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Supplementary Note 1: Algorithm for the global exhaustive search

This algorithm identifies the quantized coordinates where the dark vortex achieves a quantization-locked state within a digitized laboratory environment. For generating the selection routines, we utilize the following equivalent symbols and notations.


The term  represents the physical intensity,  represents the physical core radius,  is the geometric tracking invariant,  represents the signed quantization gap,  is the absolute magnitude of the quantization gap, and  denotes the maximum stable propagation distance.

Numerical algorithm

The numerical algorithm proceeds through 4 distinct operational phases to isolate the quantization-locked states. In the initialization phase, the environment configures the core structural constants where the tracking invariant equals 2.93067688873 μm² and the scaling factor equals 0.34121810011 μm⁻², establishing a baseline precision threshold of 15 digits. In the execution phase, an iterative sweep carries out a systematic evaluation of the physical radius across a domain bounded between 60.8 μm and 920.4 μm with a rigid spatial increment of 0.1 μm. For each discrete radial step, the routine determines the corresponding ideal continuous intensity, rounds this value to exactly 3 significant digits to simulate real-world digital control limits, and evaluates the absolute magnitude of the resulting signed quantization gap. In the evaluation phase, the maximum stable propagation distance is calculated by taking the square root of the quotient of 0.2 divided by the absolute gap error, logging each coordinate set into a master data array. In the sorting phase, the compiled array undergoes an ascending sorting operation sorted strictly by the magnitude of the quantization gap, extracting the top rows to define the structural hierarchy of discrete equilibrium ranks.

Supplementary Note 2: Numerical convergence test and integration algorithm

The spatial evolution is simulated by converting the governing second-order ordinary differential equation into a coupled system of 2 first-order equations. The numerical integration is performed using a classical fourth-order Runge-Kutta scheme. To ensure that the calculation is independent of the grid size, a systematic grid-refinement convergence protocol is implemented. The initial step size is iteratively halved by doubling the total number of mesh intervals in each successive iteration. The terminal value of the dimensionless beam width parameter at the exit plane of the 411.3 mm CS₂ cell is compared against the value from the previous iteration [1]. Convergence is achieved when the absolute difference between 2 consecutive iterations falls below the strict threshold of 12 decimal places.

The execution sequence begins by setting the initial conditions at the entry plane, where the dimensionless beam width is unity and its spatial derivative is zero. The interaction length is defined by the physical boundaries of the medium [1], and the step size is determined by dividing this length by the current mesh count. For each spatial increment, 4 independent derivative stages are computed sequentially to project the variables across the interval using a weighted average. At the terminal boundary of the propagation domain, the newly computed width is evaluated against the prior baseline. If the precision criterion is satisfied, the validated parameters are logged and the refinement loop is exited; otherwise, the grid density is doubled and the integration resets.

Results of the numerical validation

Initiating convergence iterations for 12-digit precision yields a stable progression. At 1000 discrete integration steps, the exit beam width parameter equals 1.000000000008458. At 2000 discrete integration steps, the exit beam width parameter reaches 1.000000000008459. Numerical convergence is successfully achieved within the specified threshold, confirming the validated exit plane beam width parameter as exactly 1.000000000008459.

Supplementary Note 3: Derivation of peak physical intensity limits and dielectric safety margins

The cross-sectional intensity distribution of the fundamental Laguerre-Gaussian vortex mode at the input plane is parameterized by the localized physical variables as follows.


In this distribution,  represents the radial coordinate and  is the initial optical intensity profile. An extremum analysis of this spatial profile with respect to the radial coordinate dictates that the maximum local intensity occurs precisely at the core boundary where the radial coordinate equals the physical core radius. Evaluating the distribution at this coordinate yields the geometrically attenuated peak value, where .

The localized physical intensity parameter is constrained by the continuous geometric invariant through the inverse-square relation, where . Consequently, the absolute maximum intensity parameter is reached at the paraxial confinement threshold where the physical core radius is minimized to its lower limit. Incorporating the material saturation intensity, denoted as , to scale the dimensionless profile into a physical power density yields the ultimate ceiling for the peak local intensity [2].


Substituting the validated system parameters, where the invariant is 2.93067688873 μm², the absolute minimum radius is 60.8 μm, and the orientational saturation intensity is 10⁷ W/cm², evaluates the local power density ceiling as approximately 2.93 kW/cm².
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