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Abstract

This paper presents a novel physics-informed Gaussian process (PIGP) for the adaptive compu-
tation of periodic solutions to nonlinear dynamical systems. The proposed approach is built upon
two key steps. First, the Gaussian process (GP), as a Bayesian non-parametric machine learning
framework, is employed to approximate the periodic solution without requiring a predetermined
set of basis functions. To this end, tailored physics-informed periodic kernel and mean functions
are constructed for GP regression. The nonlinear governing equation is then collocated to generate
observational data, and in conjunction with an iterative linearization scheme, the periodic solution
is obtained with both mean and covariance information. Second, recognizing that the performance
of GP regression critically depends on the selection of collocation points, an adaptive collocation
strategy based on variance- or residual-based criterion is developed to enable accurate and effi-
cient solving of nonlinear systems. Numerical examples are conducted to validate the accuracy,
robustness, and efficiency of the proposed PIGP. Notably, under the same level of accuracy, the
PIGP demonstrates superior computational efficiency compared to the widely-recognized harmonic
balance method (HBM).

Keywords: Physics-informed Gaussian process (PIGP); Nonlinear dynamics; Adaptive collo-
cation; Periodic kernel function; Harmonic balance method (HBM)

1 Introduction

Nonlinear dynamical systems are ubiquitous in modern science and engineering [1]. In struc-
tural engineering, for instance, geometric nonlinearity, material nonlinearity, and interfacial friction
or contact are prevalent sources of nonlinearity that pose significant challenges to analysis and design
[2]. Unlike linear systems, nonlinear systems often exhibit complex dynamic behaviors, including in-
stability, bifurcations, and multiple coexisting solutions. In particular, obtaining periodic solutions
is essential for characterizing these behaviors and thus constitutes a central task in uncovering the
intrinsic laws governing nonlinear dynamical systems.

Existing methods for computing periodic solutions of nonlinear systems can be broadly classi-
fied into two categories: analytical and numerical (including semi-analytical) approaches. On the
one hand, well-known analytical methods include the perturbation method, the Lindstedt–Poincaré
method, and the method of multiple scales [3, 4]. These techniques are generally effective for weakly
nonlinear systems [5], butoften fail to produce satisfactory results when applied to strongly nonlinear
problems. On the other hand, numerical methods, such as the Runge-Kutta (RK) method [6], the
shooting method [7] and the harmonic balance method (HBM) [8, 9], are capable of handling strongly

*Correspondence to: Li Wang, Email: wangli75@mail.sysu.edu.cn
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nonlinear systems with high robustness and have therefore been widely employed in practical engi-
neering computations. Among them, the RK method is versatile and widely used in various nonlinear
dynamic problems; however, it cannot capture unstable solutions and typically requires prohibitively
long integration times to reach the steady-state response. To improve efficiency, the shooting method
incorporates the periodicity condition into the RK process over a single prescribed period and updates
the initial state to obtain the periodic solution. While this method can capture unstable solutions
and is well-suited for non-smooth systems [10, 11], it often necessitates repeated time integrations,
which become computationally intensive, particularly for large-scale systems. In contrast, the HBM
approximates the periodic solution using Fourier series and solves for the Fourier coefficients within
a Galerkin regime [12]. The HBM is typically computationally inexpensive for smooth systems, since
low-order Fourier approximations often suffice to obtain accurate solutions. Further enhancements
have been introduced to advance the applicability of the HBM to non-smooth systems: the alternat-
ing frequency–time (AFT) scheme [13] enables fast computation of Fourier coefficients for general and
complex nonlinear terms, and the event-driven Gauss quadrature [14] further accelerates the AFT
process, especially for non-smooth systems. The main limitation of the HBM, however, is that its con-
vergence rate deteriorates significantly for strongly non-smooth systems [15], requiring a large number
of Fourier terms to achieve the desired accuracy, which becomes computationally costly..

In recent years, a new data-driven and machine-learning paradigm has emerged as an alterna-
tive tool for solving ordinary and partial differential equations, including dynamical systems [16, 17].
Within this paradigm, physics-informed machine learning methods have been progressively developed
and have demonstrated unique advantages across multiple fields, including fluid mechanics [18], solid
mechanics [19, 20] and linear and nonlinear differential equations [21–23]. Representative examples in-
clude the physics-informed neural network (PINN) and the physics-informed Gaussian process (PIGP)
[18, 24, 25]. In principle, the PINN directly incorporates physical constraint equations into its training
process and constructs a loss function based on both physical information (e.g., differential governing
equations) and observational data [23]. This allows the network to find solutions that adhere to physi-
cal laws, even with limited data [26]. However, the PINN suffers from issues such as unstable training,
high computational cost, and a lack of interpretability. By contrast, the PIGP is a non-parametric
Bayesian method [18], that inherently integrates physical constraints into the Gaussian mean and
kernel functions, and subsequently combines them with training data to yield the posterior mean and
covariance analytically. Consequently, the PIGP offers several distinctive advantages:

1. Interpretability : The PIGP is formulated within the Bayesian framework, and the posterior mean
and covariance are derived analytically [24].

2. Uncertainty Quantification: It naturally quantifies the solution uncertainty by providing the pos-
terior covariance, which is crucial for robust decision-making [27].

3. Fewer parameters: Compared to the PINN, the PIGP significantly reduces the number of trainable
parameters. For typical problems, it involves only a handful of hyperparameters, primarily from
the kernel and mean functions, greatly simplifying the optimization process [28, 29].

4. Tractable Optimization: Leveraging its Bayesian foundation, optimization can be efficiently per-
formed via maximum likelihood estimation (MLE), which is easily monitored and exhibits strong
stability [30].

Owing to these advantages, the PIGP has attracted increasing attention in various theoretical and
engineering fields [31, 32], including the solution of differential equation. However, current applica-
tions of the PIGP are primarily focused on linear problems [33, 34], and remain limited to nonlinear
dynamical systems [35], let alone for periodic solutions of these systems.

In this work, the PIGP is extensively developed for computing periodic solutions of general non-
linear dynamical systems. In contrast to conventional analytical and numerical methods, the PIGP is
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a data-driven approach in which the nonlinear governing equations, evaluated at selected collocation
points, are treated as observational data, and the solution is then iteratively inferred via Bayesian for-
mulation. The realization of the PIGP relies on three key components. First, a tailored periodic kernel
function is constructed to enable accurate representation of periodic solutions. Additionally, a mean
function that incorporates Fourier terms at the fundamental frequency is introduced to facilitate direct
extraction of the corresponding Fourier coefficients. Second, the nonlinear system is solved iteratively,
with the system linearized at each iteration so that the PIGP can provide the desired posterior mean
and covariance of the solution. The parameters in the mean and kernel are simultaneously optimized
at each iteration via maximum likelihood estimation. Third, since either the posterior covariance
or the expectation of the squared residual can effectively serve as an indicator of solution error, the
collocation points can be adaptively and incrementally selected based on these error metrics, thereby
enabling an efficient and adaptive learning process. Consequently, compared to the well-established
HBM, the proposed PIGP is found to offer superior efficiency for a given level of accuracy, along with
the distinct advantage of inherent uncertainty quantification for the obtained solution.

The remainder of this paper is organized as follows. Section 2 briefly states the problem for
periodic solution of nonlinear dynamical systems and reviews the HBM with addressing of its limita-
tions. Section 3 presents the detailed formulation of the proposed PIGP, including the linearization
procedure, the construction of periodic GP kernel, the Bayesian inference framework, and the adap-
tive collocation strategy. Section 4 provides comprehensive numerical examples to demonstrate the
accuracy, robustness, and efficiency of the proposed method, along with comparisons to the HBM.
Finally, conclusions are drawn in Section 5.

2 Problem statement

Consider the nonlinear dynamical system that was governed by the following equation,

R(x(t), t) = Mẍ(t) +Cẋ(t) +Kx(t) + fnl(x(t), ẋ(t))− F (t) = 0 (1)

where x(t) ∈ R
n×1 denotes the displacement response, ẋ(t) and ẍ(t) represent the respective velocity

and acceleration responses and n denotes the number of degrees of freedom (DOFs) of the system.
M,C,K ∈ R

n×n are the matrices of mass, damping and linear stiffness, respectively. fnl(x, ẋ) ∈ R
n×1

is the nonlinear restoring force, encompassing all the nonlinear terms of the system. F (t) represents
the periodic external excitation with period T , i.e., F (t+ T ) = F (t), and therefore, the steady-state
response x(t) the system is generally periodic with the fundamental frequency ω = 2π

T .
To get the periodic solution, the HBM is usually adopted. It employs trigonometric functions as

basis functions [37] and approximates the solution by a truncated Fourier series xH(t), i.e.,

xH(t) = a0 +

H
∑

k=1

[ak cos(kωt) + bk sin(kωt)] (2)

where x̂H = [a0;a1; b1; ...;aH ; bH ] is the vector of unknown Fourier coefficients and H denotes the
truncation order, giving a total of NH = 2H +1 harmonic terms. Then, by substituting this approxi-
mation into the governing equation (1) and applying the Galerkin procedure, the following harmonic
balance equation can be obtained,

1

T

∫ T

0
R(xH(t), t)dt = 0,

2

T

∫ T

0
cos(kωt)R(xH(t), t)dt = 0,

2

T

∫ T

0
sin(kωt)R(xH(t), t)dt = 0, k = 1, . . . , H,

(3)

or in the concise form,
S(ω)x̂H + f̂nl,H − F̂H = 0 (4)
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where S(ω) is the dynamic stiffness matrix of the linear terms in the equation, f̂nl,H and F̂H denote the
Fourier coefficients of the nonlinear term fnl(xH , ẋH) and the external excitation F (t). Specifically,
f̂nl,H is expressed as

f̂nl,H =

[

1

T

∫ T

0
fnl(xH , ẋH) dt; . . . ;

2

T

∫ T

0
cos(kωt)fnl(xH , ẋH) dt;

2

T

∫ T

0
sin(kωt)fnl(xH , ẋH) dt; . . .

]

.

(5)

The solution can then be obtained by iteratively solving the algebraic equation (4). As was established
in Ref. [15], the HBM converges exponentially with respect to H for smooth systems, while the
convergence rate degrades significantly to polynomial order for non-smooth systems. In this way, the
HBM is quite efficient for smooth systems, as a low order H suffices to achieve accurate solution.
However, the following limitations exist for the HBM:

� For non-smooth systems, achieving the desired level of accuracy often requires a prohibitively
large number of harmonic terms, making the computation costly;

� There is still a lack of clear criteria to select an appropriate harmonic order H when dealing
with different problems [36], especially for non-smooth systems. Though in practice H can be
determined based on extensive trial calculations or prior experience, the process is often costly
and almost no explicit indicator is available to measure the solution error.

To address the above limitations, a novel data-driven approach, named physics-informed Gaussian
process (PIGP), is proposed, as elaborated in Section 3. It directly provides the covariance information
of the solution, which can serve as an explicit metric to indicate the accuracy. Benefit from the
adaptivity feature of the PIGP, accurate solution is acquired by using as few data points as possible,
leading to improved efficiency.

3 Physics-informed Gaussian process (PIGP) for periodic solution

3.1 Linearization for iterative solution

Note that the Gaussian process (GP) is well applicable to solve linear equations [28]. Thus,
before applying the GP, the nonlinear problem (1) should be linearized. This linearization coincides
perfectly with the Newton iteration for solving nonlinear dynamical equations [39, 40]. Specifically, at
the (k + 1)th iteration, the solution xk(t) is readily obtained and to get xk+1(t), the nonlinear term
fnl(x, ẋ) is linearized through first-order Taylor expansion at (xk, ẋk), leading to

fnl(x, ẋ) ≈ fnl(xk, ẋk) + J(k)
x (t) · (x− xk) + J

(k)
ẋ (t) · (ẋ− ẋk) (6)

where J
(k)
x ,J

(k)
ẋ are the Jacobian matrices of the following form

J(k)
x (t) =

∂fnl

∂x

∣

∣

∣

∣

(x,ẋ)=(xk,ẋk)

∈ R
n×n,

J
(k)
ẋ (t) =

∂fnl

∂ẋ

∣

∣

∣

∣

(x,ẋ)=(xk,ẋk)

∈ R
n×n.

(7)

Substituting Eq. (6) into the original equation (1), a linearized time-varying dynamical equation is
obtained as follows,

Mẍ+Ck(t)ẋ+Kk(t)x = fk(t) (8)
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where the terms Ck(t),Kk(t),fk(t) are defined as,

Ck(t) = C+ J
(k)
ẋ (t),

Kk(t) = K+ J(k)
x (t),

fk(t) = F (t)−
[

fnl(xk, ẋk)− J(k)
x (t)xk − J

(k)
ẋ (t)ẋk

]

.

(9)

For notational convenience in the subsequent analysis, define the linear operator as

L
(k)
t [·] = M

d2

dt2
(·) +Ck(t)

d

dt
(·) +Kk(t)(·) (10)

and then, the linearized dynamical equation (8) is expressed compactly as

L
(k)
t [x(t)] = fk(t). (11)

3.2 PIGP for solving linearized dynamical equation

The GP is a non-parametric Bayesian machine learning method built upon a rigorous statistical
foundation. It is particularly well-suited for handling high-dimensional data and small-sample scenar-
ios, offering high accuracy and strong robustness [27]. For an arbitrary scalar (random) GP y(t), its
behavior is fully characterized by the mean function µy(t) and the kernel function ky(t, t

′), namely,

y(t) ∼ GP(µy(t), ky(t, t
′)) (12)

where µy(t) = E[y(t)], ky(t, t
′) = Cov(y(t), y(t′)) = E[(y(t) − µy(t))(y(t

′) − µy(t
′))], E[·] is the ex-

pectation operator and Cov(·, ·) means the covariance. If y(t) is constrained to be periodic with
fundamental frequency ω, the mean function µy(t) should be also periodic and the following kernel
function is frequently used [28],

ky(t, t
′) = σ2 exp









−

4 sin2
(

ω(t− t′)

2

)

l2









(13)

where σ2, l are the hyperparameters of variance and characteristic length scale. A detailed derivation
of this periodic kernel function (13) is referred to Appendix A.

Now, turn to the linearized dynamical equation (11). To get the periodic solution, x(t) is assumed
pertaining to the following GP prior,

x(t) ∼ GP(µ(t),k(t, t′)) (14)

where µ(t) ∈ R
n = E[x(t)] is the mean function and k(t, t′) = Cov(x(t),x(t′)) ∈ R

n×n is the periodic
kernel function. Herein, the mean function is set to encompass the fundamental frequency terms,

µ(t) = a cos(ωt) + b sin(ωt) (15)

with a, b being unknown parameters that directly encode the amplitude information at the funda-
mental frequency. Moreover, different DOFs of x(t) are assumed to be uncorrelated. Consequently,
k(t, t′) takes a diagonal form, with each diagonal entry given by the periodic kernel in Eq. (13),

k(t, t′) = diag
[

k1(t, t
′), k2(t, t

′), . . . , kn(t, t
′)
]

;

ki(t, t
′) = σ2

i exp









−

4 sin2
(

ω(t− t′)

2

)

l2i









, i = 1, 2, ..., n
(16)
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where σ2
i , li, i = 1, 2, ..., n are the hyperparameters associated with the ith DOF, remaining to be

determined.
Next, as a data-driven approach, the GP requires observational data for regression. Herein,

the data is obtained by collocating the linearized governing equation (11) at a set of N time points
Tc = {t1 < t2 < ... < tN} with the periodic interval [0, T ], i.e.,

fk(Tc) :=











fk(t1)
fk(t2)

...
fk(tN )











= L
(k)
t [x](Tc) + ϵ :=













L
(k)
t [x]|t=t1

L
(k)
t [x]|t=t2

...

L
(k)
t [x]|t=tN













+ ϵ (17)

where fk(Tc) is the observational data and L
(k)
t [x](Tc) is the corresponding model prediction. Since

x(t) is generally an approximate solution, a discrepancy/error ϵ arises between the data and the model
prediction. This error ϵ is assumed independent from the solution x and is modelled as zero-mean
Gaussian noise, i.e.,

ϵ ∼ N (0, σ2
ϵ I) (18)

where σ2
ϵ is the noise variance and I is the identity matrix. Then, to infer the solution from the

observational data, the following joint Gaussian distribution between x(t) and fk(Tc) is established

[

x(t)
fk(Tc)

]

∼ N

((

µ(t)
µf (Tc)

)

,

[

Σxx(t, t) Σxf (t,Tc)
Σfx(Tc, t) Σff (Tc,Tc)

])

(19)

where the cross-covariance satisfies Σxf (t,Tc) = Σfx(Tc, t)
⊤. The constituent mean and covariance

components are derived from the GP prior in Eq. (14) and are detailed as follows:

� Mean of the solution,
µ(t) = E[x(t)] = a cos(ωt) + b sin(ωt).

� Mean of the observational data,

µf (Tc) = E[fk(Tc)] = E[L
(k)
t [x](Tc)] = L

(k)
t [µ](Tc) = Dc(Tc)a+Ds(Tc)b

where Dc(Tc) = L
(k)
t [cos(t)](Tc) and Ds(Tc) = L

(k)
t [sin(t)](Tc).

� Covariance of the solution,

Σxx(t, t) = Cov(x(t),x(t)) = k(t, t).

� Cross-covariance between the data and the solutio,

Σfx(Tc, t) = Cov(fk(Tc),x(t)) =













Cov(L
(k)
t [x]|t=t1 ,x(t))

Cov(L
(k)
t [x]|t=t2 ,x(t))

...

Cov(L
(k)
t [x]|t=tN ,x(t))













where each entry is given by

Cov(L
(k)
t [x]|t=ti ,x(t)) = Cov ([x(s)],x(t)) |s=ti = L

(k)
s Cov(x(s),x(t))|s=ti = L

(k)
s k(s, t)|s=ti

= [M
d2

ds2
k(s, t) +Ck(s)

d

ds
k(s, t) +Kk(s)k(s, t)]|s=ti .
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� Covariance of the observational data,

Σff (Tc,Tc) = Cov(fk(Tc),fk(Tc)) =











A(t1, t1) A(t1, t2) · · · A(t1, tN )
A(t2, t1) A(t2, t2) · · · A(t2, tN )

...
...

. . .
...

A(tN , t1) A(tN , t2) · · · A(tN , tN )











+ σ2
ϵ I

where

A(s, t) = Cov(L(k)s [x(s)],L
(k)
t [x(t)]) = L(k)s Cov(x(s),x(t))(L

(k)
t )⊤,

= L(k)s k(s, t)(L
(k)
t )⊤ = (aij(s, t))(i=1:n,j=1:n),

aij(s, t) =
n
∑

p=1

(

Mip
d2

ds2
+ Ck,ip(s)

d

ds
+Kk,ip(s)

)(

Mjp
d2

dt2
+ Ck,jp(t)

d

dt
+Kk,jp(t)

)

kp(s, t)

with Mij , Ck,ij(t),Kk,ij(t) denoting the (i, j)th entry of the respective matrices M,Ck(t),Kk(t)
and kp(s, t) readily defined in Eq. (16).

With the joint distribution established in Eq. (19), the conditional Gaussian distribution of the
solution xk+1(t) under the observational data fk(Tc) is obtained via Bayesian formulation [38],

x(t) | fk(Tc) ∼ N (µk+1(t),Σk+1(t, t)) (20)

where µk+1(t) and Σk+1(t, t) are the posterior mean and variance of the target solution with the
following expressions,

µk+1(t) = µ(t) +Σxf (t,Tc)Σff (Tc,Tc)
−1(fk(Tc)− µf (Tc)),

Σk+1(t, t) = Σxx(t, t)−Σxf (t,Tc)Σff (Tc,Tc)
−1Σfx(Tc, t).

(21)

The posterior mean µk+1(t) represents the most probable solution and is set to the updated solution
at the (k + 1)th iteration, i.e., xk+1(t) = µk+1(t). Concurrently, the posterior covariance Σk+1(t, t)
quantifies the uncertainty of the solution and can serve as a useful error indicator. As is noteworthy, the
physical constraints of the nonlinear dynamical problem are directly embedded in GP-based solution
process: the periodicity condition is enforced via the selection of the periodic GP kernel (16), while
the governing equation is incorporated as the observational data. This integration naturally motivates
the term physics-informed Gaussian process (PIGP). However, before obtaining the posterior mean
and covariance in Eq. (21), two issues must be addressed:

� Determination of the hyperparameters h = {σ2
i , li, i = 1, 2, ..., n;σ2

ϵ } which consist of the kernel
variance and length-scale parameters as well as the noise variance, and estimation of the mean-
function parameters a, b. These are accomplished by maximizing the marginal likelihood derived
from Eq. (19),

fk(Tc) ∼ N (µf (Tc),Σff (Tc,Tc)) or

p(fk(Tc)) =
1

(2π)nN/2|Σff (Tc,Tc)|1/2
e−

1

2
(fk(Tc)−µf (Tc))⊤Σff (Tc,Tc)−1(fk(Tc)−µf (Tc)).

(22)

Maximizing the log-marginal likelihood in Eq. (22) with respect to the hyperparameters h and
the mean parameters a, b yields their optimal estimates. Specifically, the two set of parameters
are tackled in an alternating manner. For the hyperparameters, there is

hopt = argmax
h

p(fk(Tc)) = argmin
h
− ln p(fk(Tc))

= argmin
h

{

1

2
ln |Σff (Tc,Tc)|+

1

2
(fk(Tc)− µf (Tc))

⊤Σff (Tc,Tc)
−1(fk(Tc)− µf (Tc))

}

,

(23)
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which be quickly solved by the conventional search method, e.g., the fminsearch function in
MATLAB. Note that a good choice of initial hyperparameters h can well accelerate the searching
process and in this way, those readily obtained in the preceding iteration, i.e., the kth iteration,
are well utilized as the initial guess for minimization in the (k + 1)th iteration. While for the
mean parameters, the maximization can be performed analytically

[a; b]opt = argmax
[a;b]

p(fk(Tc))

= argmin
[a;b]

{

1

2
(fk(Tc)− (Dc(Tc)a+Ds(Tc)b))

⊤Σff (Tc,Tc)
−1(fk(Tc)− (Dc(Tc)a+Ds(Tc)b))

}

=

([

Dc(Tc)
⊤

Ds(Tc)
⊤

]

Σff (Tc,Tc)
−1[Dc(Tc),Ds(Tc)]

)−1 [
Dc(Tc)

⊤

Ds(Tc)
⊤

]

Σff (Tc,Tc)
−1fk(Tc).

(24)

� Selection of the collocation points Tc. Though a set of uniformly distributed collocation points
may give rise to satisfactory results, an adaptive collocation strategy by further considering the
posterior covariance or residual information will be proposed in what follows to improve the
accuracy as much as possible under the prescribed number of collocation points.

Algorithm 1: PIGP for Periodic Solution of Nonlinear Systems:
[xsol(t),Σ(t, t),h] = PIGP(R(x, t),x0,h0,Tc,Tol)

Input: Model equation R(x, t);
Initial solution x0(t);
Initial hyperparameters h0;
Set of collocation points Tc;
Error tolerance for convergence criterion Tol (e.g.,=10−5).

Output: The solution xsol(t), the covariance Σ(t, t) and eventual hyperparameters h
1 Initialize k = 0, initial solution x0(t) and hyperparameters h = h0;
2 repeat

3 Prescribe the GP kernel k(t, t′) with the hyperparameters h;

4 Get the linearized equation by Taylor expansion around xk to obtain L
(k)
t [x] = fk(t);

5 Collect the observational data fk(Tc);
6 Compute the mean matrices Dc(Tc),Ds(Tc) and the covariance matrices Σxx(t, t),

Σxf (t,Tc), Σff (Tc,Tc) as defined in the derivations following Eq. (19);
7 Acquire the mean parameters [a; b] via Eq. (24) and compute the mean of the data

µf (Tc) = Dc(Tc)a+Ds(Tc)b as well as the mean function µ(t) = a cos(ωt) + b sin(ωt);

8 Update the solution xk+1(t) = µ(t) +Σxf (t,Tc)Σff (Tc,Tc)
−1(fk(Tc)− µf (Tc));

9 Update the hyperparameters h via maximum marginal likelihood in Eq. (23);

10 Compute convergence indicator RelErr =
∥xk+1−xk∥
max(1,∥xk∥)

11 Update k ← k + 1;

12 until RelErr<Tol or k ≥ 1000;

13 return











xsol(t) = xk(t),

Σ(t, t) = Σxx(t, t)−Σxf (t,Tc)Σff (Tc,Tc)
−1Σfx(Tc, t),

h.

Consequently, given the set of collocation points Tc, the algorithmic details of the proposed PIGP for
periodic solution of nonlinear systems are presented in Algorithm 1. Herein, the norm operator in the

convergence indicator is approximately computed as ||y(t)|| =
√

∑m
k=1 y(

(k−1)T
m )⊤y( (k−1)T

m )/m with
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m = 1000. The initial solution x0(t) can be obtained by numerical continuation or directly solving
the approximately linearized equation in the form of Eq. (11) but with (xk, ẋk) = (0,0). As with the
initial hyperparameters, it is set to h = {σ2

i = 0.25, li = 0.5, i = 1, 2, ..., n;σ2
ϵ = 10−6} in this paper.

3.3 Adaptive collocation strategy

To further enhance the accuracy and efficiency of the proposed PIGP, an adaptive collocation
strategy is developed. The core idea is to gradually enrich the set of collocation points by adding new
points where the current solution is most deficient, as indicated by either the posterior covariance or
the residual of the governing equation. Mathematically, adaptive collocation gradually expands the
set of collocation points Tc through certain criterion, i.e.,

Tc ← Tc

⋃

{t∗} (25)

where t∗ is determined based on the solution in Eq. (21) under the collocation points Tc. Two distinct
criteria are proposed for this purpose:

1. Variance-based: The posterior covariance Σk+1(t, t) provides a local measure of the solution
uncertainty at time t. To improve the overall accuracy or reduce the maximum uncertainty,
the new collocation point t∗ is selected at the instant where the trace of the covariance matrix
attains its maximum,

t∗ = arg max
t∈[0,T )

tr(Σk+1(t, t)) (26)

where tr(·) denotes the trace of a matrix.

Algorithm 2: Adaptive PIGP for Nonlinear Periodic Systems

Input: Model equation R(x, t);
Initial solution x0(t);
Initial hyperparameters h0;
Initial set of collocation points Tc0;
Error tolerance Tol (e.g.,=10−5) and desired number of collocation points Nc.

Output: The solution xsol(t) and the covariance Σ(t, t)
1 Initialize collocation points Tc = Tc0;
2 repeat

3 Get the solution [xsol(t),Σ(t, t),h] = PIGP(R(x, t),x0,h0,Tc,Tol) via the PIGP in
Algorithm 1;

4 Expand the set of collocation points Tc ← Tc
⋃

{t∗} via variance-based criterion (26) or
residual-based criterion (27);

5 Update x0(t) = xsol(t) and h0 = h.

6 until |Tc| ≥ Nc (or other termination criterion);
7 return xsol(t),Σ(t, t) .

2. Residual-based: The residual of the governing equation serves as a direct and physically
meaningful indicator of solution fidelity. Accordingly, t∗ is chosen at the point where the expected
squared residual norm is maximized

t∗ = arg max
t∈[0,T )

E[||R(x(t), t)||2]

≈ arg max
t∈[0,T )

E[||R(µk+1(t), t) + L
(k+1)
t [x(t)− µk+1(t)]||

2]

= arg max
t∈[0,T )

{

||R(µk+1(t), t)||
2 + tr(L

(k+1)
t Σk+1(t, s)(L

(k+1)
s )⊤|s=t)

}

(27)
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where Σk+1(t, s) is in the similar form to Eq. (21),

Σk+1(t, s) = Σff (t, s)−Σxf (t,Tc)Σff (Tc,Tc)
−1Σfx(Tc, s). (28)

In practice, the maximization over the continuous interval [0, T ) in Eqs. (26) and (27) is performed
approximately by evaluating the objective function on a sufficiently fine uniform grid, for instance
{kT/103, k = 0, 1, ..., 103− 1} and selecting the grid point that yields the maximum value. By consid-
ering the adaptive collocation strategy, the PIGP enables adaptive solution of the nonlinear problem
and the details are depicted in Algorithm 2. Herein, the initial collocation points Tc0 are typically
chosen as a small number of uniformly distributed points are usually designated as a small number
of uniformly distributed points, i.e., Tc0 = {kT/m, k = 0, 1, ...,m− 1} with m generally ranging from
5 to 10. This adaptive strategy ensures that the PIGP progressively focuses computational resources
on the most critical regions of the time domain, leading to an efficient and accurate solution process.

4 Numerical examples

In this section, several representative nonlinear dynamical systems are investigated to validate
the feasibility and performance of the proposed PIGP method. The selected examples encompass both
single DOF (SDOF) and multiple DOF (MDOF) systems, as well as smooth and non-smooth systems,
thereby providing a comprehensive assessment of the proposed approach. Specifically, the governing
equations of the considered systems are given below:

N1. A smooth SDOF Duffing oscillator,

ẍ+ 0.5ẋ+ x+ x3 = 0.3 cos t. (29)

N2. A SDOF non-smooth system,

x′′ + 0.25x′ + x+ fnl(x) = cos(3.2t), (30)

where the non-smooth restoring force is defined as

fnl(x) =

{

15x, x ≥ 0,

0, x < 0.
(31)

For this system, the T -periodic solution is unstable and a period-doubling bifurcation occurs,
meaning that a stable 2T -periodic solution also exists.

N3. A smooth two-DOF coupled system,







ẍ1 + 0.1ẋ1 + x1 + 0.3x31 + 0.5(x1 − x2) = 2 cos(t) + 0.5 cos(2t),

ẍ2 + 0.1ẋ2 + x2 + x32 + 0.5(x2 − x1) = 0.
(32)

N4. A nonlinear three-story shear-structure model (see Fig. 1) with the nonlinear component placed
at the first floor. The relative displacements of the three floors with respect to the ground are
chosen as the generalized coordinates, i.e., q(t) = [q1(t), q2(t), q3(t)]

T. The nonlinear restoring
force is characterized by r = r(q1, q̇1), and a harmonic ground acceleration a(t) = a0 cos(ωt) is
applied to the structure. As a result, the governing equation is given by,

Mq̈(t) +Cq̇(t) +Kq(t) + fnl(q, q̇) = fex(t) (33)

10



Fig. 1. A nonlinear three-story shear structure model.

where the mass and stiffness matrices are

M =





3500 0 0
0 3500 0
0 0 3500



 ,K =





3.0× 106 −1.5× 106 0
−1.5× 106 3.0× 106 −1.5× 106

0 −1.5× 106 1.5× 106



 . (34)

The damping matrix is modeled using Rayleigh damping,

C = αRM+ βRK (35)

with αR = 0.1358, βR = 5.7097× 10−4. The external excitation by ground acceleration is

fex(t) = −M





1
1
1



 a0 cos(ωt) (36)

with a0 = 1, ω = 7. As with the nonlinear restoring force, two representative non-smooth
scenarios are considered,

Scenario I. Bilinear-stiffness restoring force e.g., caused by breathing crack,

fnl(q, q̇) =





kbl|q1|
0
0



 (37)

with kbl = 5.0× 105.

Scenario II. Nonlinear viscous damper

fnl(q, q̇) =





cnlq̇1|q̇1|
0
0



 (38)

with cnl = 1.0× 105.

4.1 Results by PIGP

The proposed PIGP with adaptive collocation (in Algorithm 2) is employed to get the solution of
the above nonlinear dynamical systems. Herein, the high-fidelity solutions obtained by the shooting
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(b) System N2 (with unstable T -periodic solution)

Fig. 2. Convergence of relative L2 error with the number of collocation points Nc by residual-based and
variance-based adaptive criteria for: (a) system N1 and (b) system N2 (with unstable T -periodic solution).

method with very small error tolerance are used as reference. To quantify the accuracy of the solutions,
the following relative L2 error is defined

Errorx =
∥x− xshooting∥2
∥xshooting∥2

=

(

∑N
i=1 |x(ti)− xshooting(ti)|

2
)1/2

(

∑N
i=1 |xshooting(ti)|

2
)1/2

(39)

where x(t) is the solution by the proposed or other methods, xshooting(t) is the reference solution
obtained through the shooting method, ti = (i − 1)T/N and N is set to 1000. Note that in the
above error metric, x can be replaced by a vector response (from an MDOF system) so that the
relative L2 error well indicates the total accuracy of the MDOF system solution. In addition, since the
proposed method inherently provides uncertainty information, the maximum posterior covariances of
the displacement, velocity, and acceleration responses over the period [0, T ] are recorded and denoted
by (σx)max, (σẋ)max, (σẍ)max, respectively.

To begin with, the effect of the variance-based and residual-based adaptive criteria is evaluated
using systems N1 and N2 (with T -periodic unstable solution). The relative L2 errors under different
numbers of collocation points Nc are depicted in Fig. 2 for the two systems. The results indicate
that the residual-based criterion consistently achieves higher accuracy and more stable convergence
with respect to Nc than its variance-based counterpart. This superiority is attributed to the fact that
the residual-based criterion incorporates both the physical information of the governing equation and
the covariance information, thereby leading to improved adaptive performance. Consequently, the
residual-based criterion is adopted exclusively for the adaptive collocation strategy in all subsequent
analyses.

Next, the solutions of the four systems N1–N4 are obtained by the proposed PIGP and the results
are presented below:

� Fig. 3 displays the displacement, velocity and acceleration responses for system N1, along
with the corresponding 95% confidence intervals (CIs), under Nc = 15 and Nc = 35. As Nc

increases from 15 to 35, the relative L2 error and maximum covariances decreases significantly
from Errorx = 5.28 × 10−3, (σx)max = 2.14 × 10−1, (σẋ)max = 4.69 × 10−1, (σẍ)max = 1.67 to
respective values 8.32×10−10, 1.24×10−4, 2.21×10−4, 1.49×10−3. Notably, even with Nc = 15,
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the displacement solution is already quite accurate, with Errorx = 5.28×10−3. It is also observed
that for a fixed Nc, the covariance increases with the order of the time-derivative operator,
becoming more pronounced from displacement to acceleration. This behavior is consistent with
the fact that displacement responses converge faster than acceleration responses [15].
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Fig. 3. Results of the displacement, velocity and acceleration responses by the proposed PIGP and the shooting
method (for reference) for system N1 and under different numbers of collocation points Nc.

� For system N2, both the unstable T -periodic and the stable 2T -periodic solutions are computed
by the proposed PIGP, with the results shown in Figs. 4 and 5, respectively. For the 2T -periodic
solution, the frequency ω in the kernel (16) is correspondingly halved. In both cases, the PIGP
accurately reproduces the reference solutions, with the relative L2 error below 3 × 10−2. As
Furthermore, the adaptively selected collocation points are reasonably concentrated around the
non-smooth points (where x(t) = 0), verifying the effectiveness of the adaptive strategy.
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Fig. 4. Results of the displacement, velocity and acceleration responses by the proposed PIGP and the shooting
method (for reference) for unstable T -periodic solution of system N2 and under different numbers of collocation
points Nc.

� Fig. 6 presents the responses and 95% CIs for system N3. Again, the relative L2 errors and
covariances for both DOFs decrease consistently with increasing Nc. Similar to system N1, the
adaptively collected points for system N3 tend to uniformly distributed, as both systems are
smooth and exhibit smooth responses.

� For system N4, the solutions and their 95% CIs under scenarios I and II are displayed in Figs.
7 and 8, respectively. Accurate solutions are achieved with appropriate choices of Nc , and
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Fig. 5. Results of the displacement, velocity and acceleration responses by the proposed PIGP and the shooting
method (for reference) for stable 2T -periodic solution of system N2 and under different numbers of collocation
points Nc.

Fig. 6. Results of the displacement, velocity and acceleration responses by the proposed PIGP and the shooting
method (for reference) for system N3 and under different numbers of collocation points Nc: (a) (b) correspond
to the first DOF x1, and (c) (d) correspond to the second DOF x2.
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Fig. 7. Results of the displacement, velocity and acceleration responses by the proposed PIGP and the shooting
method (for reference) for scenario I of system N4 and under different numbers of collocation points Nc: (a) (b)
correspond to the first DOF q1, (c) (d) correspond to the second DOF q2 and (e) (f) correspond to the third
DOF q3.

Fig. 8. Results of the displacement, velocity and acceleration responses by the proposed PIGP and the shooting
method (for reference) for scenario II of system N4 and under different numbers of collocation points Nc: (a)
(b) correspond to the first DOF q1, (c) (d) correspond to the second DOF q2 and (e) (f) correspond to the third
DOF q3
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both errors and covariances diminish as Nc increases. Again, the adaptively selected points
are observed to cluster densely around the non-smooth points, specifically where q1(t) = 0 in
scenario I and q̇1(t) = 0 in scenario II.

In summary, the proposed PIGP is capable of accurately and adaptively solving smooth and non-
smooth, SDOF and MDOF, stable and unstable periodic problems. Both the errors and the covariances
converge with increasing Nc, confirming that the posterior covariance serves as a reliable indicator
of solution accuracy. Moreover, the adaptively selected points are uniformly distributed for smooth
systems but densely concentrated around non-smooth features for non-smooth systems.

4.2 Comparison of uniform and adaptive collocation strategies

The effects of uniform and adaptive collocation strategies are comparatively investigated using
systems N3 and N4 (under scenario II). For uniform collocation, the time points are selected as
{kT/Nc, k = 0, 1, ..., Nc} and will change with Nc so that the solution process varies substantially
with the number of points. In contrast, the adaptive strategy incrementally enriches the collocation
set, thereby enabling efficient and adaptive computation.

The variation of relative L2 error with Nc under both collocation strategies is depicted in Fig. 9.
As is observed, both collocation strategies yield satisfactory results, as the relative L2 error drops below
0.01 for Nc ≥ 12 in both systems. Nevertheless, the adaptive collocation strategy clearly outperforms
the uniform one in terms of accuracy under the same Nc for both smooth and non-smooth systems
and the superiority becomes more pronounced for larger Nc. Consequently, the adaptive collocation
strategy is naturally recommended for use with the proposed PIGP.
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Fig. 9. Convergence of relative L2 error with the number of collocation points Nc under uniform and adaptive
collocation strategies for system N3 and system N4 (scenario II).

4.3 Comparison with the HBM

The performance of the proposed PIGP is further benchmarked against the classical HBM in terms
of both accuracy and computational efficiency, using systems N3 and N4 (under scenario II). For the
HBM, the number of unknowns is linearly related to NH = 2H + 1, where H is the truncation order.
Comparisons are therefore conducted under equal numbers of harmonic terms NH and collocation
points Nc. To render the HBM applicable to general smooth and non-smooth systems, the alternating
frequency–time (AFT) scheme is adopted. Following the analysis in Ref. [14], the number of uniform
sampling points is set to 2H + 1 for smooth system N3 and 2H2 + 1 for non-smooth system N4.
The HBM implementation is based on the complete program package ’HB NLvib’ provided in the
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book Harmonic Balance for Nonlinear Vibration Problems [12]. To ensure a fair comparison, all the
computations are conducted under the same hardware, equipped with an Intel Core i5-12490F CPU
and 16 GB RAM at 3200 MT/s.
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Fig. 10. Comparison of the convergence results of the relative L2 error by the proposed PIGP and HBM for
system N3 and system N4 (scenario II).
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Fig. 11. Comparison of the computational time (in second) under different Nc (or NH) by the proposed PIGP
and HBM for system N3 and system N4 (scenario II).

Fig. 10 compares the convergence of the relative L2 errors for both methods. The PIGP exhibits
a relatively larger error than the HBM for the same Nc (or NH), which is reasonable since the Fourier
truncation in the HBM is optimal with respect to the L2-norm error. Nevertheless, the convergence
rates of the two methods exhibit the same qualitative behavior: exponential convergence for the smooth
system N3 and polynomial convergence (with nearly identical polynomial orders, as reflected by the
slopes in the figure) for the non-smooth system N4 (scenario II). Fig. 11 compares the computational
time required by the two methods. Except for cases with very small Nc (or NH), the proposed PIGP
is consistently less time-consuming than the HBM under the same number of unknowns, which can
be attributed to the adaptivity of the PIGP.

To further compare the efficiency, Tables 1 and 2 list the computational times required by both
methods to achieve the same accuracy levels for systems N3 and N4 (scenario II), respectively. Here,
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tPIGP denotes the time consumed by the proposed PIGP and tHB that by the HBM. Across almost
all accuracy levels, the time ratio verifies tPIGP/tHB ≤ 0.6 for both systems, indicating that the PIGP
requires less time to attain the same accuracy. The only exception occurs at a very low accuracy level
for system N4 (scenario II), where the PIGP requires more iterations to achieve convergence. Overall,
the proposed PIGP is found to be more efficient than the HBM under the same level of accuracy.

Table 1. Comparison of computational time between PIGP and HBM at the same levels of accuracy (or
relative L2 error) for system N3.

Accuracy level
PIGP HBM

tPIGP/tHB

Relative L2 error Time (s) Relative L2 error Time (s)

Low accuracy 2.6731× 10−1 0.0301 1.0000× 100 0.0993 0.30

10−3–10−4 3.8595× 10−4 0.0160 2.2609× 10−3 0.1012 0.16

10−7 1.5358× 10−7 0.0067 1.0237× 10−7 0.3527 0.02

10−9–10−10 2.3776× 10−9 0.3735 4.5456× 10−10 0.7390 0.51

10−12 2.5712× 10−12 0.6484 2.0449× 10−12 1.0785 0.60

Table 2. Comparison of computational time between PIGP and HBM at the same levels of accuracy (or
relative L2 error) for system N4 (scenario II).

Accuracy level
PIGP HBM

tPIGP/tHB

Relative L2 error Time (s) Relative L2 error Time (s)

Low accuracy 5.1586× 10−1 0.1132 1.0000× 100 0.0004 2.92× 102

10−5 2.7735× 10−5 0.0182 5.3722× 10−5 0.0538 0.34
10−6 1.6508× 10−6 0.0279 1.5025× 10−6 0.1791 0.16
10−7 1.7762× 10−7 0.2385 1.4164× 10−7 0.4506 0.53
10−8 5.1576× 10−8 0.4186 4.2845× 10−8 0.9280 0.45

5 Conclusion

This paper proposes a novel data-driven framework, named the physics-informed Gaussian pro-
cess (PIGP), for computing periodic solutions of nonlinear dynamical systems. The core idea lies in
embedding the physical information directly into the GP formulation: the periodic boundary condi-
tion is enforced through tailored periodic kernel and mean functions, while the linearized governing
equation is treated as observational data. By establishing a joint Gaussian distribution between the
observational data and the solution, the periodic solution is obtained as the posterior mean, accompa-
nied by the posterior covariance, which serves as a reliable indicator of solution accuracy. Furthermore,
an adaptive collocation strategy is incorporated into the PIGP framework to enable an efficient and
self-adaptive solution process. Several numerical examples are conducted to evaluate the performance
of the proposed PIGP. The results demonstrate the following key findings:

� The proposed PIGP is capable of delivering accurate solutions for smooth and non-smooth,
SDOF and MDOF, as well as stable and unstable periodic systems, provided that a sufficient
number of collocation points is employed. The inherent covariance information effectively reflects
the accuracy of the solution, as both the covariance and the relative error consistently decrease
with an increasing number of collocation points.

18



� In comparison to the uniform collocation strategy, the adaptive collocation approach yields more
accurate solutions, particularly when a relatively large number of collocation points is used.
Moreover, for non-smooth systems, the adaptively selected points are reasonably concentrated
in the vicinity of non-smooth features, confirming the effectiveness of the adaptive strategy.

� When compared to the classical HBM, the proposed PIGP generally exhibits a larger relative
error for the same number of collocation points or harmonic terms, which is expected given the
optimality of Fourier truncation in the L2-norm sense. Overall, the proposed PIGP proves to be
more computationally efficient than the HBM under the same level of accuracy.

In summary, the proposed PIGP constitutes a powerful and efficient data-driven tool for solving
nonlinear periodic systems. However, a potential limitation is that, for strongly non-smooth problems,
the PIGP solution may exhibit oscillations near non-smooth points or boundaries, leading to reduced
accuracy and increased computational cost—a limitation also shared by the HBM [45]. Future work
will address this issue by designing new tailored mean and kernel functions that better capture non-
smooth behaviors, as the current limitation stems from the absence of non-smooth priors in the present
model formulation.
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Appendix A: Derivation of the periodic kernel function

A periodic GP function y(t) with fundamental frequency ω can be expanded by Fourier series,

y(t) = a0 +
∞
∑

n=1

[an cos(nωt) + bn sin(nωt)] . (40)

This expansion can be conveniently reinterpreted as a polynomial function of the two-dimensional
variable u = (cosωt, sinωt), i.e.,

y(t) = g(cosωt, sinωt) = g(u) (41)

where the polynomial function g(u) is a GP. Since g(u) is smooth and polynomial, it can be well
characterized by the commonly used squared exponential (SE) kernel function [28],

kg(u,u
′) = σ2 exp

(

−
||u− u′||2

l2

)

(42)
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where || · || is the Euclidean norm, σ2 and l denote the hyperparameters of the output variance and
characteristic length scale, respectively. Substituting u = (cosωt, sinωt) and u′ = (cosωt′, sinωt′)
into Eq. (42) yields the desired periodic kernel function,

ky(t, t
′) = σ2 exp

(

−
||(cosωt, sinωt)− (cosωt′, sinωt′)||2

l2

)

= σ2 exp









−

4 sin2
(

ω(t− t′)

2

)

l2









. (43)

Thus, the periodic kernel naturally enforces the periodicity constraint by mapping the time domain
onto a unit circle in the two-dimensional feature space, as expressed in Eq. (43)
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