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Abstract

Wheeled-legged robots combine efficient rolling with articulated terrain adap-
tation, but standard perceptive nonlinear model predictive control (NMPC)
uses short horizons and heuristic base references that can become kinematically
inconsistent on geometrically discontinuous terrain. This study presents a terrain-
aware base-reference planner based on convex feasible regions (CFRs). Foothold
polygons extracted from an elevation map are transformed into phase-wise hori-
zontal and vertical base regions using conservative reachability approximations,
Minkowski sums, and set intersections. A convex B-spline quadratic program
constrains its control points with these regions and supplies a long-horizon geo-
metric reference to an existing kinodynamic NMPC and whole-body controller.
The planner runs onboard in typically less than 1ms and below 2ms in the
reported worst case. On a W1 wheeled quadruped, the proposed pipeline com-
pleted 200/200 staircase trials (100%; 95% Wilson CI [98.1, 100]%), including 100
ascents and 100 descents, whereas the baseline completed 157/220 trials (71.36%;
CI [65.1, 76.9]%). It also completed 100/100 mid-stair stopping trials, compared
with 48/101 for the baseline. These results indicate that phase-wise geometric
guidance can improve reliability on the tested staircase without enlarging the
NMPC horizon, while cross-platform performance and operation near infeasible
CFRs remain to be validated.

Keywords: Wheeled-legged robots, Perceptive locomotion, Terrain-aware planning,
Convex trajectory optimization, Nonlinear model predictive control, Whole-body
control

Categories: (3), (5)



1 Introduction

Wheeled-legged robots combine the energy efficiency and speed of wheeled vehicles
with the obstacle-traversal capability of legged platforms, making them well suited
for navigating complex real-world environments such as industrial facilities, urban
infrastructure, and disaster sites [1-8]. Their ability to alternate between rolling and
stepping modes supports applications such as multi-story delivery, industrial inspec-
tion, and disaster response, where stairs, curbs, and uneven surfaces are prevalent.
However, operating in constrained and structurally disjointed environments, such as
steep staircases, remains challenging. In these scenarios, the robot must maintain kine-
matic consistency with discrete terrain contacts across multiple future steps while
managing dynamic, nonholonomic rolling motions.

Fig. 1: The W1 wheeled quadrupedal robot (LimX Dynamics) used as the hardware
platform. The system features 16 actuated DoFs (12 leg joints and 4 active wheels).

Recent perceptive locomotion frameworks based on Nonlinear Model Predictive
Control (NMPC) [3, 6, 9, 10] have demonstrated strong agility on continuous uneven
terrain. However, on discrete topographies like stairs, three specific gaps emerge. First,
many deployed perceptive NMPC pipelines rely on heuristic base references that do
not encode kinematic feasibility relative to the discrete footholds, leading to leg over-
extensions when the terrain geometry is tight; methods that instead optimize footholds
and base motion jointly, such as TAMOLS [10], make different scope and computation



trade-offs and are discussed in Section 2. Second, the short prediction horizons required
for real-time execution (0.5-1.0s) cannot explicitly reason about kinematic feasibility
across multiple upcoming contact phases. Third, for wheeled-legged robots, rolling con-
tact adds complexity beyond the point-foot case: contact locations evolve continuously
along the rolling direction, and consistency between the base motion and the wheel-
ground contacts must ultimately be enforced by the downstream tracking controllers,
so the reference-generation layer must remain compatible with these rolling-contact
controllers in real time. Existing trajectory optimization approaches [4, 5, 11, 12] either
require prohibitive computation or use simplified models that ignore these kinematic
limits. A detailed discussion is provided in Section 2.

To address these gaps, we propose a phase-aware convex base-feasibility represen-
tation that converts multi-phase terrain geometry into real-time convex constraints
for base-reference generation. The core idea is to map discrete foothold regions into
continuous convex feasible regions (CFRs) for the robot base using Minkowski sum
operations and conservative reachability bounds. For each locomotion phase, the inter-
section of per-leg sets yields a horizontal convex polygon and a vertical interval that
conservatively approximate base positions compatible with the stance-leg reachabil-
ity model. This representation transforms long-horizon geometric reasoning—which
is difficult to include in a short-horizon NMPC—into linear constraints that can be
solved in real time.

Two supporting designs make this representation practical. First, we formulate
base trajectory generation as a convex B-spline quadratic program (QP), using phase-
assigned control-point constraints to provide conservative geometric guidance with
solve times under 2 ms. Second, we integrate this planner into a decoupled pipeline with
an existing low-rank contact-relaxation NMPC [3] and a no-slip whole-body controller
(WBC), where the planner supplies the long-horizon reference and the NMPC handles
dynamic tracking over a short horizon.

Rather than extending the NMPC horizon or smoothing heuristic references, the
proposed method constructs a phase-wise geometric corridor for the robot base directly
from the contact schedule and foothold regions. This corridor supplies phase-assigned
control-point constraints for long-horizon reference generation on discrete terrain with
rolling contacts.

The main contributions are:

® Phase-aware convex base-region construction: We map discrete foothold
regions into per-phase base regions via Minkowski sums and convex set intersections.
The resulting linear constraints connect discrete terrain geometry to continuous
base-reference planning for wheeled-legged robots with rolling contacts.

® Real-time B-spline trajectory optimization: We generate long-horizon base
references through a convex QP whose control points are bounded by the phase-
wise CFRs, executing in under 2 ms onboard. Combined with an existing low-rank
NMPC and a no-slip WBC, this forms a decoupled pipeline in which the planner
provides geometric foresight that the short-horizon NMPC lacks.

o Hardware validation: Experiments on a quadrupedal wheeled-legged robot show
200/200 successful continuous stair-traversal trials and 100/100 successful mid-stair



stopping trials, compared with 157/220 and 48/101 for the standard perceptive
NMPC baseline. Additional terrains are demonstrated qualitatively.

Regarding the scope of these contributions, the kinodynamic NMPC with low-rank
contact relaxation and the whole-body controller are adopted from prior work [3, 13].
The novelty of this paper lies in the CFR-based reference generation layer—the phase-
wise feasible-region construction and the B-spline optimization built on it—and in its
real-time integration with these existing components.

2 Related Work

2.1 Wheeled-Legged Locomotion

Wheeled-legged robots have attracted growing attention due to their ability to com-
bine wheeled efficiency with legged terrain adaptability. Bjelonic et al. [1] proposed
a whole-body motion control and planning framework that demonstrated dynamic
rolling locomotion on a wheeled quadruped. Subsequent work extended this to online
trajectory optimization for hybrid rolling-stepping gaits [6] and whole-body MPC
with automatic gait discovery [3]. On the trajectory optimization side, Medeiros et
al. [4] formulated a single-rigid-body planner for wheeled-legged robots on rough
terrain, while De Viragh et al. [12] introduced linearized zero-moment-point con-
straints for stable wheel-legged trajectories. Bellegarda and Byl [5] explored trajectory
optimization that accounts for wheel slip. More recent studies have considered real-
time whole-body optimization for skid-steered wheeled-legged vehicles [14] and online
wheel-leg hybrid planning for obstacle traversal [15]. These approaches address uni-
fied motion generation or contact-sequence planning, whereas the present work focuses
on lightweight phase-wise base-region construction for an externally supplied con-
tact schedule. Recent work has also explored wheeled-legged loco-manipulation [2]
and learning-based navigation and locomotion for wheeled-legged systems [16]; neither
directly studies the conservative base-reference construction considered here.

2.2 Model Predictive Control for Legged Locomotion

MPC has become a dominant approach for dynamic legged locomotion. Di Carlo et
al. [17] demonstrated that convex MPC with a simplified single-rigid-body model can
achieve agile quadruped locomotion at real-time rates. To preserve full kinematics,
Sleiman et al. [13] proposed a unified MPC framework based on centroidal dynam-
ics with full-body kinematics, enabling loco-manipulation tasks. Grandia et al. [9]
extended NMPC to perceptive locomotion by incorporating elevation-map informa-
tion directly into the optimization. Jenelten et al. [10] further developed terrain-aware
motion optimization (TAMOLS) that jointly optimizes footholds and body motion.
These NMPC-based approaches generally use short prediction horizons (typically 0.5—
1.0s) to maintain real-time performance. On structured discrete terrain such as stairs,
that horizon and the use of heuristic base references can limit anticipation of multi-
phase kinematic constraints. TAMOLS addresses terrain awareness within a nonlinear
program, whereas our planner retains an externally supplied contact schedule and adds



a separate convex long-horizon geometric layer; the two methods therefore make differ-
ent scope and computation trade-offs. Corberes et al. [18] likewise couple whole-body
MPC with online selection of contact surfaces over multiple future steps, whereas the
present planner keeps an externally supplied contact schedule and constructs convex
base regions from given foothold polygons.

Separately, monolithic trajectory optimization methods [11, 19] can synthesize
long-horizon multi-contact motions with full kinematics, but their nonlinear programs
are generally more computationally demanding than the QP considered here. Recent
gait planning based on Monte Carlo tree search [20] offers an alternative for non-gaited
systems but does not directly address the base-region problem considered here.

2.3 Geometric Feasibility and Safe Region Planning

Computing safe, feasible regions for robot motion has a rich history. Bretl and Lall [21]
formalized static equilibrium testing for multi-contact legged robots by characterizing
the set of feasible center-of-mass positions. Orsolino et al. [22] extended this notion to
actuation-aware feasible regions that account for both kinematic reachability and force
limits. Caron and Kheddar [23] used convex feasibility constraints for multi-contact
walking pattern generation. In the planning domain, Deits and Tedrake [24] proposed
IRIS for computing large convex obstacle-free regions via semidefinite programming,
while Tonneau et al. [25] leveraged reachability analysis for efficient acyclic contact
planning.

These methods primarily target point-foot legged robots in quasi-static or slow
dynamic regimes and often characterize feasible center-of-mass positions under equi-
librium or actuation limits. The use of lightweight convex base-region construction for
high-speed wheeled-legged locomotion on discrete terrain has received comparatively
limited attention. Our work addresses this gap by constructing Minkowski sum-based
CFRs for base-reference planning and embedding them into a real-time convex B-spline
optimization that interfaces with a kinodynamic NMPC for hybrid rolling-stepping
locomotion.

2.4 Learning-Based Locomotion

Recent learning-based approaches have demonstrated strong terrain-traversal capa-
bilities. Lee et al. [26] trained locomotion policies over challenging terrain using
simulation, while Miki et al. [27] combined proprioceptive and exteroceptive sens-
ing with reinforcement learning for perceptive locomotion. Jiang et al. [2] applied
learning to whole-body loco-manipulation on wheeled-legged platforms. Such meth-
ods can implicitly learn complex terrain negotiation, whereas optimization-based
approaches expose geometric constraints and modeling assumptions directly. We view
the two directions as complementary; this work follows the latter route and provides
interpretable, conservative reachability bounds rather than an end-to-end learned
policy.
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Fig. 2: Overview of the hierarchical control architecture. The perception unit con-
structs the elevation map and foothold regions, the terrain-aware planner generates a
6-DoF base reference using the gait schedule, the NMPC (~100 Hz) computes ground
reaction forces and motion plans, and the WBC (~500 Hz) maps them to joint torques
while enforcing no-slip rolling constraints. State-estimator feedback closes the loop for
all planning and control layers.

3 System Architecture

This section describes the hardware platform and the hierarchical control pipeline.
The terrain-aware planner and tracking controller are formulated in Sections 4 and 5,
respectively.

3.1 Hardware Platform

The target platform is the W1 quadrupedal wheeled-legged robot developed by LimX
Dynamics, shown in Figure 1. The system is modeled as a free-floating base with
four identical articulated limbs. Each limb has three actuated joints: hip abduc-
tion/adduction, hip flexion/extension, and knee flexion/extension. Instead of point
feet, each limb terminates in an actively driven, torque-controlled wheel.

The robot has a total of 16 actuated DoF's: 12 leg joints and 4 wheel joints. To avoid

quaternion singularities, the configuration space is defined by q = [q?;, qf, alll € R,



where q, € R7 is the floating base pose (3D position and unit quaternion), q; €
R'2 represents the leg joint angles, and q,, € R* denotes the wheel rotation angles.
The corresponding generalized velocity vector is v € R?2. The redundant actuation
provides a large kinematic workspace but requires a decoupled control strategy to
manage the hybrid continuous-discrete states.

3.2 Hierarchical Control Architecture

To balance long-horizon geometric planning with high-frequency full-body control, we
use a decoupled hierarchical pipeline (Figure 2). Each layer operates at a distinct fre-
quency and communicates through explicit interfaces: the perception module outputs
elevation maps and convex foothold polygons; the base planner receives these along
with the contact schedule and outputs a 6-DoF base reference trajectory; the NMPC
receives this reference and computes ground-reaction forces and end-effector trajecto-
ries; and the WBC maps these outputs to joint torques. The closed-loop pipeline relies
on continuous feedback from an onboard state estimator and consists of four modules:

e Terrain Perception and Foothold Extraction: Processes onboard depth data
to build a local 2.5D elevation map and extracts collision-free convex foothold
regions for each leg (Section 4.1).

® Terrain-Aware Base Planner: Constructs CFRs from the footholds and gen-
erates a geometrically constrained base reference trajectory pzef via B-spline
optimization (Sections 4.2-4.4).

¢ Kinodynamic NMPC (~100Hz): Computes ground-reaction forces and
base/end-effector trajectories that track p;ef
with low-rank contact relaxation (Section 5.1).

¢ Full-Body WBC (~500 Hz): Maps the NMPC outputs to joint torques 7 using
the full rigid-body model and enforces instantaneous no-slip constraints at the
wheel-ground contacts (Section 5.2).

using a centroidal-dynamics model

4 Terrain-Aware Base Reference Generation

This section presents the terrain-aware reference generation layer. Rather than relying
on the NMPC to implicitly resolve spatial geometry on disjointed terrains (e.g., stairs),
this planner bridges discrete foothold constraints with the continuous motion of the
robot’s base through convex feasible region construction and B-spline optimization.

4.1 Elevation Mapping and Foothold Extraction

The perceptive pipeline processes depth data to maintain a local 2.5D elevation
map [28, 29] around the robot. Given a nominal base velocity command, we use the
Raibert heuristic [30] to estimate the nominal foothold for the i-th leg, located below
the corresponding hip joint along the gravity direction at the expected mid-stance
time. As shown in Figure 3, the perception module identifies the closest valid planar
surface relative to this nominal position and computes the corresponding projection
point [9]. From this projection, the algorithm generates a bounded convex region that
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Fig. 3: Visualization during stair traversal. The background grid is the 2.5D elevation
map. Colored polygons on the steps are the extracted foothold regions (S; ;). The
curves above the robot show the optimized base and end-effector trajectories. Green
arrows at the wheel-terrain interfaces indicate the ground reaction forces (f.) computed
by the NMPC.

respects the geometric limits of the terrain (e.g., step edges). This collision-free step-
ping area is a planar convex polygon S;; C R3 on the identified surface, extracted
separately for the contact of leg i scheduled in locomotion phase j: because the same
leg contacts different surfaces across successive phases (e.g., successive treads of a stair-
case), one region is constructed for every upcoming contact event in the gait schedule.
While S; ; bounds the allowable contact locations, it only constrains the end-effector
and cannot be directly used for base trajectory planning.

4.2 Kinematic Reachability Mapping

To formulate the optimization problem with respect to the base trajectory, the discrete
foot-placement constraints must be mapped into the base spatial domain. We address
the horizontal and vertical directions separately to maintain computational efficiency.
This decoupling yields per-axis bounds tightened by inward margins, rather than a
certificate for the coupled full-body dynamics.



4.2.1 Horizontal Reachability via Minkowski Sum

Let Si’j denote the 2D horizontal projection of the foothold polygon S; ;. If the relative
pose between the base and the foot were entirely fixed, the allowable horizontal region
for the base would be identical in shape to Si’j. However, exploiting the kinematic
workspace of the articulated leg significantly expands this allowable region.

Let Wiy, be a conservative 2D convex set of admissible foot displacements relative
to the hip, and let ppip,; be the horizontal vector from the base origin to hip <.
If the foot position lies in Si,j and the hip-to-foot displacement lies in Wiy, the
corresponding horizontal base-position set is

Bij = (8i; ® (—Wrin)) — Phip.i- (1)

The reflection —Wh;y, is required because the optimization variable is the base position
rather than the foot displacement; it is identical to Wi, only when the approxima-
tion is centrally symmetric. Operationally, the construction projects the 3D foothold
polygon, expands it by the reflected conservative workspace, shifts it by the base-
to-hip offset, and intersects the resulting per-leg regions over all stance legs. The
result approximates the reachable base set under the sampled workspace model; it
is tightened by the inward margins but does not account for every coupled postural
effect.

4.2.2 Vertical Reachability Bounds

In addition to horizontal constraints, the base height z;, must remain within the mod-
eled reach of all stance legs. For stance leg 7 in phase j, let zy; ; be the wheel-center
elevation at the scheduled contact with S;; (the contact-surface elevation offset by
the wheel radius), let [Lin, lmaz] denote conservative vertical hip-to-wheel-center dis-
tances along gravity, and let Azp;,; be the signed vertical offset from hip ¢ to the
base-frame origin. The admissible base-height interval derived from leg 7 in phase j is

2f,0,5 F lmin + D2nipi < 2 < 25,05 + linaz + D2nip,i (2)

where l,,,;, and [,,4, are chosen conservatively to avoid configurations near full exten-
sion or retraction. This interval captures base heights consistent with the selected
vertical reach limits for leg 7.

4.3 Phase-wise Convex Feasible Region Construction

During locomotion phase j, a subset of legs, denoted by C;, maintains terrain contact.
To require simultaneous membership in the modeled stance-leg sets, the horizontal
CFR for phase j, denoted by Q}Y, is computed as

Q" = () Bi (3)

i€C;

Because intersections preserve convexity, Q7" is a convex polygon when it is nonempty.



Simultaneously, the vertical feasible interval for phase j is obtained by intersecting
the per-leg height bounds from Eq. (2):

z ’m7,n : max
Q% = |max z"'™, min 2" 4
J iec; 7 dec; (4)

where ernjzn = 2, +lmin + Dzhip; and 2 = Zf 0, +lmaz + Dzhips. On discrete ter-
rain such as stairs, where different stance legs contact surfaces at different elevations,
this intersection tightens the admissible height range and keeps the base reference
away from heights that would exceed the modeled vertical reach of any stance leg. The
complete phase-wise CFR is then defined as the Cartesian product Q; = Q;fy X Q;’? ,
which remains a convex set.

Remark (Feasibility check and fail-soft output): Before solving the B-spline QP, the
planner checks each phase-wise CFR Q;. If the area of Q;”y is below 0.001 m2 or Q;
is empty, the implementation raises an infeasibility flag and passes the heuristic base
reference used by the baseline pipeline. The same fallback applies when the B-spline
QP of Section 4.4 is reported infeasible or the solver fails to converge: the planner
raises the flag and outputs the heuristic reference. This behavior maintains an output
to downstream controllers but does not restore CFR feasibility and is therefore a fail-
soft implementation detail rather than a safety mechanism. It was not triggered in
the reported 15 cm-high, 30 cmm-deep staircase trials; operation near an empty CFR is
outside the validated scope.

4.4 B-Spline Trajectory Optimization

Having constructed the phase-wise CFRs, we parameterize the base motion as a kth-
order 3D B-spline. A B-spline lies in the convex hull of the control points active over
each knot interval. This property converts control-point region membership into a
finite set of linear constraints and yields an efficiently solvable convex QP. The curve
is written as

P(u) = 3 P.B.(u) (5)
c=0

where P. = [v¢,9e, 2.7, ¢ = 0,...,n — 1, are the coordinates of the n control
points, and B j(u) are the B-spline basis functions. The optimization variables are
stacked as X = [T0, .., Trn_1,Y0s -+ Yn—1,20,--+»2n_1] € R3" and phase-wise region

membership is imposed on the control points.

For a control point assigned to phase j, horizontal membership in ny is formulated
with half-space inequalities. Let the polygon vertices be ordered counterclockwise and
indexed cyclically. For the edge from (zJ, ) to (z? 415 Y} 41), the interior half-space is

(yg - yi+1)5’3£ + (1’%+1 - :z:{})y{} < (y{, - yi+1)xc + (zi+1 - $f))yp (6)

Applying this to all edges of Q;y yields a set of linear inequality constraints on the
Ze, Yo components. The vertical constraint from Eq. (4) is enforced as simple box
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constraints on the z. components:

?é%i( zig" < 2o < zreucrjl zi 3" Ve € phase j (7
For a knot interval whose active basis functions all multiply control points constrained
to the same Q;, the convex-hull property implies that the corresponding curve interval
remains in Q;. At a phase boundary, basis-function support may span control points
assigned to adjacent CFRs; unless those transition control points also satisfy the inter-
section of the adjacent CFRs, control-point membership alone is not a trajectory-wide
feasibility proof. The present implementation uses phase-assigned control-point con-
straints, so the CFR should be interpreted as a conservative geometric guide, with
formal certification limited to intervals sharing a common CFR.

Base-reference generation is formulated as a convex QP that balances trajectory
smoothness with tracking of a nominal velocity reference. The objective consists of
two terms:

1) Smoothness Cost (Jsmootn): We penalize the integral of the squared second
derivative over the parameter domain [0, ;,4.] to promote smooth base motion:

Umazx
Jsmooth :/
0

Since the derivative of a B-spline is a linear combination of its control points, the
Hessian H; is constant, positive semi-definite, and can be precomputed from the knot
vector.

2) Tracking Cost (Jiack): To ensure the robot progresses consistently along
the macroscopic commanded direction, we penalize the spatial deviation between the
B-spline curve and a nominal reference trajectory pres(u) at M uniformly sampled
evaluation points:

2

2
P~ xTHx (8)

du?

M
Jirack = Y [P (tm) = Pres(tm)||* = x"Hayx + g"x + const (9)

m=1

where Hy and the gradient vector g are constructed by evaluating the basis functions
at each discrete parameter u,,.
Combining these objectives, the final QP is formulated as:

min - wiJsmooth + w2 Jtrack
st (we,ye) € QY 2. € Q7 Ve € phase j (10)
P(0) = peurrent; P(O) = Veurrent
where wy and ws are positive weights. The initial conditions anchor the spline to
the measured base state, with P(0) matched to the current base velocity through

the planner’s parameter-to-time scaling. Since ny is a convex polygon and QF is a
convex interval, the region constraints are linear and the objective Hessian is positive

11



semidefinite. The resulting problem is a convex QP; strict convexity is not required
by the formulation. Solved using OSQP [31], it executes in under 2ms onboard.

To construct the full 6D base reference pgef for the NMPC, the 3D B-spline pro-
vides the constrained positional trajectory (z,y, z). The reference yaw is aligned with
the trajectory tangent, while pitch and roll are adapted to the local terrain gradient
(e.g., aligning base pitch with the staircase slope).

Remark: The horizontal and vertical constraints are treated independently; the
Cartesian product of the two projected bounds is not a certified inner approximation
of the coupled three-dimensional workspace, and the inward margins are applied to
absorb, empirically, the coupling neglected by this decomposition. The workspace was
sampled at the nominal level base orientation, so commanded pitch and roll rotate the
hip positions and further perturb the mapping; these orientation-induced deviations
are likewise left to the margins within the tested staircase inclination. The reachability
parameters Wiin, lmin, and L., are reduced from sampled workspace limits. These
bounds reduce exposure to joint limits but do not by themselves prove full-body
kinematic or dynamic feasibility.

Implementation on W1: On the W1 platform, Wy, was obtained by forward-
kinematics sampling over the joint range, yielding a horizontal projection of approx-
imately 0.55m x 0.35m (longitudinal x lateral). A 15% inward margin produced an
effective approximation of approximately 0.47 m x 0.30 m. The sampled vertical range
was [0.25m, 0.55m]; a 10% inward margin yielded l,,,;, = 0.275m and l;,4, = 0.495 m.
The reduced bounds were checked against the sampled W1 configurations used to
configure the reported experiments.

5 Decoupled Perceptive Kinodynamic Control

This section describes how the base reference pzef from the terrain-aware planner is
tracked by a two-layer controller: an NMPC that computes forces and trajectories,
and a WBC that produces joint torques.

5.1 Kinodynamic NMPC with Low-Rank Contact Relaxation

We adopt the kinodynamic NMPC formulation of Bjelonic et al. [3] and Sleiman
et al. [13]. This OCS2-based formulation balances centroidal-dynamics fidelity and
real-time performance, handles wheeled contacts via low-rank contact relaxation,
and runs at 100 Hz with a 1.0s horizon. We use p = 0.6 for the modeled rubber-
wheel-concrete contact. The NMPC operates at 100 Hz using a kinematic-centroidal
dynamics model [13, 32] that preserves leg kinematics while excluding wheel joints to
reduce the optimization dimension. The centroidal dynamics are:

mg + ZZV:C1 fe
N. (11)
Zi:i (pc,i - pcom) X fc,i

hcom =

where heo,, € RO is the centroidal momentum, f.; and p.; are the contact force and
position of the i-th leg, and m, g are the robot mass and gravity vector.

12



Algorithm 1 Terrain-Aware Base Reference Generation

Require: Elevation map M, gait schedule {C;}, commanded velocity vemd

Ensure: Base reference trajectory pgef

1: for each scheduled phase j do
2. for each leg i € C; do

and status flag

3: Extract convex foothold polygon S; ; from M for the scheduled contact
4: Compute B; ; from Eq. (1)

5: Compute vertical bounds: [zl"gm, Z] from Eq. (2)

6: end for

7: Q;y «— ﬂiECj B@j {HOI‘iZOIlt&l CFR}

8 QF « [max; 2]¥", min; 2]"*] {Vertical CFR}

9. if area(Q?y) <eor QF = ? then

10:

11: return heuristic reference and infeasibility flag

12:  end if

13: end for

14: Formulate B-spline QP with control points x constrained in {Q;}
15: Solve: ming w1 Jsmooth + wWodirack  S.t. CFR constraints

16: if QP infeasible or solver failure then

17:
18:  return heuristic reference and infeasibility flag
19: end if

20: Construct 6-DoF reference pzef from B-spline + terrain orientation

The NMPC objective directly tracks the planner’s base reference pgef :
Th
uin / (Ilpo(x()) = P} (1)1 + I[a(®) 1) dt (12)

subject to the centroidal dynamics, joint limits, and friction cones. Since the planner
handles long-horizon geometric reasoning, the NMPC operates over a short horizon
(Th =1.0 S).

To further reduce computational cost, we adopt the low-rank contact relaxation
from [3]. As illustrated in Figure 4, standard point-foot formulations enforce a 3-DoF
zero-velocity constraint at the contact. For wheeled contacts, we drop the longitudinal
(rolling direction) component, retaining only:

FAEE w

where vp_, is the contact point velocity, n the terrain normal, and t;4; the lateral
tangent. This allows the NMPC to treat the end-effector as a gliding contact along
the rolling direction without optimizing wheel joint states, deferring the enforcement
of instantaneous rolling physics to the WBC.
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no-slip condition
(longitudinal)

T R

Fig. 4: Low-rank contact relaxation in the NMPC. The normal (n) and lateral (t;q:)
no-slip constraints are enforced; the longitudinal (t;on4) constraint is relaxed, treating
the wheel as a gliding contact.

The NMPC outputs base trajectories, wheel center trajectories, and ground
reaction forces for the WBC (Figure 3).

5.2 Full-Body WBC with No-Slip Constraints

The WBC runs at 500 Hz and maps the NMPC outputs to joint torques using the full
rigid-body model (v € R?2, including wheel joints), following a TSID formulation [33,
34]. Below we detail the two components specific to the wheeled-legged decoupling.

5.2.1 Contact Motion Constraints

The no-slip condition requires zero velocity at the instantaneous wheel-ground contact.
We enforce this at the acceleration level using the spatial slip Jacobian J.:

Remark: Both our formulation and that of [1] enforce rolling at the acceleration
level, but differ in the contact point definition. In [1], the constraint uses a wheel-fixed
contact point with Jacobian J¢,(8;) that depends on the wheel angle, requiring an
explicit centripetal term ¥r¢, on the right-hand side. Our formulation uses the spatial
slip Jacobian J. evaluated at the geometric contact interface (instantaneous wheel-
ground intersection), where Jov implicitly absorbs the centripetal terms, simplifying
the constraint.
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5.2.2 Wheel Center Tracking

A key design choice is that the WBC tracks the NMPC-planned trajectories at
the wheel center, not at the wheel-ground contact point. Since the NMPC excludes
wheel joints and treats contacts as gliding, its outputs rges and rg4e.s represent the
intended wheel center motion. The tracking objective minimizes the operational-space
acceleration error: ‘

where J. is the Jacobian at the wheel center and the desired acceleration follows a
PD law:

. 2
Jv 4 Jov— gl (15)

fgz;d = kp(rdes — 1) +ka(Fges — T) (16)
By simultaneously tracking the wheel center (J. task) and enforcing no-slip at the
ground (J. constraint), the QP resolves the kinematic redundancy, producing the
wheel-joint motion and torques required to maintain rolling.

6 Experimental Results

We evaluate the proposed framework through hardware experiments on the LimX
Dynamics W1 robot. The experiments compare the framework with a standard
perceptive NMPC baseline on constrained discrete terrain and provide qualitative
demonstrations on continuous and irregular terrain.

6.1 Implementation Details

The framework is deployed onboard using an x86 computing unit (Intel Core i7, 16 GB
RAM), with all modules running on CPU without GPU acceleration. The pipeline
uses separate CPU threads: elevation mapping runs asynchronously, and terrain-aware
base-reference generation runs at 100 Hz immediately before each NMPC update. The
reduced-order kinodynamic NMPC is implemented using OCS2 [35], and the B-spline
QP is solved using OSQP [31]. Key system parameters are summarized in Table 1.

All staircase experiments use a trotting gait in which diagonal leg pairs alternate
contact. The contact sequence {C;} is specified by the platform gait scheduler rather
than optimized by the proposed planner, and the same externally provided schedule
is used for both stair ascent and descent. This sequence is shared by the CFR planner
and the NMPC.

The planner horizon spans all upcoming contact phases provided by the platform
gait scheduler, which exceeds the 1.0s NMPC prediction horizon; control points are
assigned to phases according to the scheduled phase timing. The B-spline QP has
3n = 45 decision variables for n = 15 control points and O(nE) horizontal half-space
constraints, where F is the average number of polygon edges per assigned phase. With
typical £ < 8, there are approximately 120 horizontal inequalities, 30 vertical box
inequalities, and 6 initial-state equalities, for approximately 156 scalar constraints.
The QP is typically solved in under 1 ms, with the reported worst case below 2 ms. The
NMPC runs at 100 Hz with a typical solve time of ~8 ms per iteration, and the WBC
runs at 500 Hz with a typical solve time of ~1ms. All modules met their respective
real-time deadlines during the reported experiments.
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The tuning procedure involved a limited set of platform-dependent adjustments.
Reachability margins were calibrated once from forward-kinematics workspace sam-
ples. The B-spline weights were first tuned on flat ground to balance smoothness and
commanded-velocity tracking and were then retained for stair traversal. NMPC cost
weights were inherited from the existing low-rank contact-relaxation framework, with
adjustments to the W1 base-tracking terms.

Table 1: System Parameters

Module Parameter Value

Spline order k 5
. Number of control points n 15

B-spline Planner Smoothness weight wq 1.0
Tracking weight wo 10.0
B-spline planner < 2 ms / solve (typ. < 1 ms)

Control Frequency NMPC (OCS2) 100 Hz
WBC 500 Hz
Prediction horizon T}, (s) 1.0

NMPC Friction coefficient p 0.6

Cait Contact pattern Trot (diagonal leg pairs)
Schedule source External platform gait scheduler

6.2 Comparison on Highly Constrained Terrain

To evaluate the contribution of the terrain-aware geometric planner, we compare
against a baseline representing the standard perceptive NMPC paradigm [3, 9] adapted
to the wheeled-legged platform. The baseline uses the same kinodynamic NMPC and
WBC but replaces the CFR planner with a heuristic base reference derived from the
elevation map and commanded velocity. Specifically, the baseline follows the reference-
generation procedure of Grandia et al. [9] (Section III-E): user-commanded 2D linear
velocity and angular rate are extrapolated under constant input; the smoothed torso-
reference layer is interpolated at each hip location; and a least-squares fit through the
four hip positions produces a 6-DoF base reference. A Raibert-style feedback term
adjusts the first upcoming nominal foothold. This heuristic is smooth on continuous
terrain but does not encode base reachability relative to discrete footholds. Both con-
figurations are evaluated on a staircase with 15 cm step height and 30 cm tread depth
over repeated hardware trials.

The CFR planner is the only module changed between the two configurations, so
the comparison isolates its effect within this control pipeline. Success rate is the pri-
mary metric because a failed trial ends in a fall or inability to complete the maneuver;
no continuous secondary metric is reported consistently over the full trial set.

For traversal, the baseline completed 95/120 ascent and 62/100 descent trials;
the proposed method completed 100/100 trials in each direction. During ascent
stopping, the baseline completed 48/101 trials and the proposed method completed
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100/100. The baseline totals aggregate all recorded staircase trials executed with the
heuristic-reference configuration during pipeline development and evaluation, whereas
the proposed-method trials were conducted subsequently; the full campaign spanned
approximately one month, and the unequal group sizes reflect this record-based allo-
cation rather than a designed equal split. Traversal success denotes completion of the
full staircase without falling. In stopping trials, the commanded forward velocity is
stepped to zero during ascent; success requires the robot to settle into a stable stance
on the staircase, maintain it for at least 5s, and then resume and complete the ascent
once the velocity command is restored. Because trials used the same platform and
staircase and the two configurations were tested sequentially rather than interleaved,
the inferential tests rely on an independence assumption.

Table 2: Success Rate Comparison on Stair Traversal Hardware Trials

Method Stair Traversal Mid-Stair Stopping

Standard Perceptive NMPC 71.36% (157/220) 47.52% (48/101)
95% CI [65.1, 76.9]%  95% CI [38.1, 57.2]%

Proposed (CFR + NMPC) 100% (200,/200) 100% (100/100)

95% CI [98.1, 100]% 95% CI [96.3, 100]%

Note: The baseline uses heuristic base references from the elevation map; the proposed
method adds the CFR-based B-spline planner while retaining the same NMPC and
WBC. Brackets denote 95% Wilson score intervals. Treating trials as independent
Bernoulli outcomes, two-sided Fisher exact tests give p = 1.54 x 10720 for traversal and
p=1.81 x 10™2° for stopping; direction-stratified traversal tests give p = 9.1 x 10~
(ascent, 95/120 vs. 100/100) and p = 9.3 x 10~ % (descent, 62/100 vs. 100/100).

6.2.1 Dynamic Continuous Stair Traversal

The robot is commanded to ascend and descend the staircase at a forward velocity
of 1.0m/s. As summarized in Table 2, the proposed framework completed 200/200
trials, while the baseline completed 157/220. The 95% Wilson lower bound for the
proposed success probability is 98.1%. The phase-wise CFR constraints guided the
planned base reference during both ascent and descent (Figure 5a). Baseline failure
modes are discussed in Section 6.3.

6.2.2 Mid-Stair Stopping Maneuver

A more demanding test is the mid-stair stopping maneuver: while ascending, the com-
manded forward velocity is abruptly stepped to zero on the staircase. This requires
dissipation of forward momentum while maintaining a viable stance across disjoint
elevations. The proposed framework completed 100/100 trials, whereas the baseline
completed 48/101; the 95% Wilson lower bound for the proposed success probability
is 96.3%. The observed difference is consistent with the long-horizon geometric ref-
erence improving the short-horizon controller’s ability to decelerate without reaching
a kinematic limit (Figure 5b), although the experiment does not isolate individual
failure mechanisms quantitatively.
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(b) Mid-Stair Stopping
Fig. 5: Staircase experiments with the proposed framework. (a) The robot traverses
a staircase (15cm step height) with continuous forward momentum during ascent
and descent; the sequence highlights front-leg transitions over successive step edges.
(b) The robot executes an abrupt halt during ascent and maintains a static stance
on disjoint steps after deceleration. Both maneuvers use the CFR-constrained base
reference and rolling-contact constraints in the WBC.

The stopping comparison therefore supports the use of multi-phase geometric
guidance for abrupt transitional behavior on the tested staircase.

6.3 Baseline Failure Analysis

To provide insight beyond aggregate success rates, Figure 6 compares representative
NMPC-planned wheel trajectories during stair descent. Under the heuristic refer-
ence (top), the planned trajectory intersects the modeled step edge (red), indicating
inconsistency between the planned wheel path and the terrain geometry. In the cor-
responding proposed-method sequence (bottom), the planned trajectory clears the
edge before descending to the lower tread (green). During stopping failures, we also
observed one or more legs approaching full extension. These observations are consistent
with insufficient geometric anticipation in the baseline, but they are qualitative failure
examples rather than a frequency-weighted causal analysis. Step heights beyond the
tested 15cm specification can narrow CFR intersections and may reduce reliability;
this regime was not evaluated.

6.4 Qualitative Demonstrations on Other Terrains

Beyond discrete staircases, we operated the framework on continuous and irregular
terrains. Representative snapshots are shown in Figure 7. These trials are quali-
tative demonstrations only; quantitative benchmarking is confined to the staircase
comparison in Sections 6.2 and 6.3.
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Fig. 6: Comparison of NMPC-planned wheel trajectories during stair descent. Top:
under the heuristic baseline reference, the planned wheel trajectory intersects the step
edge (red circle), indicating a geometric inconsistency between the planned motion
and the discrete terrain. Bottom: with the CFR-based planner, the NMPC generates a
trajectory that clears the step edge and descends to the lower surface in a geometrically
feasible manner (green circle). This comparison illustrates how the proposed planner
provides the geometric foresight that the baseline lacks.

6.4.1 Curbs and Slopes

The robot traverses a concrete ramp approximately 3m long with a slope of up to
approximately 25°. The framework adapts base pitch to the terrain gradient, while the
NMPC enforces its modeled friction-cone constraints. The low-rank contact relaxation
permits continuous wheel motion along the slope without a forced stepping transition.
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(9)

Fig. 7: Qualitative hardware demonstrations: (a)-(b) continuous stair ascent and
descent; (c)-(d) discrete step traversal; (e)-(f) rolling over gravel; and (g)-(h) traversal
of speed bumps. The bottle placed on the base in (g)-(h) is a visual indicator in the
illustrated run, not a quantitative stability metric.
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6.4.2 Gravel and Speed Bumps

The relaxed formulation treats end-effectors as gliding contacts along the longitu-
dinal axis, allowing continuous wheel rotation over local terrain variation. On loose
gravel with approximately 5cm aggregate diameter and speed bumps approximately
5cm high, the robot maintained continuous rolling without a commanded stepping
transition in the illustrated runs.

6.4.3 Narrow Elevated Tracks

In a qualitative narrow-track run, the robot traversed an elevated bridge approximately
30 cm wide, close to its lateral stance width. The planner constructed narrow CFRs
from the track boundaries, and the robot remained on the track without a commanded
stepping transition. No lateral-error metric is reported for this demonstration.

6.5 Qualitative Parameter Sensitivity

The following observations come from implementation tuning rather than a controlled
factorial study. Increasing the relative smoothness weight produces smoother trajec-
tories but can increase deviation from the commanded motion; increasing the relative
tracking weight can introduce sharper transitions. The selected values (wy = 1.0, wy =
10.0) were retained across the reported terrains.

Increasing n from 15 to 25 produced limited visible trajectory improvement while
approximately doubling solve time in the tuning runs. Reducing n to 10 produced
visible approximation artifacts. We therefore used n = 15 as a practical trajectory-
quality and computation trade-off.

The reachability margin also affects mobility. Reducing the margin from 15% to
5% increased joint-limit warnings during tuning runs involving stair descent, whereas
increasing it to 25% yielded narrower motions and lower traversal speed. These
observations motivate the selected 15% value but do not constitute a quantitative
ablation.

7 Discussion

The controlled comparison changes only the base-reference generator and shows a
large difference in completion rate on the tested staircase. The effect is present in both
ascent (95/120 versus 100/100) and descent (62/100 versus 100/100), and is larger in
the mid-stair stopping task (48/101 versus 100/100). Together with the representative
trajectory comparison, these results support the interpretation that a multi-phase
geometric reference reduces conflicts between the commanded base motion and discrete
contact geometry. They do not establish universal reliability: all trials used one robot,
one staircase geometry, one externally supplied trot contact pattern, and one principal
speed.

The formal scope is correspondingly limited. Each CFR is a conservative decou-
pled approximation derived from sampled horizontal and vertical reachability. B-spline
convex-hull containment applies within intervals whose active control points share a
common CFR; it does not automatically certify cross-phase intervals. The NMPC
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and WBC must still satisfy dynamic, friction, state-estimation, and model-consistency
requirements. In addition, the fail-soft heuristic output used when a CFR is empty
was not triggered in the reported trials and should not be interpreted as a validated
recovery controller.

Other limitations include the assumptions of known static terrain and accurate
2.5D elevation mapping; sensitivity to reflective surfaces, poor depth measurements,
and lateral terrain discontinuities; the absence of online contact-schedule optimization;
and the lack of a quantitative evaluation on the additional ramp, gravel, speed-bump,
and narrow-track scenarios. Trial-level temporal grouping was not modeled in the
Fisher tests, so their reported p-values rely on the stated independence assumption;
in particular, the baseline trials preceded the proposed-method trials rather than
being interleaved, so session-level effects are not controlled. Future evaluation should
therefore include multiple staircase geometries, speeds, experimental sessions, and
quantitative tracking and joint-margin metrics.

Transfer to another wheeled-legged platform is plausible because the CFR, layer
requires a horizontal reachability approximation, vertical reach limits, and base-to-hip
offsets. Nevertheless, such transfer would require a new workspace calibration, robot
model, and controller tuning and has not been experimentally demonstrated. Full sys-
tem code cannot currently be released because it depends on proprietary W1 software.
Algorithm 1 and Table 1 document the planner structure and reported parameters; a
standalone CFR-planner release and trial-level data archive would materially improve
reproducibility.

8 Conclusions

This study presented a terrain-aware CFR planner that converts discrete foothold
geometry and conservative reachability approximations into a real-time convex B-
spline base-reference problem. The planner augments an existing kinodynamic NMPC
and WBC without enlarging the NMPC horizon and runs onboard in typically less
than 1ms, with the reported worst case below 2 ms.

On the tested W1 platform and staircase, the proposed pipeline completed 200,/200
traversal trials and 100/100 mid-stair stopping trials, compared with 157/220 and
48/101 for the baseline. These results indicate that phase-wise geometric guid-
ance improves reliability in this experimental setting. Future work should address
cross-phase certification, contact-schedule optimization, operation near empty CFRs,
quantitative evaluation across additional terrain geometries, and transfer to other
wheeled-legged machines.
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