, however, caused gradient explosion: Jacobian eigenvalues compound

multiplicatively in reverse, turning the time axis into a hard memory wall of O(NT ×Np) peak storage, or 52 GB on the full LA

mesh.

jax.jacfwd resolved this by propagating M = 5 tangent vectors forward chronologically alongside the primal state,

keeping memory at O(M×Np)≈ 6.6×105 values which is independent of NT entirely and well within 15 GB VRAM. FD

gradients served as an independent reference: ratios ∂L /∂θθθ jacfwd /∂L /∂θθθ FD fell within 0.75% of unity for all parameters

(Fig. 3B), confirming exact agreement at machine precision. Gradient computation completed in 11.7 s on GPU versus 19.9 s

for FD, delivering exact gradients in half the forward passes. In cardiac EP, NT mostly comprise large number of time

steps: resolving the 300–400 ms action potential at ∆t ≈ 0.05 ms demands NT ∼ 104 on any geometry, a hard constraint of

ion channel physics. For reverse-mode autodiff, this constitutes an inherent computational bottleneck, whereas it is largely

irrelevant for forward-mode autodiff (Fig. 10). Therefore, jax.jacfwd provides the structurally appropriate differentiation

strategy for cardiac EP, and forward-mode autodiff gradients were adopted throughout the Phase 2 parameter estimation

framework presented in the subsequent sections. The spatial Jacobian ∂AT/∂Gil across all 132,803 LA nodes required only

two forward passes, completing in 138.6 s on GPU versus 5,096.2 s on CPU (37×). A non-differentiable solver would need

132,803 perturbation runs; which are computationally prohibitive at clinical mesh resolution. Jacobian values were uniformly

negative (CS: [−325, 0]ms; LAA: [−375, 0]ms per unit Gil): conductivity increase uniformly accelerates activation, with
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Figure 3. Gradient verification and JAX-EP computational capabilities. (A) Log-magnitude of FD gradients |∂L /∂θi| for all

five parameters across four configurations (CS and LAA pacing, HD grid Site 1 and Site 2). All 20 gradients are finite and

non-zero, confirming physically consistent parameter sensitivities. (B) autodiff (autodiff) verification: jax.jacfwd exact

gradients compared against independent FD reference for all five parameters. Ratios close to unity confirm exact autodiff

gradients in M = 5 passes versus 2M = 10 for FD. Agreement was further confirmed across a broader sample of 50 randomly

drawn parameter sets (250 paired gradient comparisons) using a Bland–Altman analysis, which showed negligible bias

(−3.91×10−4) and a mean absolute relative error of 0.23% (R2 = 0.994). (C) Gradient computation time per configuration:

FD (10 passes, CPU and GPU) versus jax.jacfwd (5 passes, GPU). GPU reduces FD time 6.3×; jax.jacfwd further

halves the pass count while eliminating approximation error. (D) jax.vmap batch simulation: simultaneous evaluation of the

Nelder-Mead simplex yields 10,433× (CS) and 8,426× (LAA) speedups over CPU sequential execution and ∼276× over

GPU sequential execution, at zero additional implementation cost.
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greater sensitivity under LAA pacing reflecting the longer propagation path. To assess agreement beyond these representative

configurations, we performed a Bland–Altman analysis comparing jax.jacfwd and FD gradients across 50 randomly sampled

parameter sets (250 paired comparisons), which showed negligible bias (−3.91× 10−4), narrow 95% limits of agreement

(−1.78×10−2 to +1.71×10−2), and a mean absolute relative error of 0.23% (R2 = 0.994), with a small number of outliers

(max 21.6%) concentrated in τin, τout, and τclose.

JAX implementation: compilation, scan, and batch simulation

Four JAX primitives underpin the JAX-EP solver. jax.jit traces the forward solver once and caches the compiled XLA

kernel, eliminating Python overhead on subsequent calls; wall times of 69.1 s (CS) and 68.8 s (LAA) on a Tesla T4 GPU represent

38–40× acceleration over a single CPU core for NT = 24,200 timesteps, with GPU and CPU activation maps identical to within

0.05 ms (Pearson correlation 1.000). jax.lax.scan expresses the full timestep loop as a single JAX primitive, enabling

compiler-level optimisation of the entire trajectory and providing the loop structure through which jax.jacfwd propagates

forward mode tangent vectors. jax.checkpoint reduces peak activation memory from O(NT ×Np) to O(
√

NT ×Np) by

rematerialising intermediate states on demand during the backward pass35, though jax.jacfwd renders this unnecessary for

the forward mode path by eliminating the backward pass entirely. jax.vmap vectorises the forward solver over parameter

batches at no additional implementation cost, yielding speedups of 10,433× (CS) and 8,426× (LAA) over CPU sequential

execution (Fig. 3D). Together these four primitives, jit, scan, jacfwd, and vmap, deliver a differentiable, memory efficient,

and batch capable EP solver from a single forward implementation, without explicit GPU programming or adjoint derivation.

Parameter learning from EGM waveforms
Ionic and tissue parameter learning was performed on the HD grid LA boundary patch (2,894 nodes) for three parameter sets

spanning distinct regions of a bounded physiological parameter space5, 22. An in silico HD grid recording protocol comprising

a simulated 16-electrode HD grid catheter on the posterior atrial wall under CS and LAA pacing was employed (Fig. 2 A,

B). OEGMs were computed at all nine 2×2 electrode cliques via the spatial gradient method36. The optimisation target

comprised simulated OEGMs recorded during a two-beat S1 S2 protocol: a conditioning stimulus (S1) at t = 10 ms followed

by a test stimulus (S2) at a coupling interval of 500 ms. This protocol was chosen to minimise forward simulation cost while

retaining sufficient waveform information for joint recovery of ionic membrane kinetics (τin, τout, τopen, τclose) and longitudinal

conductivity (Gil).

A two phase learning strategy was applied. Phase 1 employed Nelder–Mead search on a normalised nine clique S2 EGM

shape loss to identify a physiologically consistent parameter region. Phase 2 refined the solution via jax.jacfwd L-BFGS-B

minimising a joint S1+S2 waveform MSE across all nine cliques, with S1 weighted at 0.5 relative to S2. Parameters were

initialised at the midpoint of physiological bounds37, corresponding to a mean initialisation MAPE of 15.7–20.6% across the

three sets. Ground truth EGMs were generated independently and withheld from the optimiser, ensuring a strictly GT free

learning pipeline with no data leakage between the ground truth generator and the optimiser, consistent with differentiable

physics based approaches.30, 31

Learned parameter accuracy yielded mean MAPE of 0.09%, 0.10%, and 0.06% for Sets 1-3 respectively, with all five

parameters recovered to sub percent accuracy across all three sets (Fig. 5). Learned parameter sets were validated by

independent forward simulation, confirming physiological equivalence via ARI restitution, CV, and nine clique EGM waveform

overlays (Fig. 4). Wall times on a single CPU core were 43.3, 143.4, and 75.1 min for Sets 1, 2, and 3 respectively; GPU

acceleration (Tesla T4) reduced these to 7.1, 17.0, and 4.1 min (6.5–7.9× speedup).

Robustness to clinical-type EGM distortion
To assess robustness of the parameter estimation pipeline to clinically realistic signal corruption, EGM targets were distorted at

three severity levels combining additive Gaussian noise and far-field contamination. Far-field bleed was simulated by adding

a weighted contribution of the mean signal from all other cliques to each clique, mimicking cross-talk from distant cardiac

sources. Gaussian noise was added per clique with power normalised to a specified SNR. Three distortion levels were evaluated:

• L1 (low): SNR = 40 dB, far-field α = 0.08, mean signal distortion D ≈ 4%

• L2 (medium): SNR = 30 dB, far-field α = 0.25, mean signal distortion D ≈ 14%

• L3 (high): SNR = 20 dB, far-field α = 0.60, mean signal distortion D ≈ 35%

where e denotes the clique EGM time series and signal distortion is defined as D = ∥edistorted − eclean∥2/∥eclean∥2 × 100%,

averaged across all nine cliques. No preprocessing was applied to the distorted targets prior to parameter estimation, and

the same two-phase optimisation pipeline was applied without modification across all distortion levels. Figs. 11 and 12

(Appendix B) illustrate the distorted EGMs at each distortion level and the effect on parameter recovery. Table 2 summarises

the recovered parameters and MAPE.
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Figure 4. JAX-EP ionic and tissue parameter learning on the LA patch geometry (2,894 nodes). (A) ARI restitution curves

computed from independent forward simulations at ground-truth (black), initialisation (blue dashed), and learned (orange)

parameters across four S2 coupling intervals (BCL = 350–500 ms), demonstrating convergence from an initialisation mean

absolute percentage error (MAPE) of 30.5% to a learned MAPE of 0.5%. (B) Centre-clique (C5) omnipolar EGM at

BCL = 500 ms for ground truth, initialization, and learned parameters; the learned waveform overlaps the ground truth with

MSE reduced from the initialization value. (C) Wall time comparison between CPU (single core, grey) and GPU (Tesla T4,

green) for Phase 1 (Nelder–Mead) and Phase 2 (JAX FD L-BFGS-B), and total, demonstrating 6.5× acceleration for this

parameter set. (D) Normalised parameter learning chart: bars show the ratio of initialisation (blue) and learned (orange)

parameters to ground truth (black dashed line at 1.0), with values annotated above each bar. Near exact recovery is achieved for

all five parameters (τin, τout, τopen, τclose, Gil), with a mean parameter MAPE of 0.09%.

At L1 (D ≈ 4%), all three parameter sets were recovered with MAPE below 0.50%, representing a less than 6 fold

degradation from the clean baseline despite combined noise and far-field contamination. At L2 (D ≈ 14%), MAPE remained

below 1.40% across all sets, with τin, τopen and Gil well preserved and the primary degradation confined to τout and τclose,

which govern repolarisation dynamics and are more sensitive to morphological distortion of the EGM recovery waveform.

At L3 (D ≈ 35%), MAPE increased to 3.35% for Sets 1 and 2, whilst Set 3 remained below 1.20%, reflecting varying

sensitivity of different parameter combinations to high-level distortion. The consistent preservation of τin, τopen and Gil

across all distortion levels confirms that activation timing and upstroke kinetics, the parameters most directly observable from

EGM morphology, are robustly recovered even at clinically challenging SNR levels. The progressive degradation of τout and

τclose with increasing distortion is consistent with the identifiability analysis: these parameters govern slow repolarisation

dynamics that are disproportionately affected by noise and far-field contamination in the EGM recovery window. Overall, these

results establish that the parameter estimation pipeline maintains accuracy (MAPE< 1.5%) up to signal distortion levels of

approximately 14%, and degrades gradually beyond this threshold rather than failing catastrophically.
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Figure 5. Ionic and tissue parameter learning results for three parameter sets spanning distinct physiological regimes.

(A) Normalised parameter learning chart showing the ratio of initial (faded bars) and learned (solid bars) parameter values to

ground truth for Set 1 (blue), Set 2 (red), and Set 3 (green). The dashed horizontal line at unity denotes exact recovery; bars

close to this line indicate near-perfect parameter learning. The five parameters are the mMS ionic time constants (τin, τout, τopen,

τclose) and the longitudinal tissue conductivity (Gil). (B) Summary table reporting, for each parameter set and each row

type (Initial, Learned, Ground truth), the mean ARI restitution (ms) and mean CV restitution (m s−1) averaged across four S2

coupling intervals (BCL = 350–500 ms), the Phase 1 (Nelder–Mead) and Phase 2 (JAX FD L-BFGS-B) final loss values, and

the total wall time on CPU (single core) and GPU (Tesla T4). Parameters were initialised at the midpoint of the physiological

bounds37; mean initialisation MAPE ranged from 16 to 21% across the three sets, and was reduced to 0.06 to 0.10% following

two phase learning.

Solver convergence and spatial accuracy
Spatial and temporal convergence of the JAX-EP surface FE solver was assessed on a 20×7 mm flat plate geometry, discretised

using an unstructured Delaunay triangulation at three spatial resolutions (∆x ≈ 0.5, 0.3, 0.2 mm; 615–3,636 nodes) and

three temporal resolutions (∆t = 0.10, 0.05, 0.025 ms). The solver employed the identical cotangent-weight FE assembly,

Crank-Nicolson diffusion operator, and mMS ionic model37 as the LA forward simulation and parameter learning pipeline,

ensuring that the convergence study directly characterises the deployed solver. A corner stimulus of 200 µA cm−2 was applied

for 2 ms within a 1.5 mm radius, with longitudinal conductivity Gil = 0.350 mS cm−1 and transverse-to-longitudinal anisotropy

ratio of 4:1. Complete activation was achieved at all resolutions. LAT maps and isochrone contours are shown in Fig. 6A,C,

confirming the expected elliptical wavefront driven by anisotropic conductivity.

Spatial convergence was quantified using the L2 norm of the local activation time (LAT) error relative to the (∆x = 0.2
mm) reference solution, yielding errors of 0.925 ms and 0.131 ms for ∆x = 0.5 mm and ∆x = 0.3 mm, respectively, while

the conduction velocity converged to 0.471 m s−1 (Fig. 6B). Temporal refinement at fixed ∆x = 0.2 mm produced L2 errors

of 0.087 ms and 0.032 ms for ∆t = 0.10 ms and ∆t = 0.05 ms, respectively, with the CV remaining essentially unchanged

(0.470–0.471 m s−1) across all time steps (Fig. 6D). The monotonic reduction in both spatial and temporal errors with mesh

and timestep refinement demonstrates the expected convergence behaviour of the operator-split Crank–Nicolson formulation on

unstructured meshes38.

Discussion

JAX-EP demonstrates that a fully differentiable monodomain cardiac EP solver can be constructed from standard JAX

primitives without adjoint derivation, specialist automatic differentiation libraries, or modifications to the forward solver beyond
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Table 2. Parameter recovery under combined Gaussian noise and far-field contamination at three distortion levels (L1–L3) for

three mMS parameter sets. GT parameters: Set 1 [0.340, 5.580, 192.0, 120.0, 0.200];
Set 2 [0.260, 3.460, 148.0, 176.0, 0.200]; Set 3 [0.300, 5.000, 120.0, 150.0, 0.200]. All time constants in ms; Gil in S m−1.

Condition Set τin τout τopen τclose Gil MAPE

Clean

Set 1 0.340 5.565 191.9 120.2 0.200 0.09%

Set 2 0.260 3.470 148.0 175.7 0.200 0.10%

Set 3 0.300 5.008 120.0 149.9 0.200 0.06%

L1 — SNR = 40 dB, α = 0.08, D ≈ 4%

Set 1 0.341 5.649 192.0 119.3 0.200 0.44%

Set 2 0.260 3.509 148.1 174.6 0.200 0.49%

Set 3 0.300 5.045 120.0 149.4 0.200 0.31%

L2 — SNR = 30 dB, α = 0.25, D ≈ 14%

Set 1 0.342 5.799 192.0 117.9 0.201 1.37%

Set 2 0.261 3.422 147.5 178.0 0.201 0.69%

Set 3 0.301 5.148 119.9 148.0 0.201 1.03%

L3 — SNR = 20 dB, α = 0.60, D ≈ 35%

Set 1 0.349 6.042 191.4 116.6 0.206 3.35%

Set 2 0.264 3.786 148.3 168.2 0.203 3.35%

Set 3 0.305 5.079 119.1 150.6 0.203 1.18%

Table 3. Spatial and temporal convergence of the JAX-EP surface FEM solver on the 20×7 mm flat plate geometry.

Reference solutions: ∆x = 0.2 mm (spatial), ∆t = 0.025 ms (temporal).

Nodes L2 AT error (ms) CV (m s−1) Wall time (s)

Spatial convergence (∆t = 0.05 ms fixed)

∆x = 0.5 mm 615 0.925 0.450 1.3

∆x = 0.3 mm 1,632 0.131 0.463 2.3

∆x = 0.2 mm 3,636 ref 0.471 5.0

Temporal convergence (∆x = 0.2 mm fixed)

∆t = 0.100 ms 3,636 0.087 0.470 3.0

∆t = 0.050 ms 3,636 0.032 0.471 6.4

∆t = 0.025 ms 3,636 ref 0.471 13.5

replacing the hard gate switch with a smooth sigmoid approximation. Reverse-mode autodiff via jax.grad generates the

vector-Jacobian products (VJPs) required for gradient computation automatically from the forward implementation, eliminating

the need for a hand-coded adjoint PDE solver. The key architectural insight is that expressing the entire NT -step simulation

as a single jax.lax.scan primitive makes the trajectory differentiable by construction, with gradient memory managed

by jax.checkpoint and batch simulation enabled by jax.vmap at no additional implementation cost. This design

pattern, demonstrated previously for fluid mechanics and plasma physics30–32, here extends to cardiac EP on clinical resolution

unstructured surface meshes for the first time. By making gradient-based monodomain inversion computationally practical,

JAX-EP provides a foundation for future clinical calibration of patient-specific atrial EP digital twins from intracardiac EGM

recordings.

Differentiability and gradient stability. Reverse mode autodiff (jax.grad) produces gradient explosion through long scan

chains, a fundamental consequence of compounding Jacobian eigenvalues across NT ≫ 1 timesteps. Forward mode autodiff

(jax.jacfwd) resolves this by propagating tangent vectors alongside the primal simulation, yielding exact gradients for all

five parameters with ratios within 0.75% of the FD reference and halving the number of forward passes required. This identifies

forward mode autodiff as the structurally correct differentiation mode for cardiac EP, where NT ≫ M is an inescapable physical

constraint. The spatial Jacobian ∂AT/∂Gil remains accessible via two forward passes (37× GPU acceleration), demonstrating

practical utility of the differentiable architecture independent of the autodiff mode. Consequently, stable gradient propagation is

not merely a numerical requirement but a prerequisite for robust recovery of patient-specific electrophysiology, enabling faithful
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characterisation of the arrhythmogenic substrate to support patient stratification and possibly pre-procedure ablation planning.

Future work may exploit the differentiable architecture with physiologically detailed atrial and ventricular ionic models39

by combining Rush–Larsen or exponential integrators for gate stability with jax.jacfwd for exact gradient propagation,

enabling end-to-end differentiable personalisation of whole heart DTs directly from clinical EGM recordings.

Parameter learning from EGM morphology. Recovery of five ionic and conductivity parameters from simulated omnipolar

EGMs achieved mean MAPE of 0.06–0.10% across three physiologically distinct parameter sets, reducing ARI restitution

error from 30.5% at initialisation to 0.5% after convergence. This demonstrates that a two-beat S1–S2 OEGM protocol

retains sufficient waveform information to jointly constrain ionic kinetics and tissue conductivity without restitution curves or

multi-beat protocols, consistent with the clinical motivation for catheter guided parameter estimation40. Existing approaches to

atrial EP personalisation recover CV fields from activation time maps19, fit ionic parameters to restitution curves5, or calibrate

reduced models to scalar EP features9, 22. These methods do not invert the forward monodomain model directly and cannot

simultaneously recover ionic kinetics and conductivity from the same waveform. JAX-EP recovers both jointly by fitting

OEGM morphology across all nine HD grid cliques (Fig. 7), with forward physics enforced exactly through the differentiable

monodomain solver, and without dependence on LGE-MRI substrate maps6.

Computational performance. The 38–40× GPU speedup over single-core CPU execution for the LA forward simulation is

consistent with GPU acceleration reported for cardiac EP solvers employing explicit CUDA implementations41, 42, noting that

ionic model complexity (two state variables in the mMS model versus up to 43 in physiologically detailed formulations) and

mesh size will influence absolute speedup figures across implementations. The 6.5–7.9× speedup for parameter learning reflects

Figure 6. Convergence study of the JAX-EP FE solver on a 20×7 mm flat plate geometry (Delaunay triangulation, mMS

ionic model, Gil = 0.350 mS cm−1). (A) LAT map at the spatial reference resolution (∆x = 0.2 mm, 3,636 nodes), with white

isochrone contours at 5 ms intervals. The elliptical wavefront reflects 4:1 anisotropic conductivity. S denotes the corner

stimulus site. (B) Log-log spatial convergence of L2 activation time error with O(h) and O(h2) reference lines; CV converges

to 0.554 m s−1. (C) LAT map at the temporal reference resolution (∆t = 0.025 ms), confirming negligible change from Panel A.

(D) Log-log temporal convergence of L2 activation time error; L2 error falls below 0.05 ms at ∆t = 0.05 ms.
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Figure 7. Ground truth versus recovered omnipolar EGMs across all nine HD grid cliques (C1–C9) for three physiologically

distinct parameter sets (Set 1, Set 2, Set 3). Black: ground truth EGMs simulated with GT ionic parameters. Red dashed:

EGMs re-simulated using the recovered parameters from the two phase jax.jacfwd L-BFGS-B pipeline. Both S1 and S2

beats are shown. Waveform agreement across all cliques and all three sets confirms sub-percent parameter recovery (mean

MAPE 0.06–0.10%) and demonstrates that the differentiable monodomain solver faithfully reproduces the target EGM

morphology from the recovered biophysical parameters.

the hybrid CPU/GPU workload of the Nelder–Mead Phase 1 (sequential function evaluations) and FD L-BFGS-B Phase 2

(10 forward passes per gradient step). The jax.vmap batch speedup of 8,426–10,433× over CPU sequential execution

demonstrates that ensemble simulation is computationally tractable on a single GPU, with direct implications for uncertainty

quantification, sensitivity analysis, and population cohort studies. Total parameter learning wall times of 4.1–17.0 min on a

Tesla T4 for the LA patch represent a promising step towards intra-procedural application, though extension to the complete

LA mesh and multiple HD grid sites would increase this cost proportionally. Ensemble simulations on GPU via jax.vmap

can also significantly reduce the computational burden of AF inducibility and AF burden computational studies, where large

parameter sweeps across substrate conditions are required to assess arrhythmia vulnerability6, 43.

Solver convergence and accuracy. Spatial and temporal convergence of the surface FEM solver was confirmed on an

unstructured Delaunay triangulation of a 20×7 mm flat plate using the identical solver as the full LA simulation. L2 activation
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time errors decreased monotonically with mesh refinement and timestep reduction, with conduction velocity converging to

0.554 m s−1 across all resolutions. The convergence rates are consistent with first-order behaviour on unstructured meshes,

as expected for the operator-split Crank-Nicolson scheme38. The use of a flat plate geometry with Delaunay triangulation

ensures that the convergence study exercises the same cotangent-weight FEM assembly and Crank-Nicolson solver as the

patient-specific LA simulation, in contrast to structured FD benchmarks that would test a different discretisation.

Benchmark validation Existing community benchmarks target detailed ventricular monodomain and bidomain solvers44, 45;

accordingly, validation against CARP using the identical monodomain formulation and modified Mitchell–Schaeffer model

represents the most appropriate benchmark for the present study. JAX-EP demonstrated close agreement with the established

cardiac EP simulator CARP at both the cellular and tissue levels.

0D cellular benchmark. At the single-cell level, the mMS action potential morphology produced by JAX-EP was compared

against the CARP bench.pt reference implementation under identical ionic parameters (τin = 0.3, τout = 5, τopen = 120,

τclose = 150 ms). JAX-EP reproduced the action potential plateau and repolarisation phases with a mean absolute error of

9.90× 10−3 and a root-mean-square error of 7.75× 10−2 in normalised voltage units, confirming consistent ionic model

implementation. The minor upstroke discrepancy is attributable to the smooth sigmoid gate approximation adopted in JAX-EP

to ensure end-to-end differentiability, in contrast to the hard threshold gate used in CARP.

Figure 8. 0D single-cell benchmark: JAX-EP vs CARP. (A) Full action potential (AP) morphology over 500 ms; JAX-EP

(blue dashed) overlaid on the CARP bench.pt reference (black solid), showing close agreement in the plateau and

repolarisation phases. (B) Upstroke alignment zoom (10–40 ms); the minor discrepancy reflects the smooth sigmoid gate

approximation in JAX-EP versus the hard-threshold gate in CARP, a deliberate design choice to ensure end-to-end

differentiability. (C) Numerical residual (JAX-EP − CARP); mean absolute error = 9.90×10−3 and RMSE = 7.75×10−2 in

normalised voltage units.

2D tissue benchmark. At the tissue level, JAX-EP demonstrated close agreement with CARP for homogeneous tissue

propagation on an identical 20×7 mm flat plate geometry (Fig. 9). Both solvers reproduced the prescribed pacing protocol

and achieved complete tissue activation. JAX-EP yielded an activation duration of 47.1 ms (activation interval: 10.1–57.2 ms)

compared with 45.2 ms (10.0–55.2 ms) for CARP, with corresponding conduction velocities of 0.478 m/s and 0.504 m/s,

respectively. Direct node wise comparison of local activation times yielded an L2 error of 1.366 ms, a maximum absolute error

of 2.296 ms, and a mean bias of 1.339 ms (JAX-EP minus CARP). The observed inter-solver variability compares favourably
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Figure 9. Benchmark validation of JAX-EP against CARP on a 20×7 mm flat plate geometry. (A) Local activation time

(LAT) map computed by JAX-EP (∆x = 0.2 mm, ∆t = 0.05 ms, β = 140 mm−1, mMS ionic model). (B) Corresponding LAT

map produced by CARP under identical mesh, fibre, ionic, and stimulus conditions. (C) Point-wise LAT difference (JAX-EP −
CARP), with L2 error of 1.37 ms and maximum deviation of 2.30 ms. (D) Node wise scatter of JAX-EP versus CARP LATs;

the dashed line denotes the identity. (E) Distribution of LAT errors across all 14,271 nodes, with mean bias of 1.34 ms and

conduction velocity agreement within 2.59%, consistent with inter-solver variability reported in the N-version benchmark44.

with the tolerances established in the N-version benchmark of Niederer et al.44, confirming the numerical fidelity of the JAX-EP

implementation across both cellular and tissue scales.

Biological identifiability. Within the mMS model and the parameter sets evaluated here, gradient-based inversion recovers

all five parameters with sub-percent accuracy, confirming that the computational identifiability problem is well-posed for

this model at this scale. Extension to biophysically richer ionic models — such as the Courtemanche human atrial or Ten

Tusscher ventricular formulations — will introduce stronger parameter interdependencies and a more complex loss landscape

where identifiability from EGM morphology alone cannot be assumed. Translation to clinical recordings introduces a further

challenge: EGM morphology reflects the combined influence of ionic dynamics, fibrosis, fibre orientation, wall thickness, and

catheter contact, none of which are independently observable. The extent of meaningful personalisation will ultimately be a

clinical question as much as a computational one.

Translational vision. Beyond parameter learning, JAX-EP establishes a differentiable computational framework for the

next generation of cardiac EP solvers. By combining automatic differentiation with GPU-accelerated forward simulation, it

enables gradient-based optimisation on clinical-resolution meshes within practical runtimes, making large-scale parameter

estimation, sensitivity analysis, uncertainty quantification, and virtual cohort studies computationally feasible on commodity

GPU hardware.

The proposed inversion framework is likewise not restricted to omnipolar EGM waveform fitting. Because gradients

are propagated through the complete forward monodomain model, any differentiable objective can be incorporated into the

optimisation, including LAT maps, conduction velocity, restitution curves, activation–recovery intervals, electrogram-derived

features, or composite multi-objective loss functions. This flexibility enables diverse clinical and experimental measurements
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to be assimilated within a single mechanistic framework, rather than calibrating individual electrophysiological properties in

isolation.

Ultimately, the clinical opportunity extends well beyond reproducing activation maps or EGM time series. A differentiable

cardiac EP solver provides a computational foundation for functionally calibrated patient-specific digital twins capable

of recovering the underlying tissue and cellular electrophysiology, thereby enabling quantitative characterisation of the

arrhythmogenic substrate. Such models may provide a mechanistic framework for evaluating structural imaging biomarkers

such as LGE-MRI, investigating AF inducibility and AF burden, assessing pharmacological response, and prospectively

evaluating alternative catheter ablation strategies before lesions are delivered.

More broadly, differentiable cardiac EP establishes a computational engine upon which future optimisation, uncertainty-

aware inference, and clinical data assimilation frameworks can be built, bringing cardiac EP digital twins closer to prospective,

patient-specific decision support.

Limitations and future directions. Several limitations should be acknowledged. First, parameter learning was demonstrated

on simulated rather than clinical OEGM data. The primary future direction is validation against real HD grid recordings from

patients undergoing EP study, where measurement noise, catheter contact variability, and ionic model mismatch will present

additional challenges not captured in the current in silico framework.

Second, the mMS ionic model, while sufficient for capturing action potential morphology and restitution, does not represent

the full complexity of human atrial EP, including rate dependent remodelling and fibrosis mediated conduction disturbances.

Extension to biophysically detailed ionic models39 is a natural next step, though this increases the number of free parameters M,

directly scaling the memory and computational cost of forward mode autodiff, which requires M forward passes and O(M×Np)
memory (Fig. 10). Reverse mode autodiff, which would reduce gradient computation to two passes regardless of M, remains

infeasible due to gradient explosion across the long time horizon NT
38. Future work may circumvent this through continuous

adjoint formulations or implicit differentiation of the ionic ODE, which bypass the unstable backward unrolling entirely while

retaining the two pass efficiency of reverse mode autodiff.

Third, the monodomain solver employs an iterative conjugate gradient (CG) solve at each timestep. No preconditioning

is currently applied; an algebraic multigrid or incomplete Cholesky preconditioner within the JAX CG loop would reduce

iteration count and wall time, particularly for fine clinical meshes with high condition number. Fourth, the lead field model

adopts the infinite medium approximation, setting σr = 1 and neglecting boundary effects from tissue heterogeneity. Extension

to clinical data will require a physically consistent bidomain partitioning, σr = Gil/(Gil +σe), updated at each optimisation

iteration as Gil is recovered. Furthermore, because JAX-EP operates on the atrial endocardial surface rather than computing

extracellular potentials at the body surface, the monodomain formulation does not capture the far-field and scar-conduction

characteristics that a bidomain model would resolve; a bidomain extension would be required primarily if body-surface ECG

signals, rather than atrial EGMs, were to be simulated, at substantially greater computational cost.

Finally, parameter learning was performed on a localised 2,894-node patch of the LA surface beneath the HD grid recording

site. Scaling to spatially heterogeneous parameter fields across the full LA surface would require distributed GPU memory

management and region specific optimisation strategies beyond the scope of the current implementation. Additionally, the

identifiability of individual parameters from a single S1–S2 recording has not been formally characterised: τin and Gil are

strongly constrained by activation timing, whilst τopen and τclose are more weakly identifiable from the two-beat S1–S2 protocol

and may benefit from multi-beat or restitution protocol targets.

The current validation is conducted entirely in silico within the mMS model. Biological identifiability, the ability to uniquely

recover tissue parameters from clinical EGMs in the presence of fibrosis, anisotropy, and catheter variability, remains an open

question that will require adapted optimisation targets and clinically motivated constraints beyond the scope of the present

study.

The deterministic parameter learning demonstrated here represents an important first step towards clinical translation. In

practice, patient-specific electrophysiological calibration should account for measurement noise, catheter contact variability,

spatial registration uncertainty, and model mismatch, requiring optimisation over distributions of plausible solutions rather

than a single waveform. Coupling JAX-EP with established probabilistic inference and uncertainty quantification frameworks

therefore represents a natural way forward towards robust and clinically interpretable parameter recovery.

Future work will prioritise clinical validation against real HD grid recordings, extension to spatially heterogeneous parameter

fields, integration with LGE-MRI fibrosis maps for substrate informed initialisation6, and application to the electro-optical

flow pipeline40 for atrial arrhythmia ablation planning. Ensemble simulations via jax.vmap can also substantially reduce the

computational burden of atrial fibrillation (AF) inducibility studies, where large parameter sweeps across substrate conditions are

required to assess arrhythmia vulnerability6. The differentiable solver architecture established here provides the computational

foundation for each of these extensions. More broadly, we envisage this framework integrating with complementary patient-

specific datasets, including LGE-MRI-derived fibrosis, electroanatomic voltage mapping, conduction velocity, activation timing,

and continuous rhythm monitoring (e.g. implantable loop recorder AF burden), towards progressively more personalised digital
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twins.

Ethical approval

The clinical data used in this study were obtained from the HEAT-AF investigation, which was approved by the UK National

Research Ethics Service South Central, Hampshire A Research Ethics Committee (REC Reference: 20/SC/0071; IRAS

Reference: 263083). All procedures were conducted in accordance with the standards set by the Declaration of Helsinki.

Written informed consent was obtained from each participant prior to enrolment. The present study was not prospectively

registered in a clinical trials database because it comprised an observational computational modelling study utilising data

collected as part of routine clinical care and an existing approved clinical investigation (HEAT-AF)46.

Methods

The Methods section is structured as follows. We first introduce the monodomain PDE and the mMS ionic model in

Section Governing equations. Section Spatial discretisation derives the cotangent weight FE stiffness matrix and its anisotropic

conductivity extension, followed by Section Time integration, which presents the Strang–Crank-Nicolson time integration

scheme. Section Differentiable programming in JAX forms the core methodological contribution, detailing the differentiable

computational graph, the JAX transformation pipeline, forward- and reverse-mode autodiff, gradient checkpointing for memory

management, forward sensitivity analysis, and gradient verification. Section Computation of observables describes the

computation of extracellular OEGMs and differentiable activation-time maps, while Section Solver verification presents

numerical convergence and differentiability analyses.

Governing equations

JAX-EP solves the monodomain model47 of cardiac electrophysiology on a two-dimensional Riemannian surface Γ ⊂ R
3. The

state of the system at time t is described by the vector of state variables q(x, t) = [V (x, t), h(x, t)]⊤, where V (x, t) ∈ [0,1] is the

normalised transmembrane voltage and h(x, t) ∈ [0,1] is the inactivation gating variable. The governing equations are:

βCm

∂V

∂ t
= ∇Γ ·

(
D(x; Gil)∇ΓV

)
+ Iion(V,h; θθθ ion)+ Istim(x, t), (1)

∂h

∂ t
= G (V,h; τopen,τclose), (2)

where ∇Γ denotes the surface gradient operator, β (cm−1) is the membrane surface-to-volume ratio, and Cm (µF cm−2) is the

membrane capacitance. Equation (1) is a reaction–diffusion equation describing how the transmembrane voltage evolves in

time: the left-hand side represents the capacitive current stored across the cell membrane, while on the right-hand side the

diffusion term∇Γ · (D∇ΓV ) governs the passive spread of electrical activity across the tissue surface(with the conductivity

tensor D setting the direction and speed of propagation), the reaction term Iion captures the nonlinear ionic currents flowing

through the cell membrane, and Istim is an externally applied stimulus current used to initiate excitation10. Equation (2) is an

ordinary differential equation governing the gating variable h, whose function G switches h between its open and closed states

on the timescales τopen and τclose, thereby controlling the recovery and re-excitability of the tissue.

Following Corrado et al.5, the gate threshold Vg = 0.13 and the inward current threshold ac = 0.13 are fixed at physiologically

estimated values for human atrial tissue, leaving four ionic parameters and the longitudinal conductivity as the identifiable

parameter vector:

θθθ =
[
τin, τout, τopen, τclose, Gil

]
∈ R

5. (3)

Here τin and τout are the time constants of the inward (depolarising) and outward (repolarising) ionic currents that set the

upstroke and duration of the action potential, while τopen and τclose govern the rates at which the gating variable recovers and

inactivates, and thus control the refractory period; Gil is the longitudinal conductivity setting conduction velocity along the

fibre direction.

JAX-EP is designed such that scalar, vector, and matrix quantities arising in the discretisation are differentiable functions of

θθθ under JAX autodiff. The only departure from the standard mMS formulation is the replacement of the piecewise constant

ionic gate switch (6) with the smooth sigmoid approximation (8), ensuring compatibility with both reverse mode autodiff

(autodiff) for spatial sensitivity analysis and central FD gradient evaluation for parameter learning.
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Anisotropic conductivity tensor

Spatially varying fibre directions f̂(x) were mapped onto the patient-specific LA mesh using the human atrial fibre atlas

proposed by Roney et al.33, which constructs a mean fibre field from high resolution diffusion tensor weighted MRI (DTMRI)

data and transfers it to patient-specific anatomies via a universal atrial coordinate (UAC) system48. The conductivity tensor

encodes fibre aligned anisotropy:

D(x; Gil) =
Gil

βCm

f̂(x)⊗ f̂(x)+
Git

βCm

(
PΓ(x)− f̂(x)⊗ f̂(x)

)
, (4)

where f̂(x) is the local unit fibre direction, PΓ = I− n̂⊗ n̂ projects onto the surface tangent plane (n̂ is the outward unit normal),

Gil (mS cm−1) is the longitudinal conductivity, and Git = Gil/4 the transverse conductivity (characterized by a 4:1 conductivity

anisotropy ratio based on established histological49, in vivo50, and computational51, 52 studies). The diffusion tensor D depends

linearly on Gil, allowing the derivative ∂D/∂Gil to be evaluated analytically.

Ionic model

The ionic current follows the modified Mitchell–Schaeffer (mMS) two-current model of Corrado and Niederer5, which extends

the original MS model53 to eliminate spurious pacemaker behaviour by gating the outward current with (1−h) and shifting the

inward current threshold to Vg:

Iion(V,h; θθθ ion) =
hV (V −Vg)(1−V )

τin

− (1−h)V

τout
, (5)

where Vg = 0.13 is the dimensionless gate threshold. The original mMS gate dynamics use a piecewise constant switch:

∂h

∂ t
=







1−h

τopen
V <Vg,

−h

τclose

V ≥Vg.
(6)

This switch is non-differentiable at V =Vg as the derivative is zero almost everywhere and undefined at the transition, producing

NaN or vanishing gradients through h under automatic differentiation. JAX-EP replaces (6) with a smooth sigmoid gate:

G (V,h; τopen,τclose) =
1−h

τopen

(
1−σλ (V )

)
− h

τclose

σλ (V ), (7)

where:

σλ (V ) =
(
1+ e−λ (V−Vg)

)−1
, λ = 150. (8)

The sigmoid σλ provides a smooth approximation to the Heaviside switch, satisfying σλ (V )< 10−6 for V <Vg−δ and σλ (V )>
1−10−6 for V >Vg+δ , where δ = λ−1 ln(106)≈ 0.092 with λ = 150. The approximation error |σλ (V )−H (V −Vg)| exceeds

10−2 only within the interval |V −Vg|< λ−1 ln99 ≈ 0.031, a narrow voltage interval encountered only briefly during the action

potential (AP) upstroke and therefore without physiological consequence. Unlike the Heaviside, σλ is infinitely differentiable

on R, with dσλ/dV = λ σλ (V )(1−σλ (V ))> 0 everywhere, enabling unobstructed gradient flow through the gate variable h

under reverse mode autodiff. This smooth substitution constitutes the only departure from the mMS formulation of Corrado and

Niederer37; the ionic current equation (5) is retained without alteration, and the parameter set θθθ ion carries identical physiological

meaning in both formulations.

Spatial discretisation

Cotangent weight FE operator

The surface Γ is approximated by a triangulated mesh T = (Vh,Eh,Fh), where Vh, Eh, and Fh are the sets of vertices, edges,

and triangular faces, with cardinalities Np, Ne, and N f respectively.

We discretise the Laplace–Beltrami operator using the cotangent weight scheme54, which arises from the Galerkin weak

formulation with piecewise linear basis functions on T ; it provides a sparse, symmetric positive semi-definite stiffness matrix.

In this scheme, the contribution of each mesh edge (i, j) to the discrete operator is weighted by the sum of the cotangents of the

two angles opposite to that edge in the adjacent triangles, encoding the local geometry of the surface triangulation into the

diffusion operator. For a nodal field v ∈ R
Np :

(K0 v)i = ∑
j∈N (i)

wi j(v j − vi), wi j =
1
2

(
cotα

(1)
i j + cotα

(2)
i j

)
, (9)

17/29



where N (i) is the one-ring of node i and α
(1,2)
i j are the angles opposite edge (i, j) in the two triangles sharing it. K0 ∈ R

Np×Np

is the isotropic (unit-conductivity) cotangent stiffness matrix. The full derivation from the weak formulation to equation (9),

including the lumped mass approximation and the resulting semi discrete system, is given in Appendix A.

Anisotropic stiffness matrix

The isotropic cotangent weights wi j are scaled by the effective conductivity along each mesh edge. This conductivity is obtained

by projecting the anisotropic conductivity tensor (equation (4)) onto the local edge direction êi j. For edge (i, j) with unit

direction êi j and surface-projected fibre direction f̂i j, the effective conductivity weighted coefficient is:

w̃i j(Gil) = |wi j|
[

Gil

βCm

cos2ϕi j +
Git

βCm

(
1− cos2ϕi j

)
]

, (10)

where ϕi j = arccos(êi j · f̂i j). The geometric quantities {wi j, êi j, f̂i j, ϕi j} are mesh dependent constants precomputed once before

simulation. The only parameter dependent term in equation (10) is Gil, and ∂ w̃i j/∂Gil admits a closed form derivative for all

Gil > 0. The anisotropic stiffness matrix K(θθθ) ∈ R
Np×Np assembles as:

Ki j(θθθ) =







−w̃i j(Gil) j ∈ N (i),

∑
k∈N (i)

w̃ik(Gil) i = j,

0 otherwise.

(11)

The lumped mass matrix M ∈ R
Np×Np is diagonal55 with:

Mii =Cm max
(
Ai ×10−8, Amin

)
, (12)

where Ai is the Voronoi nodal area and Amin = P5({A j}) is the 5th percentile of the nodal area distribution, introduced to prevent

near zero diagonal entries arising from degenerate boundary nodes or poorly conditioned surface triangles. Lumping preserves

the sparsity of the linear system56 and avoids global mass matrix solves, which are computationally inefficient within JAX’s

compiled jax.lax.scan time stepping framework.

Time integration

Strang operator splitting

We advance equations (1)–(2) using second-order Strang operator splitting57, which separates the stiff linear diffusion operator

from the nonlinear ionic source:

(
V k+1,hk+1

)
= S∆t/2 ◦ D∆t ◦ S∆t/2

(
V k,hk

)
, (13)

Here the superscript k indexes the global timestep, and the superscript (l) (introduced in the ionic sub-step below) indexes the

forward-Euler sub-step within a single global step ∆t. where Sτ is the ionic flow map (equations (5)–(8) over time τ) and Dτ is

the diffusion propagator (equation (1) with Iion = 0 over τ). Strang splitting is second order accurate in ∆t and decomposes

each timestep into separate diffusion and ionic substeps, both of which are fully differentiable under JAX autodiff. Detailed

solver parameters are contained in Table 4.

Ionic sub-step

The ionic flow map S∆t/2 integrates the voltage equation using nsub explicit forward-Euler sub-steps of size δ t = ∆t/(2nsub):

V (l+1) = clip
(
V (l)+δ t Iion(V

(l),h(l); θθθ ion), 0, 1
)
. (14)

The gate variable h is updated using the Rush–Larsen scheme58, which solves the linear gate ODE analytically over each

sub-step:

h(l+1) = h∞(V
(l))+

(
h(l)−h∞(V

(l))
)

exp
(

− δ t

τh(V (l))

)

, (15)

where h∞(V ) = αh(V )/(αh(V )+βh(V )) and τh(V ) = 1/(αh(V )+βh(V )) are the steady-state gate value and time constant,

with αh = (1−σλ (V ))/τopen and βh = σλ (V )/τclose, following the sigmoid gate approximation of equation (8). The Rush–

Larsen scheme is unconditionally stable for the gate ODE regardless of sub-step size, and its exponential form is continuously

differentiable with respect to τopen and τclose for all V ∈ [0,1]. Clip operations enforce physical bounds and are differentiable

except on the measure-zero boundary {0,1}, where sub-gradients are used.
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Differentiability of the ionic sub-step. Reverse mode autodiff through the full sequence of NT timesteps suffers from

gradient explosion due to the accumulation of Jacobian eigenvalues across the scan loop, a well documented instability for

long time integrations59. We therefore employ forward mode autodiff (jax.jacfwd), which propagates a tangent vector

alongside the primal computation at each timestep without requiring a backward pass. This eliminates the exponential gradient

accumulation and yields numerically stable, exact gradients for all five ionic parameters θθθ ion in five forward passes which is

equivalent in cost to half the number of FD evaluations while avoiding approximation error.

Crank-Nicolson diffusion step

The diffusion propagator D∆t is implemented with the Crank-Nicolson implicit scheme60, which is unconditionally stable and

second order accurate in ∆t:

(
M+ ∆t

2
K(θθθ)

)

︸ ︷︷ ︸

A

Vk+1 =
(
M− ∆t

2
K(θθθ)

)

︸ ︷︷ ︸

B

Vk. (16)

The operator A is symmetric positive definite (since M ≻ 0 and K ⪰ 0) and is solved by the conjugate-gradient (CG) method

(jax.scipy.sparse.linalg.cg) with tolerance εCG = 10−6. Both A and B depend on Gil through K(θθθ), so gradients

with respect to Gil must propagate through the linear solve. Under forward mode autodiff, JAX propagates the tangent through

the CG iteration directly; under reverse-mode autodiff the adjoint of the solve Vk+1 = A −1r is the symmetric adjoint linear

solve λλλ = A −⊤g = A −1g, adding exactly one additional CG solve per timestep in the backward pass. Here r = BVk is the

Crank–Nicolson right-hand side, g is the incoming cotangent (output-gradient) vector supplied by reverse-mode autodiff, and λλλ
is the corresponding adjoint solution. Both paths are handled automatically by JAX without manual adjoint derivation.

Parameter Symbol Value Unit

Global timestep ∆t 0.05 ms

Ionic sub-steps nsub 2 —

CG tolerance εCG 10−6 —

CG max iterations — 50 —

Surface-to-volume β 140 cm−1

Membrane capacitance Cm 1 µF cm−2

Sigmoid sharpness λ 150 —

Stimulus amplitude Istim 200 µA cm−2

Stimulus duration ∆ts 2 ms

Table 4. JAX-EP numerical parameters.

Computation of observables

Omnipolar EGM computation

Unipolar extracellular potentials at all Ne = 16 HD grid electrodes are computed from the transmembrane voltage field via the

infinite medium approximation to the quasi-static lead field model61:

φe(t) = [WV(t)]e, Wei =
1

4π ∥xi −xe∥
, (17)

where ΦΦΦ is the vector of unipolar extracellular potentials φe across all electrodes and W ∈ R
Ne×Np is a fixed geometric

lead-field matrix depending only on electrode-to-node distances. The conductivity scaling factor σr = Gil/(Gil +0.2), arising

from bidomain partitioning, is set to unity under the assumption of a homogeneous extracellular medium. where σe (here

σe = 0.2 mS cm−1) is the extracellular conductivity.

The implications of this approximation are discussed in the limitations section. Since W is held fixed and applied identically

to both target and simulated OEGMs, amplitude scaling cancels in the waveform MSE loss and does not affect parameter

recovery. OEGMs are formed at each 2×2 clique as the spatial Laplacian of the unipolar potentials62:

OEGMc(t) =
1

4

(
φc1

(t)−φc2
(t)−φc3

(t)+φc4
(t)

)
(18)

This signed four electrode combination suppresses far field contributions and approximates the second spatial derivative of

the extracellular potential within the clique, consistent with the HD grid spatial gradient approach36. where c1, . . . ,c4 denote
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the four electrodes of the 2× 2 HD grid clique. As a fixed linear map, W constitutes a trivially differentiable layer in the

computational graph (21), with ∂L /∂ Vk = W⊤(∂L /∂ΦΦΦ). All nine clique OEGMs are fitted simultaneously during parameter

learning.

Differentiable activation-time map

Activation time (AT) at mesh node i is the time of maximum depolarisation rate. The standard definition tAT
i = argmaxt(∂Vi/∂ t)

is non-differentiable due to the hard argmax. We replace it with a soft temporal attention map accumulated in the scan carry,

requiring no trajectory storage:

ωk
i = σβAT

(
V k

i −Vg

)
, (19)

t̂AT
i =

∑
NT

k=1 tk ωk
i

∑
NT

k=1 ωk
i + ε

, (20)

with βAT = 50 and ε = 10−6. where σβAT
is the logistic sigmoid of Eq. (8) with steepness βAT, and ωk

i is the resulting soft

attention weight at node i and timestep k.

The soft AT map is an attention weighted centroid of the time axis, with attention scores peaked near the activation threshold

Vg. It is continuously differentiable in all entries of θθθ by construction, enables ∂ t̂AT
i /∂θθθ via jax.grad, and requires only two

R
Np running accumulators in the scan carry with O(Np) memory overhead, making it suitable for gradient-based optimisation

directly on activation times in future applications.

Differentiable programming in JAX

This section is the core methodological contribution of JAX-EP. We describe: (1) the construction of the simulation as a

single differentiable computational graph; (2) the JAX transformation pipeline (jit, scan, grad, checkpoint, vmap);

(3) forward mode and reverse mode differentiation; (4) forward sensitivity analysis; and (5) gradient verification.

The simulation as a differentiable computational graph

The full JAX-EP simulation constitutes a pure function F : R5 → R
Ne×NT mapping the parameter vector θθθ to the matrix of

extracellular electrograms Φ = [φe(tk)]e,k, where e ∈ {1, . . . ,Ne} indexes the recording electrodes and k ∈ {1, . . . ,NT} indexes

the timesteps. The graph is a composition:

θθθ
assemble−−−−−→

(10)
K(θθθ)

time-march−−−−−−→
(13)

{Vk}NT

k=1

W ·−−→
(17)

Φ
soft argmax−−−−−−→

(20)
t̂AT, (21)

where each stage is a differentiable map. JAX traces this graph once using abstract evaluation and lowers the traced computation

to an XLA computation graph, which is then compiled, device placed, and executed without Python overhead.

JIT compilation and lax.scan

The time marching loop over NT timesteps is expressed as:

(
VNT , hNT

)
,
{

φ(tk)
}NT

k=1
= jax.lax.scan

(
Mθθθ , (V

0,h0), {sk}NT

k=1

)
, (22)

where Mθθθ is the Strang-split step (13) and sk ∈ {0,1} is the stimulus flag. jax.lax.scan lowers the time loop into a single

XLA while_loop with statically known iteration count, avoiding Python level interpreter overhead at each time step; its

vector-Jacobian product is the reverse scan over the adjoint step, rendering the entire loop natively differentiable.

The complete simulation, including all NT conjugate gradient solves, is compiled to a single XLA executable through

jax.jit. Here NT = ⌊Tsim/∆t⌋ denotes the total number of time steps over the simulation duration Tsim, and Np denotes the

number of nodes in the patient specific surface mesh.

We distinguish between static and dynamic parameters. Static parameters (mesh topology, NT , Np) define the structure

of the XLA graph and require recompilation if changed. Dynamic parameters (the entries of θθθ , initial conditions, pacing

schedule) are traced through the graph and can change between calls without recompilation. This design follows the TORAX

convention32 and ensures that the gradient ∇θθθ L is computed with zero compilation overhead after the first call.

1. Omnipolar EGMs ΦΦΦ(t) = WV(t) followed by OEGMc(t) =
1
4
(Φc1

−Φc2
−Φc3

+Φc4
): ∂L /∂Vk = W⊤(∂L /∂ΦΦΦ);

O(NeNp); W is a fixed geometric matrix (σr = 1, no Gil dependence); all nine HD grid clique OEGMs are fitted

simultaneously.
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2. Crank-Nicolson diffusion Vk+1 = A −1BVk: the adjoint λλλ
k = A −⊤gk requires one additional CG solve per timestep,

where gk = ∂L /∂ Vk+1 +B⊤λλλ
k+1

is propagated backwards through the scan. The gradient with respect to Gil accumu-

lates as: ∂L /∂Gil += (λλλ k)⊤
(
−(∂A /∂Gil)V

k+1 +(∂B/∂Gil)V
k
)
, where ∂A /∂Gil =

∆t
2

∂K/∂Gil is O(Nedges) from

equation (10).

3. Ionic step: JAX evaluates the VJP of the Strang-split ionic substep (14)–(8) pointwise at each node, exploiting the

element wise independence of the ionic ODE; no explicit 2Np ×2Np Jacobian is formed.

4. Stiffness assembly: the chain rule through equation (10) gives ∂ w̃i j/∂Gil = |wi j|
(

3
4

cos2 ϕi j +
1
4

)
/(βCm), an O(1)

expression per edge.

The complete backward pass costs O(NT ) additional CG solves plus O(NT Np) arithmetic for the ionic Jacobians.

Gradient checkpointing

jax.checkpoint is provided as an optional memory optimisation for reverse mode autodiff (jax.grad), reducing

peak activation storage from O(NT Np) to O(
√

NT Np) during the backward pass35. For the forward mode autodiff path

employed in this work (jax.jacfwd), no backward pass exists and jax.checkpoint is not required. It is retained in the

implementation for future reverse mode applications or adjoint based gradient formulations.

Forward mode autodiff

Reverse mode autodiff (jax.grad) is ill suited to long time series cardiac PDE solvers because back propagating adjoint

vectors through NT implicit Crank-Nicolson solves requires unrolling the CG iterations into the backward graph, which

accumulates ill conditioned gradient structures and causes gradient explosion or device out-of-memory failure. We instead

exploit the low parameter dimensionality (M = 5) by employing forward mode autodiff (jax.jacfwd), which propagates M

dual number tangent vectors alongside the primal simulation in a single left-to-right pass (Fig. 10). At each timestep k, the

tangent update reduces to a sparse matrix-vector product of dimension Np ×M, computed simultaneously with the primal state:

V̇k+1 =
∂Vk+1

∂θθθ

∣
∣
∣
∣
Vk

θ̇θθ , (23)

where θ̇θθ ∈ R
M is the parameter seed vector. Because forward mode follows the causal direction of time, no intermediate states

are stored: the active memory footprint is O(M ×Np), independent of NT and well within 15 GB VRAM for M = 5. Each

parameter requires one forward pass, yielding exact gradients in five simulations versus ten finite-difference evaluations while

eliminating approximation error. Gradient stability was confirmed empirically: ratios of forward mode to finite-difference

gradients were within 0.75% of unity for all five parameters across all tested configurations (Fig. 3B). This capability extends

naturally to spatial sensitivity analysis: the spatial Jacobian ∂AT/∂Gil ∈ R
Np over the full LA mesh is computed via two

forward passes, identifying regions of high conductivity sensitivity that govern EGM waveform morphology.

Batch simulation via vmap

The forward pass F (θθθ) is vectorised over a batch of B parameter vectors with zero code modification via jax.vmap:

vmap(F )
(

{θθθ (b)}B
b=1

)

=
{
F (θθθ (b))

}B

b=1
. (24)

vmap lifts F to operate on a leading batch axis, emitting vectorised XLA operations that run with a constant factor of B

additional compute and not B serial calls. When composed with jit, the batched simulation is compiled once and executed as

a single fused kernel. This is used in the inversion application to evaluate the Nelder–Mead simplex vertices in one batch.

Gradient verification

All autodiff gradients are verified against central FD:

gFD
i =

L (θθθ + εei)−L (θθθ − εei)

2ε
, ε = 10−3, (25)

where ei is the i-th standard basis vector. Here θθθ is the parameter vector defined in Eq. (3), and ε is a small finite perturbation

applied to one parameter at a time to approximate the derivative of the loss L by central differences; its value (10−3) is small

enough to keep the truncation error low while remaining large enough to avoid floating-point cancellation. Agreement is

measured by the ratio ri = gautodiff
i /gFD

i ; a ratio ri ≈ 1 for all five parameters confirms correct differentiation. Ratios substantially

different from unity may indicate either: (a) a non-differentiable operation in the graph (e.g. a hard sign or argmax), or (b)

numerical instability in the backward pass (e.g. gradient explosion through long ionic scan chains). We report FD gradient

ratios for all parameters and all geometries in the Results section.
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Figure 10. FD versus forward mode autodiff (jax.jacfwd) for exact gradient computation through the JAX-EP

monodomain solver. Left: FD perturbs each of the M = 5 parameters by ±ε , requiring 2M = 10 forward evaluations per

gradient step; gradients are approximate and susceptible to truncation and round-off error. Right: jax.jacfwd augments the

primal state V with a parameter tangent dV/dθi and advances both simultaneously in the causal direction, delivering exact

gradients at machine precision in M = 5 passes with O(M×Np) constant memory and no backward pass.

Solver verification

JAX-EP is verified at two levels.

(i) Numerical convergence. Spatial and temporal convergence is assessed on a 20×7 mm flat plate geometry discretised

with an unstructured Delaunay triangulation, using the same cotangent-weight surface FEM and Crank-Nicolson scheme as the

full LA simulation. Activation time errors are quantified by the L2 norm relative to a reference solution at the finest resolution,

across three spatial (∆x = 0.5, 0.3, 0.2 mm) and three temporal (∆t = 0.10, 0.05, 0.025 ms) resolutions.

(ii) Gradient verification. End-to-end differentiability is confirmed by comparing FD gradients of a scalar EGM loss

with respect to all five parameters θθθ = [τin,τout,τopen,τclose,Gil], evaluated at two HD grid recording sites under CS and LAA

pacing on the full LA mesh, yielding 20 independent gradient evaluations. Gradients are classified as correct if they are finite,

non-zero, and physically consistent with the expected parameter sensitivities of the mMS ionic model.

(iii) Benchmark against CARP. JAX-EP is further benchmarked against CARP63 on an identical 20×7 mm structured

mesh (∆x = 0.2 mm) with matched ionic parameters, fibre orientation, and stimulus protocol, yielding an L2 activation time

agreement of 1.37 ms and conduction velocity agreement within 2.59%, consistent with the inter-solver variability reported in

the N-version benchmark of Niederer et al.44.

Data and software availability

The computational data and software generated and used during the current study are publicly available through the JAX-EP

GitHub repository (https://github.com/OvJafri/JAX-EP) and its permanent Zenodo archive (https://doi.

org/10.5281/zenodo.22078184). The deposited raw computational data include CARP reference traces used for

0D cellular-scale validation, the 2D flat-plate mesh and pacing-site specifications used for CARP-based 2D validation, and

simulated ground-truth omnipolar EGMs generated for three patient-specific cases and used for the 3D parameter-learning

experiments. The CARP-generated .igb simulation data from the 2D flat-plate validation are permanently archived in a

separate Zenodo repository due to their file size (https://doi.org/10.5281/zenodo.22060549). The JAX-EP

repository provides the computational code and reproducibility workflows for 0D and 2D solver validation, end-to-end

differentiability demonstrations, 3D forward simulations using a representative cube with spatial and temporal resolution

comparable to the patient-specific LA mesh, and parameter-learning experiments at the 0D cellular, 1D fibre, and 3D

patient-derived LA patch scales. It also includes scripts for generating the reported results and figures, processing and

visualising simulated omnipolar EGMs, representative examples, and visual demonstrations of the framework. JAX-EP is

implemented in Python 3.9 with JAX 0.7.229 (XLA backend), NumPy 1.26, and SciPy 1.12, using double-precision arithmetic
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(jax_enable_x64=True) for the 3D cube and LA patch simulations, and runs on both CPU and GPU through JAX’s

device-agnostic backend. The patient-specific LA mesh and HEAT-AF clinical data are not publicly available due to patient

privacy and data-sharing restrictions. The GitHub repository serves as the actively maintained software and reproducibility

resource, while Zenodo provides the permanent archival records of the code and associated computational data.
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Appendix A: Cotangent-weight finite-element discretisation

The cotangent weight stiffness matrix (9) used in JAX-EP is derived from the Galerkin weak formulation of the surface

monodomain equation (1). Multiplying equation (1) by a test function φ ∈ H1(Γ) and integrating over Γ, with integration by

parts on the closed manifold eliminating the boundary term:

∫

Γ
βCm

∂V

∂ t
φ dΓ =−

∫

Γ
∇ΓV ·D∇Γφ dΓ−

∫

Γ
β Iion φ dΓ+

∫

Γ
β Istim φ dΓ, (26)

consistent with the sign convention of equation (1), in which Iion enters with a negative sign (outward current reduces voltage).

Introducing piecewise-linear basis functions {ϕi}Np

i=1 with ϕi(x j) = δi j and approximating V ≈ ∑i Viϕi, the global stiffness and

mass matrix entries are:

Ki j =
∫

Γ
∇Γϕi ·D∇Γϕ j dΓ, (27)

Mi j =
∫

Γ
βCm ϕi ϕ j dΓ, (28)

where β is retained inside the mass matrix consistent with its definition in equation (1) and is not absorbed elsewhere in the

implementation.

For the isotropic case D = d PΓ and piecewise-linear elements, the gradient of each basis function is constant within each

triangle. Evaluating the elemental stiffness integrals and assembling the contributions from the two triangles sharing edge (i, j)
yields the classical cotangent formula54:

Ki j =− d
2

(
cotα

(1)
i j + cotα

(2)
i j

)
=−d wi j, i ̸= j, (29)

where α
(1)
i j and α

(2)
i j are the angles in the two triangles opposite edge (i, j), and Kii = ∑ j∈N (i) d wi j by the row-sum condition.

The anisotropic conductivity tensor (4) introduces an edge-dependent effective conductivity di j (see equation (10)), yielding the

anisotropic stiffness matrix K(θθθ) used throughout JAX-EP.

For each triangular element T , the local consistent mass matrix entries are MT
i j = βCm|T |/12 for i ̸= j and MT

ii = βCm|T |/6,

which upon assembly give the global consistent mass matrix. JAX-EP instead adopts the lumped-mass approximation,

concentrating the nodal mass at the diagonal:

Mii = βCm Ai, Ai =
1
3 ∑

T∋i

|T |, (30)

where Ai is the barycentric nodal area (one-third of the sum of areas of all triangles incident to node i). Lumping preserves the

O(h2) spatial accuracy of the scheme on quasi-uniform meshes64, eliminates the global mass-matrix solve at each timestep,

and is compatible with JAX’s static memory model for jax.lax.scan. The resulting semi-discrete system is:

MV̇ =−K(θθθ)V− fion(V,h; θθθ ion)+ fstim(t), (31)

where fion is the assembled ionic current vector entering with a negative sign, consistent with the PDE convention of equation (1),

and fstim is the stimulus current vector. which is advanced in time by the Strang-split Crank Nicolson scheme described in the

Time integration section above.
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Appendix B: Clinical-Type EGM Distortion and Parameter Recovery

Figure 11. Clinical-type EGM distortion envelope for Set 1 across levels L1–L3. Shaded bands span the signal range;

individual traces and mean overlaid on clean ground truth (black dashed). (A,B) Far-field contamination (α = 0.08–0.60),

centre (C5) and edge (C1) cliques. (C,D) Gaussian noise (SNR = 40–20 dB). (E,F) Combined distortion used in parameter

estimation. (G) Time-resolved distortion magnitude per type (C5); distortion is concentrated in the activation window.
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Figure 12. Effect of clinical-type EGM distortion on parameter recovery across three parameter sets. (H) Parameter MAPE as

a function of signal distortion level D; the shaded region denotes MAPE< 1% and the dotted vertical line marks the D ≈ 14%

threshold below which all three sets are recovered within this target. (I) Per-parameter recovery ratio (recovered / ground truth)

averaged across the three parameter sets; τin, τopen and Gil remain within ±2% of ground truth across all distortion levels,

whilst τout and τclose degrade progressively with increasing distortion, consistent with their sensitivity to EGM repolarisation

morphology.

29/29


	References

