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1 Hamiltonian embedding and local linearization

The network has depth L and layer variables x,, € R% with input xo = u and output xj, = y.
The feedforward map is

Xn = fn(2n), Z, = WpXp—1 + by, n=1,...,L. (S1)

The physical energy is

L
K
H(X; 0) = 5 Z HEnH2 ) €n = Xn — fn(ann—l + bn) (S2)
n=1

For fixed xg the feedforward solution has €, = 0 for all n and therefore H = 0; we denote this
zero-energy state x*(u; 0).
Linearizing near x* gives

0%, = Jp0Xp—_1 + 0€y, Jy, = diag[f] (zn)|[Wh, (S3)
with downstream Green function
G\@%m = Jmdm-1-Jop1 (ﬁ < m)7 @m—nn =1, (84)

so a residual fluctuation injected at layer £ appears at layer m as 0x,, = égﬁmde@
At temperature T the residual fluctuations are independent Gaussians in the harmonic approx-
imation, (6€sd€]) = (ksT/k)dgql, so the covariance of activity fluctuations at layer m is

Cm=""Cmy,  Cn=_ GrsmG{ . (S5)

The inverse covariance C,! is the Fisher metric for displacements of the layer-m mean, and C,, is
its dimensionless part. The £ = m term of Eq. (S5) is the identity, since Gp,—m = I, SO

Co =1+ GG, = I (S6)
l<m

is positive definite for every activation pattern: each physical layer carries its own residual fluc-
tuation, and vanishing f/ can only remove upstream contributions, never the direct one. No
active-subspace restriction or pseudo-inverse is needed, and d,, is the full layer dimension through-
out. Rank deficiency would arise only in a modified model in which some coordinates carry no
independent residual noise.

2 Exact constancy of the free network’s free energy

Clamp xg = u and let the remaining layer variables range over x,, € R%. Define the residual map
O (x1,...,x1) — (€1,...,€L), €n =Xp — fn(WnXp—1+ by). (S7)

® is a bijection of [, R onto itself: given {€,} the layer variables are recovered uniquely and
recursively by x,, = €, + f(Wyx,—1 + by,) starting from the clamped xg. Its Jacobian matrix has
blocks

9 1, m=n,

€n ) o

Ox, Jpy, m=mn-—1, (S8)
0, otherwise,



i.e. it is block lower-triangular with identity diagonal blocks, so |det Je/0x| = 1 identically. No
smoothness or invertibility of the activation functions is required beyond measurability, and the
result holds for arbitrary nonlinear f,, including saturating and rectified ones.

The partition function of the free network therefore factorizes,

K
n=1

n=1 n=1

and the equilibrium free energy

kg T & K
Firee = —kpTIn Z = BT Zld,n In (S10)

2rkgT

is a constant: independent of the input u, of all weights and biases, and exact at every temperature.
Equation (S10) is not a harmonic or saddle-point estimate; it is the full equilibrium free energy.

The same conclusion follows without computing any integral, by splitting F' = (H) — T'S. In
residual coordinates the Gibbs measure is a fixed isotropic Gaussian, so (H) = 5(3, |len|?) =
%(Zn dn) ksT by equipartition, independent of input and parameters. And the map ® is volume
preserving, so it leaves the differential entropy unchanged; S is that of the fixed Gaussian. Both
terms are separately constant, which makes the mechanism transparent: changing the input deforms
the zero-energy manifold without stretching phase space anywhere.

Two consequences are used in the main text. First, quasi-static change of the input connects
states of equal free energy, so the reversible work vanishes identically and 1‘2}“ = 0: not merely
zero dissipation, but zero net work. Second, 0F}e./00 = 0, so the free network exerts no force
on the parameters and the clamped free energy of Eq. (S37) alone is the physical loss, with no
free-minus-clamped subtraction required.

If k varies between coordinates, k — k; in Eq. (S10) and the conclusion is unchanged provided
the stiffnesses are not themselves trainable. If the physical coordinates are confined to a bounded
range rather than to R, the change of variables no longer maps the domain onto itself exactly
and Fhee acquires an input dependence suppressed by exp(—#¢?/2kgT), with ¢ the distance from

the operating point to the confining boundary.

2.1 Monostability and the origin of the Landauer bound

The reversibility of quasi-static inference is not special to Eq. (S2). Consider any machine comput-
ing by relaxation on a free-energy landscape F'(x;u) under external control u. If the equilibrium
state is unique and varies continuously along the control path, the system tracks equilibrium under
slow driving, the work is the state function AF, and the dissipated part W — AF vanishes as
T — 0o. A finite quasi-static cost requires the system to be left in a state that is not the equilib-
rium one, which requires the landscape to support several states whose lifetimes exceed the protocol
duration. Digital logic is built on exactly this: a bit is a pair of metastable wells engineered to
be long-lived, and erasing it merges two basins, which is where kg7 In 2 enters. Landauer’s bound
therefore constrains multistable memory, not computation as such.

For the embedding used here, monostability follows from H = %nTATAn with A block lower-
bidiagonal with unit diagonal blocks: A is invertible, AT A = 0, and the compatible state is unique
for every input and every parameter set. The construction thus belongs to the monostable family,
and Eq. (S10) adds to it the stronger property AF = 0. A general monostable machine dissipates
nothing quasi-statically but may require reversible work to be supplied and later recovered; this
one requires none.



2.2  Fluctuational correction to the clamped free energy

Clamping the output breaks the factorization of Eq. (S9): the last residual is no longer a free
integration variable. Performing the Gaussian integral over the hidden coordinates around the
constrained minimum gives

kT K,
Fo = Humin(6; @) + =~ In det %kET, K, =r AT A, (S11)
where A, is the compatibility operator restricted to the hidden coordinates x1,...,xy_1, i.e. the

rectangular matrix mapping hidden displacements to all L residuals. Unlike the free case, the
fluctuational term depends on the parameters. Its structure, however, is constrained. Writing A
for the square unit-lower-bidiagonal block acting among the hidden layers, one finds det A = 1 and

det(ATA) =det(I+J,8Jf),  S=[ATA)™] (S12)

L—1,L—-1

so the entropic term depends on 8 only through the layer Jacobians, the gains, and never through
the strain. It therefore cannot rotate the error signal; it adds to the physical loss a data-independent
(for fixed activation pattern) gain penalty.

For the two-layer network of the main text, K = x(I + WJ W3) and the entropic force on the
output weights is

kT

[[Wa|<1
T %

Vw, Indet(I + Wi Wy)| = kT Wa(I + Wi W) ™! kT Ws : (S13)
the fluctuational correction is a thermal weight decay of strength kg7, a Laplace-type Occam factor
penalizing large gains. It is subleading to the strain gradient whenever the strain per coordinate
exceeds kT, which is the same condition I' 2 1 that governs the fixed-covariance approximation
and the Bures suppression, Eq. (S29).

Two practical consequences for the learning rule of the main text. First, the parameter gradient
at finite temperature is 0F, /00 = (0H/00), an exact envelope-theorem statement; the difference
between (o,) and o, evaluated at the constrained minimum is precisely the gradient of the entropic
term above. Second, the operational advantage over free-minus-clamped schemes is unchanged but
should be stated correctly: subtracting Ffee would not have removed the entropic term, since Fiee
is constant; the advantage is that the free phase exerts no parameter force at all, so nothing need
be measured in it.

3 Finite-rate inference: the optimal-transport bound

3.1 Master inequality

The overdamped dynamics of the main text, with mobility p and fluctuation—dissipation noise at
temperature 7', has the Fokker—Planck form

8tp: —V-(pV), V:M(—V’H—kBTVh’lp), (S14)

where p(x,t) is the joint density of all physical coordinates and v is the local mean velocity. The
irreversible work over a protocol of duration 7 is the kinetic action

1 T
B¢ = / dt/p||v||2dx. (S15)
K Jo



The Benamou-Brenier theorem [1] states that the minimum of [Jd¢ [ p||v|[*dx over all pairs (p, v)
satisfying the continuity equation with fixed endpoints pg, pr equals W22 (po, pr)/T, where Wy is the
Wasserstein-2 distance,

Wipo.pr) = _jint [ Ix = x| dn(x, ), (316)

the infimum running over couplings with the given marginals. Hence

W22 (p07 Pr)
UT

Bt > = W) = () (517)
Equation (S17) is the minimum-dissipation form of the thermodynamic speed limit [2-6]; the rela-
tion of the transport and information-geometric formulations is reviewed in Ref. [7]. Three features
are used in the main text.

(i) No slow-driving assumption. Equation (S17) constrains the endpoints only, so it holds
arbitrarily far from quasistatic operation. In the deterministic slow-driving limit p — §(x — x*),
v — Xx* and Eq. (S15) reduces to the Rayleigh form

L
1 .
P = > 15 (S18)

n=1

(ii) No Gaussian assumption. The harmonic approximation enters only when W is evaluated,
not when the bound is derived.

(iii) Achievability. Equality holds for the constant-speed displacement interpolation, so the
bound is an attainable target rather than a generic inequality.

3.2 Gaussian evaluation

For thermal endpoint states po = N(x},%;) and pr = N(x}, |, Ei11) over the full set of physical
coordinates, the Givens—Shortt formula [8] gives

L
2 1/2 1/241/2
Wi =S lIAxy? + BX(E, Sin),  BP=Tr [zz- + 5 — 2Bl } , (S19)
n=1
with Ax} the shift of the layer-n feedforward state. The mean-shift term is a bare Euclidean
displacement, independent of the covariance; the Bures term B? is non-negative and vanishes iff
3 = Xi+1. It is precisely the covariance-mismatch contribution neglected in the entropic treatment,
and it is retained here as an additive cost rather than discarded.

3.3 Relaxation to the information-geometric form

Fix an observed layer m. On the linearized manifold the same displacement can be described from
any earlier layer,

Axp = GromAxg,  L<m. (S20)



Summing over ¢ = 1,...,m gives > ", ég_)mAXg = mAx,,. Taking the scalar product with
C.1Ax,, and applying Cauchy-Schwarz,

m 2
(m AXLC Ax,,) Y = (Z Ax] (A;;gmc;mxm> (S21)
/=1
< <Z HAX,ZHQ> <Z AX%leégﬁm@zﬂ_)mleAXm> (S22)
/=1 /=1

(Z HAer?) AxL ColAx,, (S23)
/=1

where the last line uses the definition (S5) of C,,,. Cancelling the common positive factor,

m

D lIAx? = m® Ax]C A, (S24)

/=1
This holds for every m, so each layer supplies a valid lower bound and the strongest may be retained.
With C;.} = (k/kgT)C;;} and the Gaussian Kullback-Leibler divergence for a mean shift at fixed
covariance [9],

Dy = § (A O M), (s25)
and dropping the non-negative Bures term of Eq. (S19),
L
1 2 1 %12 QkBTTO 2 (m)
inf = — > — > .
g 2 22 W5 2 W;mxnu > —— max m’ Dy (S26)

Every step is a relaxation, so the transport bound is never weaker; the endpoint evaluation assumes
only piecewise linearity within activation sectors, with the path-dependent Fisher length as the
rigorous object across sector changes, as discussed below. The fidelity of the main text is defined
by it = (2/L%d) max,, m2D§<n£) with d the network width, which makes Eq. (S26) identical to
Eing > dkgTTine7r /7 by construction.

Two remarks. First, on where the maximum sits. Under gain normalization C,, ~ m I, so
Dgﬁ) ~ (k/2kpT) | Axp|?/m and mQDI(?E) o m||Axy, |2, which increases with depth when per-layer
displacements are comparable: the accumulated noise grows only linearly in m while the counting
factor grows quadratically, so the maximum is generically attained at or near the output layer m*,
and the counting factor (m*/L)? implicit in Ty, is of order unity. The maximization is retained
rather than fixed at m = L because this reasoning fails when the displacement is concentrated
upstream, or when the output width is small and unrepresentative of the network, in which case
an interior layer gives the stronger bound.

Second, the entropic bound can equivalently be obtained through a thermodynamic-length argu-
ment: defining £,, = fOT [X%Crglkm]l/ 2dt and applying Cauchy-Schwarz in time gives i xI C-1x,,dt >
L2 /7; because the length of any path in a Riemannian metric is at least the geodesic distance be-
tween its endpoints, and for a fixed-covariance Gaussian family that distance is the Mahalanobis
separation, £2, > 2DI(<N£). The result is a genuine inequality, not a constant-speed estimate. For
finite displacements the endpoint form applies as stated within a fixed activation pattern, where
the network is linear and (), is constant along the path; across pattern changes the path-dependent
length is the rigorous object and the endpoint Kullback—Leibler form is its fixed-covariance eval-
uation. For the two-layer model simulated in the main text the interlayer map is linear and the
covariances are input independent, so the endpoint form is exact.



Finally, the factor L? in Eq. (S26) and the factor L? in 7i,¢ have different mathematical origins
in the same bidiagonal structure, layer counting and the singular-value spectrum of A respectively,
but both are controlled by a single physical condition: layer gains of order unity. That common
condition is what makes 7y,¢ ~ 77, and when it fails both fail together, though differently on the two
sides of unit gain: for g > 1 a single amplifying layer dominates the sum and A, (AT A) collapses
exponentially, while for g < 1 the relaxation time saturates and it is the signal that attenuates, as
detailed below.

3.4 Tightness and dynamical isometry

Equality in Eq. (S24) requires Axy @g HmC;ﬂAXm for every ¢ < m with a common constant. If
the partial Green functions are mutually orthogonal, GgHmGeT _ym = 1 for all £, then Cp, = mlI, all

||Ax/|| are equal, and Eq. (S24) is saturated. This is the condition of dynamical isometry [10, 11].
Away from isometry, the two-sided operator bound AL (C,) I < C1 < A1 (C,,) I gives

max min

A (Cn) "L 2D < 8% P < A Co) "B 2D (s27)
Equation (S27) is the Gaussian instance of the Talagrand-type transport—entropy inequality [12]:
transport cost and relative entropy agree up to the fluctuation-amplification factor of the network.
Since Apax(Cr) grows with depth whenever layer gains exceed unity, the entropic bound degrades
in exactly the regime in which the physical cost grows.

For reference, in the well-conditioned diffusive case C,, ~ ml with comparable per-layer dis-
placements, Y. [|Ax;|?> ~ L||Ax|? and max,, m? - QD%? ~ L(k/kgT)||Ax||?: the two bounds
coincide up to order-unity factors, and the main-text scaling Ei,s 2 kpT'dline7r/7 is unchanged.
What changes is its logical status and its domain of validity.

3.5 Bures term and activation switching

In a piecewise-linear network the covariance changes between two inputs only through the activation
pattern, and only through nonlinearities that sit between physical layers, where they propagate
thermal fluctuations via the Jacobians J,, = diag[f}, (z,)]W,. A nonlinearity applied to a clamped
variable propagates nothing: in the two-layer model simulated in the main text, the rectifier acts on
the clamped input, so the output covariance is exactly Cy, = (kT /k)(I + W2W4 ), independent of
the input, and the Bures term vanishes identically. The transport bound for that model therefore
reduces to its mean-shift part with no relaxation at all.

For an architecture in which a rectified layer separates two physical layers, switching hidden
unit j toggles the corresponding entry of diag[f’] and shifts the downstream covariance by the
rank-one amount +(kg7’/k) ij?, with w; the j-th column of the downstream weight matrix. For
a rank-one perturbation comparable to the covariance scale, the Bures term in Eq. (S19) is of order
(kgT/k)||w;||?, so through Eq. (S17) each switched unit contributes

g
AEBures ~ kT ?O HW]Hz (SQS)

to the minimum dissipation. This is a finite-rate analogue of Landauer’s cost — of order kT
per reconfigured degree of freedom — which vanishes as 7 — oo and is invisible to the mean-shift
entropic treatment.

Dropping B2 from the lower bound requires no smallness assumption, since the term is non-
negative and its removal is a further relaxation. Its size nevertheless controls how much is given



away. The Bures term is a thermal quantity, responding only to changes of the covariance, which
scales as kgT/k; the mean-shift term is a signal quantity of order ||Ax*||?. With ||Ax|? ~
d LTntkpT/k from the definition of the fidelity, and at most d switched units contributing ~ kgT'/k
each,

B? <1

on A2 ™ L2 iy

the discarded term is suppressed by the very fidelity that must be large for the network to com-
pute reliably. The estimate uses an output-layer displacement and therefore applies in the gain-
normalized regime where the binding layer sits at or near the output, m* ~ L and d,,» ~ d; the
term vanishes identically for a linear network or for any transition that leaves the activation pattern
unchanged, and exactly for the architecture simulated in the main text.

(S29)

3.6 Saturation under input-only control

The Benamou—Brenier optimum assumes free control of the driving potential, whereas here only
the input u is controlled. For a linear network, x* is affine in u and the covariance is u-independent,
so the Bures term vanishes and linear interpolation u(¢) = (1 — s)u; + su;41, s = t/7, produces
constant-velocity motion of the mean, which is the McCann displacement interpolation. In the slow-
driving limit, therefore, linear input switching realizes the optimal transport path and Eq. (S17) is
saturated to leading order in 79/7. For nonlinear networks the accessible optimum is the geodesic
length of the path constrained to the curved zero-energy manifold, which exceeds the unconstrained
Wasserstein chord; the difference is a curvature cost of the architecture and is not evaluated here.

4 Depth-controlled relaxation time

Let 1, = x,—x}, be the lag from the instantaneous feedforward state at fixed input, with 1y = 0 (the
symbol u is reserved for the input throughout). Linearizing the residuals gives €, = 0, — J,Mn—1.
Collecting the hidden and output lags into a vector 7,

e=An,  H= gnTATAn, (S30)
with A block lower-bidiagonal and unit diagonal blocks. The fixed-input overdamped dynamics is
1 = —ukAT An, so the slowest relaxation time is exactly
1
S S31
Tl e Amin (AT A) (S31)

For a path-like, well-conditioned network whose layer Jacobians have singular values of order unity
and generate no additional soft modes, the smallest singular value of A scales as L™!, whence

Amin(ATA) ~ L72 Tt ~ 7 = L27. (S32)

The two sides of unit gain fail differently. For g > 1 the product structure of A~! gives Apin (AT A) ~
g 2= and 7,¢ grows exponentially beyond 77: the network becomes exponentially slow. For
g < 1 the relaxation time instead saturates at a finite value, Tt — 70/(1 — g)? as L — o0;
what degrades is not the timescale but the signal, whose displacement attenuates as g* down the
chain, collapsing the fidelity I'iys. The diffusive law 7,¢ ~ 77, thus characterizes the critical, near-
isometric chain g — 1, which is also the condition that makes Eq. (S24) tight: gain normalization
is the operating point at which neither the timescale nor the signal deteriorates with depth. In
a trained or strongly nonlinear network the exact Eq. (S31) defines the relevant relaxation time,
while 77, remains the natural normalization scale.



4.1 Relaxation time of the simulated network

For the two-layer architecture of the main text the spectrum of AT A can be written in closed form,
which fixes the ratio 7i,¢ /77, for the trained model without any fitting. With physical layers h € R%
and y € R% and the output map linear, the compatibility operator and its Gram matrix are

(I 0 v Iy +MTM —MT R
A_<_M Id2>, AA_< T ) M=V (S33)

where the rectified nonlinearity acts on the clamped input and so contributes no coupling between
the fluctuating coordinates. Let M = UXVT be the singular value decomposition, with singular
values s;, i = 1,...,ds. In the basis that pairs the i-th right singular vector of M with its i-th left
singular vector, AT A becomes block diagonal with 2 x 2 blocks

2 .. 2+512:l:5“/512+4
<1 +87, 3’L> , )\i — (834)

—8; 1 v 2 ’

together with d; — ds directions in the hidden layer orthogonal to the row space of M, each con-
tributing A = 1. Since det A = 1, each pair satisfies )\;r)\i_ = 1, so every singular value of M
produces one stiff and one soft mode, reciprocal to each other; the softest mode belongs to the
largest singular value, and

24 02 — Omax\/ Oax + 4 Tinf 1
. ATA — max max _
Amin (47 4) 2 L T Iam(ATAY

(935)

with max = Omax(W2) and L = 2. The ratio grows with the output gain: 7,¢/77, = 0.65 at
Omax = 1, 1.5 at omax = 2 and 2.7 at omax = 3, remaining of order unity over the whole range
spanned by training.
For the trained model used in Figs. 2 and 3, opmax(Wa) = 3.21, so that Eq. (S35) gives
Amin(AT A) = 0.0816 and
Tt = 12.279 = 3.1 71, (S36)

in exact agreement with direct numerical diagonalization of AT A. The exact relaxation time is
therefore an order-unity multiple of the diffusive scale, as the gain-normalized estimate predicts.
All time axes in the main text are normalized by 77, which is the theoretically defined quantity;
the measured 7y,¢ enters only through the ratio of Eq. (S36), and no qualitative feature depends on
the distinction.

The full spectrum is shown in Fig. 1. Its structure is that of Eq. (S34): ten stiff modes, ten
soft modes and, between them, the d; — do = 10 hidden directions orthogonal to the row space of
M, which relax at exactly 7. Because )\;F)\i_ = 1, the relaxation times are mirror-symmetric about
7o on a logarithmic scale, each soft mode being the exact reciprocal of a stiff partner; numerically
Tmax Tmin = Tg to machine precision. Two features are worth noting. First, the slow modes form a
band rather than an isolated eigenvalue: eight of the thirty modes are slower than 77, spanning 3.7
to 12.2 79, and the slowest exceeds the second slowest by only 12%. The relaxation is thus genuinely
multi-exponential, and 7, should be read as the conservative representative of that band, the time
after which every mode has relaxed, rather than as the single dominant timescale. Second, the band
lies above 77, rather than straddling it, which is why 7i,¢/77, > 1 for the trained model: training
increases the output gain, and by Eq. (S35) the softest mode slows accordingly.
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Figure 1: Relaxation spectrum of the trained network, 7; = 1/[urA;(AT A)] in units of 7y, ordered
from fastest to slowest. Stiff modes (blue) and soft modes (orange) form exact reciprocal pairs
about 79, one pair per singular value of W5, while the d; — do = 10 hidden directions orthogonal
to the row space of W relax at exactly 7o (grey). Dashed: the diffusive scale 7;, = L?1. Dotted:
the slowest relaxation time 7,¢ = 3.1 77, which caps a band of eight modes slower than 7.

5 Constrained free energy and backpropagation as force balance

For a training example o = (uq,ty), impose xg = u, and x;, = t,. The data-constrained free

energy is
L-1

F,(0) = —kgT'ln / exp[—BH(x;0)] [ [ dxn, (S37)
X0=Uq, X1, =ta

n=1

reducing at low temperature to the minimum constrained energy. At finite temperature the envelope

theorem gives
oF, JOH
= ). 53

the average being over the constrained equilibrium distribution.
Define the stress

on = K[fn(2zn) — Xn] 0 f1(2n) = —K€n 0 f(2Zn). (S39)

Differentiating Eq. (S2) and using the envelope identity gives the exact finite-temperature gradients

OF, (. oF,
b, e Gy

= <anx£_1>a, (S40)
where (- - ), is the constrained equilibrium average. Equations (S40) are averages of products, not
products of averages; the recursion below is the mechanical equilibrium condition holding pointwise
at the constrained minimum, which is the low-temperature form of Eq. (S40), with the difference
between (07,)o and o, at the minimum given by the entropic term of Sec. 2.2. The hidden-layer
force-balance condition is

,_ o

——:/{en—l—WgﬂanH, n=1,...,L—1, (S41)
ox,,
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and multiplying componentwise by — f/ (z,) gives the adjoint recursion

o, = (Wg+10'n+1)of£(zn), n=L-1,...,1, (S42)
with output-layer stress o = k[fr(z1) — to] © f7(z1). Equations (S40) and (S42) identify the
backpropagated error with an internal mechanical stress in the constrained network.
6 Residual parameter-annealing dissipation

Let F(0) = (Fu(8))a; 8a = VoFy and § = (8a)a = VgF. For deterministic annealing under

example «, 0 = —Mpyg, with positive mobility matrix My, the instantaneous dissipation rate is
gz;MGgaa S0 -
- T dF — _p. -
<Q9>a = <go¢M9ga>aa _E = Mag (843)

With the mobility-weighted variance Varyy, (g) = (gl Myga)a — &' Mpg and the incoherence ratio

V.
Ry = YM(8), (544)
g’ Myg

one obtains dQp = (1 + Rp)dFayop With dFypep = —dF > 0, and for a finite trajectory

AF
By~ / 1+ Ro(F)] dFasoy ~ (1+Ry) AT (345)
0

In numerical comparisons a single order-one prefactor C' accounts for protocol discretization and
windowing.

The numerical comparison of Fig. 2 bears this out: the measured slow-driving work of the free
protocol saturates the transport bound computed from the free feedforward endpoints to within
a few percent. The clamped protocol is excluded from that comparison for a structural reason,
not a numerical one: clamping changes the endpoint states themselves, from free equilibria to
constrained ones, so the relevant transport distance is Y, ||Ax$||? evaluated between clamped
equilibria, with the output displacement running between one-hot targets. That distance is smaller
than the free one, and the clamped work correspondingly sits below the free-endpoint bound without
any inconsistency.

6.1 Thermal resolvability of the learned state

Near a minimum 6* of the averaged loss, F ~ F + %(50TH 00 with Hessian H > 0. At temperature
T the equilibrium parameter fluctuations satisfy equipartition, (67 H56) = NpkgT: the landscape
is thermally blurred over an energy range NgkpT, independently of the curvature spectrum. A
learned state is resolvable against this blur only if the achieved decrease of the averaged free energy
exceeds it, giving the necessary condition

AF
r rain — xr 7 2 17 4
¢ NokpT ™~ (546)
and, combining with Eq. (S45),
EG Z I‘train(l + ﬁQ)NekBT- (847)
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Equation (S46) is a consistency condition for a high-dimensional noisy parameter space, not a
theorem about arbitrary landscapes, and it is necessary rather than sufficient: the accuracy actually
attainable at a given I is task dependent and is quantified empirically in Sec. 8.8. Note also that
if only Neg < Ny directions are stiff enough to matter, the threshold in terms of I'i;ain as defined
with the nominal Ny is correspondingly lower, so Eq. (S46) is conservative.

6.2 Combined bound

Adding the finite-rate data-presentation contribution, and using Eq. (S17) for each presentation,

Npres
KT = T, >l
Erain > —2 § (W3] + Tirain(1 + Ro)NoksT 2 kgT Nyres d Ding——— + Tirain(1 + Rg)Np | -
Tfeed =1 p Tfeed

(548)
Only the first term carries a protocol time; the second is irreducible at any speed within the passive
parameter dynamics considered. Dataset size does not appear explicitly: it enters the second term
through the accumulated incoherence Ry, which grows as examples are presented in sequence.

7 Evaluation of the estimates in Table 1

All entries of Table 1 of the main text are order-of-magnitude estimates at 7" = 300 K, where kT =
4.1 x 10721 J and one irreversible 16-bit operation carries the Landauer benchmark LaigkpT In2 =
4.6 x 10720 J with Iqig = 16. The arithmetic below is quoted to one or two significant figures; only
the order of magnitude is meaningful, and that is what the table reports.

Landauer benchmark column. Autoregressive inference performs 2N, operations per token,
with N, the number of parameters active per token [13]. For the dense 65-billion-parameter model,
2N, = 1.3 x 10! operations per token, giving 1.3 x 10" x 4.6 x 10720 ~ 6 x 107 J per token.
Training performs 6N, operations per token; for the mixture-of-experts model with N, ~ 3.7 x 1019
active parameters [14], this gives 2.2 x 10! x 4.6 x 10720 ~ 1 x 1078 J per token.

Current hardware column. For inference, 2N, = 1.3 x 10! operations per token executed on a
contemporary accelerator: peak efficiency is of order 1072 J per 16-bit operation (several hundred
watts against a few hundred teraflops), and autoregressive decoding is memory-bandwidth bound
with utilization of a few per cent, giving an effective ~ 3 x 107!' J per operation and hence a
few joules per token; we quote 4 J. For training, the mixture-of-experts run of Ref. [14] reports
~ 2.8 x 105 accelerator-hours for 1.5 x 103 tokens; at ~ 400 W per accelerator this is ~ 4 x 10'2 J,
or =~ 0.2 J per token.

Slow limit column. For inference the bound is exactly zero, Eq. (4) of the main text. For training,
only the parameter-annealing term survives, [ain(1 4+ Rg) NokpT ~ NgkpT for Tipain(1+Rg) ~ 1;
with Ny = 6.7 x 10! this one-time cost of 2.8 x 1072 J, amortized over 1.5 x 10! tokens, gives
~ 2 x 10722 J per token.

Fastest-useful-speed column. At T ~ 7,¢ the fidelity cancels against the relaxation time it
also sets, and the cost reduces to d kgT per inference event. Taking d ~ 10° for the number of
coordinates that move per token gives 106 x 4.1 x 107! ~ 4 x 10~ J, quoted as 10714 J in the
table. This is conservative in two respects: Eq. (13) takes the maximum over layers rather than
the sum, so the derived bound refers to the widest layer alone rather than to all activations, and
Tinf ~ L'inf7r is an estimate of the fastest usable speed rather than a bound. The same figure applies
to training at maximal presentation rate, where the data-presentation term of Eq. (26) dominates
the annealing term by many orders of magnitude.

12



Physics-based hardware calibration. The per-cell figure of 2 fJ per conditional update quoted
in the Discussion [15] corresponds to 2 x 1071%/(I'j,tkgT) ~ 5 x 10* per-coordinate bounds at
[inf ~ 10, against the ~ 107 by which digital accelerators exceed their own Landauer benchmark
(5 x 10713 J measured against 4.6 x 10720 J per operation).

Digital columns. The Landauer entries follow Egs. (37) and (38) of the Methods. For the dense
model, 2Ny = 1.3 x 10! operations per token gives 1.3 x 101 x 4.6 x 1072° ~ 6 x 107? J, quoted as
108 J. For the mixture-of-experts model, 6Ny = 2.2 x 10!! operations per token gives ~ 1 x 1078 J
per token; over D = 1.5x 103 presentations the corresponding total is 1.5 x 10° J, against a physical
training cost of order NgkgT ~ 3 x 10~? J incurred once. The ratio of the two is dominated by D
rather than by any prefactor, which is the point made in the Discussion.

8 Numerical implementation

8.1 Data set and architecture

The numerical tests used the handwritten-digits data set from scikit-learn, with pixel values
divided by 16 so that all input components lay in [0, 1], and a stratified train—test split with test
fraction 0.35 and fixed random seed, giving 1168 training and 629 test examples. The architecture
was 64 — 20 — 10 with rectified-linear hidden layer and linear output layer, and one-hot targets.
With a(u) = ReLU(Wju + by), the free-inference and clamped energies were

H=3lh—a()®+3lly - Woh = bo|?,  Ha = g|h—a(u)|*+ 3/t — Woh — by,

and the number of trainable parameters was Ny = 20 x 64 + 20 + 10 x 20 4+ 10 = 1510.

8.2 Inference dynamics and work

With mobility set to unity in simulation units,
h=—(h—a)+ W) (y—Weh—by), §=—(y—Wsh—hy),
with the input switched linearly, u(t) = (1 — s)u; + su;41, s = t/7. The input-control work was

oM oM
By = | 5= du, 0 ~W{ [(h—a) o ReLU'(Wiu + by)],

normalized by the hidden-state jump scale Ey = 3(|la(u;) — a(u;—1)||?);. Since H vanishes at
both ends of a completed transition, this control work equals the dissipated heat; at 7 < 7 the
transition is not completed within the protocol window and the measured control work falls below
the asymptotic 7—! branch, which is the regime in which classification accuracy also collapses. All
time axes are normalized by 77, = L?7y = 47 for the L = 2 physical layers simulated; the exact
relaxation time of the trained model is 7,y = 3.1 7 (Sec. 4.1). Protocol times 7/77, € [0.05, 25]
were scanned with max(20, [7/0.1]) integration steps, the physical state persisting across transitions
and the decision read from y at the end of each switching window. Finite-temperature accuracies
were averaged over five noise realizations, and the thermal collapse variable was Fi.¢/Ep(7) with
Er(1) = kgTdy 71./7 and dj, = 20 the hidden width used as normalization; the output covariance
of this architecture is exactly C, = (kT /k)(I + WoWJ]'); the output layer has dy = 10, while the
network width entering the fidelity definition of the main text is d = max,, d,, = 20.
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Figure 2: Measured inference work times protocol duration at 7' = 0, for the free (circles) and
clamped (squares) protocols, against the transition-averaged transport bound (dashed) and its
entropic relaxation (dotted). The free protocol saturates the transport bound to 3.9% on the slow
branch; the clamped protocol transitions between clamped equilibria, whose transport distance is
smaller, and is therefore not bounded by the dashed line. Work below the lines at 7 < 77, reflects
incomplete transitions.

8.3 Evaluation of the transport and entropic bounds

For this architecture the endpoint covariances coincide, so the Bures term vanishes analytically and
the transport bound is exactly its mean-shift part, evaluated as > ||Ax}||? from the feedforward
states at the endpoints; the information-geometric relaxation follows from Eq. (S26) with the full-
rank Cy, of Eq. (S6).

8.4 Numerical test of the transport and entropic bounds

For each of the 628 test-set transitions of the trained classifier, the transport bound was evaluated as
>, 1A% |? from the free feedforward endpoints, and the entropic bound as max,, m>Ax? C;- Ax,,
with C; =1 and Co = I + WQWZT . Both are pure geometry of the trained model, the temperature
cancelling. Their transition-averaged values are 2.55 and 1.32 in units of 7¢Wj, a ratio of 0.52, and
the output layer is the binding one in 44% of transitions, the hidden layer in the remainder, which
is why the maximum over layers is retained rather than fixed at the output.

Figure 2 compares both with the measured work. On the slow-driving branch the free-inference
Eins7 exceeds the transport bound by only 3.9%: input-only control saturates the optimal-transport
minimum for this architecture, as the linear-response argument above predicts, and the entropic
relaxation gives away a factor of about two, the price of trading motion for distinguishability. For
7 < 71, the measured work falls below both lines because the transitions are not completed, the
regime already excluded by the bounds’ derivation. The clamped curve sits below the free-endpoint
bound for the structural reason given above: its endpoints are clamped equilibria, with a strictly
smaller transport distance, so no inequality is violated. Extending the comparison across training
checkpoints, where Apyax(Cr) grows as the output weights strengthen, remains a natural further
test.
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8.5 Training dynamics

Both input and target were switched linearly between consecutive examples. Under the clamped
target,
h=—(h—a)+W]ry,,  ry=t—Wyh— by,

and with r; = (h — a) o ReLU'(Wju + by),
Wi = periu”, by = pgr;, Wa = pgrah”, by = ygrs.

The representative simulations used Tiam = 2070, At = 0.0579, g = 0.01/79 and 3000 data
presentations, with checkpoints every 25 presentations; these are the values recorded in the cached
run summary used for Fig. 3.

8.6 Training work and incoherence

The fast-variable contribution was @, = [ ||h||2dt and the residual parameter-annealing dissipation
O = [ ugllgel|*dt, with Ot = O, + ©p. The incoherence was estimated in moving windows of
duration 257y,

(llgoll®) = ll{ga)lI”
(o)1
and the residual prediction tested by fitting ©g ~ C' [(1 4+ Rg)dFurop with a single prefactor C'.

)

8.7 Finite-temperature parameter dynamics

The stochastic parameter dynamics was d@ = pgfydt + /2ugkgTdt € with fy = —VyH and &
standard normal. The stochastic contribution was accumulated over one presentation and applied
as an equivalent Gaussian kick of variance agres = 2ugkpT Teg; for stability at larger kgT'/ Ey, Teg and
the time step were reduced by the same adaptive factor so that the number of steps per presentation
was unchanged. This rescaling reduces the physical evolution time per example at high temperature,
so in the envelope runs temperature and presentation duration are not varied independently. A
control rerun with the presentation time held fixed at Teg = Tirain for all temperatures (only the
integration step refined, five independent seeds at each of kgT/FEy = 10~* and 1073, spanning
the adaptive threshold and ten times above) leaves the trajectories within 0.013 accuracy of the
adaptive-protocol envelope of Fig. 3¢ over the crossover range sampled, within the seed-to-seed
spread of +0.02; the accuracy—I'y relation is therefore a property of the delivered thermodynamic
fidelity, not of the presentation duration.

The plotted fidelity was
_ L
~ Np(1+ (Rg))ksT’

the dissipative counterpart of I'train, the two being related through dQy = (1+Rg)dFgrep up to the
fitted prefactor C' = 2.96 (R? = 0.973). Trajectories were averaged over independent noise seeds
and smoothed with a centred seven-point moving average in presentation number; edge points
without full moving-average support were discarded.

)

8.8 Envelope construction and accuracy scaling

Finite-temperature training data comprise multiple trajectories at different kg7 /Ey. To estimate
the minimum residual work needed to reach a given accuracy, smoothed test accuracy was plot-
ted against I'y and the upper-left envelope constructed by binning in 'y and taking, in each bin,
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the largest smoothed accuracy reached by any trajectory. The envelope is a compact visual sum-
mary of the best accuracy attainable at a given thermodynamic training fidelity, not an additional
theoretical assumption; all individual trajectories are shown alongside it.

The envelope was described by

I
Atest(FG) = Qmax + Aln<1 + Fe T 1> 5 (849)

with all three of A, amax and I'g determined from the data: I'g is scanned on a logarithmic grid
and, at each value, A and apa.x follow by linear least squares, the grid point with the smallest
residual being retained. No parameter is fixed in advance; in particular the low-I'y plateau is not
constrained to the ten-class chance level, and the value apmax + Aln(1 + T'y) ~ 0.12 that the fit
returns is an outcome rather than an input. The best fit for the run used in Fig. 3c gives

A= —0.0911, Ty = 6.15 x 103, amax = 0.9105, R? = 0.995. (S50)

The coefficient A is negative because accuracy increases with I'y while the logarithm decreases; the
main text and the figure annotation quote |A|.
The physically meaningful content of Eq. (S49) is its large-I'y limit. Expanding the logarithm,

|A|Tg
T, ’

€ = Amax — Atest ™ Ey Z N@(l + ﬁ@)kBT. (S51)

| AT
g

The residual accuracy deficit therefore falls inversely with the thermodynamic training fidelity, and
the energy needed to reach deficit ¢ diverges as 1/ with a task-dependent prefactor |A|I'g. For
the present task |A| ~ 0.09 and Ty ~ 6 x 103, giving |A|ly &~ 5 x 10%: the necessary condition
I'y > 1 is met long before useful accuracy is reached, and high accuracy requires I'y ~ 102-103.
This resolves the apparent discrepancy between the threshold T'iyam 2 1 and the location of the

observed crossover: the former is necessary, the latter is set by the task-dependent prefactor in
Eq. (S51).
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