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We study vortex patterns and transport behavior in an asymmetric mesoscopic superconducting loop that
incorporates two non-equivalent constriction-type weak links: a Dayem-bridge and a nano-bridge. Employing
time-dependent Ginzburg—Landau simulations in the thin-film limit, we examine the magnetization, spatial
distribution of supercurrents, Cooper-pair density, voltage response, and current—phase characteristics in
the presence of perpendicular magnetic fields and applied transport currents. Without transport current,
the geometric asymmetry generates non-uniform vortex arrangements and alters the local circulation of
supercurrents. When a current bias is applied, the two constrictions display different degrees of order-parameter
suppression, giving rise to distinct voltage responses and critical-current values. By tuning the bridge widths,
we demonstrate that both the onset of the resistive state and the resulting vortex configuration can be tailored
geometrically. Collectively, our findings identify asymmetric mesoscopic loops as an adjustable platform for
engineering vortex entry, phase-slip processes, and critical currents in superconducting circuits based on weak
links.
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time-dependent Ginzburg—Landau theory; critical current; phase slips.

I. INTRODUCTION

but also by order-parameter suppression, current crowding,

Mesoscopic superconducting structures provide a versatile
platform in which geometrical design can be harnessed to
control vortex matter, phase-slip dynamics, and critical-
current thresholds. As the dimensions of a superconducting
film or loop approach the characteristic superconducting
length scales, the nucleation, motion, and stability of
vortices are strongly affected by spatial confinement, sample
boundaries, surface barriers, defects, overall topology,
and local changes in the superconducting cross-sectional
area [1-5]. As a result, even small geometric adjustments can
significantly modify the magnetization, current distribution,
vortex configurations, and the corresponding voltage
responses. This strong dependence on geometry makes
mesoscopic superconductors attractive candidates for use
in superconducting electronics, flux-based sensors, and
superconducting quantum interference devices [6—12].

An important strategy for engineering these responses
is to use weak links. In contrast to tunnel Josephson
junctions, constriction-type weak links—such as Dayem-
bridges and nano-bridges—are fabricated directly from the
superconducting film. Their transport properties are governed
not only by the phase difference across the constriction,

vortex entry, and phase-slip processes [13—15]. As a result,
their critical current depends strongly on the bridge width
and length, as well as on how the bridge is connected to the
superconducting banks. In asymmetric mesoscopic loops,
dissimilar weak links can break reflection symmetry, leading
to different local barriers for vortex penetration and distinct
resistive characteristics. In addition, the interplay between
geometry, vortex dynamics, and transport is fundamental in
type-1II superconductors, where magnetic flux penetrates the
material in the form of quantized vortices. Under an applied
magnetic field, vortices nucleate at the sample boundaries
and arrange themselves according to confinement, surface
barriers, vortex—vortex interactions, and the specific features
of the superconducting geometry [16-20]. When a transport
current flows, vortex motion and phase-slip events can drive
the system into a finite-voltage state once the critical current
is surpassed [14, 15, 18]. Therefore, understanding how
weak-link geometry influences these processes is essential
for designing superconducting devices with tunable response
characteristics.

The time-dependent Ginzburg-Landau (TDGL) theory
offers a suitable phenomenological framework for exploring
these effects in mesoscopic superconductors. In this
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formalism, the superconducting order parameter, as well as
the scalar and vector potentials and the current density, are
obtained in a self-consistent manner, enabling the analysis
of both magnetic-field-induced vortex patterns and current-
driven resistive states [14, 17, 21]. Simulations based on the
TDGL equations have been widely used to describe vortex
penetration, current-driven suppression of superconductivity,
phase-slip dynamics, voltage formation, and geometry-
dependent transport in confined superconducting films
and weak-link structures [14-17, 21]. Asymmetric
superconducting structures are likewise significant in the
wider field of nonreciprocal superconducting transport, where
broken spatial symmetries, vortex motion, and current-driven
suppression of superconductivity can lead to direction-
dependent critical currents and voltage characteristics [22—
33].  In this work, the goal is not to demonstrate a
superconducting diode effect, but instead to determine
how geometric asymmetry alters vortex penetration, phase-
slip behavior, and critical-current thresholds.

In this study, we analyze an asymmetric mesoscopic
superconducting loop that incorporates two distinct
constriction-based weak links: a Dayem-bridge and a
nano-bridge. Using the time-dependent Ginzburg—Landau
equations in the thin-film limit, we demonstrate that geometric
asymmetry has a pronounced impact on vortex nucleation,
suppression of the order parameter, voltage characteristics,
current—phase relationships, and critical-current thresholds.
Our findings indicate that asymmetric weak-link designs
provide a direct means to control vortex dynamics, phase-slip
events, and superconducting transport in mesoscopic circuits.

This paper is organized as follows. In Sec. II, we introduce
the theoretical model and numerical method. In Sec. III, we
present the numerical results. Finally, Sec. IV summarizes
the main conclusions.

II. MODEL AND METHODOLOGY

We study an asymmetric mesoscopic superconducting loop
containing two non-equivalent constriction-type weak links:
a Dayem-bridge and a nano-bridge, as illustrated in Fig. 1.
A magnetic field H = H,Z is applied perpendicular to the
superconducting film, and a transport current is injected
and collected through lateral contacts. The system is
modeled using the generalized time-dependent Ginzburg—
Landau formalism in the thin-film limit [14, 17, 21]. Unless
otherwise stated, all physical quantities are expressed in
dimensionless TDGL units. The superconducting order
parameter y(r,f) evolves according to the generalized
Kramer—Watts—Tobin form of the TDGL equation [14, 17,
21],
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FIG. 1.

Schematic representation of the asymmetric mesoscopic
superconducting loop.  The device contains two inequivalent
constriction-based weak links, a Dayem-bridge and a nano-bridge,
located on opposite sides of the loop. The magnetic field H = H,Z
is applied perpendicular to the film, and the transport current J is
injected and extracted through the lateral contacts d€;, with i = 1,2.
The geometrical dimensions are @ = 20um, b = 10um, and ¢ =
0.1 um.

Here, A is the vector potential, ® is the scalar potential, and I"
controls the relaxation of the order-parameter amplitude. The
total current density is written as

J=Re[W(~iV—A)y] - Vo, @)

where the first term corresponds to the superconducting
contribution and the second term represents the normal
contribution [14, 17, 21]. Charge conservation leads to the
Poisson equation for the scalar potential,

Vip=_V.J. (3)

Current injection and extraction are implemented through
Neumann boundary conditions at the lateral contacts, fi- V& =
+J, where the plus and minus signs correspond to the two
opposite electrodes. On all remaining boundaries, we impose
n-V® = 0. Since a purely Neumann boundary-value problem
determines the scalar potential only up to an arbitrary additive
constant, the voltage reference is fixed by setting the mean
scalar potential on one electrode to zero [14, 21]. The
instantaneous voltage is then computed as

V(1) = (@)30, — (@)aa,, <<1>>s:§ [eas, @

where S denotes the corresponding contact surface. The
voltage reported in the numerical results is obtained by time
averaging V(¢) after the system has reached a stationary
dynamical regime. For the superconducting order parameter,
we impose the de Gennes boundary condition [4, 14, 21],

A (V- Ay =, )
where b is the de Gennes extrapolation length. In the present
simulations, we take b — oo at the superconductor—vacuum
interfaces, enforcing a vanishing normal supercurrent across
the boundary. This choice is appropriate when surface
pair-breaking effects are not explicitly included.



The Ginzburg-Landau parameter is defined as k = A /&,
where A is the magnetic penetration depth and & is the
superconducting coherence length. We set k¥ = 2.0,
corresponding to a type-II superconducting regime. Spatial
coordinates are measured in units of £, the order parameter is
normalized by .., the magnetic field by H.,, and the vector
potential by £ H,. Time is measured in units of the Ginzburg—
Landau relaxation time. The numerical parameters are chosen
as ox =8y =0z=0.1, n =579, B =1.0, { =0.50,
v = 0.03, and I' = 10 [21]. The convergence tolerance
for the order parameter is fixed at € = 10™°. The TDGL
equations are solved self-consistently using a finite-volume
discretization on an unstructured Delaunay triangulation,
which is particularly suitable for narrow constrictions and
asymmetric mesoscopic geometries [21]. The discrete TDGL
equation for the order parameter at vertex i is:
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Here, ./ (i) denotes the set of neighboring vertices, g; is the
area of the corresponding Voronoi cell, ¢;; is the distance
between neighboring vertices, s;; is the length of the common
Voronoi edge, and U}* is the gauge-link variable. The scalar
potential is obtained from the discrete current-conservation
equation [21],
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The numerical sample has dimensions A = 30, B = 15&, and
C = 0.1&. Both the Dayem-bridge and the nano-bridge are
modeled as constriction-type weak links made of the same
superconducting material, rather than being treated as ideal
tunnel Josephson junctions. Therefore, their current—phase
characteristics are obtained directly from the TDGL solution.
This approach is more appropriate for constriction-based
weak links, where the current—phase relation can deviate
from the ideal sinusoidal Josephson form because of order-
parameter suppression, current crowding, vortex penetration,
and phase-slip dynamics [13—15]. For each bridge, the gauge-
invariant phase difference is evaluated as

B
®=%—m—AAdL ©)

where A and B denote points located on opposite sides of
the corresponding weak link. The local current through each
bridge is calculated from Eq. (2), allowing the current—phase
relation to be extracted without imposing an ideal sinusoidal
dependence. This is essential because constriction-type
weak links can display non-sinusoidal behavior associated
with order-parameter suppression, current redistribution,
and vortex-driven phase slips [13-15]. In the following
sections, this model is used to analyze magnetic-field-
induced vortex states, current-driven finite-voltage regimes,
and geometry-dependent critical-current thresholds obtained
by systematically varying the widths of the Dayem-bridge and
the nano-bridge.

III. NUMERICAL RESULTS

In this section, we report the numerical results for
the asymmetric mesoscopic superconducting loop shown in
Fig. 1. The discussion is divided into three parts. First, we
examine the vortex states induced by the magnetic field in
the absence of any transport current. Second, we explore the
current-driven finite-voltage response at zero magnetic field
and compare the local behavior of the Dayem-bridge with that
of the nano-bridge. Third, we analyze how changes in the
width of each weak link affect the critical-current threshold
and the corresponding vortex configurations.

A. Magnetic-field-induced vortex states

We begin by examining the magnetic response of the
superconducting loop in the absence of transport current,
J = 0. With the simulations carried out at k¥ = 2.0, the system
is firmly within the type-II superconducting regime. Figure 2
presents the magnetization as a function of the applied
magnetic field, which is swept from 0 to 3.5 mT. At low fields,
the magnetization exhibits the characteristic diamagnetic
behavior of the Meissner—Ochsenfeld phase. As the field is
raised, abrupt steps emerge in the magnetization curve. These
discontinuities correspond to the entry of individual flux
quanta into the mesoscopic loop. At sufficiently high fields,
the gradual weakening of the superconducting signal signals
the crossover toward the normal state.

These step-like features in the magnetization underscore
the mesoscopic nature of the system, in which vortices
enter via discrete, field-driven transitions rather than a
smooth evolution. The observed vortex patterns arise from
the interplay between vortex—vortex interactions, surface
barriers, geometric confinement, and the nonuniform current
distribution enforced by the asymmetric weak-link geometry.

To illustrate the vortex state induced by the magnetic
field, Fig. 3 displays the supercurrent streamlines at H = 0.7
mT and J = 0. The current pattern is clearly influenced by
the asymmetric shape of the loop and by the presence of
two inequivalent weak links. As a result, the streamlines are
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FIG. 2. Magnetization M of the asymmetric superconducting loop
as a function of the applied magnetic field H, for zero transport
current, J = 0. The magnetic field is varied from O to 3.5 mT. The
discontinuities in the magnetization curve indicate successive vortex-
entry events in the mesoscopic superconducting loop.

not symmetric with respect to the sample’s reflection axes.
The supercurrent preferentially flows along the sample edges
and encircles the regions where vortices are stabilized. The
opposite sense of circulation on different sides of the loop is
consistent with the emergence of localized vortex structures
within the superconducting region. The corresponding
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FIG. 3. Supercurrent streamlines in the asymmetric superconducting
loop for an applied magnetic field H = 0.7 mT and zero transport
current, J = 0. The asymmetric weak-link geometry produces
an inhomogeneous current distribution and favors non-equivalent
vortex-stabilization regions inside the loop.

Cooper-pair density, |y|?, is displayed in Fig. 4. Vortices
manifest as localized reductions in the magnitude of the
order parameter and are situated close to the centers of the
circulating supercurrent patterns depicted in Fig. 3. The
vortex configuration is asymmetric, reflecting the spatial
symmetry breaking induced by the Dayem-bridge and the
nano-bridge. At the illustrated field value, the vortices
remain distant from the weak-link constrictions, showing that
the bridge geometry alters the current distribution without
necessarily driving vortex nucleation within the constricted
regions.
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FIG. 4.  Cooper-pair density |y|?> for H= 0.7 mT and J = 0,

after the system reaches a stable vortex configuration. The vortices
are identified by local suppressions of the order parameter and are
located near the centers of the supercurrent circulations.

The results shown in Figs. 2-4 characterize how the
asymmetric loop responds to a magnetic field when no
transport current is applied. They demonstrate that the
weak-link geometry modifies the spatial pattern of screening
currents and leads to asymmetric vortex arrangements,
thereby laying the groundwork for the analysis of the
current-driven response in the next subsection.

B. Current-driven finite-voltage response and weak-link phase
dynamics

We now examine how the superconducting loop responds
to an applied transport current when no external magnetic
field is present. Figure 5 displays the voltage as a function
of the applied current. Three voltage traces are shown: the
spatially averaged response of the entire superconducting
film, the local voltage across the Dayem-bridge, and the local
voltage across the nano-bridge. At low currents, the voltage
remains essentially zero, consistent with a superconducting
state without sustained dissipative behavior.  Once the
current exceeds a critical threshold, a finite voltage emerges,
signaling the onset of a current-driven resistive state. The
two weak links produce distinct local voltage characteristics.
This contrast arises from the different current-crowding
patterns and degrees of order-parameter suppression in the
Dayem-bridge and the nano-bridge. In the finite-voltage
regime, the slopes of the voltage—current curves reflect
different differential resistances for the two constrictions.
Because no external ac drive is applied, these voltage onsets
should be understood as current-induced transitions to a
finite-voltage state—linked to phase-slip and vortex-mediated
dynamics—rather than as Shapiro steps.

The spatial profile of the current-driven state is displayed in
Fig. 6, where the Cooper-pair density is shown for J = 10 uA
and H = 0. The order parameter is markedly reduced in the
vicinity of the weak links and near the regions where the
current is injected. These localized reductions signal the
emergence of areas in which superconductivity is diminished
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FIG. 5.  Voltage response as a function of the applied transport

current for zero external magnetic field, H = 0. The curves
correspond to three different measurements: the average response of
the superconducting film, the local voltage across the Dayem-bridge,
and the local voltage across the nano-bridge. The onset of a finite
voltage defines a current-driven resistive threshold.
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FIG. 6. Cooper-pair density \y/|2 in the asymmetric superconducting
loop for zero applied magnetic field, H = 0, and transport current
J =10 pA. The order parameter is locally suppressed near the weak
links and current-injection regions, indicating the onset of current-
driven dissipative dynamics.

by the applied current. The remainder of the sample stays
largely superconducting, indicating that the transition to the
finite-voltage state is spatially nonuniform and is governed by
the constricted weak-link regions.

Figures 7 and 8 present the current—phase relations
obtained from the TDGL solution for the nano-bridge and
the Dayem-bridge, respectively. The two curves are clearly
distinct, demonstrating that the constrictions function as
different types of weak links. Both the maximum current
and the phase at which it is reached vary between the two
bridges, indicating differing degrees of local suppression
of the superconducting order parameter and distinct current
distributions imposed by the asymmetric geometry. Here,
the current—phase relation is not imposed to be sinusoidal.
Rather, it is computed directly from the local TDGL current
and the gauge-invariant phase drop across each weak link.
This is crucial, because constriction-based weak links can
depart from the ideal Josephson behavior due to order-

parameter depletion, current crowding, and vortex-mediated
phase slips. Consequently, juxtaposing Figs. 7 and 8 yields a
direct assessment of how the two weak links make different
contributions to the phase dynamics of the loop.
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FIG. 7. Current—phase relation extracted from the TDGL solution
for the nano-bridge. The curve reflects the local current response of
the constriction as a function of the gauge-invariant phase difference
across the weak link.
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FIG. 8. Current—phase relation extracted from the TDGL solution
for the Dayem-bridge. Comparison with Fig. 7 shows that the two
constrictions have different phase-dependent current responses.

A more direct comparison between the two weak links
is shown in Fig. 9, where the order-parameter density is
projected along the bridge sections. Under identical applied-
current conditions, the nano-bridge maintains a higher value
of |y|? than the Dayem-bridge. This demonstrates that the
superconducting condensate experiences stronger suppression
in the Dayem-bridge, whereas the nano-bridge stays closer to



the fully superconducting regime. The resulting difference
in the spatial profile of the order parameter accounts for
the distinct voltage responses and current—phase relations
reported in Figs. 5-8. Consequently, the two constrictions
function as inequivalent weak links, with their transport
properties governed by their respective geometries.
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FIG. 9.  Comparison of the projected Cooper-pair density ||

along the Dayem-bridge and the nano-bridge for the same applied-
current condition and zero external magnetic field. The different
local suppression of |l,l/|2 demonstrates that the two constrictions
behave as inequivalent weak links.

C. Geometry-controlled critical-current thresholds and vortex
configurations

We now analyze how the weak-link geometry influences
both the finite-voltage characteristics and the corresponding
vortex configurations. To this end, we vary the width of one
bridge while keeping the other fixed, and compute the voltage
as a function of the applied transport current. The external
magnetic field is set to H = 10 mT. This configuration allows
us to separate the individual contributions of the Dayem-
bridge and the nano-bridge to the current-driven transition.
The field value H = 10 mT is chosen so that the system is
well within the mixed-state regime, where vortex structures
are sufficiently developed to make the effects of the weak-
link geometry clearly visible. For each geometry, the critical
current is determined using a small-voltage criterion, defined
as the current at which the time-averaged voltage rises above
the numerical noise floor. Figure 10 presents the voltage
response for several Dayem-bridge widths, with the nano-
bridge width held fixed. As the Dayem-bridge becomes
wider, the onset of the finite-voltage state moves to higher
applied currents. This trend shows that a wider Dayem-bridge
can sustain larger supercurrents before the order parameter
is sufficiently suppressed to initiate dissipative dynamics.
In contrast, narrower bridges lower the critical current and

promote an earlier transition into the resistive regime. Within
the finite-voltage range, the variation of the slopes indicates
that the effective differential resistance is likewise influenced
by the bridge width.
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FIG. 10. Voltage response as a function of the applied current for
different widths of the Dayem-bridge. The external magnetic field
is fixed at H = 10 mT, while the nano-bridge width is kept constant.
Wider Dayem-bridges increase the current threshold for the onset of
the finite-voltage state.

Figure 11 presents the analogous analysis for various nano-
bridge widths, with the Dayem-bridge kept constant. The
nano-bridge width also governs the onset of the finite-voltage
state: narrower nano-bridges exhibit lower critical currents,
whereas wider nano-bridges can carry higher currents before
switching to the resistive regime. In contrast to tuning
the Dayem-bridge, adjusting the nano-bridge width leads
to a more substantial alteration of the voltage response,
demonstrating that this constriction has a strong influence on
the current-driven stability of the superconducting loop.
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FIG. 11. Voltage response as a function of the applied current for
different widths of the nano-bridge. The external magnetic field is
fixed at H = 10 mT, while the Dayem-bridge width is kept constant.
The nano-bridge width strongly affects the current threshold and the
finite-voltage response.

The effect of the nano-bridge width on the vortex
configuration is presented in Fig. 12. The Cooper-pair density
is shown for two different nano-bridge widths, while the
Dayem-bridge is kept unchanged, under identical applied field



and current conditions. The two panels exhibit distinct vortex
patterns, indicating that the weak-link geometry influences not
only the voltage response but also the spatial distribution of
the superconducting condensate. For the larger nano-bridge
width, vortices are more strongly localized near the central
part of the loop, pointing to enhanced vortex clustering driven
by altered current flow and confinement barriers.
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FIG. 12.  Cooper-pair density |y|? for two different nano-bridge
widths: (a) 0.5 um and (b) 1.0 um. The Dayem-bridge width is
kept fixed. Both panels correspond to the same external magnetic
field, H = 10 mT, and transport current, J = 10 g A. The nano-bridge
width modifies the vortex arrangement inside the loop.

Finally, Fig. 13 presents the Cooper-pair density for two
distinct Dayem-bridge widths, while the nano-bridge width
is held constant. The vortex pattern is once more reshaped
by the modification of the weak-link geometry. Specifically,
widening the Dayem-bridge changes the current distribution
around the constriction and shifts the regions in which vortices
are stabilized. These findings demonstrate that both weak
links contribute to determining the mixed-state configuration,
although their respective impacts on the voltage response and
vortex arrangement are not the same.

Overall, the findings show that the asymmetric loop
geometry offers a direct means of regulating vortex entry,
current-induced finite-voltage transitions, and the local phase
behavior of the weak links. The Dayem-bridge and the
nano-bridge exhibit different responses to magnetic field
and transport current, which results in distinct patterns
of order-parameter suppression, voltage signatures, and
current—phase relations. By adjusting the bridge widths, one
can geometrically tune both the critical-current threshold and
the vortex configuration, which constitutes the main outcome
of this study.
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FIG. 13. Cooper-pair density |y|? for two different Dayem-bridge
widths: (a) 0.1 um and (b) 1.0 um. The nano-bridge width is kept
fixed. Both panels correspond to H= 10 mT and J = 10 uA. The
Dayem-bridge width modifies the vortex distribution and the local
suppression of the superconducting order parameter.

IV. CONCLUSIONS

We studied the vortex configurations, the current-driven
finite-voltage behavior, and the weak-link phase dynamics
in an asymmetric mesoscopic superconducting loop that
incorporates two non-equivalent constriction-type weak links:
a Dayem-bridge and a nano-bridge. The system was described
using the generalized time-dependent Ginzburg—Landau
formalism in the thin-film approximation, which enabled
a self-consistent calculation of the superconducting order
parameter, supercurrent distribution, scalar potential, and
the local current—phase characteristics. When no transport
current is applied, the magnetization curve exhibits the
typical behavior of a mesoscopic type-II superconducting
loop, featuring discrete jumps linked to vortex-entry events.
The associated supercurrent streamlines and Cooper-pair
density distributions reveal that the asymmetric geometry
creates distinct, non-equivalent regions where vortices can
be stabilized. Specifically, the Dayem-bridge and the nano-
bridge perturb the current flow in different ways, resulting
in asymmetric vortex configurations even under a spatially
uniform applied magnetic field. When a transport current
is driven through the system at zero magnetic field, a finite
voltage appears once the current exceeds a critical threshold.
Spatially resolved voltage measurements show that the two
weak links do not play equivalent roles in establishing this
current-induced resistive state. The Dayem-bridge and the



nano-bridge display different degrees of order-parameter
suppression, distinct differential voltage responses, and
unequal current—phase relations. These disparities stem from
the constriction-based character of the weak links, where
current crowding, local depletion of the superconducting
condensate, and vortex-mediated phase slips alter the
transport behavior beyond the ideal sinusoidal Josephson
regime.

We further showed that both the critical-current threshold
and the vortex arrangement can be adjusted by varying the
widths of the Dayem-bridge and the nano-bridge. Wider
bridges support higher supercurrents before entering the
finite-voltage regime, while narrower constrictions promote
earlier suppression of the order parameter and the onset
of current-induced dissipation. The device geometry also
reshapes the spatial vortex distribution, indicating that
weak-link design enables simultaneous control of transport
characteristics and mixed-state behavior. Overall, our
findings demonstrate that asymmetric superconducting
loops incorporating non-equivalent constriction-type weak
links provide a straightforward and efficient means of
geometrically controlling vortex entry, phase-slip behavior,
and critical currents in mesoscopic superconducting circuits.
Such geometry-driven tunability could be valuable for
engineering superconducting devices in which the local
weak-link characteristics, the onset of finite voltage, and
the vortex arrangement can be modified without altering the
underlying superconducting material.
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