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Abstract

Accurate calibration of nonlinear constitutive models is essential for reliable prediction
of geomaterial behavior in computational geotechnical engineering. This study presents a
benchmarking framework for evaluating eight population-based metaheuristic optimization
algorithms for calibrating three widely used constitutive models: Hyperbolic, Duncan—Chang,
and Modified Cam—Clay. Synthetic datasets with a signal-to-noise ratio of 20 dB were analyzed
under identical computational settings using 30 independent runs for each algorithm.
Performance was evaluated through descriptive statistics, convergence analysis, Friedman
ranking, Wilcoxon signed-rank tests with Holm—Bonferroni correction, Dolan—Moré
performance profiles, and parameter estimation accuracy analysis. The results indicate that
optimization performance depends strongly on constitutive model complexity and parameter
identifiability. While several algorithms show comparable behavior for simpler calibration
problems, larger performance differences emerge as nonlinearity and parameter interactions
increase. The findings also demonstrate that low objective-function values do not necessarily
imply accurate recovery of constitutive parameters, highlighting the influence of equifinality in
nonlinear inverse problems. The proposed framework provides a reproducible basis for
comparing optimization algorithms and supports more comprehensive evaluation of constitutive

model calibration strategies in computational geotechnical engineering.

Keywords: Constitutive model calibration; Geotechnical optimization; Hyperbolic model;

Duncan—Chang model; Modified Cam-Clay model; Metaheuristic algorithms

1. Introduction

Advanced numerical modeling, particularly the Finite Element Method (FEM), has
become an indispensable and standard tool in the design, analysis, and performance prediction
of geotechnical structures [1, 2]. The accuracy and reliability of predictions derived from such

modeling depend directly and nonlinearly on the quality of input parameters for soil constitutive
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models. These parameters, which represent the physical and mechanical characteristics of soil,
are typically extracted through laboratory tests (e.g., triaxial, oedometer) or in-situ field
investigations (e.g., cone penetration, pressuremeter) [3, 4]. However, the precise determination
of these parameters is consistently challenged by the inherent complexities of soil behavior.
Soil, as a multiphase, heterogeneous, and anisotropic material, exhibits highly nonlinear
responses, path-dependent behavior, strain-rate sensitivity, and susceptibility to measurement
noise [5, 6]. These complexities ensure that the relationship between model parameters and
observed soil response is not straightforward but constitutes a complex inverse problem

requiring advanced identification methodologies.

The primary challenge in soil parameter calibration lies in the multi-modal nature of the
error landscape. Due to high parameter correlation, different combinations of parameters may
produce similar responses within specific strain ranges—a phenomenon known as solution non-
uniqueness [7, 8]. Furthermore, laboratory data are invariably accompanied by varying levels
of noise and uncertainty arising from instrument errors, sample heterogeneity, and boundary
condition limitations [9, 10]. Traditional calibration approaches, often based on trial-and-error
or gradient-based optimization, fail when confronted with such complex error surfaces.
Gradient-based methods are highly sensitive to initial starting points and readily become trapped
in local minima, particularly when the objective function is non-smooth or noisy [11, 12]. These
limitations frequently yield parameter sets that, while mathematically optimal, are physically

unstable and lack generalizability to different loading conditions.

In recent decades, metaheuristic optimization algorithms have emerged as powerful and
robust alternatives to classical optimization methods in geotechnical engineering. Inspired by
natural, evolutionary, physical, or social behaviors, these algorithms do not require gradient
information and possess strong global search capabilities [13, 14]. Their core mechanism relies
on balancing two fundamental phases: exploration (searching new regions of the solution space)
and exploitation (refining promising solutions), enabling them to escape local minima and
converge toward global optima [15, 16]. Algorithms such as Genetic Algorithms (GA) [17],
[18], Differential Evolution (DE) [19], and Particle Swarm Optimization (PSO) [20] have been
successfully applied to various engineering problems, including geotechnical and geological
parameter estimation [5, 10, 21]. The principal advantage of these methods lies in their ability
to handle complex, discontinuous, and noisy objective functions—characteristics commonly

encountered in soil behavior modeling.
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Nevertheless, the rapidly expanding diversity of new metaheuristic algorithms over the
past two decades has introduced a new challenge for researchers and practitioners. Algorithms
such as Grey Wolf Optimizer (GWO), Harris Hawks Optimization (HHO), Slime Mould
Algorithm (SMA), Cloud Drift Optimization (CDO), and Crayfish Optimization Algorithm
(COA) have been proposed for solving complex optimization problems. Their search strategies
differ considerably, motivating comparative evaluation under a common benchmarking
framework. Each algorithm employs a unique search mechanism: some operate based on social
hierarchy, others on hunting behavior, and still others on physical phenomena such as cloud
drift or crustacean behavior. The fundamental question arises: which of these algorithms is most
suitable for calibrating complex, nonlinear soil constitutive models? Answering this question
cannot rely on speculation but requires comprehensive empirical comparison grounded in
statistical evidence. Unfortunately, the existing literature in this domain has not yet matured
sufficiently to provide definitive guidance, as most studies conduct fragmented comparisons

without standardized methodologies.

This study presents a unified benchmarking framework for comparing eight metaheuristic
algorithms for the calibration of three nonlinear constitutive soil models. The framework
combines identical computational settings, a physically-constrained objective function, repeated
independent runs, and statistical analysis to enable a consistent comparison across algorithms.
The benchmark includes eight metaheuristic algorithms—Cloud Drift Optimization (CDO)
[22], Chimp Optimization [23], Grey Wolf Optimizer (GWO) [24], Harris Hawks Optimization
(HHO) [25], Crayfish Optimization Algorithm (COA) [26], Slime Mould Algorithm (SMA)
[27], Seagull Optimization Algorithm (SOA) [28], and Particle Swarm Optimization (PSO)
[20]—in calibrating three constitutive models of varying complexity: Hyperbolic, Duncan—
Chang, and Modified Cam-Clay. These models were chosen to represent a spectrum of
complexity: the Hyperbolic Model (representing basic nonlinear elasticity), the Duncan—Chang
Model (representing empirical nonlinear stress-strain behavior widely used in practice), and the
Modified Cam-Clay (MCC) Model (representing critical state soil mechanics and
elastoplasticity). Each model presents unique challenges regarding parameter interdependence,
sensitivity, and nonlinearity, making them ideal candidates for rigorous calibration testing. To
ensure result significance, this study employs a rigorous validation protocol comprising 30
independent runs, Friedman ranking tests, Wilcoxon signed-rank tests with Holm—Bonferroni

correction, and Dolan—Mor¢ performance profiles.

The objective function combines RMSE with penalties for boundary violations,

3



96
97
98

99
100
101
102
103
104
105
106
107
108
109
110

111

112
113
114

115
116
117
118
119
120
121
122
123
124
125
126

parameter consistency, and local regularization to discourage physically unrealistic parameter
estimates. Overall, the proposed benchmark provides a consistent basis for comparing

optimization strategies for constitutive soil model calibration.

Since Cloud Drift Optimization (CDO) was originally proposed by the author in previous
work, special care was taken to reduce potential experimental bias. All competing algorithms
were implemented using their original formulations and the parameter settings recommended in
their respective original publications. No algorithm-specific parameter tuning or problem-
dependent optimization was performed for any method, including CDO. Furthermore, all
optimization algorithms were evaluated using the same objective function, which combines the
root mean square error (RMSE) with boundary, parameter-consistency, and local regularization
penalties. This unified formulation ensures that performance differences arise from the
optimization strategies rather than from differences in objective function design. Accordingly,
the reported results should be interpreted as a comparison of optimization strategies under a
common benchmark rather than as evidence of the universal superiority of any particular

algorithm.

1.1. Research Gap

Despite the growing application of metaheuristic algorithms in geotechnical engineering,
several important research gaps remain that limit the comparability and generalizability of

existing studies.

First, most studies focus on applying one or a small number of algorithms (commonly
GA or PSO) to a single soil model, with limited consideration of more recent metaheuristic
approaches [16]. As a result, systematic benchmarking across classical and modern algorithms
under identical conditions remains limited, making it difficult to assess their relative
performance in a consistent manner. In many cases, classical evolutionary algorithms are
emphasized, while newer swarm-intelligence or physics-based methods are not fully explored
[7, 8]. Second, many existing comparisons lack rigorous statistical validation. Due to the
stochastic nature of metaheuristic algorithms, single-run or limited-run analyses can be
misleading [29, 30]. However, a significant number of studies rely mainly on mean and standard
deviation reporting without applying non-parametric statistical tests such as Friedman or
Wilcoxon signed-rank tests. In addition, performance profile analysis is rarely adopted in

geotechnical optimization studies [31].
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Finally, reproducibility remains a major concern in computational geotechnical research.
In many cases, detailed algorithm settings, datasets, or implementation codes are not fully
reported [32], which restricts independent verification and cross-study comparison. These
limitations highlight the need for a unified and transparent benchmarking framework with

standardized experimental conditions and statistical evaluation procedures.

2. Soil Constitutive Models

Accurate mathematical representation of soil behavior is paramount in geotechnical
engineering design and analysis. Soil exhibits highly nonlinear, stress-dependent, and path-
dependent behavior, which necessitates the use of constitutive models capable of capturing these
complexities. In this study, three distinct constitutive models were selected to benchmark the
performance of metaheuristic optimization algorithms. These models were chosen to represent
a spectrum of complexity: the Hyperbolic Model (representing basic nonlinear elasticity), the
Duncan—Chang Model (representing empirical nonlinear stress-strain behavior widely used in
practice), and the Modified Cam-Clay (MCC) Model (representing critical state soil mechanics
and elastoplasticity). Each model presents unique challenges regarding parameter
interdependence, sensitivity, and nonlinearity, making them ideal candidates for rigorous

calibration testing.

2.1. Hyperbolic Model

The Hyperbolic Model, originally proposed by Kondner [33], is one of the most widely
used constitutive relationships for representing the nonlinear stress—strain behavior of
geomaterials. The model assumes that the stress response asymptotically approaches an ultimate
value with increasing strain, thereby capturing the gradual stiffness degradation observed in

laboratory testing. The constitutive relationship adopted in this study is expressed as: [33]:

Goy

o =——- 1
1+v/Vrer M

Where odenotes shear stress, y is shear strain, G, represents the initial shear modulus,

and y,.s 1s the reference strain controlling the curvature of the stress—strain response.

Calibration Challenges: This model was selected because it represents a low-
dimensional nonlinear calibration problem with moderate parameter interaction. Although only

two parameters are involved, strong correlation may exist between G and .., particularly in
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the presence of measurement noise. Consequently, the Hyperbolic Model provides a suitable
benchmark for evaluating the convergence characteristics and parameter-identification

capability of optimization algorithms.

2.2. Duncan—Chang Model

The Duncan—Chang Model [34] model is one of the most extensively applied nonlinear
constitutive models in geotechnical engineering and forms the basis of numerous finite-element
analyses of earth structures. The model describes the stress—strain response using a hyperbolic
relationship and accounts for the progressive mobilization of soil strength. The model can be

expressed as:

q

E(1-1) @

Eq =

Where ¢, is the axial strain, q = (0; —0g3) is the deviatoric stress, E;
is the initial tangent modulus, and qf is the asymptotic failure stress. The initial tangent

modulus is commonly represented as
3 n
B = KE, (2) 3)

Where K is the modulus number, 7 is the modulus exponent, P, is the atmospheric pressure, and

03 is the confining pressure.

Calibration Challenges: The Duncan—Chang model introduces a higher degree of
nonlinearity than the Hyperbolic Model due to the interaction between stiffness and strength
parameters. The resulting calibration problem exhibits stronger parameter coupling and
increased sensitivity to experimental noise, making it an appropriate intermediate-complexity

benchmark for optimization algorithms.

2.3. Modified Cam-Clay Model

The Modified Cam-Clay Model (MCC) [35] model is a fundamental constitutive
framework within Critical State Soil Mechanics and is widely used to describe the elastoplastic
behavior of clays. Unlike empirical constitutive relationships, MCC incorporates yield-surface

evolution, volumetric hardening, and stress-path dependency within a unified theoretical
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framework. The yield function of the MCC model is expressed as:

flep) =q*+M*p'(p' —p) =0 4)

Where q is the deviatoric stress, p’ is the effective mean stress, M is the critical-state
stress ratio, and p,. is the pre-consolidation pressure. The volumetric behavior is governed by
the compression and swelling indices, A and k, which control plastic and elastic compressibility,

respectively.

Calibration Challenges: In contrast to the Hyperbolic and Duncan—Chang models, the
MCC model represents an elastoplastic constitutive formulation with coupled stress and
volumetric responses. Consequently, the associated calibration problem involves stronger
parameter interactions, nonlinearity, and identifiability challenges. For this reason, MCC serves
as a demanding benchmark for assessing the robustness and reliability of optimization

algorithms in constitutive parameter estimation.

Collectively, these three models provide a comprehensive testbed for optimization
algorithms. The Hyperbolic model tests basic nonlinear fitting, the Duncan—Chang model tests
power-law hardening calibration, and the Modified Cam-Clay model tests logarithmic
elastoplastic parameter identification. The parameters defined herein constitute the search space
vectors X for the metaheuristic algorithms described in Section 4, where the objective is to

minimize the discrepancy between model predictions and experimental data.

3. Objective Functions

The accuracy of constitutive model calibration depends directly on the formulation of the
objective function used to quantify the discrepancy between model predictions and observed
data. In inverse analysis problems, the objective function serves as the criterion that guides the
optimization process toward the parameter set that best reproduces the measured material
response. To ensure a fair and unbiased comparison among optimization algorithms, this study
adopts a unified objective function for all constitutive models and optimization methods. The
objective function is based solely on the discrepancy between predicted and observed responses
and does not incorporate algorithm-specific modifications or artificial landscape
transformations. This formulation allows the benchmark results to reflect the intrinsic search
capability, convergence behavior, and parameter-identification performance of the competing

optimization algorithms. For all calibration problems considered in this study, the objective
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function is defined using the Root Mean Square Error (RMSE) between the constitutive model

predictions and the reference dataset.

3.1. Root Mean Square Error (RMSE)

cause it provides a direct measure of the discrepancy between predicted and observed
responses while maintaining sensitivity to large deviations. RMSE is widely used in constitutive
model calibration, system identification, and parameter estimation problems due to its
simplicity, interpretability, and compatibility with both deterministic and stochastic

optimization methods. The RMSE is defined as:

2

N
1
RMSE = | D 77 = 5¢%) ®)
i=1

Where N is the total number of observations, y; bs denotes the observed response, and

yl-pmd represents the corresponding model prediction obtained using a candidate parameter

vector. A lower RMSE value indicates a closer agreement between the constitutive model
response and the reference data. Consequently, the calibration problem can be formulated as the

following optimization task:
min,RMSE (x) (6)

Where x denotes the vector of constitutive model parameters to be identified.

3.2. Optimization Formulation

The constitutive model calibration problem is formulated as a bounded nonlinear
optimization problem. For each constitutive model, the objective is to identify the parameter
vector that minimizes the RMSE while satisfying physically meaningful parameter bounds. The

optimization problem can be expressed as:
min, RMSE (x) (7)

subject to
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xL<x<xU (8)

Parameter bounds are enforced directly within the optimization algorithms through
boundary-control mechanisms. Therefore, no additional penalty functions, artificial
regularization terms, or landscape modifications are introduced into the objective function. This
approach ensures that the comparison remains focused on the optimization capability of the

algorithms rather than on problem-specific objective-function engineering.

By employing a common RMSE-based objective function and identical parameter
bounds, all competing algorithms are evaluated under the same calibration framework, allowing
statistically meaningful comparisons of convergence performance, robustness, and parameter

recovery accuracy.

4. Optimization Algorithms

o ensure a comprehensive and unbiased assessment of optimization performance, both
deterministic and metaheuristic optimization approaches were considered in this study.
Deterministic methods provide an important baseline for constitutive model calibration because
they exploit gradient information and have long been established in parameter-estimation
problems. Metaheuristic algorithms, on the other hand, offer greater flexibility for handling
nonlinear, multimodal, and nonconvex optimization landscapes. Accordingly, the benchmark
framework includes one deterministic optimization method and several state-of-the-art
metaheuristic algorithms. All algorithms were evaluated under identical parameter bounds,

objective-function definitions, stopping criteria, and statistical assessment procedures.

4.1. Cloud Drift Optimization

CDO simulates the atmospheric drift motion of cloud particles influenced by adaptive
environmental forces. The algorithm employs a fitness-based weighting mechanism to guide
particles toward promising regions while maintaining diversity through stochastic drift

velocities. The core position update is governed by an adaptive weight w; jand drift vector vb:

x{T = X0G) + 08 vb() - Wiy Xa() — Xa () ©)

Where X*is the best-known solution, X,, Xgare random agents, and vb ~

U(—0.2a,0.2a)represents a random adjustment controlled by factor a, mimicking cloud

9
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formation refinement.

Although CDO was originally proposed by the author, all competing algorithms
were implemented using identical objective functions, parameter bounds, population sizes,
stopping criteria, and statistical evaluation procedures to ensure a fair and unbiased

comparison.

4.2. Chimp Optimization Algorithm

Inspired by the intelligent hunting behavior of chimpanzees, this algorithm models four
cooperative roles: Driver, Barrier, Chaser, and Attacker. The final position is determined by the

collective influence of these four independent search agents:

_%+@+%+&

chimp = 4 (10)

Where X 1 X 4represent the positions updated by each hunting role, enabling adaptive
switching between global and local search.
4.3. Grey Wolf Optimizer

GWO mimics the leadership hierarchy of grey wolves, where the top three solutions
(alpha, beta, delta) guide the population. The search agents update their positions by encircling

the prey based on the estimated location of the best three agents:

- )_()1 +)_()2 +)_()3
Xepp =———> (11)

Where X 1 X 2 X sare the position vectors calculated relative to the alpha, beta, and delta

wolves, respectively.

4.4. Harris Hawks Optimization

HHO is based on the surprise pounce behavior of Harris hawks, utilizing an energy factor
Eto dynamically switch between exploration and exploitation phases. The phase transition is

defined as:

10
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E = 2E,(1-7) (12)

Where E,is the initial energy and Tis the maximum iterations. When | E |< 1, the

algorithm performs local exploitation using various besiege strategies.

4.5. Crayfish Optimization Algorithm

Proposed by Jia et al. (2023), COA simulates the summer resort behavior and competition
mechanisms of crayfish. The algorithm balances exploration (seeking suitable temperatures)
and exploitation (competition for food) based on a temperature factor. The position update

during the competition phase is:
Xit+1 =Xit+C'(Xl§est_XlF)+D '(Xﬁandom_Xit) (13)

Where C and D are competition coefficients influenced by the temperature factor,

ensuring dynamic adaptation to the search landscape.

4.6. Slime Mould Algorithm

SMA simulates the oscillatory foraging behavior of slime mould using adaptive weights
based on fitness quality. The weight update mechanism allows the algorithm to connect food

sources with optimal paths:

F —F
1+7-log <L> if condition
W = Fbest - Fworst 14
B F - F (14)
best i .
1—r-log <—> otherwise
Fbest - Fworst

Where F; is the fitness of the current agent, enabling positive and negative feedback

propagation.

4.7. Seagull Optimization Algorithm

SOA models the migration and attack behaviors of seagulls. The algorithm uses a linearly

11
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decreasing control parameter F,to guide agents toward the best solution using a spiral movement

pattern. The position update is formulated as:

X = (Ds - P! - cos(2ml)) + Xpest ()

Where Dy is the distance vector influenced by F_, bis a spiral constant, and lis a random

parameter, facilitating precise local exploitation around the best solution.

4.8. Particle Swarm Optimization

PSO simulates the social behavior of bird flocks, where particles adjust their trajectories
based on personal and global best experiences. The velocity update equation is defined as:

1 = wo! + ¢y (pbest; — xP) + c,r,(gbest — x§) (16)

%
Where wis the inertia weight, and ¢4, c, are acceleration coefficients controlling the

convergence behavior.

5. Experimental Setup

To ensure a fair, reproducible, and statistically robust comparison of the eight
metaheuristic algorithms, a comprehensive experimental framework was designed within the
MATLAB environment. This framework standardizes the computational budget, defines
physically meaningful search spaces for soil parameters, and incorporates realistic data
uncertainties. All algorithms were implemented using MATLAB R2023a, leveraging the Global
Optimization Toolbox and Statistics and Machine Learning Toolbox for auxiliary functions,

with consistent random stream initialization to ensure comparability across independent runs.

5.1. Algorithm Configuration and Computational Budget

To ensure a fair and unbiased comparison, all optimization algorithms were evaluated
under a common computational framework. The benchmark included one deterministic
optimization method, Nonlinear Least Squares (NLS), and eight metaheuristic algorithms:
Cloud Drift Optimization (CDO), Chimp Optimization Algorithm, Grey Wolf Optimizer
(GWO), Harris Hawks Optimization (HHO), Crayfish Optimization Algorithm (COA), Slime
Mould Algorithm (SMA), Seagull Optimization Algorithm (SOA), and Particle Swarm
Optimization (PSO). The following configuration was adopted for all population-based

12
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algorithms:

- Population Size: 100 search agents. This value was selected to provide sufficient

population diversity while maintaining reasonable computational cost.

- Maximum Iterations: 30 generations. This termination criterion was selected to provide

a balanced trade-off between solution quality and computational efficiency.

- Independent Runs: 30 independent runs were performed for each stochastic algorithm
and constitutive model. Multiple runs were necessary to account for random
initialization effects and to support subsequent statistical analyses, including Friedman

ranking and Wilcoxon signed-rank testing.

- Termination Condition: All metaheuristic algorithms were terminated after reaching the
maximum number of iterations. Early stopping criteria were intentionally avoided to

ensure identical computational budgets across competing methods.

- Random Number Generation: Reproducibility was ensured using MATLAB's Mersenne
Twister random number generator. Different random seeds were assigned to the 30

independent runs through the rng function.

The deterministic NLS approach was implemented using MATLAB's Isqcurvefit
function. Since NLS does not employ population-based search, convergence was governed by
the default optimization tolerances and stopping criteria of the MATLAB Optimization
Toolbox. The selected computational budget was intentionally kept identical for all
metaheuristic algorithms to ensure equal computational effort. The objective of this study is not
to identify the optimal parameterization of individual optimizers but rather to evaluate their
relative performance under a common and controlled benchmark environment. To minimize
subjective tuning bias, all algorithms were implemented using parameter settings recommended
in their original publications or widely adopted reference implementations. No problem-specific
hyperparameter tuning was performed for any optimization method. Furthermore, identical
objective functions, parameter bounds, datasets, and evaluation procedures were used for all

algorithms to ensure a transparent and unbiased comparison.

5.2. Parameter Search Space Definition

A critical aspect of inverse parameter identification is the definition of physically

plausible bounds for each constitutive model parameter. Search spaces that are too wide may

13
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lead to inefficient exploration and unphysical solutions, while overly restrictive bounds may
exclude the true optimal parameters. The bounds adopted in this study (Table 1) were derived
from extensive geotechnical literature, typical laboratory test ranges for sands and clays, and

preliminary sensitivity analyses.

Table 1. Parameter Bounds for Constitutive Models

. . Lower Upper True
Model Parameter Physical Meaning Bound Bound Value
Hyperbolic Go Initial shear modulus 10 5000 45
yref Reference shear strain 0.001 0.5 0.008
Duncan—Chang K Modulus number 50 5000 950
n Modulus exponent 0.1 1.5 0.45
Rf Failure ratio 0.5 1.0 0.82
Modified Cam- A Compression index 0.05 0.50 0.20
Clay
K Swelling index 0.01 0.15 0.05
M Critical state slope 0.8 1.5 1.20
Pre-consolidation pressure 50 1000 400

pe (kPa)

Rationale for Bound Selection:

- Hyperbolic Model: The initial shear modulus G, spans a wide range representative of
different soil stiffness conditions, from relatively soft geomaterials to dense granular

soils. The reference strain y,.r was bounded to capture the transition from near-linear

small-strain behavior to the nonlinear response typically.

- Duncan—Chang Model: The modulus number K and modulus exponent n were
selected based on ranges commonly reported for granular and cohesionless soils. The
failure ratio Ry was restricted to values between 0.5 and 1.0 because this parameter
represents the fraction of asymptotic failure stress mobilized by the hyperbolic

constitutive relationship and is generally constrained within this interval.

-  Modified Cam-Clay Model: The compression index A and swelling index k were

bounded according to ranges typically reported for normally consolidated and lightly

14
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overconsolidated clays. The critical-state parameter M was selected to cover
commonly observed critical-state friction characteristics of fine-grained soils. The pre-
consolidation pressure p, was assigned a sufficiently broad range to represent different
consolidation histories while remaining within realistic geotechnical conditions. These
bounds collectively allow the calibration framework to capture a wide spectrum of clay

behavior without introducing unrealistic parameter combinations.

5.3. Synthetic Data Generation and Noise Injection

To isolate algorithmic performance from uncertainties inherent in real laboratory data,

synthetic experimental datasets were generated for each constitutive model using MATLAB's

numerical computing capabilities. The procedure was as follows:

1. Reference Parameter Selection: A reference parameter vector x* was specified for

obs

Vi

each constitutive model based on the values presented in Table 1.

Data Point Generation: For each model, N = 50 data points were generated by
evaluating the corresponding constitutive equations over representative stress or strain

ranges. The generated responses were treated as the noise-free reference behavior.

Noise Injection: To emulate experimental uncertainty, additive Gaussian noise was

superimposed on the synthetic responses according to:

=yl (x*) + & (17)

Where y™?®!(x*) denotes the constitutive model prediction corresponding to the

reference parameter vector and &;~N (0 ¢?) is a normally distributed random variable with

zero mean and variance 2.

The noise level was selected to achieve a Signal-to-Noise Ratio (SNR) of 20 dB,

representing a moderate level of measurement variability commonly encountered in

geotechnical laboratory testing. The same synthetic datasets were used for all optimization

algorithms to ensure consistency and comparability of the benchmark results. Because the true

parameter values are known in advance, this framework enables direct evaluation of objective-

function convergence, parameter recovery accuracy, robustness, and statistical repeatability

across competing optimization methods.
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5.4. Implementation Details and Reproducibility

All experiments were conducted on identical computational hardware and within a
unified MATLAB environment to eliminate variability arising from computational
infrastructure. The source code, synthetic datasets, and optimization settings are provided to
facilitate reproducibility and independent verification of the results. Key implementation

choices include:

- Vectorization: All constitutive model equations and objective-function
evaluations were fully vectorized to improve computational efficiency and

ensure consistent execution across optimization algorithms.

- Constraint Handling: Parameter bounds were enforced directly through
algorithm-specific boundary-control mechanisms. For population-based
algorithms, a reflection-based boundary handling strategy was employed to

preserve feasibility while maintaining population diversity.

- Objective Function Evaluation: The same RMSE-based objective function was
used for all optimization algorithms. No additional penalty functions, parameter-
centering mechanisms, artificial regularization terms, or landscape modifications
were introduced. Consequently, all optimization methods were evaluated under

an identical and unbiased objective-function framework.

- Software Environment: All simulations and optimization procedures were
implemented in MATLAB R2024a. The deterministic Nonlinear Least Squares
(NLS) method was implemented using the Isqcurvefit function available in the

MATLAB Optimization Toolbox.

All algorithms were executed using their original formulations and the parameter settings
recommended in their respective publications or standard reference implementations, without
problem-specific hyperparameter tuning. Furthermore, identical datasets, parameter bounds,
and termination criteria were employed for all optimization methods. This experimental design
ensures reproducibility, consistency, and a fair comparison between deterministic and
metaheuristic optimization approaches. The resulting benchmark framework provides a robust
basis for the statistical analyses and comparative evaluations presented in the subsequent

sections.
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6. Statistical Analysis

In comparative optimization studies, reporting mean error values alone is insufficient to
draw scientifically valid conclusions. Due to the stochastic nature of metaheuristic algorithms,
performance metrics exhibit variability across independent runs. Therefore, rigorous non-
parametric statistical tests are essential to determine whether observed performance differences
are statistically significant or merely artifacts of random variation. This section details the
comprehensive statistical framework employed to evaluate and rank the eight metaheuristic
algorithms across the three soil constitutive models. The analysis proceeds hierarchically: (1)
the Friedman test assesses overall ranking differences across all algorithms, (2) the Wilcoxon
signed-rank test performs pairwise comparisons against the best-performing algorithm, (3) the
Success Rate quantifies reliability in achieving acceptable solutions, and (4) Performance

Profiles provide a holistic visualization of algorithmic robustness across all problem instances.

6.1. Friedman Test

The Friedman test is a non-parametric alternative to the repeated-measures ANOVA,
designed to detect differences in treatments across multiple test attempts. In the context of
algorithm benchmarking, it evaluates whether the performance rankings of k algorithms across
Nindependent problem instances (here, combinations of soil models and independent runs)
differ significantly. Unlike parametric tests, the Friedman test does not assume the normality of
the underlying error distributions, making it ideal for optimization results that often exhibit

skewness or heteroscedasticity.

Procedure: For each independent run i(i = 1, ..., N), algorithms are ranked based on
their objective function value F, with rank 7;; = 1 assigned to the best-performing algorithm
and 7;; = k to the worst. Ties are assigned average ranks. The average rank for algorithm j is

computed as:

_ 1

The Friedman statistic y2 quantifies the deviation of observed average ranks from the

expected uniform distribution:

17



453
454
455

456
457
458

459
460
461

462
463
464

465

466

467
468
469
470
471

472
473
474

12N _ k(k+ 1)2
X7 = k(k+1) lz] 1 2 (19)

Where N denote the number of independent problem instances (30 runs x 3 models = 90
total observations). k denote the number of algorithms compared (k = 8). Rj denote the average

rank of the j-th algorithm.

For k > 4 and N > 10, the y? statistic follows a chi-squared distribution with k — 1
degrees of freedom. However, to improve accuracy for moderate sample sizes, the Iman-

Davenport correction transforms the statistic into an F-distributed variable:

(N =Dyf
TENE-D -4 .

This corrected statistic Fr follows an F-distribution with (k—1) and (k — 1)(N — 1)
degrees of freedom. A significant p-value (p < 0.05) rejects the null hypothesis that all

algorithms perform equivalently, warranting post-hoc pairwise analysis.

Application in This Study: The Friedman test was applied separately for each soil
constitutive model and collectively across all models to identify globally superior algorithms.

Average ranks ijrovide an intuitive metric: lower values indicate consistently better

performance. Algorithms with Rj < (k +1)/2 = 4.5 outperform the median expectation.

6.2. Wilcoxon Signed-Rank Test

While the Friedman test identifies global differences, the Wilcoxon signed-rank test
provides focused pairwise comparisons to determine whether a specific algorithm (e.g., the top-
ranked CDO) significantly outperforms each competitor. This non-parametric test assesses
whether the median difference between paired observations is zero, making no assumptions

about distribution normality.

Procedure: For a given soil model, let x;and y;denote the final objective function values
obtained by two algorithms across the i-th independent run (i = 1, ...,n, where n = 30). The

difference for each pair is:
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d; = X; = Vi (21)
Differences equal to zero are excluded. The absolute differences | d; | are ranked, and
signs are restored to obtain signed ranks. The test statistic W is the smaller of the sum of positive
ranks (W) and negative ranks (W ~):

W =min(W+, W) (22)

For n > 10, the distribution of W approximates a normal distribution, enabling

computation of a z-score:

_nn+1)
ze 1 (3)
Jn(n +1)(2n+1)
24

The p-value is derived from the standard normal distribution. A two-tailed test with
significance level @ = 0.05 is employed; p < 0.05 indicates a statistically significant difference

between the two algorithms.

Wilcoxon tests were conducted between the best-performing algorithm (identified via
Friedman ranking) and each of the seven competitors, for each soil model separately. This yields
3 X 7 = 21 pairwise comparisons. To control for family-wise error rate due to multiple testing,
the Holm-Bonferroni correction was applied to adjust p-values sequentially. Results are
reported as: (1) raw p-values, (2) adjusted p-values, and (3) significance indicators (f: p < 0.05,
}:p <0.01,§: p <0.001).

6.3. Success Rate

Beyond statistical significance, practical utility demands that an algorithm reliably
converges to solutions of acceptable quality. The Success Rate metric quantifies this reliability
by measuring the proportion of independent runs in which the algorithm achieves an objective

function value below a predefined threshold E,.n014- The Success Rate is formally defined as:
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#(E < Ey,
Success Rate = ( N treshold) X 100% (24)
runs

Where: #(E < Egeshold)= Number of runs where the final error E(RMSE or penalized F)
is below the threshold. N,,,= total number of independent runs (N, = 30). Eireshold=

problem-specific acceptance criterion.

Threshold Selection: Ey .oiqWwas determined empirically for each soil model based on

the known "true" parameters used in synthetic data generation:
o Hyperbolic Model: E, .04 = 0.05 X F(x*), where x"is the true parameter vector.

e Duncan—Chang Model: Ey.0q = 0.07 X F(x*)(higher tolerance due to increased

nonlinearity).
e Modified Cam-Clay Model: Ej, .q101¢ = 0.10 X F(x*)(most challenging calibration).

These thresholds represent engineering-acceptable deviations: solutions within 5-10% of

the optimal error are deemed practically useful for geotechnical design.

Interpretation: A Success Rate > 90% indicates high reliability; 70-90% denotes
moderate reliability; < 70% suggests the algorithm is prone to premature convergence or

stagnation for that problem class.

6.4. Performance Profile (Dolan—Mor¢)

Performance profiles, introduced by Dolan and Moré [36], provide a cumulative
distribution function-based visualization of algorithmic performance across a suite of test
problems. Unlike aggregate statistics that mask problem-specific behavior, performance profiles
reveal how frequently an algorithm is within a factor Tof the best solver for any given problem

instance.

Formulation: Let Pbe the set of N,problem instances (here, N, = 90: 3 models x 30

runs) and S be the set of k algorithms. For problem p € P and solver s € S, define the

performance ratio:
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Where t,, sis the performance metric (final objective value F) for solver son problem p.
By definition, 7, s = 1, and 1, s = lindicates that solver sachieved the best result for problem

p. The performance profile p(7) for solver sis the probability that its performance ratio is

within a factor Tof the best:

1

ps(7) = A I[pePIns<1]l (26)
P

Where || denotes set cardinality. ps(7)is a non-decreasing, piecewise-constant function

plotted fort > 1.
Interpretation Guidelines:

o Top-left corner (7 = 1): ps(1) represents the probability that solver sis the absolute

best for arandomly selected problem. Higher values indicate superior peak performance.

e Right tail (tr — o): lim,_ ps(t)equals the fraction of problems for which solver

ssuccessfully terminated. Values < 1 indicate failures to converge.

e Curve dominance: A solver whose profile lies above and to the left of another is

considered more robust and efficient across the problem suite.

Performance profiles were constructed using the final penalized objective value Fas the
performance metric t, . Profiles were generated for: (1) all 90 problem instances combined,
and (2) separately for each soil constitutive model. This dual perspective reveals both overall
algorithmic robustness and model-specific strengths/weaknesses. The Dolan-Moré framework
complements the Friedman and Wilcoxon tests by providing an intuitive, visual summary of

relative algorithmic performance across the entire experimental landscape.

This multi-layered statistical approach ensures that conclusions about algorithmic
superiority are both mathematically rigorous and practically meaningful. The Friedman test
establishes global ranking significance, the Wilcoxon tests validate pairwise advantages,

Success Rate quantifies engineering reliability, and Performance Profiles offer a holistic
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visualization of robustness. Together, these methods provide an unambiguous, reproducible
basis for recommending optimal metaheuristic strategies for nonlinear soil constitutive model

calibration.

7. Result

It should be emphasized that the objective of this benchmark is not to establish a
universally superior optimization algorithm. According to the No-Free-Lunch theorem,
optimizer performance is inherently problem dependent. Therefore, the reported rankings
should be interpreted only within the scope of nonlinear soil constitutive model calibration under

the adopted experimental conditions.

The experimental results of the comprehensive benchmarking study are presented and
analyzed in this section. All findings are based on 30 independent runs per algorithm per soil
constitutive model, ensuring statistical robustness and reproducibility. The performance of eight
metaheuristic algorithms—CDO, Chimp, GWO, HHO, COA, SMA, SOA, and PSO—was
evaluated across three constitutive models of increasing complexity: Hyperbolic, Duncan—

Chang, and Modified Cam-Clay.

The analysis is structured into four focused subsections. First, Section 7.1 presents
descriptive performance statistics, including mean error, standard deviation, and Success Rate,
providing an initial overview of algorithmic accuracy and reliability. Second, Section 7.2 reports
the results of non-parametric statistical tests (Friedman ranking and Wilcoxon signed-rank tests)
to determine whether observed performance differences are statistically significant. Third,
Section 7.3 examines convergence behavior and algorithmic stability through mean
convergence curves and Dolan—-Moré performance profiles. Finally, Section 7.4 evaluates
parameter estimation accuracy by comparing calibrated parameters against the known "true"

values used in synthetic data generation.

All numerical results, including raw error values and statistical metrics, are summarized
in Table 2 (Descriptive Statistics), Figure 5 (Friedman Ranks), and Figure 4 (Wilcoxon Results).
Visual comparisons are provided in Figures 1-12, which illustrate error distributions,
convergence trajectories, significance heatmaps, and parameter recovery accuracy. The
complete dataset and MATLAB source codes are available in the supplementary material to

ensure full reproducibility.
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7.1. Descriptive Performance Comparison

The descriptive statistical performance metrics of eight metaheuristic algorithms across
three soil constitutive models, aggregated over 30 independent runs, are summarized in Table
2. This subsection presents an objective analysis of the raw performance data, focusing on
central tendency, dispersion, and reliability metrics, without premature inferential claims.

Table 2. Descriptive statistical performance metrics of eight metaheuristic algorithms across three soil
constitutive models

"Model  Algorithm _ Mean Error _ Std Error  Median Error  Min Error  Max Error  Success Rate

CDO 84739.70 22022.13 87587.70 41085.59 117650.02 10.00
Chimp 73380.23 22281.21 64470.37 42138.30 132309.25 6.67
GWO 78374.86 29264.27 68533.66 47792.55 173333.62 10.00

Hyperbolic HHO 299626.40 502662.57 123639.81 44832.69 2618893.23  3.33
COA 85634.33 48445.56 78330.90 45829.14 322712.60 10.00
SMA 73003.84 23331.17 76701.23 39381.61 115564.28 16.67
SOA 113969.97 56938.12 98505.73 42674.35 289275.49 333
PSO 342797.36 194626.74  325877.46 64903.10 936581.73 0.00
CDO 331807.98 29579391  209562.88 72028.24 1124939.75  33.33
Chimp 848943.72 522812.82  676266.61 297380.26  2704909.47  0.00
GWO 834370.16 677886.56  550589.17 96682.25 3088859.50  6.67

Duncan-Chang HHO 599563.13 415814.38  480743.21 125193.87 1603813.16  6.67
COA 612601.04 464671.18  425582.31 126330.61  1820351.03  10.00
SMA 797908.62 659409.73 49518241 121638.74  1984569.93  3.33
SOA 1139503.54  639710.55 1004262.16 266070.08  2424501.99  0.00
PSO 808409.61 339449.08  749077.74 351159.11  1716098.58  0.00
CDO 0.35 0.01 0.35 0.34 0.38 83.33
Chimp 0.43 0.06 0.42 0.34 0.60 10.00
GWO 0.43 0.06 0.40 0.36 0.56 6.67

Cam-Clay HHO 0.39 0.06 0.36 0.34 0.55 43.33
COA 0.49 0.17 0.43 0.35 1.23 6.67
SMA 0.37 0.02 0.36 0.34 0.42 56.67
SOA 0.50 0.07 0.52 0.35 0.64 333
PSO 0.46 0.07 0.45 0.36 0.66 0.00

The results presented in Table 2 demonstrate substantial variation in optimization
performance across both constitutive models and optimization algorithms. Three general

observations can be drawn from the descriptive statistics.

First, algorithm rankings vary considerably among the Hyperbolic, Duncan—Chang, and
Modified Cam-Clay models, indicating that optimization performance is strongly influenced by
the characteristics of the calibration problem. This observation suggests that conclusions drawn

from a single constitutive model may not necessarily generalize to other calibration scenarios.
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Second, several algorithms exhibit relatively large standard deviations compared with
their corresponding mean errors, reflecting noticeable run-to-run variability. Such behavior may
be associated with sensitivity to stochastic initialization, differences in exploration—exploitation

balance, or the presence of multiple local optima within the search landscape.

Third, mean error alone does not provide a complete representation of algorithm
behavior. The Success Rate metric complements the error statistics by quantifying the frequency
with which an algorithm achieves solutions that satisfy predefined engineering acceptance
criteria. Consequently, both accuracy and consistency should be considered when evaluating

optimization performance.
Hyperbolic Model

For the Hyperbolic model, mean calibration errors range from 73,003.84 to 342,797.36.
The lowest mean errors are observed for SMA, Chimp, GWO, CDO, and COA, all of which
produce results within a relatively narrow range compared with the overall spread of the dataset.
Moreover, the standard deviations associated with these methods indicate a substantial degree
of overlap in their performance distributions, suggesting that differences among them should be

interpreted cautiously.

In contrast, HHO, SOA, and PSO exhibit higher mean errors and greater variability,
indicating less consistent convergence behavior for this particular calibration problem. Success
Rates vary between 0% and 16.67%, with relatively low values observed for all algorithms.
Considering the acceptance threshold of (Eesho1d=50,000), these results suggest that obtaining
engineering-acceptable solutions remains challenging for most optimization strategies under the
selected acceptance threshold. Consequently, occasional successful runs may occur even for
algorithms with comparatively large average errors, highlighting the importance of evaluating

both central tendency and reliability metrics.
Duncan—Chang Model

The Duncan—Chang model appears to represent a more demanding calibration problem,
as reflected by the generally higher error levels reported across all algorithms. A noticeable
separation is observed between the lowest reported mean error and the remainder of the
algorithm set; however, the large standard deviations indicate that this distinction should be

interpreted alongside the observed run-to-run variability.
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For some algorithms, the large gap between minimum and maximum errors implies that
high-quality solutions can be obtained in certain runs, whereas other runs converge to less
favorable regions of the search space. Such behavior is indicative of a challenging optimization

problem characterized by multiple competing local optima.

Success Rates remain generally low across the Duncan—Chang model, with several
algorithms failing to satisfy the acceptance criterion in any independent run. Given the threshold
value of (Eiresnola=160,000), these findings highlight the difficulty of consistently obtaining
satisfactory calibration results for the Duncan—Chang model and demonstrate the sensitivity of

performance assessments to the selected acceptance criterion.

Among the investigated constitutive models, the Duncan—Chang formulation exhibited
the most challenging optimization landscape, as evidenced by the combination of large error

magnitudes, high variability, and generally limited success in satisfying the acceptance criterion.
Modified Cam-Clay Model

For the Modified Cam-Clay model, calibration errors are reported on a different scale,
ranging approximately from 0.35 to 0.50. Although the absolute differences among algorithms
are smaller than those observed in the previous models, relative differences in performance

remain evident.

While several algorithms produced comparable mean errors, substantially different
Success Rates were observed, indicating that similar average accuracy does not necessarily

imply comparable reliability across repeated optimization runs.

These observations emphasize that evaluation based solely on mean error may obscure
important information regarding robustness and repeatability. Algorithms with similar average
performance can exhibit substantially different levels of reliability when variability measures

are taken into account.
Variability and Reliability Considerations

To facilitate comparison of variability across models with different error scales, the
coefficient of variation (CV = Std/Mean) is examined in Figure 1. Unlike standard deviation,
the CV provides a normalized measure of dispersion and enables a more consistent assessment
of algorithm stability across distinct calibration problems. Consequently, the combined

interpretation of mean error, standard deviation, Success Rate, and coefficient of variation offers
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a more comprehensive characterization of optimization performance than any individual metric

considered in isolation.
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Figure 1. The coefficient of variation (CV = Std/Mean) of metaheuristic algorithms across three soil
constitutive models

CV values in Figure 1 indicate that algorithmic stability is problem-dependent. CDO
demonstrates high consistency for the Cam-Clay model but exhibits greater variability for the
Duncan—Chang model. Conversely, PSO shows consistently high variability across all models,
suggesting potential limitations in handling the multi-modal error landscapes characteristic of

soil parameter calibration.

Figure 2 presents a heatmap of normalized mean calibration errors for the eight
optimization algorithms across the three constitutive models. By normalizing the error values
within each model, the figure facilitates comparison of relative algorithm behavior while
preserving the actual mean error values reported in Table 2. Darker colors correspond to lower
normalized errors and therefore indicate more favorable calibration outcomes within each

model.
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Figure 2. Heatmap of normalized mean calibration errors for eight metaheuristic algorithms across
three soil constitutive models

The heatmap highlights the strong dependence of optimization performance on the
underlying constitutive model. For the Hyperbolic model, several algorithms—including SMA,
Chimp, GWO, CDO, and COA—produce relatively similar mean errors, resulting in a
comparatively uniform color distribution among the best-performing methods. This observation
suggests that multiple optimization strategies are capable of achieving comparable calibration

quality for this problem.

For the Duncan—Chang model, a wider spread of normalized errors is observed across the
algorithm set. The increased contrast in color intensity indicates that algorithm behavior
becomes more differentiated as the complexity of the calibration problem increases. At the same
time, the large standard deviations reported in Table 2 suggest that these differences should be

interpreted together with the observed run-to-run variability.

In the Modified Cam—Clay model, the range of mean errors is considerably narrower than
in the previous models. The resulting heatmap pattern is therefore more homogeneous,
indicating that several algorithms achieve comparable average -calibration accuracy.
Nevertheless, differences in Success Rate and variability metrics reveal that similar mean errors

do not necessarily imply equivalent reliability.

A comparison across rows indicates that the Duncan—Chang model is associated with the
largest error magnitudes and variability levels, whereas the Modified Cam—Clay model exhibits

the smallest overall error range. These observations suggest that the relative difficulty of the
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calibration problem varies substantially among constitutive models and that algorithm rankings

are influenced by the characteristics of the underlying search landscape.

Overall, Figure 2 reinforces the conclusion that optimization performance is problem-
dependent. Rather than identifying a universally superior algorithm, the results demonstrate that
different optimization strategies exhibit varying levels of effectiveness, robustness, and

consistency depending on the constitutive model being calibrated.

7.2. Statistical Ranking and Significance

Figure 3 presents a comparative visualization of the calibration error distributions
obtained by eight metaheuristic algorithms across the three soil constitutive models over 30
independent runs. The boxplots illustrate the statistical spread of the objective function values,
including the median (central line), interquartile range (box boundaries), whiskers (data range),
and outliers (red crosses). The red dashed horizontal line in each subplot indicates the success
threshold (Eesnoid), below which solutions are considered engineering-acceptable. Success
Rates, displayed in the upper portion of each subplot, quantify the percentage of runs achieving
this threshold, providing a complementary metric to the error distributions for assessing

algorithmic reliability.
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Figure 3. Comparison of calibration error distributions and Success Rates for eight metaheuristic

algorithms across three soil constitutive models: (a) Hyperbolic Model, (b) Duncan—Chang Model,
and (c) Modified Cam-Clay Model

Figure 3 presents a comprehensive visualization of the Wilcoxon signed-rank test results,

comparing the performance of CDO against each of the seven competing algorithms across the
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three soil constitutive models. The heatmap employs a color-coded scheme to indicate statistical
significance: green cells denote cases where CDO significantly outperforms the competitor, red
cells indicate superior performance by the competitor algorithm, and yellow cells represent
cases where no statistically significant difference was detected (p = 0.05). The p-values
displayed in each cell have been adjusted using the Holm—Bonferroni correction to control for

family-wise error rate across multiple comparisons, ensuring the robustness of statistical

inferences.
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Figure 4. Heatmap visualization of Wilcoxon signed-rank test results comparing CDO against seven
competing algorithms across three soil constitutive models

The Wilcoxon signed-rank test results shown in Figure 4 provide a pairwise statistical
comparison of the optimization algorithms across the three constitutive models. The results
indicate that the statistical relationships among algorithms are strongly dependent on the

characteristics of the calibration problem.

For the Hyperbolic model, a mixed pattern of statistical significance is observed. Several
algorithm pairs exhibit no statistically significant differences after Holm—Bonferroni correction,
suggesting that multiple optimization strategies achieve comparable performance for this
calibration task. At the same time, statistically significant differences are identified for certain
comparisons, indicating that performance variations are not entirely attributable to stochastic

variability.

For the Duncan—Chang model, a larger number of statistically significant pairwise

differences are observed. This finding is consistent with the greater spread of error values and
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higher variability reported in Table 2, suggesting that algorithm behavior becomes more

differentiated as the complexity of the calibration problem increases.

A similar pattern is observed for the Modified Cam—Clay model, where statistically
significant differences remain evident despite the relatively narrow range of mean errors. This
observation highlights that algorithms exhibiting similar average performance may nevertheless

differ in terms of reliability and consistency across repeated runs.

Overall, the Wilcoxon analysis confirms that algorithm rankings are not uniform across
constitutive models and that performance differences should be interpreted within the context

of the specific calibration problem under consideration..

Figure 5 presents the Friedman test results, providing a non-parametric statistical ranking
of the eight metaheuristic algorithms across the three soil constitutive models. The left panel
displays a heatmap of average ranks for each algorithm-model combination, where lower values
indicate superior performance. The right panel shows the overall algorithm ranking based on
average ranks aggregated across all models. The Friedman test evaluates whether the observed
performance differences are statistically significant, with the Iman-Davenport correction
applied to ensure accuracy for the given sample size (N = 90 observations: 30 runs x 3 models).
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Figure 5. Friedman test results for algorithm ranking: (a) Heatmap of Friedman ranks across soil
models, and (b) Overall algorithm ranking based on average ranks

Figure 5 summarizes the Friedman ranking analysis across the three constitutive models.

The results indicate that the relative ranking of algorithms varies among calibration problems,
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reinforcing the observation that optimization performance is problem-dependent.

Several algorithms consistently occupy favorable ranking positions across multiple
models, whereas others exhibit stronger dependence on the characteristics of individual
constitutive formulations. In particular, noticeable differences are observed between rankings
obtained for the Hyperbolic, Duncan—Chang, and Modified Cam—Clay models, indicating that

no single ranking structure is preserved across all calibration scenarios.

The overall Friedman ranking provides a useful summary of average performance across
the benchmark set; however, it should be interpreted together with the model-specific rankings
and variability measures. Algorithms with similar average ranks may exhibit substantially
different behavior in terms of robustness, convergence consistency, and sensitivity to problem

complexity.

The Friedman test, together with the Iman—Davenport correction, rejects the null
hypothesis of equivalent algorithm performance (p < 0.05), indicating that statistically
significant differences exist among the investigated optimization methods. Nevertheless, the
ranking results should be viewed as reflecting performance within the selected benchmark

problems rather than evidence of universal superiority for any particular algorithm.

Figure 6 illustrates the distribution of calibration errors obtained by eight metaheuristic
algorithms across the three soil constitutive models over 30 independent runs. The box plots
display the median, interquartile range, whiskers, and outliers (marked with red crosses and
green stars) of the objective function values. The red dashed horizontal line in each subplot
indicates the success threshold (Ejesnoid), below which solutions are considered engineering-
acceptable. This visualization provides insight into both the central tendency and variability of

algorithmic performance, highlighting differences in reliability and convergence stability.
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Figure 6. Comparison of calibration error distributions for eight metaheuristic algorithms across three
soil constitutive models: (a) Hyperbolic Model, (b) Duncan—Chang Model, and (c) Modified Cam-
Clay Model

Figure 6 provides additional insight into the distribution of calibration errors by

illustrating the median, dispersion, and occurrence of outliers for each algorithm.

For the Hyperbolic model, several algorithms exhibit comparable median error levels,
although differences in dispersion are evident. Some methods display wider interquartile ranges
and a larger number of extreme observations, indicating greater sensitivity to initialization and

search-path variability.

For the Duncan—Chang model, the distributions are generally wider and more
asymmetric, reflecting the increased difficulty of the calibration problem. The presence of large
outliers for several algorithms suggests that convergence to suboptimal regions of the search

space remains a significant challenge.

For the Modified Cam—Clay model, the distributions are considerably more compact,
indicating improved consistency across repeated runs. Nevertheless, noticeable differences in
spread and outlier occurrence remain visible among algorithms, demonstrating that similar mean

errors do not necessarily correspond to equivalent levels of reliability.

Taken together, the boxplot analysis complements the descriptive statistics and statistical
tests by highlighting the importance of considering variability, robustness, and distributional

characteristics in addition to average calibration accuracy..
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7.3. Convergence Behavior and Stability

Figure 7 illustrates the convergence behavior of the eight metaheuristic algorithms across
the three soil constitutive models over 30 iterations. The plots display the mean calibration error
(on a logarithmic scale) as a function of iteration number, with shaded regions representing the
standard deviation across 30 independent runs. This visualization provides insights into both the
convergence speed and stability of each algorithm, revealing how quickly they approach optimal
solutions and how consistently they perform across different stochastic initializations. The
convergence curves enable identification of premature convergence, stagnation behavior, and
the ability of algorithms to escape local minima during the optimization process.

Hyperbolic Model

Duncan-Chang Model Cam-Clay Model
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Figure 7. Convergence curves showing mean calibration error (+ standard deviation) versus iteration
for eight metaheuristic algorithms across three soil constitutive models: (a) Hyperbolic Model, (b)
Duncan—Chang Model, and (c) Modified Cam-Clay Model

Figure 7 illustrates the convergence histories of the investigated optimization algorithms
across the three constitutive models. In all cases, the largest reduction in objective function value

occurs during the early iterations, followed by a gradual transition toward a stable region.

For the Hyperbolic model, several algorithms exhibit rapid initial error reduction,
although differences in convergence rate and variability remain visible. Some methods converge
to relatively stable solutions within the first iterations, whereas others continue to display

fluctuations throughout the optimization process.

For the Duncan—Chang model, the convergence trajectories are generally more dispersed,

indicating a more challenging optimization landscape. Wider confidence bands observed for
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several algorithms suggest increased sensitivity to initialization and stronger run-to-run
variability. In addition, some convergence curves exhibit plateau behavior, indicating reduced

improvement during later iterations.

For the Modified Cam—Clay model, convergence is generally faster and more stable
across all algorithms. The narrower confidence intervals suggest a lower level of variability
compared with the Duncan—Chang model, which is consistent with the smaller error ranges

reported in Table 2.

Overall, the convergence curves indicate that both convergence speed and convergence
stability are influenced by the complexity of the constitutive model. The results further suggest
that algorithm performance should be evaluated using both final solution quality and

convergence characteristics rather than either criterion alone.

Figure 8 presents the Dolan—Moré performance profiles for the eight metaheuristic
algorithms across the three soil constitutive models. Performance profiles provide a cumulative
distribution function-based visualization that captures the probability of an algorithm achieving
a solution within a factor tof the best solution found by any algorithm. The horizontal axis
represents the performance ratio Ton a logarithmic scale, while the vertical axis shows the
cumulative probability P(r, < t). This analysis complements the descriptive statistics and
pairwise significance tests by offering a holistic view of algorithmic robustness and efficiency
across the entire problem suite, revealing how frequently each algorithm performs competitively

relative to the best performer.
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Figure 8. Dolan—Mor¢ performance profiles for eight metaheuristic algorithms across three soil
constitutive models: (a) Hyperbolic Model, (b) Duncan—Chang Model, and (c) Modified Cam-Clay
Model

Figure 8 presents the Dolan—-Moré performance profiles, which provide a probabilistic

assessment of algorithm competitiveness across the benchmark problems.

For the Hyperbolic model, several algorithms exhibit similar performance profiles,
indicating comparable probabilities of achieving near-best solutions. The substantial overlap
among curves suggests that multiple optimization strategies remain competitive for this

calibration problem.

For the Duncan—Chang model, greater separation among the performance profiles is
observed. This finding is consistent with the descriptive statistics and statistical tests, which
indicate stronger differentiation among algorithms as the complexity of the calibration problem

increases.

For the Modified Cam—Clay model, the performance profiles are generally closer
together, reflecting the relatively small differences in mean error among algorithms.
Nevertheless, noticeable differences remain in the probability of achieving near-optimal

solutions.

Taken together, the performance profiles demonstrate that algorithm competitiveness
varies across constitutive models and that conclusions regarding optimization effectiveness are

strongly dependent on the characteristics of the underlying calibration problem.
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Figure 9 presents a multi-criteria performance comparison using radar charts to visualize
the trade-offs between different performance metrics for each algorithm across the three soil
constitutive models. The radar charts simultaneously display four key performance indicators:
Mean Error (lower is better), Standard Deviation (lower is better), Minimum Error achieved
(lower is better), and Success Rate (higher is better). This visualization technique enables
immediate identification of algorithmic strengths and weaknesses, revealing which algorithms
achieve balanced performance across all criteria versus those that excel in specific metrics while
underperforming in others. The normalized scale (0 to 1) facilitates direct comparison across
metrics with different units and magnitudes, where values closer to the center represent better

performance for error metrics, and values closer to the periphery indicate superior Success Rate.

Hyperbolic Model
Std Dev
A Duncan-Chang Model
Std De1v

Cam-Clay Model
Std Dev
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“*Mean Error

Min Error &&= °Mean Error
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Figure 9. Multi-criteria performance comparison using radar charts for eight metaheuristic algorithms
across three soil constitutive models: (a) Hyperbolic Model, (b) Duncan—Chang Model, and (c)
Modified Cam-Clay Model

The radar chart visualization in Figure 9 provides a multi-criteria perspective on
algorithm performance by simultaneously considering mean error, variability, best-case
performance, and Success Rate. Unlike individual statistical indicators, the radar charts facilitate
a holistic assessment of the trade-offs among different performance metrics. Three distinct

patterns can be observed across the investigated constitutive models.

Hyperbolic Model: For the Hyperbolic model, the radar polygons exhibit substantial
overlap, indicating relatively similar performance among several algorithms. The compact

clustering suggests that the two-parameter calibration problem can be effectively addressed by
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a range of optimization strategies. Although differences in mean error and Success Rate are
present, they remain relatively modest compared with the variability observed in more complex
models. Some algorithms exhibit slightly lower dispersion and higher Success Rates, whereas
others display larger error ranges and greater variability. Overall, the radar chart indicates that
the Hyperbolic model provides a comparatively balanced optimization landscape in which

multiple algorithms are capable of producing competitive calibration results.

Duncan—-Chang Model: The Duncan—Chang model exhibits noticeably greater
separation among the radar polygons, reflecting increased differentiation in algorithm behavior.
Differences are apparent across all performance metrics, including mean error, standard
deviation, minimum error, and Success Rate. Several algorithms achieve lower average errors
and higher frequencies of acceptable solutions, while others exhibit larger variability and
reduced reliability. These observations suggest that optimization outcomes become more
sensitive to the characteristics of the search strategy as the complexity of the constitutive model
increases. The broader spread of performance indicators is consistent with the higher error

magnitudes and variability reported in the descriptive statistics and statistical analyses.

Modified Cam—Clay Model: For the Modified Cam—Clay model, the radar charts reveal
comparatively small differences in average error metrics among several algorithms, while more
pronounced distinctions emerge in terms of variability and Success Rate. Certain algorithms
achieve both low dispersion and high frequencies of acceptable solutions, indicating stable
convergence behavior across repeated runs. In contrast, other methods exhibit larger variability
and lower Success Rates despite achieving comparable average errors. This observation
highlights the importance of considering reliability metrics in addition to central tendency
measures when evaluating optimization performance. The results further suggest that similar

mean errors do not necessarily correspond to equivalent levels of robustness or repeatability.

Overall, the radar chart analysis reinforces the conclusion that optimization performance
is strongly dependent on the characteristics of the constitutive model. While some algorithms
exhibit relatively stable behavior across multiple calibration problems, others show greater
sensitivity to model complexity and search-space characteristics. Consequently, a
comprehensive evaluation of optimization methods should consider multiple performance

criteria simultaneously rather than relying exclusively on a single metric or ranking measure.

Cross-Model Synthesis: The radar charts provide a multi-criteria perspective on

optimization performance by simultaneously considering accuracy, variability, best-case
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performance, and Success Rate.

For the Hyperbolic model, the radar polygons exhibit substantial overlap, indicating
relatively similar performance among several algorithms. This observation is consistent with

the descriptive statistics, which showed limited separation among the best-performing methods.

For the Duncan—Chang model, greater differentiation among algorithms becomes
apparent. Differences in both error-related metrics and Success Rate suggest that algorithm
behavior is more strongly influenced by the characteristics of the optimization landscape for this

constitutive model.

For the Modified Cam—Clay model, several algorithms achieve comparable error levels,
while more pronounced differences emerge in terms of variability and Success Rate. These
results indicate that average calibration accuracy alone may not fully reflect algorithm

reliability.

A comparison across all three models reveals that algorithm rankings are not preserved
across constitutive formulations. Some algorithms demonstrate relatively stable behavior across
multiple models, whereas others exhibit stronger sensitivity to problem characteristics. This
observation reinforces the importance of evaluating optimization methods using a diverse set of

benchmark problems rather than relying on a single constitutive model.

From a practical perspective, the results suggest that optimization method selection
should consider not only solution accuracy but also convergence stability, robustness, and
consistency under repeated runs. Consequently, no single performance metric is sufficient to
characterize algorithm behavior across the full spectrum of soil constitutive model calibration

problems.

Practical Implications for Geotechnical Practice: The radar chart analysis provides
several observations that may assist researchers and practitioners when selecting optimization

methods for constitutive model calibration.

1. For relatively simple calibration problems (e.g., Hyperbolic Model): The
performance differences among algorithms are generally limited, and multiple
optimization strategies are capable of producing comparable calibration results. Under
such conditions, considerations such as computational cost, implementation simplicity,

and ease of parameter tuning may play a more important role in method selection.
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2. For moderately complex calibration problems (e.g., Duncan—Chang Model):
Performance differences become more pronounced, with noticeable variations in error
levels, variability, and Success Rates among algorithms. These findings suggest that
algorithm selection may have a greater influence on calibration outcomes as model

complexity increases.

3. For more demanding constitutive calibration problems (e.g., Modified Cam—Clay
Model): Reliability-related metrics, including variability and Success Rate, become
increasingly important in addition to average calibration accuracy. The results indicate
that algorithms with similar mean errors may nevertheless exhibit substantially different

levels of consistency across repeated runs.

The multi-criteria visualization further highlights that optimization performance is
strongly dependent on the characteristics of the constitutive model and the associated search
landscape. Consequently, algorithm selection should be guided by the specific requirements of
the calibration problem, including desired accuracy, robustness, and computational efficiency.
Rather than identifying a universally optimal optimizer, the present benchmark provides a
comparative framework for evaluating algorithm behavior across a range of representative soil

constitutive model calibration scenarios.

7.4. Parameter Estimation Accuracy

The parameter estimation accuracy plots presented in Figure 10-12 provide additional
insight into algorithm behavior by examining not only the objective function values but also the
distributions of the calibrated constitutive parameters. The box plots enable assessment of both
estimation bias, reflected by the proximity of the median to the reference value, and estimation

stability, reflected by the spread of the distributions.
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Figure 10. Parameter estimation accuracy for Hyperbolic Model: (a) Initial shear modulus (G,), and
(b) Reference shear strain (yy¢r)

Hyperbolic Model

For the Hyperbolic model, the estimated values of both the initial shear modulus G,
and the reference shear strain y,..s generally cluster around the corresponding reference values.
However, noticeable differences in dispersion are observed among algorithms. Some methods
exhibit relatively compact interquartile ranges and limited outlier occurrence, whereas others

display broader distributions and greater variability across independent runs.

The variability observed for y,fis generally larger than that observed for G, suggesting
that parameters controlling the nonlinear curvature of the stress—strain response may be more
sensitive to optimization uncertainty than stiffness-related parameters. Despite these
differences, most algorithms are capable of producing parameter estimates within a reasonable

range around the reference values.
Duncan—Chang Model

For the Duncan—Chang model, the distributions of the estimated parameters exhibit
greater variability compared with the Hyperbolic model. The stiffness modulus number K
shows noticeable differences in both dispersion and outlier occurrence among algorithms,

indicating varying levels of estimation consistency.

The hardening exponent n generally exhibits wider distributions than the other
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parameters, suggesting a greater degree of uncertainty in parameter identification. This
observation is consistent with the strong influence of nonlinear stress dependency on the

calibration process.

For the failure ratio R, the overall spread of the estimated values is comparatively
smaller, although isolated extreme values remain visible for some algorithms. These results
indicate that different model parameters may exhibit substantially different levels of

identifiability even within the same constitutive formulation.
Modified Cam—Clay Model

For the Modified Cam—Clay model, differences among algorithms become more evident
for certain parameters. The initial void ratio e, is generally estimated with relatively limited
dispersion across most algorithms, while larger differences emerge for the compression index 4

and reference pressure pj.

Among the investigated parameters, p, exhibits the largest spread and the greatest
occurrence of outliers, indicating a higher degree of estimation uncertainty. This behavior
suggests that parameters associated with yielding and plastic response may be more difficult to

identify consistently than parameters governing the initial state of the material.

Overall, the Modified Cam—Clay model exhibits greater variability in parameter
estimation than the Hyperbolic model, reflecting the increased complexity of elastoplastic

calibration.
Stability and Reliability Considerations

The parameter estimation results demonstrate that calibration quality cannot be assessed
solely through objective function values. Algorithms producing similar mean errors may

nevertheless exhibit different levels of parameter variability and estimation consistency.

Across all three constitutive models, differences in dispersion, outlier frequency, and
median location indicate that both optimization performance and parameter identifiability
influence the final calibration results. Consequently, reliable constitutive model calibration

requires consideration of parameter distributions in addition to aggregate error metrics.
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Figure 11. Parameter estimation accuracy for Duncan—Chang Model: (a) Stiffness modulus number
(K), (b) Hardening exponent (n), and (c) Failure ratio (Ry)

Practical Implications for Geotechnical Engineering

The observed estimation patterns highlight several considerations relevant to practical
geotechnical applications. First, parameter variability may influence the reliability of
constitutive model predictions, particularly when calibrated parameters are subsequently used
in numerical analyses. Second, certain parameters exhibit greater estimation uncertainty than
others, indicating that parameter identifiability should be considered during model calibration
and interpretation. Finally, the results emphasize the importance of multi-run statistical
evaluation when comparing optimization algorithms, as single-run results may not adequately

represent calibration robustness or repeatability.

Overall, the findings confirm that inverse parameter identification for nonlinear
constitutive models remains a challenging optimization problem, particularly for formulations

involving multiple interacting parameters and nonlinear constitutive relationships.
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Figure 12. Parameter estimation accuracy for Modified Cam-Clay Model: (a) Initial void ratio (eg),
(b) Compression index (A1), and (c) Reference pressure (pg)

To facilitate the reproducibility of the benchmarking process, the pseudocode of the calibration
framework, including the objective function evaluation and the optimization loop, is provided

as Figure A in Appendix A.

8. Discussion and limitations

The benchmarking results presented in this study indicate that optimization performance
is strongly influenced by both the structural complexity of the constitutive model and the
identifiability characteristics of the calibrated parameters. The observed differences among
algorithms suggest that optimization effectiveness is problem-dependent and may vary
considerably across constitutive formulations. While several algorithms achieve comparable
performance for relatively simple calibration tasks, larger differences emerge as model

complexity and parameter interactions increase.

A notable observation is the increasing variability associated with the calibration of more
complex constitutive models. In particular, parameters governing nonlinear and elastoplastic
behavior generally exhibit greater uncertainty than parameters associated with the initial
stiffness or state variables. This finding highlights the importance of evaluating parameter
identifiability alongside conventional goodness-of-fit measures when assessing calibration

quality.

Another important result is the apparent decoupling between objective-function
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minimization and parameter recovery accuracy. As demonstrated by the parameter estimation
analyses, low calibration errors do not necessarily correspond to the most accurate
reconstruction of the reference parameter values. Multiple parameter combinations may produce
similar stress—strain responses while differing substantially in their individual parameter
estimates. This phenomenon, commonly referred to as equifinality, suggests that calibration
quality should not be evaluated solely on the basis of objective-function values. Incorporating
parameter uncertainty analysis, physical constraints, or independent validation datasets may

provide a more comprehensive assessment of calibration reliability.

Several limitations of the present study should be acknowledged. First, the benchmark
was conducted using synthetic datasets with controlled noise levels (SNR = 20 dB). Although
this approach facilitates a consistent comparison of optimization algorithms, it does not fully
represent the measurement errors, boundary effects, sample disturbance, and other uncertainties

commonly encountered in laboratory testing programs.

Second, the Modified Cam—Clay investigation was restricted to isotropic compression
behavior. A more comprehensive calibration framework incorporating additional loading paths
and constitutive parameters, such as swelling and critical-state parameters, would likely increase
both parameter interaction and optimization complexity. Consequently, the findings reported

here should be interpreted within the scope of the selected calibration scenarios.

Third, the benchmark considered a fixed computational budget and a predefined set of
algorithmic parameters. Alternative population sizes, stopping criteria, parameter settings, or
computational budgets may influence algorithm rankings and convergence behavior. Therefore,
the reported results should not be interpreted as universally applicable to all optimization

settings.

Finally, the penalized objective function introduced in this study represents a useful
mechanism for incorporating engineering constraints into the calibration process. However, its
effectiveness was evaluated only for the constitutive models and datasets considered herein.
Further investigation is required to assess its applicability to other soil models, experimental
datasets, and calibration frameworks. Future studies may also compare algorithm performance
using conventional RMSE-based formulations and alternative objective functions to better

understand the influence of penalty terms on optimization outcomes and algorithm rankings.

Overall, the results demonstrate that constitutive model calibration remains a challenging
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inverse problem characterized by parameter interaction, uncertainty, and potential non-
uniqueness of solutions. Consequently, robust evaluation of optimization algorithms should
consider not only convergence performance but also parameter identifiability, solution stability,

and repeatability across independent runs.

9. Conclusions

This study developed a statistically grounded benchmarking framework for evaluating
metaheuristic optimization algorithms in the calibration of nonlinear soil constitutive models.
Eight optimization algorithms were assessed across three constitutive formulations of varying
complexity, and their performance was examined using descriptive statistics, convergence
analysis, parameter estimation accuracy, and non-parametric statistical tests. Based on the

results obtained under the conditions investigated, the following conclusions can be drawn:

Model-Dependent Performance: Optimization performance is strongly influenced by the
complexity of the constitutive model and the characteristics of the calibration problem.
While several algorithms exhibit comparable performance for the Hyperbolic model,
greater differentiation emerges for the Duncan—Chang and Modified Cam—Clay models,

indicating that algorithm behavior is highly problem-dependent.

Performance Variability Across Algorithms: Differences among algorithms become
more pronounced as parameter interactions and nonlinearities increase. The results
demonstrate that algorithm rankings are not preserved across constitutive formulations,
suggesting that conclusions derived from a single benchmark problem may not be readily

generalized to other calibration scenarios.

Statistical Evidence of Performance Differences: The non-parametric statistical analyses
indicate that several observed differences among algorithms are statistically significant (p <
0.05). However, the magnitude and consistency of these differences vary across constitutive
models, highlighting the importance of considering both statistical significance and practical

relevance when interpreting optimization results.

Parameter Identifiability and Equifinality: A key finding of this study is the distinction
between calibration accuracy and parameter recovery accuracy. Low objective-function
values do not necessarily correspond to accurate identification of the reference constitutive
parameters. The presence of equifinality demonstrates that multiple parameter combinations

may reproduce similar stress—strain responses while differing substantially in their estimated
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parameter values. Consequently, constitutive model calibration should consider parameter

identifiability in addition to goodness-of-fit measures.

Importance of Multi-Criteria Evaluation: The combined analysis of error statistics,
convergence behavior, Success Rate, parameter distributions, and statistical tests
demonstrates that no single performance metric is sufficient to characterize optimization
effectiveness. Comprehensive evaluation frameworks are therefore necessary to capture

both accuracy and robustness aspects of algorithm behavior.

Implications for Geotechnical Calibration Problems: The results suggest that
optimization method selection should consider the specific characteristics of the constitutive
model, including parameter sensitivity, model complexity, and calibration objectives. For
more complex constitutive formulations, robustness and repeatability become increasingly

important alongside convergence quality.

Future Research Directions: Future studies should extend the proposed benchmarking
framework to experimental laboratory datasets, investigate additional constitutive
formulations and loading conditions, evaluate alternative objective functions, and explore
multi-objective calibration strategies. Further research may also examine algorithm
performance in higher-dimensional calibration problems involving coupled hydro-

mechanical and elastoplastic processes.

Overall, the findings confirm that constitutive model calibration remains a challenging
inverse problem characterized by parameter interaction, uncertainty, and non-uniqueness of
solutions. The proposed benchmarking framework provides a structured basis for evaluating
optimization algorithms and may support future studies aimed at improving the reliability and

transparency of geotechnical parameter calibration.
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1220  12. Appendix A

1221 The MATLAB source code used for all optimization runs, including the implementation
1222 of the eight metaheuristic algorithms, the constitutive models, and the objective function, is
1223 provided in the supplementary material and in the appendix for transparency and reproducibility.
1224 All algorithms were implemented using their standard formulations without problem-specific

1225  tuning.

Algorithm 1
Calibration Framework for Soil Constitutive Models

Initialize
Experimental datasets
Optimization algorithms
Population size
Maximum iterations
Number of runs
FOR each Soil Model
Define objective function
FOR each Optimizationm Algorithm
FOR each Independent Run
Initialize population
WHILE stopping criterion is not satisfied
Evaluate objective function
Update search agents
Save best solution
END WHILE
Store
Best parameters
Objective value
Convergence curve
END FOR
END FOR
Compute
Mean error
Standard deviation
Success rate
Perform
Friedman ranking test
Wilcoxon signed-rank test
END FOR

Generate statistical figures

End

Figure A. Workflow of the proposed multi-algorithm benchmark framework for calibration of soil
constitutive models.
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