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Abstract

Customer segmentation is a fundamental component of banking decision-support systems, supporting
applications such as targeted marketing, risk management, fraud detection, and strategic planning.
Existing approaches generally combine feature extraction with clustering, relying on either static
or dynamic Recency–Frequency–Monetary (RFM) representations or deep learning models. However,
RFM-based methods often fail to capture the sequential dynamics of customer behavior, while deep
learning approaches typically produce latent representations that are difficult to interpret and fre-
quently require additional dimensionality reduction for visualization. To address these limitations, this
paper introduces the Sequential Amounts and Sequential Intensity (SASI) framework, an interpretable
customer representation method based on Hidden Markov Models (HMMs). Unlike conventional de-
terministic approaches, HMMs provide a probabilistic framework for modeling sequential variations
in transaction amounts and transactional intensity. The meta-data extracted from the learned HMMs
are transformed into a two-dimensional embedding, whose axes directly reflect these two behavioral
dimensions. Experiments conducted on 1,503 and 2,039 customers from the synthetic Nigerian Re-
tail Banking Transactions (Nigerian) and the real-world PKDD’99 (Berka) datasets demonstrate
the effectiveness of SASI using the Silhouette Coefficient (SC), Davies–Bouldin Index (DBI), and
Calinski–Harabasz Index (CHI). When SASI is compared with the competing methods, it achieves the
second-best SC (0.650635), the best DBI (0.418718), and the best CHI (6578.11) on the Nige-
rian dataset. On the Berka dataset, it attains the best SC (0.507139), the best DBI (0.500209),
and the second-best CHI (3309.01). These results establish SASI as an effective operational frame-
work, combining competitive clustering performance with fully interpretable and directly visualizable
customer representations.

Keywords: Customer segmentation, RFM representations, Hidden Markov Models, Deep learning models
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1 Introduction

Customer segmentation is a fundamental compo-
nent of modern banking decision-support systems
because it supports personalized marketing, credit
risk assessment, fraud detection, and strategic
planning [1, 2]. The rapid expansion of digi-
tal financial services, particularly in emerging
economies, has considerably increased the volume
and diversity of banking transactions, making ac-
curate customer representation a key challenge
for financial institutions [3, 4]. Beyond improv-
ing business performance, customer segmentation
contributes to transparent and data-driven deci-
sion making, which is increasingly required for
regulatory compliance and trustworthy artificial
intelligence in banking [5].

Most existing customer segmentation frame-
works follow a two-stage pipeline composed of
feature extraction and clustering. During the clus-
tering step, various clustering algorithms that can
handle static or time series data are used to
organize customers into compact and distinct clus-
ters, according to their features. These customer
features are either manually engineered from do-
main knowledge or automatically learned from
transactional data. Among automatic approaches,
Recency–Frequency–Monetary (RFM) representa-
tions remain the most widely adopted because of
their simplicity and interpretability [6–8]. More re-
cently, dynamic RFM variants and deep learning
models such as Variational Autoencoders (VAEs),
Long Short-Term Memory (LSTM) networks and
Convolutional Neural Networks (CNNs) have been
proposed to capture temporal customer behav-
ior [9–12]. Although these approaches often im-
prove predictive performance, they generally pro-
duce high-dimensional latent representations that
remain difficult to interpret and typically require
additional dimensionality reduction techniques for
visualization.

Despite their popularity, existing feature ex-
traction techniques only partially characterize
transactional behavior. In particular, RFM-based
methods summarize customer activity through ag-
gregated statistics while ignoring the sequential
organization of transactions within an observation
window. Consequently, customers exhibiting sim-
ilar recency, frequency and monetary values may
nevertheless follow markedly different behavioral
dynamics.

Figure 1 illustrates this limitation using three
customers sharing identical recency and transac-
tion frequency. Although indistinguishable from
the perspective of conventional RFM representa-
tions, their transaction sequences reveal three dis-
tinct temporal behaviors corresponding to early,
late and uniformly distributed activity. Such se-
quential information is ignored by existing RFM
descriptors, although it may considerably influ-
ence customer similarity.

A similar limitation arises for the monetary di-
mension. Table 1 shows three customers with sub-
stantially different transaction magnitudes. While
traditional monetary indicators distinguish cus-
tomers only through aggregated values such as
total amount or net flow, the normalized trans-
action sequences reveal that customers U and
W exhibit identical sequential monetary behav-
iors despite their different financial scales, whereas
customer V follows an opposite pattern. Captur-
ing these sequential dynamics is therefore essential
for obtaining behaviorally meaningful customer
representations.

To address these limitations, this paper pro-
poses the Sequential Amounts and Sequential
Intensity (SASI) framework, an interpretable cus-
tomer representation based on Hidden Markov
Models (HMMs). Instead of relying on hand-
crafted aggregate statistics, SASI models cus-
tomer behavior directly from transaction histo-
ries by jointly learning the sequential evolution
of transaction amounts and transaction inten-
sity. Meta-information extracted from the learned
HMMs is then transformed into two interpretable
behavioral scores defining a low-dimensional cus-
tomer embedding. Unlike deep latent representa-
tions, the proposed embedding can be directly vi-
sualized, interpreted by banking analysts and used
with conventional clustering algorithms without
requiring additional dimensionality reduction.

The main contributions of this paper are four-
fold:

1. We propose an interpretable HMM-based cus-
tomer representation that jointly captures se-
quential transaction amounts and transaction
intensity using transaction histories only.

2. We introduce a two-dimensional behavioral em-
bedding that preserves semantic interpretabil-
ity while providing a direct visual representa-
tion of customer behavior.
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Figure 1: Three customers U , V and W , with identical frequency and recency, but different sequential
transactional intensities within a window.

Table 1: Three customers U , V and W , with different monetary, but identical sequences of transactional
normalized amounts within a window. mi is the amount of the ith transaction such that deposits are
positive and withdrawals are negative, with (1≤i≤8).

a. Original amounts

m1 m2 m3 m4 m5 m6 m7 m8
Total Net

amount flow

U −200 750 −800 1000 500 −125 100 50 3525 1275

V 250 500 −625 2500 5000 −4000 3750 −1000 17625 6375

W −2000 7500 −8000 10000 5000 −1250 1000 500 35250 12750

b. Normalized amounts

m1 m2 m3 m4 m5 m6 m7 m8
Maximum

amount

U −20% 75% −80% 100% 50% −12.5% 10% 5% 1000

V 5% 10% −12.5% 50% 100% −80% 75% −20% 5000

W −20% 75% −80% 100% 50% −12.5% 10% 5% 10000

3. The proposed representation remains fully
compatible with conventional clustering algo-
rithms, enabling its seamless integration into
existing customer segmentation pipelines.

4. We demonstrate, through experiments con-
ducted on two open datasets that SASI pro-
vides an effective and computationally efficient
framework for customer segmentation in bank-
ing applications.

The remainder of this paper is organized as
follows. Section 2 reviews related work on cus-
tomer segmentation and customer representation.
Section 3 briefly introduces the HMM background.
Section 4 presents the proposed SASI framework,
while Section 5 reports the experimental evalua-
tion. Finally, the last section concludes the paper
and discusses future research directions.

2 Background

Customer segmentation generally relies on two
successive stages: feature extraction and cluster-
ing. The first stage transforms raw transactional
records into feature vectors describing customer
behavior, whereas the second stage groups cus-
tomers with similar behavioral characteristics.
Consequently, the quality of the final segmenta-
tion strongly depends on the descriptive power,
interpretability and computational efficiency of
the adopted feature extraction technique.

2.1 Feature extraction

Feature extraction can be performed either man-
ually, through the design of handcrafted features,
or automatically using deep learning models or
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RFM-based representations.. Their respective ob-
jectives are to summarize customer behavior while
preserving information relevant for downstream
clustering and decision-support tasks.

2.1.1 Static RFM

The Recency–Frequency–Monetary (RFM) repre-
sentation remains the most widely adopted au-
tomatic customer representation because of its
simplicity, interpretability and computational ef-
ficiency [6–8]. It summarizes each customer by
three complementary indicators describing the
time elapsed since the last transaction (Recency),
the number of transactions (Frequency), and the
aggregated monetary value of transactions (Mon-
etary). Owing to its low dimensionality, static
RFM has been successfully applied to customer
segmentation, customer valuation and targeted
marketing [13–17].

Despite these advantages, static RFM aggre-
gates all transactions within a single observation
period and therefore ignores temporal dynam-
ics. Customers having identical RFM triplets may
nevertheless exhibit markedly different behavioral
evolutions, as illustrated in Figure 1 and Table 1.
Consequently, static RFM cannot distinguish cus-
tomers whose transaction intensity or spending
patterns evolve differently over time.

2.1.2 Dynamic RFM

Dynamic RFM representations extend the clas-
sical model by computing RFM descriptors over
successive sliding windows, thereby generating
multivariate time series that describe the temporal
evolution of customer activity [18–21]. This strat-
egy improves the detection of behavioral trends,
seasonal effects and abrupt changes that remain
invisible to static representations.

Several studies have further combined dynamic
RFM with sequential learning techniques such as
LSTMs or CNNs to improve customer profiling
and segmentation [11, 12]. Nevertheless, dynamic
RFM still relies on aggregated statistics (e.g.,
minimum, maximum, mean, variance, slope, etc.)
computed within each window. Equation 1 shows
how to compute some aggregated features for a
time series g.

min: ming = min{g(t) | 1≤t≤n}

max : maxg = max{g(t) | 1≤t≤n}

mean: µg =
1

n

n
∑

t=1
g(t)

variance: σ2
g =

1

n

n
∑

t=1
(g(t)− µg)

2

slope:























βg =

∑n
t=1 (t− µt)(g(t)− µg)
∑n

t=1 (t− µt)2
where

µt =

(

1

n

n
∑

t=1
t

)

=
n+ 1

2
(1)

As a result, it captures the evolution of RFM
indicators but not the sequential organization
of transaction amounts and transaction intensity
inside individual windows.

2.1.3 RFM extensions

To enrich customer descriptions, several exten-
sions of the classical RFM model have been
proposed by incorporating additional tempo-
ral, categorical, demographic or application-
specific attributes. Representative examples in-
clude LRFMP [22], RFMC [23], RFMT [24],
RFMD [25, 26] and RFME [27]. These models
improve descriptive power by integrating comple-
mentary customer information beyond the original
(R,F,M) triplet.

Although extended RFM representations often
enhance segmentation quality, they also increase
feature dimensionality, require additional feature
engineering and may reduce interpretability. More
importantly, they still describe customer behav-
ior through aggregated descriptors and therefore
remain unable to characterize the sequential evo-
lution of transaction intensity and transaction
amounts within an observation window.

2.1.4 Deep learning representations

Recent advances in deep learning have intro-
duced powerful representation learning techniques
for customer analytics. Variational Autoencoders
(VAEs) learn compact latent embeddings capable
of preserving complex nonlinear relationships and
have demonstrated promising results for bank-
ing customer segmentation [9, 10]. More recently,
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Transformer-based models have been employed to
model long-range dependencies in customer in-
teraction sequences [28], whereas Graph Neural
Networks (GNNs) have exploited relational in-
formation for interaction prediction and churn
analysis [29, 30].

Compared with RFM-based approaches, deep
learning models generally provide richer repre-
sentations and greater predictive capability. How-
ever, they often require substantial computational
resources, extensive hyperparameter tuning and
large training datasets. In addition, the learned
latent representations usually remain difficult to
interpret from a business perspective, thereby
limiting their adoption in transparent banking
decision-support systems. These limitations mo-
tivate the development of customer represen-
tations that simultaneously preserve behavioral
expressiveness, computational efficiency and inter-
pretability.

2.2 Clustering algorithms

Once customer representations have been ob-
tained, clustering algorithms are employed to
identify groups of customers exhibiting similar be-
havioral characteristics. Existing methods can be
broadly categorized into five families according
to their underlying grouping principles: partition-
based, density-based, hierarchical, graph-based, and
time-series similarity-based clustering [8].

Partition-based methods, including K–means,
K–medoids, and Gaussian Mixture Models
(GMMs), remain the most widely adopted
approaches because of their simplicity and
effectiveness for low-dimensional customer rep-
resentations [6, 10, 14]. Density-based methods
such as DBSCAN and HDBSCAN automatically
identify arbitrarily shaped clusters, while explic-
itly handling noise [13, 31]. Hierarchical clustering
constructs multi-level customer taxonomies with-
out requiring a predefined number of clusters,
whereas graph-based and spectral clustering
exploit similarity graphs to capture complex non-
linear relationships [17]. Finally, algorithms such
as K–shape are specifically designed for cluster-
ing behavioral time series according to shape
similarity [20].

The choice of a clustering algorithm depends
on the dimensionality of the representation, the
structure of the data and the desired trade-off

between computational efficiency, robustness and
interpretability. Since the objective of the present
work is to propose an interpretable customer
representation rather than a new clustering tech-
nique, the proposed SASI framework is designed
to remain independent of the clustering algorithm
and can therefore be combined with conventional
unsupervised methods. In the experimental eval-
uation, K–means is adopted because of its com-
putational efficiency, widespread use in customer
segmentation, and straightforward interpretation
of the resulting customer groups.

2.3 Related studies

Table 2 synthesizes the main information on the
studies related to customer segmentation reviewed
in Section 2. The performances of these studies
are generally evaluated using widespread metrics
such as the Silhouette coefficient (SC), the Davies-
Bouldin index (DBI) and the Calinski-Harabasz
index (CHI). A technical presentation of these
metrics is available in Section 5.3. Complemen-
tary related studies are analyzed in the surveys
proposed in [6–8] and Figure 2 depicts the global
taxonomy of customer segmentation used in the
related papers reviewed in the current work, in-
cluding the feature extraction and the clustering
steps.

2.4 Problem statement

The previous review highlights two complemen-
tary trends in customer representation learning.
RFM-based methods remain attractive because
they are simple, interpretable and computation-
ally efficient, but they rely on aggregated descrip-
tors that ignore the sequential organization of
transactions within an observation window. Con-
versely, deep learning approaches capture complex
behavioral patterns but usually generate latent
representations that are difficult to interpret and
computationally demanding.

Consequently, an important gap remains be-
tween these two families of approaches. Existing
methods do not simultaneously provide:

1. an interpretable customer representation de-
rived directly from transaction histories;

2. a low-dimensional embedding suitable for di-
rect visualization;
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Table 2: Performance of relevant studies related to customer segmentation reviewed in Section 2. The
performances are in column 6 where K denotes the final number of clusters.

Features Authors[Ref] Year
Data Clustering

Perf.
Specific

source algorithms Drawbacks

Static
RFM-
based

Brahmana et al. [13] 2020
Sales transaction data of PT.
Cimory. From Jan. 2013 to
Dec. 2018. 1661 customers.

K–means,
K-medoids,
DBSCAN

(K=2),
SC: 0.9126,
DBI: 0.33

Ignores

temporal

dynamics

Rajesh et al. [14] 2024
E-commerce customer sales
dataset from Kaggle. From
09/08/2020 to 26/10/2020.

K–means,
Hierarchical
clustering

(K=3),
SC: 0.4389

Rusly et al. [15] 2025
PT Karya Logistik. dataset
from Kaggle. From Jan. 2022
to Dec. 2024. 400 customers.

K–means
(K=5),
SC: 0.4103

Grigorova et al. [16] 2025
Private financial dataset.
From 01/07/2022 to
01/07/2024

K–means,
Hierarchical
clustering

(K=7),
SC: 0.452,
DBI: 0.810

Vianna et al. [17] 2025
Retail II dataset from
UCI. From 01/12/2009 to
09/11/2011. 5878 customers

Graph-based
clustering

(K=4),
SC: 0.4289

Dynamic

RFM-
based

Abbasimehr et al. [18] 2019
Private bank dataset. 7
months. 2531 customers.

Hierarchical
clustering

(K=4),
SC: 0.35

- Visualization issues
- Increased complexity

- Reduced interpretability

- Sensitivity to l and κ

Abbasimehr et al. [19] 2020
Private bank dataset. 11
months.

Hierarchical
clustering

(K=4),
SC: 0.34

Barkhordar et al. [11] 2021
Beka financial dataset. 5000
customers.

K–means
(K=3),
SC: 0.862,
DBI: 0.381

Abbasimehr et al. [20] 2022 Private bank dataset.

Hierarchical
clustering,
Spectral
clustering,
K-shape

(K=4),
SC: 0.46,
CHI:
5696.5

Wang et al. [21] 2024

Three datasets from
ASP/SaaS-based manufac-
turing industry. From 2019
to 2021.

Spectral
clustering,
K-medoids,
Hierarchical
clustering

(K=4),
SC: 0.9313,
DBI:
0.0346

VAE-
based

Mancisidor et al. [9] 2018

Norwegian car loan real-
word dataset from the
Santander Consumer Bank
Nordics. 12 months

K–means,
Hierarchical
clustering,
HDBSCAN

(K=5),
SC≈1.3,
DBI≈1.8,
CHI≈1.2 - Difficult to interpret

- Depend on hyperparameter

tuning and space regularization

- Less explainableMancisidor et al. [10] 2021

Norwegian car loan real-
word dataset from the
Santander Consumer Bank
Nordics. 12 months

K–means,
Hierarchical
clustering,
GMMs

(K=5),
SC: −

3. compatibility with conventional clustering al-
gorithms;

4. computational efficiency compatible with large-
scale banking applications.

To address these limitations, this work adopts
HMMs as the underlying sequential modeling
framework. HMMs constitute a well-established
probabilistic model for sequential data and bene-
fit from mature learning and inference algorithms
whose robustness and efficiency have been ex-
tensively demonstrated. They have successfully

been applied to customer relationship analy-
sis [32, 33] and customer behavior prediction in
e-commerce [34]. However, to the best of our
knowledge, their potential for learning an inter-
pretable dual representation of banking customers
based jointly on transaction amount dynamics and
transaction intensity dynamics has not yet been
investigated.

Compared with alternative sequential models
such as LSTMs, Transformers and VAEs, HMMs
offer several advantages that are particularly rele-
vant for banking applications. Their probabilistic
formulation provides explicit latent behavioral
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Figure 2: Global taxonomy of customer segmentation including the feature extraction and the clustering
steps, respectively reviewed in Sections 2.1 and 2.2.

states, transition probabilities and emission dis-
tributions that can be directly interpreted by
domain experts, thereby enhancing transparency
and explainability. In addition, HMMs are gen-
erally more sample-efficient and computationally
lighter than deep neural architectures, making
them well suited to moderate-sized datasets and
variable-length transaction sequences. These char-
acteristics are consistent with the objectives of
the proposed SASI framework, which seeks to
capture sequential customer behavior while pre-
serving interpretability, computational efficiency
and compatibility with conventional customer seg-
mentation pipelines.

The proposed SASI framework builds upon
these properties by learning customer behavioral
dynamics through HMMs and transforming the

resulting model parameters into a compact two-
dimensional representation that remains directly
interpretable by banking analysts while being
readily exploitable by standard clustering algo-
rithms.

3 Hidden Markov models

This section briefly recalls the HMM concepts re-
quired by the proposed SASI framework. More
comprehensive presentations can be found in [35].

3.1 Definition of a HMM

A HMM λ = (A,B, π) is defined by:

1. a finite set of hidden states S = {s1, . . . , sN};
2. a finite observation alphabet ϑ = {z1, . . . , zM};
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3. a state transition matrix A, where A[sx, sy] =
Prob(qt+1 = sy|qt = sx);

4. an observation probability matrix B, where
B[sx, zk] = Prob(zk at time t|qt=sx);

5. an initial state distribution π, where π[sx] =
Prob(q1 = sx).

Each row of A, B and π is a probability
distribution.

3.2 Notion of Markov chain

Given λ, an observation sequence O = o1. . .oT is
generated by iteratively selecting an initial state
according to π, emitting one observation according
to B, and moving to a new state according to A.
The corresponding Markov chain is illustrated in
Figure 3.

symbols: o1 o2 . . . oT

↑ ↑
... ↑

states: q1 → q2 → . . . → qT

Figure 3: A Markov chain

3.3 Learning and inference

Given an observation sequence O, the likelihood
Prob(O|λ) is efficiently computed by the Forward–
Backward algorithm [35] 1, whose complexity is
O(T.N2). Model parameters are estimated us-
ing the Baum–Welch algorithm, an Expectation–
Maximization (EM) procedure [36] that itera-
tively maximizes the observation likelihood. Its
computational complexity is O(η.T.N2), where η

denotes the maximum number of iterations.

3.4 Stationary state distribution

The vector φ = (φ[s1], . . . , φ[sN ]) is the stationary
state distribution of a HMM λ = (A,B, π) if [37] 2:

1. φ is a probability distribution.
2. (φ = φ.A).

φ[sx] estimates the overall proportion of time
spent by λ in state sx after a sufficiently long time.

1See Section III-A of [35]
2See Definition 9.1 of [37]

φ can be extracted from any row of the matrix
Ar = A×A×. . .×A (r times) when r→ +∞. Its
calculation requires O(r.N3) operations.

3.5 Stationary symbol distribution

The stationary symbol distribution
φ=(φ[z1], . . . , φ[zM ]) of a HMM λ = (A,B, π)
is derived from its stationary state distribution
through the formula (φ = φ.B) [38, 39] 3. For ev-
ery symbol zk∈ϑ, the value of φ[zk] is calculated
by Equation 2.

φ[zk] =

(

∑

sx∈S

φ[sx]×B[sx, zk]

)

(2)

φ[zk] estimates the overall proportion of time
spent by λ observing the symbol zk, regardless of
the state from which this observation took place,
after a sufficiently long time. When φ has already
been calculated, the calculation of φ requires
O(N.M) operations.

3.6 Quality of HMM learning

The quality of parameter estimation in a HMM
trained with the Baum–Welch algorithm depends
on the ratio

(

T
N2

)

, where T denotes the observa-
tion sequence length and N the number of hidden
states. Since the transition matrix contains N2

parameters, reliable estimation generally requires
that the available observations largely exceed the
number of transition parameters to estimate. Con-
sequently, small values of

(

T
N2

)

often lead to sparse
transition matrices, poorly estimated probabilities
and unstable models [40, 41].

Although informative initialization strategies
can substantially improve learning quality, the
ratio

(

T
N2

)

remains a useful practical indicator
for selecting an appropriate model complexity. In
the context of statistically informative initializa-
tion, the following empirical guideline is adopted
throughout this work:

1.
(

T
N2 < 1

)

: unreliable learning;

2.
(

1 ≤ T
N2 < 3

)

: limited reliability;

3.
(

3 ≤ T
N2 < 7

)

: acceptable learning;

4.
(

T
N2 ≥ 7

)

: robust learning.

These thresholds provide practical guidance
for balancing model complexity and the amount of

3See Equation 9 of [38] and Equation 5 of [39]
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Figure 4: Methodology used in the SASI framework to associate a two-dimensional point (x, y) with
each customer from the window w containing his chronological list of transactions.

amounts: a1 a2 . . . aT

↑ ↑
... ↑

dates: d1 → d2 → . . . → dT

Figure 5: Pseudo MC δ̂ associated with customer
U after the traversal of the window w containing
his chronological list of transactions.

available data. For example, when N = 7, achiev-
ing at least an acceptable learning quality requires
approximately (T≥3×72=147) observations per
customer.

4 The proposed approach

4.1 Main idea

Consider a bank customer U who has chrono-
logically made T transactions during a fixed
observation period. Assume also that each trans-
action is represented by the pair ’(date, amount)’,
where the amount is positive for deposits and neg-
ative for withdrawals. More formally, customer
U can be represented by the window contain-
ing his chronological list of transactions, that is
w=(d1, a1)(d2, a2) . . . (dT , aT ), where di and ai re-
spectively denote the date and the amount of the
ith transaction. Our intuition is that U can be fully
characterized by capturing the sequential varia-
tions of dates and amounts occurring in wU . To
achieve this goal, we consider that customer U sys-
tematically traverses w from the first date d1 to
the last date dT , observing each time the amount
of the transaction realized at the current date di,
before moving on to the next date di+1, until the
observation of the amount associated with the last
transaction. This analysis enables to construct the
pseudo MC δ̂ depicted in Figure 5, where states
and symbols are respectively materialized by the
dates and amounts.

δ̂ is not an effective MC because in a typical
MC, states and symbols always belong to finite
set. But this is not the case for the dates and
the amounts in δ̂. Therefore, dedicated transfor-
mations will be applied to δ̂ to derive the effective
MC δ associated with U , which will then be used
to initialize and train a HMM λ that will capture
the sequential amounts and the sequential inten-
sity (date variation) of U . Meta-data extracted
from λ will finally enable to derive reliable features
to characterize U .

4.2 Methodology

4.2.1 SASI methodology

Figure 4 illustrates the methodology used in
the proposed SASI framework to associate a
two-dimensional point (x, y) with each customer,
based on the window w containing his chrono-
logical list of transactions. This methodology is
composed of the four following main steps:

1. Transformation into a MC: The content of
the input window w is transformed into the MC
δ, in order to capture the sequential variations
of dates and amounts occurring in w.

2. HMM initialization and training: The sta-
tistical content of δ is used to initialize and
train the HMM λ that will probabilistically
learn the sequential variations of dates and
amounts occurring in w.

3. Meta-data extraction: Meta-data character-
izing the long-term behavior of the HMM λ are
captured in the vectors φ and φ.

4. Score computation: These meta-data are fi-
nally used to compute two scores x and y,
respectively reflecting the sequential amounts
(SA) and sequential intensity (SI) of the cus-
tomer.
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0 a1 . . . aT 0

↑ ↑
... ↑ ↑

dstart → d1 → . . . → dT → dend

(a) Initial pseudo MC δ̂

â1 â2 . . . âT 0

↑ ↑
... ↑ ↑

D(dstart, d1) → D(d1, d2) → . . . → D(dT−1, dT ) → D(dT , dend)

(b) Modified pseudo MC δ

a1 a2 . . . aT z0

↑ ↑
... ↑ ↑

D(dstart, d1) → D(d1, d2) → . . . → D(dT−1, dT ) → D(dT , dend)

(c) Final MC δ

Figure 6: Step-by-step transformation of the window w̃ into the final MC δ.

The resulting embedding space of two-
dimensional points associated with all the cus-
tomers will finally be organized into compact and
distinct segments during the clustering step.

4.3 Proposed SASI framework

Consider a customer represented by
the chronological transaction window
w=(d1, a1)(d2, a2) . . . (dT , aT ) where dstart and
dend denote the observation period boundaries.
To account for the inactivity preceding the
first transaction and following the last one, two
dummy zero-amount transactions are inserted at
the beginning and the end of the sequence. This
produces the extended window w̃ presented in
Equation 3 which preserves the customer’s behav-
ior, while ensuring that the complete observation
period is represented.

w̃ = (dstart, 0)(d1, a1) . . . (dT , aT )(dend, 0) (3)

4.3.1 Transformation into a MC

The extended window w̃ is converted into the
pseudo MC δ̂ shown in Figure 6a, where dates
define states and transaction amounts define ob-
servations. To model transactional intensity, each

date (except dstart) is replaced by the corre-
sponding inter-transaction delay, while transac-
tion amounts are normalized by the maximum
absolute amount as described in Equation 4.
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âi = 100×

(

ai

amax

)

where

amax = max{|ai| | 1≤i≤T}

(4)

This produces the modified MC δ illustrated
in Figure 6b. Normalized amounts are then dis-
cretized into (2M+1) intervals using Equation 5.
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z0 = {0}

zk =

]

100×
(k − 1)

M
, 100×

k

M

]

with (1≤k≤M)

zM+k =

[

−100×
k

M
,−100×

(k − 1)

M

[

with (1≤k≤M)

(5)

Each normalized amount âi appearing in δ is
then replaced by the identifier ai of its interval
using Equation 6, this identifier is thus considered
as a symbol of the HMM.

(ai = zk)⇔ (âi ∈ zk), with (0≤k≤2M) (6)
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Inter-transaction delays are finally discretized
into seven activity levels according to the cluster-
ing contained in Table 3, yielding the final MC δ

illustrated in Figure 6c.

Table 3: Proposed clustering for the number
of days separating two consecutive transactions
in the SASI framework.

D(di, dj) Interpretation
Cluster

in D(di, dj)

{0} The same day s0
[1, 3] 1 day to 3 days s1
[4, 7] 4 days to 1 week s2
[8, 30] 1 week to 1 month s3
[31, 60] 1 month to 2 months s4
[61, 180] 2 months to 6 months s5
[181,+∞] Beyond 6 months s6

Following the guideline introduced in
Section 3.6, we recommend using at least
Tmin=150 transactions per customer, correspond-
ing to the ratio (Tmin

N2 = 150
72 ≈ 3.061), which

provides acceptable HMM learning reliability.

4.3.2 HMM initialization and training

Given a user-defined positive constant ε, the initial
HMM λ = (A,B, π) associated with a customer is
initialized from his final MC δ in order to preserve
the empirical sequential dependencies.

1. The state set is S = {s0, s1, . . . , sN−1}, where
N corresponds to the number of clusters used
for transaction-delay clustering. In SASI, (N =
7) as defined in Table 3.

2. The symbol set is ϑ = {z0, z1, . . . , z2M}, where
M is the parameter used in Equation 5. Con-
sequently, the number of symbols is (M =
2M+ 1).

3. The transition probabilities are com-
puted as described in Equation 7, where
transit(sx, sy, δ) denotes the number of
transitions from sx to sy in δ.

A[sx, sy] =
transit(sx, sy, δ)

transit(sx,−, δ) + ε
(7)

4. The emission probabilities are computed as de-
scribed in Equation 8, where observe(zk, sx, δ)

represents the number of observations of sym-
bol zk from state sx.

B[sx, zk] =
observe(zk, sx, δ)

observe(−, sx, δ) + ε
(8)

5. The initial state probabilities are obtained from
in Equation 9, where start(sx, δ) = 1 if δ starts
with sx, and 0 otherwise.

π[sx] =
start(sx, δ)

1 + ε
(9)

The parameters of λ do not strictly form prob-
ability distributions because ε avoids zero denom-
inators and null probabilities. Therefore, the miss-
ing probability mass is uniformly redistributed
over each row as described in Equation 10, pro-
ducing the adjusted initial HMM λ̂ = (Â, B̂, π̂),
following the strategy adopted in [38, 39] 4.
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Â[sx, sy] = A[sx, sy] +
1

N

(

1−
N
∑

h=1

A[sx, sh]

)

B̂[sx, zk] = B[sx, zk] +
1

M

(

1−
M
∑

h=1

B[sx, zh]

)

π̂[sx] = π[sx] +
1

N

(

1−
N
∑

h=1

π[sh]

)

(10)

Finally, λ̂ is trained using the Baum–Welch al-
gorithm to learn the sequential patterns contained
in δ and obtain the final customer-specific HMM
λ = (A,B, π).

Unlike generic initialization approaches (e.g.,
random, uniform, or K–means-based), this strat-
egy directly exploits the sequential structure en-
coded in δ. It therefore provides a data-driven
prior on state transitions and occupancies, re-
ducing initialization ambiguity and improving the
convergence behavior of the EM optimization
process.

4See Equation 8 of [38] and Equation 4 of [39]
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4.3.3 Meta-data extraction

The long-term behavioral characteristics of the
trained HMM λ are summarized through two sta-
tionary distributions: the stationary symbol distri-
bution φ presented in Section 3.5 and the station-
ary state distribution φ presented in Section 3.4.
Choosing these two vectors to characterize each
customer is very relevant in the banking con-
text because they provide compact probabilistic
descriptions of the customer’s long-term transac-
tional behavior. Indeed:

1. φ[zk] is the overall proportion of time spent
by the customer, making transactions whose
normalized amounts belong to the sub-interval
zk as defined in Equation 5, regardless of the
intensity with which these transactions were
made, after a sufficiently long time.

2. φ[sx] is the overall proportion of time spent
by the customer, making transactions with an
intensity belonging to the cluster sx as defined
in Table 3, after a sufficiently long time.

4.3.4 Score computation

Assume that each customer has realized T trans-
actions such that (Tmin≤T≤Tmax), where Tmin

and Tmax are respectively the minimum and
the maximum number of transactions considered
for each customer. Only the Tmax most recent
transactions of customers for who (T>Tmax) are
considered.

Under these conditions, Equation 11 specifies
the computation scheme of the final score x, as-
sociated with the customer’s sequential amounts.
Specifically, x is computed in Equation 11 as a
weighted sum of the components of the vector φ,
where the weighting scheme distinguishes between
transaction types: weights are set to zero for null
amounts, positive for deposits, and negative for
withdrawals. Moreover, these weights introduce
a quadratic separation between two consecutive
deposits zi and zi+1, with (1≤i≤M− 1), and be-
tween two consecutive withdrawals zj and zj+1,
with (M + 1≤j≤2M− 1). This construction en-
sures a structured differentiation of transaction
magnitudes within each category. The resulting
sum is then scaled by the maximum transac-
tion amount amax, previously used in Equation 4
for normalization purposes. Finally, x is mapped
onto a logarithmic scale to ensure scale invariance

across customers with heterogeneous transaction
volumes. This transformation also reduces the
dominance of highly frequent symbols, preventing
them from masking less frequent but behaviorally
meaningful patterns. In addition, it provides an
information-theoretic interpretation of the score
in terms of surprise, thereby improving robust-
ness to sampling noise in the estimated stationary
distribution.
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x = sign(θx)× log (1 + |θx|) where

θx = amax×(θ+ + θ−) and

θ+ =

(

M
∑

i=0
i2×φ[zi]

)

and

θ− =

(

2M
∑

j=M+1
−(j −M)2×φ[zj ]

)

(11)

Similarly, Equation 12 shows how to compute
the final score y, associated with the customer’s
sequential intensity. The value of y is calculated
in that equation as a weighted sum of the com-
ponents of the vector φ, where each component
is assigned a positive weight designed to enforce
a quadratic separation between two consecutive
states si and si+1, with (0≤i≤N−1). The result-
ing aggregated value is subsequently scaled by the
total number T of transactions performed by the
customer before to be mapped onto the logarith-
mic scale as it was the case for x. In particular, the
value of y is finally moved to the interval [0, 100]
via the normalization with respect to the maxi-
mum possible score ymax which is reached when
(T=Tmax) and (φ[s0]=1), all other components
being equal to 0 (e.g., φ = [1, 0, 0, . . . , 0, ]).
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y = 100×

(

log (1 + θy)

ymax

)

where

θy = T×

(

N−1
∑

i=0
(N − i)2×φ[si]

)

and

ymax = log (1 + Tmax×N2)

(12)

The quadratic weighting applied in
Equations 11 and 12 increases the contribution
of distant symbols and states, thereby improving
discrimination between regular and extreme cus-
tomer behaviors. This choice is more appropriate
than linear weighting, which underestimates large
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deviations, while logarithmic weighting would re-
duce behavioral separability. The resulting scores
provide compact and interpretable summaries of
the probabilistic patterns captured by φ and φ.

4.3.5 Clustering step

The embedding space of two-dimensional points
associated with all the customers resulting from
the application of the proposed SASI methodol-
ogy depicted in Figure 4 is finally organized into
compact and distinct clusters through clustering
experiments. The K–means algorithm has been
selected for this purpose in the SASI framework
because of its popularity and the quality of the
results it produces.

4.3.6 Pseudocode of SASI

Algorithm 1 outlines the execution of the pro-
posed SASI framework in a step-by-step manner.
First, the number of symbols is computed (line
1). The algorithm then sequentially processes each
customer (line 2) to compute the corresponding
scores. For each customer, the associated sequence
w = (d1, a1)(d2, a2) . . . (dT , aT ) is extracted (line
3) and used to build the corresponding Markov
chain (MC) (line 4). This MC is subsequently used
to initialize (line 5) and train (line 6) the final Hid-
den Markov Model (HMM) λ. The trained HMM
is then used to compute the stationary distribu-
tions φ and φ (line 7), from which the scores (x, y)
are derived (lines 8 and 9).

Algorithm 1 SASI

Inputs: {Customers, N,M, ε, η, r}
Outputs: Customers

1: M ← 2 ∗M+ 1
2: for each (c ∈ Customers) do
3: w ← ExtractSequence(c.dates, c.amounts)
4: δ ← MarkovChainOf(w)

5: λ̂← InitialHMM(δ,N,M, ε)

6: λ← TrainHMM(λ̂, δ.symbols, N,M, η)
7: (φ,φ)← StationaryDist(λ, r)
8: (x, y)← Scores(φ,φ,N,M)
9: c.scores← (x, y)

10: end for

11: return Customers

4.3.7 Theoretical time cost

Suppose that the experimental dataset contains a
total of |C| costumers, where C is the set of cus-
tomers. The goal of this section is to evaluate the
theoretical time cost of the main contribution of
the current paper which is, the association of a
two-dimensional point (x, y) with each customer
from the window w = (d1, a1)(d2, a2) . . . (dT , aT )
containing his chronological list of transactions,
following the proposed SASI methodology pre-
sented in Figure 4.

In the context of the proposed SASI where
each customer is associated with one HMM λ

composed of (N=7) states and (M=2M+1) sym-
bols, the theoretical time cost of the underlying
methodology is evaluated as follows:

1. Transformation into a MC: This step is
mainly dominated by the time required to
read the customer data, augmented by the
time needed to compute the number of days
D(di, dj) between two dates. All the remain-
ing operations (normalization and clustering)
are less time consuming. This step consequently
runs in O(Tmax.(b + b)), where b is the time
required to read one transaction and b is the
computation time of D(di, dj).

2. HMM initialization and training: The
time required for initializing a HMM was ex-
perimentally very low compared to the HMM
training time. This step is therefore dominated
by the HMM training phase, which runs in
O(η.Tmax.N

2) according to Section 3.3, where
η is the user-defined maximum number of
iterations of the Baum–Welch algorithm.

3. Meta-data extraction: The most time con-
suming operation realized during this step is
the computation of the stationary state dis-
tribution φ, which runs in around O(r.N3) as
stated in Section 3.4, where r is the user-defined
number of matrix products. This time cost is
augmented by the time required for comput-
ing the stationary symbol distribution φ, which
is O(N.M) according to Section 3.5. This step
thus runs in O(r.N3 +N.M).

4. Score computation: In this step, 3M arith-
metic operations are required for computing
x, while 3N arithmetic operations are required
for computing y. Consequently, this runs in
O(N + M) since the computation time of the
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logarithm function is very low compare to the
remaining operations.

Finally, the overall time ξ required for com-
puting the pair (x, y) for all the customers in the
dataset is calculated by Equation 13.
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ξ = O
(

|C|.
(

∑4
i=1 ξi

))

where

ξ1 = Tmax.(b+ b) and
ξ2 = η.Tmax.N

2 and
ξ3 = r.N3 +N.M and
ξ4 = N +M

(13)

5 Experimental results

This section aims to evaluate the performances
of the proposed SASI framework through exper-
iments realized on two open datasets following
the methodology described in Figure 4. All the
Python source codes and the experimental data
supporting the findings of this study are available
online 5.

5.1 Experimental datasets

The proposed framework was evaluated on
the Nigerian Retail Banking Transactions
dataset [42], that will be called the Nigerian
dataset in the rest of the current paper for con-
venience. This recently released open dataset
(October 2025) consists of synthetic retail bank-
ing transactions derived from current and savings
accounts, and includes fraud detection labels.
It captures realistic characteristics of Nigerian
banking activity, such as the predominance of
mobile banking, point-of-sale usage, and regional
transaction patterns across states. The dataset
has been designed to support multiple applica-
tions, including fraud detection and prevention,
anomaly detection, channel optimization, cus-
tomer segmentation, and risk modeling. Overall,
the dataset contains 5,000,000 transactions col-
lected over the period from dstart= 01/01/2023
to dend= 31/12/2024, associated with 100,000
customers distributed across 14 banks and in-
teracting with 24 merchants in 37 Nigerian
states. The schema comprises 16 attributes,
including the customer identifier in the strict

5https://github.com/HmmBank/
HMM-Based-SASI-Frameworks/

format CUS-???????? (where each ? is a digit),
the transaction amount expressed in Nigerian
Naira (NGN), and the transaction timestamp
(Africa/Lagos time zone), which are essential
variables for the implementation of the SASI
framework.

SASI was also evaluated on the PKDD’99
(Berka) dataset [43]. This publicly available
benchmark dataset originates from a Czech bank
and has become one of the most widely used
datasets for research on financial data mining and
customer behavior analysis. It contains real-world
banking operations associated with current ac-
counts and has supported numerous studies in
customer segmentation, credit risk assessment,
fraud detection, recommendation systems, and fi-
nancial behavior modeling. Overall, the dataset
covers an observation period of six years, from
dstart= 01/01/1993 to dend= 31/12/1998. It con-
tains transactional records associated with ap-
proximately 4,500 customers, including 682 la-
beled customers linked to loan records with known
repayment status. All monetary values are ex-
pressed in Czech koruna (CZK), while each cus-
tomer is identified by a unique positive integer.
The dataset comprises several relational tables de-
scribing customers, accounts, transactions, loans,
cards, and demographic information. For the im-
plementation of the proposed framework, only
the customer identifier, transaction amount, and
transaction date were retained, as these consti-
tute the essential variables required to model
sequential customer transactional behavior.

A filtering step was initially applied in each
experimental dataset to retain only customers
with a sufficient and consistent transaction his-
tory. Specifically, customers were selected if they
performed T successful transactions such that
(150≤T≤500), and if all transaction amounts were
greater or equal to 12,500 NGN or 186 CZK (ap-
proximately 5,000 XFA), in order to reduce noise
and focus on meaningful behavioral patterns. This
selection resulted in a subset C of customers com-
posed of (|C|=1,503) and (|C|=2,039) customers
respectively for the Nigerian and the Berka
datasets. Table 4 summarizes the main informa-
tion related to the two experimental datasets.
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Table 4: Main information related to the experimental datasets respectively extracted from the Nigerian
Retail Banking Transactions and the Berka datasets.

Data Data Observation Total Extracted
Tmin Tmax

Minimum

source type period customers customers amount

Nigerian [42] Synthetic 2 years 100, 000 1,503 150 500 12,500 NGN

Berka [43] Real-word 6 years 4, 500 2,039 150 500 186 CZK

5.2 Experimental settings

All experiments were conducted using Python
3.9.11 on a personal computer running MS Win-
dows 10 Professional, equipped with 16 GB RAM
and an Intel(R) Core(TM) i7-8665U processor
clocked at 1.90 GHz. . The parameter (M=20)
was used in Equation 5 to split the interval
[−100, 100], resulting in (M=41) observation sym-
bols for each HMM. The number of hidden states
was set to (N=7) and the maximum number
of iterations of the Baum–Welch algorithm was
fixed to (η=500). The stationary state distribu-
tion of each HMM was approximated using at
most (r=1000) successive matrix multiplications,
with an early stopping criterion to ensure compu-
tational efficiency. To improve numerical stability,
the constant (ε=1) was added to the denominators
of the initial HMM parameters in order to pre-
vent divisions by zero and the occurrence of null
probabilities following [38, 39] 6.

In this work, K–means clustering experiments
(except for the combination with DTW) were
carried out in the software WEKA 3.9.3 [44]
using the SimpleKmeans classifier with fol-
lowing hyperparameters: maxiterations=500,
distance=’Euclidean’, initialization=’Canopy ’,
canopyT1=−1.25, canopyT2=−1.0. Unreported
experiments realized with the K–means++
initialization method exhibited less good
performances.

5.3 Selected metrics of evaluation

To assess the quality of the obtained customer
clusters, three widely adopted internal valida-
tion metrics are considered: the Silhouette coeffi-
cient (SC), the Davies-Bouldin index (DBI), and
the Calinski-Harabasz index (CHI). These met-
rics evaluate cluster compactness and separation
without requiring external labels, providing com-
plementary assessments of segmentation quality.

6See Section VI-B of [38] and Section V-B of [39]

5.3.1 Silhouette coefficient

The SC measures the quality of individual clus-
ter assignments by comparing the cohesion of
each point within its own cluster and its sepa-
ration from neighboring clusters. It is computed
using Equation 14, where χ(i) is the average intra-
cluster dissimilarity of point xi, and χ(i) is the
minimum average dissimilarity between xi and an-
other cluster. The SC ranges from [−1, 1]: values
close to 1 indicate well-separated clusters, values
near 0 indicate overlapping clusters, and negative
values suggest possible misassignments. Higher
values therefore correspond to better clustering.
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SC =
1

|C|

(

|C|
∑

i=1
s(i)

)

where

s(i) =
χ(i)− χ(i)

max(χ(i), χ(i))

(14)

5.3.2 Davies-Bouldin index

The DBI evaluates the similarity between each
cluster and its most similar cluster by jointly con-
sidering intra-cluster dispersion and inter-cluster
separation. It is computed using Equation 15,
where K is the number of clusters, σk represents
the average intra-cluster distance of cluster ck, and
dist(ĉk, ĉj) is the distance between cluster cen-
troids. Equation 15 returns a value which belongs
to [0,+∞[ such that lower DBI values indicate
compact clusters with better separation.
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1

K

(

K
∑

k=1
max{Rk,j | j ̸= k}

)

where

Rk,j =
σk + σj

dist(ĉk, ĉj)
(15)

5.3.3 Calinski-Harabasz index

The CHI, also called the variance ratio criterion,
evaluates the global separation of a clustering by
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comparing between-cluster and within-cluster dis-
persion. It is computed using Equation 16, where ρ
and ρ denote respectively the between-cluster and
within-cluster scatter matrices. Higher SC values
indicate well-separated clusters with low internal
dispersion.
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CHI =
Trace(ρ)

Trace(ρ)
where

Trace(X) =
m
∑

i=1
X[i, i]

(16)

5.4 Customer segmentation results

The application of the proposed SASI framework
to the customers extracted from the two experi-
mental datasets produced a two-dimensional em-
bedding space, in which each point characterizes
a customer according to the sequential behavior
of transactional amounts and transaction inten-
sity. The K–means algorithm was subsequently
applied using the optimal number of clusters,
namely (K=5) for the two experimental dataset.
This value was determined using the elbow method
based on the within-cluster Sum of Squared Errors
(SSE) reported in Table 5. The resulting customer
segmentations are illustrated in Figures 7a and 7b.

An important observation is that the segmen-
tations shown in Figures 7a and 7b contain no
duplicate representations, meaning that each cus-
tomer is mapped to a unique pair of scores (x, y).
This demonstrates the discriminative capability of
the proposed SASI framework, which consistently
assigns distinct representations to customers ex-
hibiting different transactional sequences. Fur-
thermore, the resulting embedding spaces remain
fully interpretable from a banking perspective.

More specifically, both figures reveal a common
hierarchical organization of customer behaviors.
The first level of separation is governed by the
score x, which reflects the sequential transaction
amounts. This naturally partitions customers into
two main groups located on opposite sides of the
origin of the x-axis: consumers, characterized by
negative values of x, and contributors, character-
ized by positive values. Although the value of x
further differentiates customers within each main
group, the second level of organization is primarily
driven by the score y, which reflects the sequen-
tial transaction intensity. Consequently, each of
the two main groups is further subdivided into

Table 5: SSEs obtained by
SASI in the two experimen-
tal datasets. The elbow is in
bold.

K
SSE in SSE in

Nigerian Berka

2 36.45 17.79
3 27.35 15.81
4 23.94 14.68
5 9.16 6.80

6 6.26 4.97
7 5.83 4.23
8 5.63 3.52
9 3.35 3.01
10 2.64 2.70
11 2.24 2.44
12 2.06 2.27

two or three compact subgroups according to the
intensity of customer activity. Depending on the
range of y, these subgroups can be semantically
interpreted as representing various categories of
customers including very intensive, intensive, reg-
ular, dormant, etc. The final customer segments
are therefore obtained by combining the behav-
ioral interpretation associated with both axes,
yielding intuitive and operationally meaningful
profiles such as very intensive consumer, regular
contributor, dormant contributor, etc.

The quality of the clusterings shown in
Figures 7a and 7b was assessed using the three
validation metrics introduced in Section 5.3. The
proposed SASI framework achieved SC=0.650635,
DBI=0.418718, and CHI=6578.11 on the Nigerian
dataset, and SC=0.507139, DBI=0.500209, and
CHI=3309.01 on the Berka dataset. These perfor-
mances are summarized in Table 6. Overall, these
results indicate that SASI produces high-quality
customer segmentations on both datasets. The rel-
atively high SC demonstrate strong intra-cluster
cohesion together with good inter-cluster separa-
tion, suggesting that most customers are assigned
to well-defined behavioral groups. This observa-
tion is reinforced by the low DBI, which indicate
compact clusters that are clearly separated from
one another. Furthermore, the high CHI reveal
a favorable balance between between-cluster and

16



(a) K–means clustering of the Nigerian dataset with (K=5)

(b) K–means clustering of the Berka dataset with (K=5)

Figure 7: Customer segmentation of the two experimental datasets derived by the SASI framework.
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within-cluster dispersion, confirming the overall
consistency of the identified partitions.

Table 6: Performances of SASI
on the two experimental dat-
sets.

Nigerian Berka

SC 0.650635 0.507139
DBI 0.418718 0.500209
CHI 6578.11 3309.01

From a banking perspective, these results in-
dicate that the derived customer segments are
sufficiently distinct to support a wide range of
decision-support applications, including targeted
marketing, personalized product recommenda-
tion, customer relationship management, credit
risk assessment, and behavioral analysis. The com-
bination of high intra-cluster homogeneity, strong
inter-cluster separation, and the intrinsic inter-
pretability of the proposed SASI representation
enhances the operational value of the resulting
segmentation. To further facilitate the exploration
of these results, an interactive HTML visualiza-
tion of the clusterings presented in Figures 7a
and 7b, generated by the proposed SASI frame-
work, is publicly available online 5.

5.5 Experimental time cost

5.5.1 Sequential time cost

Table 7 reports the durations associated with
the following main computational steps of the
sequential implementation (executed on a single
processor) of the proposed SASI framework across
all experiments, in the two experimental datasets:

1. Data access: extraction of the transactions of
all the customers from the dataset.

2. HMM-based: HMM-based computations.
3. Scores: computation of the pairs (x, y).
4. Others: remaining computations, including

the edition of visualization files.

According to the content of Table 7, the pro-
posed framework runs in reasonable time regard-
ing the sizes of the experimental datasets. Indeed,
around 1,075 seconds were required to process the
1,503 customers of the Nigerian dataset, while

Table 7: Sequential time costs of
SASI on the two experimental datsets.
Durations are in seconds.

Nigerian Berka

Data access 19.71 7.90
HMM-based 1054.75 588.41
Scores 0.029 0.032
Others 0.011 0.002
Total 1074.5 596.34

only 597 seconds were needed to process the 2,039
customers of the Berka dataset. In other words,
an average of less than one second is needed in
the proposed SASI framework for the processing of
each customer. However, this time cost can rapidly
increase as the dataset size grows. A step-by-step
analysis of this time cost reveals that HMM-based
computations are the most time consuming steps.

Although HMM-based computations can be-
come time-consuming for large-scale datasets,
their computational complexity remains manage-
able through standard optimizations. It is in this
perspective that parallel a version of the pro-
posed framework has been implemented in order
to reduce the total execution time, without com-
promising the quality of customer segmentation.

5.5.2 Parallel time cost

The parallel implementation was developed using
the Message Passing Interface (MPI) [45, 46] for
Python through the mpi4py library, and deployed
on a star interconnect network composed of P
computers (processors). The set of customers C
was evenly partitioned across processors, such that

each processor was assigned approximately
|C|

P
customers, which it processed independently. De-
spite the fact that the number of transactions per
customer is not unique, this data-parallel strategy
attempts to ensure load balancing and to enable
scalable execution of the proposed framework.

Only the HMM-based computations were par-
allelized. More precisely, a master-worker scheme
was adopted in which the central processor (mas-
ter) is responsible for reading the customer data
and distributing disjoint subsets of customers to
the worker processors. Each processor then per-
forms the HMM-based computations on its local
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Table 8: Experimental time costs of sequential and parallel implementations of the proposed SASI
framework in the two experimental datasets. Durations are in seconds.

(a) Nigerian dataset (b) Berka dataset

P Duration Speed-up

Sequential 1 1075 −

Parallel
4 512 2.099

6 386 2.784

8 346 3.106

P Duration Speed-up

Sequential 1 597 −

Parallel
4 260 2.296

6 214 2.789

8 191 3.125

subset. Upon completion, the worker processors
return their partial results to the master, which
subsequently aggregates them to compute the final
scores and generate the visualization files in a cen-
tralized manner. Experiments were conducted for
P∈{4, 6, 8}. The fastest parallel implementations
only required around 346 and 191 seconds respec-
tively for the Nigerian and the Berka dataset,
which respectively induced a best speed-up of
( 1075346 ≈3.106) and ( 597191≈3.125). Table 8 summa-
rizes the time costs of sequential and parallel
implementations of the proposed SASI framework.

Although the best empirical speed-up achieved
by the SASI framework in each experimental
dataset remains moderate, the reduction in com-
putational time induced by the proposed parallel
implementations is nevertheless significant. More-
over, this gain is expected to increase as the
dataset size grows, owing to the data-parallel na-
ture of the approach. Overall, these experimental
findings indicate that the proposed SASI frame-
work exhibit satisfactory scalability properties,
making them suitable for large-scale customer
data analysis in distributed computing environ-
ments.

5.6 Comparison to existing methods

5.6.1 Experimental comparison

The proposed SASI framework was compared with
the three following representative customer repre-
sentations on the two experimental datsets: static
RFM, dynamic RFM (DRFM), and VAE-based
representations. All methods were evaluated un-
der identical clustering conditions. For the DRFM
representation, a sliding window of length (l=180)
days with an overlap of (κ=150) days was em-
ployed. This configuration generated 19 and 68
consecutive sub-windows for the Nigerian and

Berka datasets, respectively. Consequently, each
customer was represented by a multivariate time
series of dimension 19×3=57 for the Nigerian
dataset and 68×3=204 for the Berka dataset.
The three following DRFM representations were
investigated:

1. Raw multivariate time series clustered usingK–
means-DTW ;

2. 15-dimensional aggregated features as defined
in Equation 1 which computes five aggregated
variables for each of the three time series;

3. Latent representations learned with an LSTM
encoder using embedding dimensions of 2 and
15 (seed=42, epochs=100, batch size=32, opti-
mizer=Adam).

Unlike the static customer vectors considered
in [9, 10], SASI models variable-length transac-
tion sequences. Consequently, their original MLP-
based VAE architecture was replaced by a (Trans-
former/LSTM) VAE operating on sequences
ŵ = (0, a1)(D(d1, d2), a2). . .(D(dT−1, dT ), aT ) us-
ing latent dimensions of 2 and 15 with seed=42,
epochs=50, batch size=32, and the Adam opti-
mizer.

For each representation, K–means clustering
was performed after selecting the number of clus-
ters with the elbow method. The correspond-
ing SSE values are reported in Table 9, while
the clustering performances are summarized in
Table 10. PDF and interactive HTML visualiza-
tions of the clusterings produced by the static
RFM, DRFM–LSTM2, and VAE2 approaches in
each experimental dataset are publicly available in
the online repository 5. These visualizations have
been omitted from the present paper owing to
space constraints.
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Table 9: SSEs obtained for the static RFM-based, the dynamic RFM-based and the VAE-based
representations. The elbows are in bold.

(a) SSEs obtained in the Nigerian dataset

K
Static Raw DRFM & DRFM & DRFM &

VAE2 VAE15RFM DRFM Aggreg. LSTM2 LSTM15

2 63.3 20.8 310.2 1.6794 439.3 10.36 93.85
3 34.6 19.9 177.7 0.1104 392.8 6.556 63.67
4 29.3 17.4 120.8 0.0822 338.5 3.368 54.46
5 20.9 17.0 116.2 0.07858 195.7 4.652 48.45

6 17.9 16.3 91.5 0.0764 151.8 3.766 45.23
7 16.3 16.0 70.9 0.0757 134.4 3.720 45.62
8 15.1 15.0 61.0 0.0755 123.0 2.978 42.03
9 14.2 14.9 55.9 0.0752 112.0 2.491 41.65
10 13.6 14.6 54.0 0.0751 105.0 2.333 41.64
11 13.2 14.2 51.5 0.0368 101.6 2.010 41.93
12 12.1 13.8 49.4 0.0316 94.56 2.089 39.71

(b) SSEs obtained in the Berka dataset

K
Static Raw DRFM & DRFM & DRFM &

VAE2 VAE15RFM DRFM Aggreg. LSTM2 LSTM15

2 86.6 80.1 395.0 42.7 713.4 0.760 8.93
3 66.2 64.4 303.4 20.9 290.0 0.733 3.04

4 46.4 55.5 236.7 10.9 223.0 0.732 3.03
5 44.9 51.3 213.0 7.2 203.3 0.732 2.83
6 37.3 47.6 187.4 4.4 167.8 0.732 2.82
7 32.4 48.1 166.2 3.5 148.2 0.732 2.82
8 27.7 44.5 158.5 3.1 135.5 0.732 2.82
9 24.7 43.8 147.6 2.9 124.2 0.732 2.82
10 22.3 43.2 130.2 1.8 117.8 0.732 2.82
11 20.3 42.8 123.7 1.4 112.5 0.732 2.82
12 18.8 42.3 117.9 1.2 106.6 0.732 2.82

Table 10 indicates that the DRFM–LSTM2

and VAE2 representations achieve apparently ex-
cellent clustering metrics. However, these results
are misleading because they are associated with
a large number of duplicate embeddings, imply-
ing that many distinct customers are mapped onto
identical latent representations. This degeneracy
primarily results from excessive dimensionality
reduction. The phenomenon is particularly pro-
nounced for the VAE2 model, where customer de-
scriptions comprising up to (Tmax=500) transac-
tion pairs (i.e., 1000 input values) are compressed
into a latent space of only 2 dimensions. Although
VAE15 does not generate duplicate embeddings in
the Berka dataset, its clustering remains highly
unbalanced, with one cluster containing 2036 of

the 2039 customers, while the two remaining clus-
ters contain only one and two customers, respec-
tively. Consequently, the corresponding clustering
performance cannot be considered meaningful. In
contrast, DRFM–LSTM15 generates only six du-
plicate embeddings in the Nigerian dataset and
none in the Berka dataset, making its clustering
results reliable.

Table 10 demonstrates that SASI provides
good clustering performance, while preserving
fully discriminative customer representations. In
the Nigerian dataset, it achieves the second-best
SC (0.650635), the best DBI (0.418718), and
the best CHI (6578.11). Similarly, in the Berka
dataset, it attains the best SC (0.507139), the
best DBI (0.500209), and the second-best CHI
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Table 10: Comparison between the performances of the SASI framework, the static RFM-based, the
dynamic RFM-based and the VAE-based representations in the customer segmentation of the two exper-
imental datasets. Invalid performances are colored in red. Feature extraction and clustering times are in
seconds. Best valid performances are in bold.

(a) Comparisons in the Nigerian dataset

Proposed Static Raw DRFM & DRFM & DRFM &
SASI RFM DRFM Aggreg. LSTM2 LSTM15

VAE2 VAE15

Clusters 5 6 8 7 3 6 6 5

Maximum
1000 1000 57 57 57

inputs
57 1000 1000

Latent
2 3 − 15 15

dimension
2 2 15

Feature
1075 0.06 0.15 0.6 56

ext. time
53 9598 8937

Clustering
0.03 0.03 1145.5 0.06 0.02

time
0.01 0.01 0.04

Duplicates 0 0 0 0 274 6 1029 0

SC 0.650635 0.172121 0.0930921 0.130459 0.993042 0.346242 0.82212 0.811669

DBI 0.418718 1.85714 4.67872 9.01291 0.0682475 0.919282 0.982513 1.28074

CHI 6578.11 2842.91 137.567 841.604 2184250 2482.42 1454.78 4843.25

(b) Comparisons in the Berka dataset

Proposed Static Raw DRFM & DRFM & DRFM &
SASI RFM DRFM Aggreg. LSTM2 LSTM15

VAE2 VAE15

Clusters 5 5 5 7 6 5 2 3

Maximum
1000 1000 204 204 204

inputs
204 1000 1000

Latent
2 3 − 15 15

dimension
2 2 15

Feature
597 0.13 0.25 0.67 243.45

ext. time
203.43 16770 6948

Clustering
0.04 0.02 4013.17 0.03 0.02

time
0.03 0.04 0.03

Duplicates 0 0 0 0 45 0 1998 0

SC 0.507139 0.237677 0.154255 −0.0735237 0.802832 0.426085 0.997871 0.997986

DBI 0.500209 1.51992 2.14123 19.1128 0.446032 1.11583 0.980245 0.594307

CHI 3309.01 2259.62 334.452 539.334 67518 5203.97 1839.45 2787.24

(3309.01), confirming its robustness and effec-
tiveness across both experimental datasets. Be-
yond these competitive clustering performances,
SASI distinguishes itself by producing fully inter-
pretable customer representations that can be di-
rectly visualized, thereby providing effective sup-
port for customer behavior analysis and banking
decision-making.

Although SASI ranks second according to one
evaluation metric on each experimental dataset,
being outperformed by the LSTM or VAE mod-
els, it remains an accurate operational solution
for banking experts. This advantage stems from

its inherent interpretability and its ability to di-
rectly produce meaningful two-dimensional visual-
izations. In contrast, the competing deep learning
models generate high-dimensional latent embed-
dings that are not readily interpretable and re-
quire an additional dimensionality reduction step
before they can be effectively visualized.

5.6.2 Conceptual comparison

The proposed SASI framework conceptually dif-
fers from conventional RFM-based and VAE-
based techniques in their modeling and learning
paradigms. VAE-based, static RFM-based and
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dynamic RFM-based techniques (whether used
in their raw form or enhanced through feature
aggregation or LSTM-based encoders) rely on
deterministic transformations of transactional
data into fixed-dimensional feature vectors. These
representations are typically constructed through
heuristic or learned mappings that summarize
the input data, and are subsequently processed
by clustering algorithms. In this sense, these ap-
proaches are essentially discriminative with re-
spect to the clustering objective, as they focus
on producing separable feature spaces without ex-
plicitly modeling the underlying data-generating
process. While LSTM-based encoders and VAEs
introduce a learned representation capable of cap-
turing temporal dependencies, they remain de-
terministic mappings from input sequences to
latent vectors and often lack interpretability,
requiring additional dimensionality reduction

techniques for visualization.
In contrast, the proposed SASI framework

adopts a probabilistic and generative model-
ing perspective based on HMMs. Each customer
is represented by a HMM λ that explicitly mod-
els the joint generative process governing the
customer sequential intensity (through state tran-
sitions) and sequential amounts (through emission
probabilities). This probabilistic formulation en-
ables the estimation of latent behavioral regimes
and their temporal dynamics, providing a struc-
tured mechanism for handling uncertainty and
variability in customer behavior. The meta-data
φ and φ extracted from the learned HMMs yield
the interpretable pair (x, y) of descriptors, that
directly reflect the long-term behavioral patterns
of each customer. Unlike dynamic RFM-based and
VAE-based representations, which may produce
moderate to high dimensional and weakly inter-
pretable trajectories, the SASI framework always
maintains a two-dimensional and semantically
meaningful representation throughout the analy-
sis.

Overall, the key distinction lies in the fact that
SASI framework models the stochastic process un-
derlying customer behavior, whereas RFM-based
and VAE-based techniques primarily construct de-
scriptive feature spaces, leading to differences in
interpretability, robustness, and capacity to cap-
ture sequential dynamics. Table 11 summarizes

the main findings of the conceptual compari-
son between the proposed SASI framework and
existing deep models.

Table 11: Conceptual comparison between the pro-
posed SASI framework and existing deep models.

Property
SASI Deep

framework models

Modeling paradigm Probabilistic Deterministic

Learning paradigm Generative Discriminative

Interpretability High Low

Low-dimensional
Direct

Dimensionality
visualization reduction

5.7 Main assets

The following key assets can be attributed to the
SASI framework proposed in this paper:

1. The proposed SASI framework leverages
HMMs to jointly capture both sequential trans-
actional amounts and sequential transactional
intensity for each customer, encoded into two
interpretable vectors φ and φ, respectively. To
the best of our knowledge, no existing ap-
proach provides such a unified HMM-based
dual representation.

2. In contrast to existing representations, which
typically require dimensionality reduction tech-
niques for visualization due to their high-
dimensional embeddings, the proposed SASI
framework directly associates each customer
with a two-dimensional point (x, y). This en-
ables straightforward visualization in the Eu-
clidean two-dimensional plane, which is partic-
ularly advantageous for human interpretability.

3. The feature vectors produced by existing
related techniques are generally weakly in-
terpretable. Whereas, in the proposed SASI
framework, the representation (x, y) has a clear
semantic interpretation: x encodes sequential
transactional amounts, while y reflects sequen-
tial transactional intensity.

4. The proposed framework achieves the best DBI
and CHI on the Nigerian dataset, and the best
SC and DBI on the Berka dataset.

5. SASI exhibits satisfactory scalability proper-
ties, making it suitable for large-scale customer
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data analysis in distributed computing environ-
ments.

5.8 Major limitations

Although the proposed SASI framework achieves
promising customer segmentation performance,
several limitations should be acknowledged.

1. Transaction amounts are normalized with re-
spect to the maximum amount observed for
each customer. Although simple and inter-
pretable, this strategy may be sensitive to ex-
treme transactions. More robust normalization
methods deserve further investigation.

2. SASI models customer behavior using only
transaction amounts and inter-transaction de-
lays. While these variables provide an in-
terpretable behavioral representation, incorpo-
rating additional geographic or demographic
information could further improve customer
characterization.

3. SASI provides a static representation of cus-
tomer behavior over a fixed observation period.
Consequently, it supports customer segmenta-
tion and visualization but does not explicitly
model behavioral evolution over time.

4. In its current form, SASI can only capture
spherical clusters owing the exclusive use of
the K–means algorithms. However, existing
datasets may be naturally composed of non-
spherical clusters that cannot actually be ac-
curately captured by SASI, resulting to poor
segmentation performances. Exploring alterna-
tive clustering strategies and assessing their
impact on customer segmentation quality may
constitute a relevant direction for future work.

These limitations define the current scope of
the proposed framework without affecting the
validity of the reported results. They also moti-
vate the future research directions presented in
the conclusion, aimed at extending SASI toward
more comprehensive and generalizable banking
decision-support applications.

5.9 Sensitivity to hyperparameters

The proposed SASI framework is parameterized
by a set of user-defined hyperparameters, in-
cluding Tmin, Tmax, N , M, η, r and ε, whose
tuning may significantly influence the empirical

performance. Consequently, a sensitivity analy-
sis is required to assess the robustness of the
framework with respect to these parameters. The
findings of this sensitivity analysis are synthesized
in Table 12.

6 Conclusion

This paper introduced the SASI framework, an
HMM-based approach for customer segmentation
that jointly models the sequential dynamics of
transaction amounts and transaction intensity.
Unlike conventional static and dynamic RFM-
based representations or VAE-based embeddings,
SASI produces an interpretable two-dimensional
customer representation derived from the station-
ary distributions φ and φ learned from customer-
specific HMMs. The resulting representation en-
ables efficient visualization and clustering using
the K–means algorithm. Both sequential and par-
allel Python implementations of the framework,
together with the experimental data, are publicly
available 5.

Experiments conducted on 1, 503 and 2, 039
customers respectively extracted from the syn-
thetic Nigerian and the real-world Berka datasets
demonstrate the effectiveness of the proposed
SASI framework. Indeed, when SASI is com-
pared with the competing approaches, it achieves
the second-best SC (0.650635), the best DBI
(0.418718), and the best CHI (6578.11) on the
Nigerian dataset. On the Berka dataset, it attains
the best SC (0.507139), the best DBI (0.500209),
and the second-best CHI (3309.01). These re-
sults highlight the ability of SASI to generate
compact, well-separated, fully discriminative, and
interpretable customer representations suitable for
banking decision-support systems. Consequently,
although SASI ranks second according to one eval-
uation metric on each experimental dataset, it
remains an accurate operational solution for bank-
ing experts. Several directions can be explored in
future work:

1. Investigate alternative transaction normaliza-
tion strategies when using Equation 4, such
as percentile-based, z-score, or interquartile-
range normalization, to improve robustness to
extreme transaction amounts.

2. Extend SASI by incorporating additional be-
havioral signals (e.g., transaction categories,
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Table 12: Sensitivity of the proposed SASI framework to its main hyperparameters.

Small High How to

value value tune ?

Tmin
Unreliable estimations & Biased selection & Limited

(Tmin≥3.N2)
Degenerate or overly sparse HMMs generalizability of the framework

Tmax
Discards informative Introduces heterogeneity &

(Tmax≥7.N2)
high-activity profiles Time consuming

N
Underfitting & Inability to capture Sparse transition estimates

N2≤
Tmin

3subtle temporal variations & Unstable learning

M
Masks meaningful variations & Sparse emission probabilities

M ∈ [10, 25]
Loss of discriminative power in B & Reduced robustness

η
Suboptimal likelihood estimates Negligible marginal gain

η ∈ [300, 500]
& Degraded performances & Time consuming

r Poor stationary distribution Time consuming r ∈ [500, 1000]

ε
Reduces flexibility & increase the Distorts the original Markovian

ε ∈ [10−3, 1]
risk of suboptimal convergence structure & Weakens behavioral priors

payment channels, merchant information, geo-
graphical context, or customer demographics)
in order to enrich the representational capacity
of the HMM-based encoding.

3. Develop a dynamic version of SASI capa-
ble of modeling long-term customer behavioral
evolution and supporting customer behavioral
visualization over time.

4. Investigate alternative clustering algorithms,
particularly density-based approaches, to bet-
ter capture complex customer distributions.

5. Integrate SASI into operational banking
decision-support systems for applications such
as customer relationship management, fraud
detection, credit risk assessment, and personal-
ized financial services.
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