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This document includes a literature table for QCNN-style MNIST results (Sec. 1),
additional experiments and analyses (Sec. 2), an explicit specification of the classi-
cal baseline architectures used in benchmark comparisons (Sec. 2.3), the full-MNIST
classical control used to motivate the translated benchmark choice (Sec. 2.4), an
extended classical convolution primer (Sec. 3), complete proofs of the QCS–PCS
mismatch lemma and the Fourier-multiplexer theorem (Sec. 4), a longer discussion
of MERA-QCNN-style (QCS-equivariant) templates (Sec. 5), derivations behind the
Fourier-junction reduction between pooled PCS layers (Sec. 6), discussion of the ide-
alized benchmark model and its resource scaling (Sec. 7), and the gradient-accounting
derivation (Sec. 8).

1 QCNN-style models on MNIST: literature table

MNIST [1] is widely used in demonstrations of quantum and hybrid quantum–classical
image classifiers, including QCNN-inspired architectures. However, the literature is
highly heterogeneous in at least four respects: (i) binary vs multi-class tasks (often
with different label subsets), (ii) image resolution and preprocessing (downscaling,
PCA-based compression, handcrafted features), (iii) the training/evaluation protocol
(data splits, subset selection, number of epochs), and (iv) the readout model (infinite-
shot/statevector versus finite-shot sampling, and sometimes implicit assumptions
about state preparation). As a result, reported accuracies are rarely directly compara-
ble across papers. This is a general issue in quantum-machine-learning benchmarking,
where design choices and classical controls can affect conclusions [2].

In the main text (Sec. ??), MNIST is used in two fixed benchmark families: a
translated-MNIST regime where the classical convolutional and dense baselines are
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Work Task Input / preprocessing Reported accuracy
(%)

Mattern et al. [3] 10-class 14× 14 85–88
Huang et al. [4] 10-class 14× 14 96
Li et al. [5] Binary 4× 4 (label pairs) 99.80 (4 vs 5), 91.51 (3

vs 8)
Oh et al. [6] 10-class 10× 10 95
Huggins et al. [7] Binary 8× 8 95
Jing et al. [8] 10-class 10× 10 and 20× 20 94–95
Easom-McCaldin et
al. [9]

Binary 9× 9 100

Zheng et al. [10] Binary 8× 8 96.65
Hur et al. [11] Binary PCA to 16× 16 98.1
Huang et al. [12] Binary / 3-

class
8× 8 95.8 / 72.1

Li et al. [13] 10-class 32× 32 98.97
Wei et al. [14] 10-class 32× 32 96.3 and 74.3

This work 10-class full-MNIST, direct 16× 16
/ direct 32×32 preprocess-
ing

97.96 / 98.13 (both
exact-probability infer-
ence)

Notes: Accuracy values are reproduced from the cited papers, higher is better.
Table S1 Overview of representative QCNN-like MNIST results in the literature. Entries are
shown in the form reported by the corresponding references. Our main paper uses MNIST with a
fixed preprocessing and evaluation protocol and includes within-family matched controls (Sec. ??).

well separated, and a full-MNIST size sweep used for the main infinite-shot and finite-
shot PCS-QCNN analyses (Secs. ??–??).

Table S1 summarizes representative QCNN-like results on MNIST, together with
the corresponding task type and input resolution as reported by the authors.

2 Additional experiments and analyses

This section gives additional analyses for the main-text Results section (Sec. ??):
an encoder-scale brightness sensitivity sweep, an extended hyperparameter and
parameter-accounting report, a readout entropy diagnostic, a local readout-space
loss-landscape probe, and qualitative error analysis. These analyses document the sen-
sitivity of the FRQI angle map, training behavior, finite-shot sensitivity, and residual
error structure.

2.1 Hyperparameter sweep and parameter accounting

The experiments reported here use two sweep families. Figure ??(a) is a translated-
MNIST architecture sweep with digits resized to 16 × 16, placed on a 32 × 32 canvas,
translated by at most 8 pixels along each axis, evaluated with full readout, and trained
for 2000 epochs over 3 seeds, with Q ∈ {1, 2, 3, 4, 5} and nf ∈ {1, 2, 3}. Figure ??(b)
is a full-MNIST size sweep with full readout, Q = 1, nf = 3, 2000 training epochs,
and 3 seeds, across four preprocessing settings: direct 8 × 8, direct 16 × 16, centered
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Configuration Total qubits Quantum params Classifier params Readout shape Final mean acc. (%)

Q = 1, nf = 1 11 4 096 20 490 32× 32× 2 51.29
Q = 1, nf = 2 12 16 384 40 970 32× 32× 4 62.50
Q = 1, nf = 3 13 65 536 81 930 32× 32× 8 66.36
Q = 2, nf = 1 11 8 192 5 130 16× 16× 2 59.02
Q = 2, nf = 2 12 32 768 10 250 16× 16× 4 76.00
Q = 2, nf = 3 13 131 072 20 490 16× 16× 8 76.85
Q = 3, nf = 1 11 9 216 1 290 8× 8× 2 65.02
Q = 3, nf = 2 12 36 864 2 570 8× 8× 4 75.89
Q = 3, nf = 3 13 147 456 5 130 8× 8× 8 79.15
Q = 4, nf = 1 11 9 472 330 4× 4× 2 62.63
Q = 4, nf = 2 12 37 888 650 4× 4× 4 74.44
Q = 4, nf = 3 13 151 552 1 290 4× 4× 8 73.79
Q = 5, nf = 1 11 9 536 90 2× 2× 2 60.46
Q = 5, nf = 2 12 38 144 170 2× 2× 4 70.25
Q = 5, nf = 3 13 152 576 330 2× 2× 8 67.96

Notes: This table corresponds to the translated-MNIST architecture sweep in Fig. ??(a). All runs use a 32 × 32 canvas with digits resized to
16× 16 and translated by at most 8 pixels per axis. The accuracy column reports the final mean test accuracy over 3 seeds from the runs used
for the figure; small differences among high-performing rows should not be interpreted as a statistically resolved ranking.
Table S2 Exact parameter accounting for the PCS-QCNN architecture sweep in Fig. ??(a).

28 × 28 in a 32 × 32 canvas, and direct 32 × 32. The follow-up reference model reused
in Figs. ??, ??, and Supplemental Figs. S4, S5, and S6 is the medium-resolution direct
16 × 16 member of this full-MNIST size sweep.

For square canvas size 2nidx and full readout, the total logical qubit count is ntot =
2nidx + nf (Eq. (??)). After Q− 1 pooling steps per axis, the remaining active index
width is nl = nidx −Q+ 1, so the classifier sees nmeas = 2nl + nf effective measured
qubits (Eq. (??)) and input dimension Dout = 2nmeas (Eq. (??)). Because the classifier
is a single biased linear layer, its parameter count is exactly 10Dout+10. The quantum
parameter counts follow directly from the model definition in the main text. Tables S2
and S3 summarize these exact counts and final mean accuracies for the reported
sweeps; the full accuracy trajectories are shown in Figs. ??(a,b).

The translated-MNIST architecture sweep shows that intermediate depths and
wider feature registers can improve performance, with the largest displayed mean at
Q = 3, nf = 3; with only three seeds and no uncertainty column in the table, this
should be read as a descriptive sweep result rather than a resolved architecture ranking.
The full-MNIST size sweep likewise depends on image resolution: direct 8×8 gives the
lowest final mean (93.21%), the larger three preprocessing choices span 97.96–98.13%,
and the direct 32 × 32 model attains the highest final mean in the displayed sweep
(98.13%).

2.1.1 Preprocessing convention for encoder inputs.

For reproducibility, let xu,v ∈ [0, 1] denote the preprocessed grayscale intensity at pixel
(u, v) after resizing, optional canvas placement, and normalization. The encoder maps
it to an angle

pu,v = a+ (b− a)xu,v.
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Preprocessing Total qubits Quantum params Classifier params Readout shape Final mean acc. (%)

direct 8× 8 9 4 096 5 130 8× 8× 8 93.21
direct 16× 16 11 16 384 20 490 16× 16× 8 97.96
28× 28 on 32× 32 13 65 536 81 930 32× 32× 8 97.96
direct 32× 32 13 65 536 81 930 32× 32× 8 98.13

Notes: This table corresponds to the full-MNIST size sweep in Fig. ??(b), which fixes Q = 1 and nf = 3 and varies only the preprocessing choice.
The 28 × 28-on-32 × 32 and direct-32 × 32 rows share the same quantum and classifier dimensions because both use a 32 × 32 quantum canvas;
they differ only in image preprocessing before encoding, with no random translations in either case. The accuracy column reports the final mean
test accuracy over 3 seeds from the runs used for the figure.
Table S3 Exact parameter accounting for the PCS-QCNN size sweep in Fig. ??(b).

For the PCS-QCNN experiments reported in the paper, (a, b) = (0, π). Thus xu,v is the
direct input to the brightness map in Eq. (??). For nf > 1, the auxiliary feature qubits

are initialized in |0⟩⊗(nf−1)
, so the local feature-register state is |0⟩⊗(nf−1) ⊗ |ϕu,v⟩

with the grayscale/color state on the least-significant feature qubit. In the numerical
protocol used here, the global 1/

√
NxNy prefactor from Eq. (??) is omitted during

state initialization; measurement compensates for this by dividing the final marginal
by the corresponding overall spatial normalization factor.

2.1.2 Block parameterization in the benchmark model.

In the benchmark model, each mode-wise feature-register block U
(ℓ)
kx,ky

(m) is parame-

terized as a general U(2nf ) unitary via the full Pauli-basis exponential (Eq. (??) in the
main text, Sec. ??). Concretely, this includes the all-identity Pauli string and yields
4nf real parameters per Fourier mode (and, for ℓ ≥ 2, per selected condition branch),
and the full multiplexer B(ℓ) is applied as an explicit block-diagonal unitary in the
Fourier basis. The identity coefficient is retained because block-local phases become
relative phases between Fourier modes or pooling branches in the full multiplexer. For
simulation, we treat this multiplexer as a single explicit block-diagonal unitary map.
Hardware compilation cost is discussed in Sec. 7.1.

2.1.3 Numerical realization.

The reported training and evaluation use dense-tensor statevector simulation rather
than a gate-by-gate hardware emulation. The PCS-QCNN evolution, including Fourier
transforms, multiplexers, marginal measurement, and finite-shot sampling, is evaluated
directly on the full state tensor. This choice isolates the architectural questions studied
in the paper from compilation overhead and hardware noise.

2.2 Brightness-range sensitivity sweep for encoder scaling

Besides the main translated-MNIST architecture sweep and the full-MNIST size sweep,
we ran a separate low-data sensitivity sweep for the encoder angle scale. The article-
wide convention (a, b) = (0, π) was chosen a priori as a one-period real FRQI color-map
convention and was not selected by optimizing this sweep. The sweep is included as
a post-hoc sanity check of sensitivity to the upper endpoint b, not as a validation
procedure for tuning the reported benchmark models. No reported benchmark setting,
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Fig. S1 Brightness-range sensitivity sweep for the FRQI encoder scale. Panels show accuracy at
epochs 150 and 300 as a function of the upper endpoint b/π in the map p = a+ (b− a)x with fixed
lower endpoint a = 0. The article-wide benchmark convention (a, b) = (0, π) was fixed independently
of this sweep. Each curve corresponds to one architecture (Q,nf ) ∈ {1, 2} × {1, 2}; lines show the
mean over 3 seeds and shaded bands show the seedwise minimum–maximum range.

architecture choice, or quoted main-result accuracy is selected using the accuracy
values in this sweep.

The sweep uses translated-MNIST with 20 training examples per class, while keep-
ing the standard test split membership unchanged. Both train and test images are
resized to 28×28, placed on a 32×32 canvas, and translated by independently sampled
integer offsets of at most 2 pixels per axis. For each independent run, the prepared
images are fixed and reused for all epochs and evaluations. The PCS-QCNN is eval-
uated with full readout for 300 training epochs, train/test batch sizes 256/1600, and
3 seeds. We evaluate PCS-QCNN architectures with feature-qubit counts nf ∈ {1, 2}
and quantum depths Q ∈ {1, 2}. For each architecture we keep the lower endpoint
fixed at a = 0 and vary the upper endpoint as b = βπ with

β ∈
{

2

25
,

4

25
, . . . ,

48

25

}
,

that is, 24 evenly spaced interior points spanning the open interval (0, 2π). Accuracy
is recorded at epochs 150 and 300, corresponding to the two panels in Fig. S1. For
each architecture and each value of β, the line shows the mean over seeds and the
band shows the seedwise minimum–maximum range.

The sweep is a post-hoc sensitivity check around the fixed [0, π] one-period con-
vention for the local real FRQI color map; it does not imply that longer intervals are
strictly redundant for the full coherent image state. With

|ϕ(p)⟩ = sin(p) |0⟩ + cos(p) |1⟩ ,

one has |ϕ(p+ π)⟩ = − |ϕ(p)⟩, so the isolated one-qubit ray is revisited after a shift
by π. In the FRQI image superposition, however, address-dependent sign changes
are relative phases across address components and can affect subsequent QFT/PCS
layers. The brightness sweep is therefore reported as a robustness/sensitivity diagnos-
tic only. All reported benchmark families fix the encoder interval to (a, b) = (0, π)
independently of this sweep.
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Fig. S2 Classical reference architectures used in Fig. ??(a). The same 32 × 32 input models are
used for the translated benchmark in the main text and for the full-MNIST control in Sec. 2.4. (a)
Convolutional CNN baseline with 47,034 trainable parameters. (b) Pure-dense MLP control with
47,947 trainable parameters.

2.3 Classical baseline architectures for benchmark comparisons

The classical reference models used in Fig. ??(a) are specified here for reproducibility
(main-text Secs. ?? and ??).

For the CNN baseline (Fig. S2(a)), the input is a 32×32 grayscale canvas produced
by the shared preprocessing protocol. In Fig. ??(a), this architecture is evaluated on
the translated benchmark with 16×16 digits placed on a 32×32 canvas, and the same
network is also used for the full-MNIST control without translations. The network
applies

Conv(1→16, 3 × 3) → ReLU → Conv(16→32, 3 × 3) → ReLU → AvgPool(2 × 2)

followed by

Conv(32→48, 3 × 3) → ReLU → Conv(48→64, 3 × 3) → ReLU → AvgPool(2 × 2)

and finally AdaptiveAvgPool(1×1) → Dropout(0.10) → Linear(64 → 10). This model
has 47,034 trainable parameters.

For the MLP baseline (Fig. S2(b)), the same 32 × 32 input is flattened to length
1024 and passed through

Linear(1024 → 29) → GELU → Dropout(0.10) → Linear(29 → 116) → GELU → Dropout(0.10)

followed by

Linear(116 → 116) → GELU → Dropout(0.10) → Linear(116 → 10).

For 32 × 32 inputs this model has 47,947 trainable parameters.
For comparison, the fixed translated-MNIST PCS-QCNN and the matched

random-basis control in Fig. ??(b) both use Q = 3, nf = 2, full readout on the same
translated benchmark with 16× 16 digits placed on a 32× 32 canvas, and 39,434 total
trainable parameters (36,864 in the quantum core and 2,570 in the classifier head).
This random-basis control is a non-PCS symmetry-breaking ablation of the Fourier
construction, not an explicitly QCS-equivariant or MERA-style baseline.
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Fig. S3 Classical CNN and MLP controls on the full standard MNIST split resized directly to
32 × 32 without translations. The architectures are exactly those specified in Fig. S2; only the data
regime changes. Solid lines show mean test accuracy, train curves show mean train accuracy, and
shaded bands show the 25th–75th percentile range over 3 seeds. The gap is much smaller than on
the translated benchmark, which illustrates why non-translated MNIST alone is a less stringent
benchmark for testing convolutional inductive bias.

2.4 Full-MNIST classical control without translations

The same CNN and MLP baselines were also evaluated on the full standard MNIST
split (60,000 training images and 10,000 test images) after resizing each digit directly
to a 32 × 32 grayscale image, with no canvas translation. The model architectures
were kept identical to those specified in Sec. 2.3, so the comparison changes only the
data regime and not the parameter budget. Training followed the same fixed-baseline
protocol as the main-text classical comparison except for the training horizon: three
random seeds, 1000 epochs, train/test accuracy tracked through time, and the same
percentile-band summary convention as in Fig. ??(a).

Figure S3 shows that on this non-translated full-MNIST task the convolutional
and dense baselines remain much closer than on translated-MNIST, with final mean
test accuracies of 99.15% and 96.74%, respectively. This control is the reason the
main text uses the translated benchmark with 16 × 16 digits on a 32 × 32 canvas
when discussing convolution-sensitive inductive bias: removing translations makes the
classical gap much less informative.

2.5 Readout entropy diagnostic

The main text reports initialization-time quantum-gradient diagnostics in Fig. ??, dis-
tinguishing the norm of the empirical-loss gradient from the per-sample RMS gradient
norm. The readout entropy diagnostic below checks how finite-shot sampling changes
the classifier input. Figure S4 shows the Shannon entropy of the full readout distribu-
tion under finite-shot reevaluation for the representative direct-16 × 16 reference run
after epochs 100, 200, . . . , 2000 and shot budgets 128, 256, 512, 1024, and 2048; each
curve reports the mean over test samples and the shaded band shows the interquar-
tile range. The lower entropy at smaller shot budgets is partly expected for a simple
combinatorial reason: an N -shot histogram can have at most N nonzero outcomes.
Within that limitation, the entropy increases moderately during training, indicating
that sampled readouts spread over more outcomes instead of collapsing onto a small
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Fig. S4 Mean Shannon entropy of the full readout distribution versus training epoch for the rep-
resentative direct-16 × 16 reference run after epochs 100, 200, . . . , 2000 and finite-shot budgets 128,
256, 512, 1024, and 2048; shaded bands show the interquartile range over test samples.

subset. Thus, finite-shot readout can distort the effective classifier input even when
the exact-probability model has a stable gradient signal.

2.6 Geometric interpretation: local loss landscape in readout
space

The loss-landscape diagnostic probes the classical head under finite-shot perturbations
expected from the multinomial readout model. Figure S5 uses the representative direct-
16 × 16 full-MNIST reference PCS-QCNN after 100 and 800 training epochs, shot
budget N = 128, and an 81×81 grid of coordinates (α, β) ∈ [−3, 3]× [−3, 3]. For each
test sample x with label y, let p(x) denote the exact infinite-shot readout distribution
produced by the trained quantum part, and let h denote the fixed trained classical
head mapping readout vectors to class logits. We define the sample-local multinomial
covariance

Cx =
diag(p(x)) − p(x)p(x)⊤

N
, N = 128,

take its two leading eigenpairs (λ1(x), e1(x)) and (λ2(x), e2(x)), and form the two local
perturbation directions

ux =
√
λ1(x) e1(x), vx =

√
λ2(x) e2(x).

These directions define local sigma coordinates in readout-probability space for that
sample. At each grid point (α, β), we perturb the exact readout as

qx(α, β) = p(x) + αux + βvx.

No renormalization is applied. A sample contributes to a grid cell only when every
component of qx(α, β) is nonnegative and

∑
j qx,j(α, β) ≤ 1+10−5. Writing Vα,β ⊆ T
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Fig. S5 Readout-space loss landscape for the representative direct-16 × 16 reference PCS-QCNN
after (a) 100 and (b) 800 training epochs. Each test sample is perturbed in its own two-dimensional
local shot-noise PCA basis, the resulting cross-entropy is averaged over valid test samples on an
81 × 81 grid covering [−3, 3]2 in sigma units for N = 128 shots, and cells with valid fraction below
0.10 are shown in white. Each panel has its own colorbar.

for the subset of test samples satisfying this validity condition at grid point (α, β), the
plotted quantities are

L(α, β) =
1

|Vα,β |
∑

(x,y)∈Vα,β

ℓ(h(qx(α, β)) , y) , fvalid(α, β) =
|Vα,β |
|T | ,

where ℓ is the usual cross-entropy and T is the full test set. At (α, β) = (0, 0), no
perturbation is applied, so qx(0, 0) = p(x) and the heatmap value equals the exact
infinite-shot mean test loss of that trained model. White cells indicate grid points with
fvalid(α, β) < 0.10, i.e. fewer than 10% of test samples yield valid perturbed readouts
there.

For the model trained for 100 epochs (Fig. S5(a)), the loss rises relatively gradually
away from the exact solution over most of the region that remains well defined. After
800 epochs (Fig. S5(b)), the center value is lower, reflecting the lower exact infinite-
shot test loss, but the local increase away from the center is steeper and higher losses
are reached within only a few shot-noise standard deviations. Because each panel is
rendered with its own colorbar, this comparison should be based on the numeric scales
and the local rise away from the center rather than on hue alone. In this empirical
sense, the 800-epoch model is locally sharper in readout space along typical finite-shot
perturbation directions than the 100-epoch model. This local sharpening is consistent
with the observed need, in this run, for shot budgets on the order of 103 to reliably
preserve the gains of longer exact-probability training.

2.7 Qualitative error structure

Figure S6 reports the remaining classification errors for the representative final direct-
16× 16 full-MNIST reference model after 2000 training epochs (confusion matrix and
examples of misclassified digits). These errors are not dominated by a single failure
mode; rather, they reflect the expected ambiguity between visually similar digits after
aggressive downscaling to a 16 × 16 quantum input.
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Fig. S6 Qualitative error analysis for the representative final direct-16×16 full-MNIST PCS-QCNN
after 2000 training epochs. (a) Confusion matrix (rows: true labels, columns: predicted labels); darker
cells indicate higher counts. (b) Examples of misclassified MNIST digits with predicted labels shown
in the lower-left corner and true labels in the lower-right corner of each image.

3 Classical convolution primer

The main text (Sec. ??) states the key symmetry fact (convolution as commutation
with translations) and the Fourier diagonalization template [15, 16]. A slightly more
detailed classical discussion is reproduced here.

Beyond this algebraic characterization, two recent theory papers are directly rel-
evant to our benchmarking logic. Li et al. [17] exhibit settings where convolutional
architectures can be learned with fewer samples than parameter-matched fully con-
nected models under standard symmetry-preserving optimization assumptions. Lahoti
et al. [18] further separate the roles of locality and weight sharing (CNNs vs. locally
connected neural networks (LCNs) vs. fully connected neural networks (FCNs)),
showing that these architectural priors can produce clear sample-complexity gaps on
translation-related tasks. The operational consequence is direct: exposing the effect of
inductive bias requires a reduced-data regime in which this bias is visible. Accordingly,
the main text uses an explicit translated-MNIST benchmark (1000 training examples
per class, with digits resized to 16× 16, placed on a 32× 32 canvas, and translated by
at most 8 pixels per axis; Sec. ??) in addition to the full-MNIST size sweep.

3.1 Classical convolution and translation symmetry

A classical feedforward network is a composition of layers of the form z = f(Ax),
where A is a linear operator and f is a non-linear activation. In many spatial problems,
the same local pattern is applied at every position: each output feature at location k
depends on inputs in the same relative way at any location.

In one dimension this leads to the familiar convolutional form

yk =

N−1∑

n=0

ak−n xn,
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where indices are taken modulo N . Define the circular shift operators Tk by

(Tkx)j = xj−k, k ∈ Z,

with indices modulo N . A matrix A is circulant if and only if it commutes with all
shifts,

TkA = ATk ∀k.
In that case, multiplication by A is exactly a circular convolution, y = a⋆x. Enforcing
this commutation relation at the architectural level is what weight sharing means in
classical CNNs, and it reduces the number of degrees of freedom from N2 (dense) to
N (circulant), producing the classical convolutional inductive bias.

In practical models one works with multiple channels. Then each scalar coefficient
becomes a linear map on the channel space and the input/output acquire a channel
index:

(Az)k,j =

N−1∑

n=0

∑

l

ak−n,j,l zn,l.

For images the spatial grid is two- (or three-) dimensional. In two dimensions, with
translation symmetry along each axis, the shifts act separately on each coordinate.
For an input zn1,n2 we write

(Tk ⊗ I) zn1,n2 = zn1−k,n2 , (I ⊗ Tk) zn1,n2 = zn1,n2−k.

A two-dimensional convolution layer commutes with all translations Tx ⊗ Ty and has
the standard form

(Az)x,y,j =

N−1∑

n=0

M−1∑

m=0

∑

l

ax−n,y−m,j,l zn,m,l. (S1)

A key structural fact is that circulant (and block-circulant) operators are diagonal
in the Fourier basis. Let FN be the discrete Fourier transform,

(FNx)k =
1√
N

N−1∑

n=0

xnω
kn, ω = e−2πi/N . (S2)

In two dimensions, (FN ⊗ FM )†A(FN ⊗ FM ) becomes block-diagonal, with blocks
acting on channels:

(Âẑ)p1,p2,j =
∑

l

âp1,p2,j,l ẑp1,p2,l. (S3)

This Fourier characterization is the classical template we will mirror in the quantum
construction.
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4 Proofs of the QCS–PCS mismatch and
Fourier-multiplexer theorem

This section gives complete proofs of the two structural statements used in the main
text: Lemma ??, which separates qubit cyclic shifts (QCS) from pixel cyclic shifts
(PCS) under address encoding, and Theorem ??, which identifies the unitary com-
mutant of PCS with a Fourier-mode multiplexer. We use the notation of main-text
Sec. ??.

Lemma S1 (Detailed form of the QCS–PCS mismatch). For pixel-to-qubit encodings,
a cyclic translation of pixels can be represented by a cyclic permutation of physical
qubits, up to the convention for shift direction. For address/amplitude encodings with
a nontrivial index register, the pixel cyclic shift is the modular-addition operator

T |j⟩ = |j + 1 mod N⟩ , N = 2n,

on the computational basis of the index register. This operator is not a cyclic permu-
tation of the physical qubits of that register. Consequently, QCS-equivariance does not
in general imply PCS-equivariance.

Proof In a pixel-to-qubit encoding, the computational tensor factors are indexed by pixels.
If a basis state is written as

|q0⟩ |q1⟩ · · · |qN−1⟩ ,
then a one-pixel cyclic translation sends the value stored at each pixel to the neighboring
pixel. As an operator on the encoded qubits this is precisely a cyclic permutation of tensor
factors, either S or S−1 depending on whether the spatial shift is taken to the left or to the
right. Thus, in this encoding family, QCS can coincide with the pixel translation symmetry.

For address/amplitude encodings, the spatial coordinate is not a tensor-factor label but
the binary value of the index register. The pixel shift is therefore modular addition on the
computational basis:

T |j⟩ = |j + 1 mod N⟩ .
Every permutation of physical qubits leaves the all-zero basis state fixed:

Π |0⟩⊗n = |0⟩⊗n

for any qubit permutation Π. For N > 1, however,

T |0⟩⊗n = |1⟩ ̸= |0⟩⊗n .

Here |1⟩ denotes the integer-one address state on the n-qubit index register. Hence the
address-encoded PCS operator T is not equal to any qubit permutation, and in particular it
is not equal to a cyclic qubit shift.

It remains to show that commutation with a qubit cyclic shift need not imply commuta-
tion with T . For n ≥ 2, take U = S, where S is the cyclic permutation of the n index qubits.
Then U commutes with S trivially, but S and T do not commute:

ST |0⟩⊗n = S |1⟩ ̸= |1⟩ = TS |0⟩⊗n .

For the one-qubit case, S = I while T = X, so any unitary such as Z commutes with S but
not with T . Thus QCS-equivariance alone does not enforce PCS-equivariance under address
encoding. □

12



Theorem S1 (Detailed form of the Fourier-multiplexer characterization). Let T be
the cyclic shift on an index register Hidx

∼= CN , and let Hfeat be an arbitrary finite-
dimensional feature space. A unitary U on Hidx ⊗Hfeat commutes with T ⊗ I if and
only if

U = (F †
N ⊗ I)

(
N−1⊕

k=0

Uk

)
(FN ⊗ I),

where FN is the N -point Fourier transform on the index register and each Uk is a
unitary on Hfeat. In two and three spatial dimensions, the same statement holds with
tensor-product Fourier transforms and with blocks indexed by the corresponding tuple
of Fourier modes.

Proof We first prove the one-dimensional statement. Let

FN |j⟩ = 1√
N

N−1∑
k=0

ωkj
N |k⟩ , ωN = e−2πi/N .

With the shift convention T |j⟩ = |j + 1 mod N⟩, direct substitution gives

FNTF
†
N = Ω :=

N−1∑
k=0

ωk
N |k⟩ ⟨k| .

Define
B := (FN ⊗ I)U(F †

N ⊗ I).

Then
[U, T ⊗ I] = 0 ⇐⇒ [B,Ω⊗ I] = 0.

The eigenvalues ωk
N of Ω are all distinct. Therefore each Fourier-mode projector Pk = |k⟩ ⟨k|

is a polynomial in Ω, explicitly

Pk =
∏
r ̸=k

Ω− ωr
N I

ωk
N − ωr

N

.

If B commutes with Ω⊗ I, it commutes with every Pk ⊗ I. Hence B preserves each subspace
|k⟩ ⊗ Hfeat, and its off-diagonal Fourier-mode blocks vanish:

(Pk ⊗ I)B(Pl ⊗ I) = 0 (k ̸= l).

Thus

B =

N−1∑
k=0

(Pk ⊗ I)B(Pk ⊗ I) =

N−1⊕
k=0

Uk,

where
Uk = (⟨k| ⊗ I)B (|k⟩ ⊗ I)

acts on Hfeat. Because B is unitary and block diagonal, each block Uk is unitary. Conjugating
back by FN ⊗ I gives the claimed Fourier-multiplexer form.

Conversely, if

B =

N−1⊕
k=0

Uk

in the Fourier basis, then B is block diagonal with respect to the eigenspaces of Ω ⊗ I. It
therefore commutes with Ω⊗ I, and the conjugated unitary

U = (F †
N ⊗ I)B(FN ⊗ I)

13



commutes with T ⊗ I.
The multidimensional case is the simultaneous version of the same argument. In two

dimensions, set F = FNx
⊗ FNy

and

B = (F ⊗ I)U(F † ⊗ I).

Commutation with Tx ⊗ I and Ty ⊗ I is equivalent to commutation of B with

Ωx ⊗ I and Ωy ⊗ I,

where

Ωx =
∑
kx,ky

ωkx

Nx
|kx, ky⟩ ⟨kx, ky| , Ωy =

∑
kx,ky

ω
ky

Ny
|kx, ky⟩ ⟨kx, ky| .

Here ωM = e−2πi/M . The joint spectral projector onto a fixed pair (kx, ky) is the product
of the one-dimensional spectral projectors for Ωx and Ωy. Therefore B commutes with every
joint projector if and only if it is block diagonal over the joint Fourier modes:

B =

Nx−1⊕
kx=0

Ny−1⊕
ky=0

Ukx,ky
.

Unitarity of B again implies unitarity of all feature-space blocks. The converse is immedi-
ate because such a block-diagonal B commutes with both diagonal translation operators.
The three-dimensional statement follows by adding the third commuting generator and the
corresponding joint spectral projectors. □

The proof shows a slightly stronger algebraic fact: the same block-diagonal charac-
terization holds for arbitrary linear maps in the commutant of the translation action.
Restricting to unitary maps simply restricts the Fourier-mode blocks to be unitary.

5 MERA-QCNN templates and QCS equivariance

The main text (Sec. ??) uses MERA-QCNN as a representative example of a common
QCNN design pattern that enforces cyclic-shift symmetry on physical qubits (QCS).
The longer discussion is included here.

5.1 MERA-QCNN as a QCS-equivariant architecture

Figure ??(a) shows a MERA-inspired QCNN, originally proposed in Ref. [19] and
used in several subsequent works. The architecture consists of repeated local unitaries
arranged in a multiscale pattern, interleaved with pooling that reduces the number
of active qubits, typically implemented by measurements followed by classically con-
trolled operations (or, equivalently, by postponing measurement and replacing it by
controlled gates due to standard circuit identities [20]).

The essential structural ingredient is weight sharing along a line of qubits, but
full one-site QCS equivariance also requires the layout itself to respect the cyclic
action. Many MERA/QCNN templates can be made QCS-equivariant by imposing
cyclic weight sharing together with periodic boundary conditions, a periodic or sym-
metrized placement pattern containing the full cyclic orbit of each local block, and
pooling/readout rules compatible with the same qubit permutation. Without these
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B
f U1 U2 U3 U4

x1 • •
y1 • •

B =




|00⟩ |01⟩ |10⟩ |11⟩
U1 0 0 0
0 U2 0 0
0 0 U3 0
0 0 0 U4




Fig. S7 Decomposition of a block-diagonal multiplexer B into controlled operations Ui on the feature
qubits. The example uses a 2× 2 image (one qubit in each of the x and y registers) for clarity.

additional choices, a standard brickwork layout generally commutes only with the sub-
group preserved by its tiling and pooling pattern, rather than with the full cyclic shift
S. In our terminology, circuits satisfying this commutation property are QCS-QCNNs.
As Lemma ?? emphasizes, this is well matched to pixel-to-qubit encodings, but it does
not in general enforce the translation action T induced by address encoding, which is
the setting of interest here.

6 Multiplexer and Fourier-junction realization

Two circuit-level points are useful for the implementation discussion: (i) how a block-
diagonal multiplexer B can be decomposed into controlled operations, and (ii) how the
inverse Fourier transform at the end of one layer and the forward Fourier transform
at the start of the next layer collapse across pooling boundaries.

6.1 Fourier cancellation at the interface of PCS-QCNN layers

Figure ?? shows that consecutive PCS layers contain adjacent inverse and forward
Fourier transforms on the index registers. In our architecture the pooling step is imple-
mented after the inverse QFT of a layer: in the computational index basis we split
the fine index as r = 2q + s, measure the parity bit s, discard it, and use the out-
come to classically condition the parameters of the next layer. After previous pooling
steps, the active index is already the corresponding coarse coordinate; the next pool-
ing step again measures the least significant bit of this current active computational
index. Equivalently, successive pooling steps remove the original computational-index
bits from least to most significant order. The next-layer QFT FN/2 acts only on the
surviving coarse index q. In the reduced Fourier-domain representation this spatial-
parity pooling appears as an aliasing operation on Fourier modes: the same coarse
Fourier label q receives contributions from the pair k = q and k = q+N/2. As a result,
the only nontrivial Fourier junction between two consecutive PCS layers reduces to
a simple isometry on the remaining index qubits, which can be implemented without
explicit forward or inverse QFT blocks.

Lemma S2 (Reduction of the Fourier junction). Let N = 2n and let the pooling
projection in the computational index basis be

Pb :=

N/2−1∑

q=0

|q⟩ ⟨2q + b| : CN → CN/2,
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where b ∈ {0, 1} is the measured parity bit in the split r = 2q+b. On the Fourier-input
side, introduce the alias-ordering isomorphism

AN : CN/2 ⊗ C2 → CN , AN |q⟩ |σ⟩ = |q + σN/2⟩ ,

so that σ distinguishes the two Fourier modes that alias to the same coarse label q.
For b ∈ {0, 1} define the postselected junction map

Kb := FN/2 Pb F
†
N : CN → CN/2. (S4)

Then
KbAN = G b (I ⊗ ⟨b|H), (S5)

where H is the Hadamard acting on the Fourier alias selector σ, G b means I for b = 0
and G for b = 1, and G is the diagonal phase-gradient operator on the remaining
(n− 1)-qubit register defined by

G |q⟩ = e+2πi q/N |q⟩ . (S6)

Equivalently, for |ψ⟩ =
∑N−1

k=0 αk |k⟩ one has

Kb |ψ⟩ =
1√
2

N/2−1∑

q=0

e+2πi qb/N
(
αq + (−1)bαq+N/2

)
|q⟩ . (S7)

Proof Let ω = e−2πi/N , so that

F †
N |k⟩ = 1√

N

N−1∑
r=0

ω−kr |r⟩ .

With the decomposition r = 2q + s (so |r⟩ ≡ |q⟩ |s⟩) we have

PbF
†
N |k⟩ = 1√

N

N/2−1∑
q=0

ω−k(2q+b) |q⟩ = ω−kb

√
N

N/2−1∑
q=0

ω−2kq |q⟩ .

Applying FN/2 and using ωN/2 = e−2πi/(N/2) = ω2 gives, for each output basis state |p⟩,

⟨p|Kb |k⟩ =
1√

N(N/2)
ω−kb

N/2−1∑
q=0

ω2(p−k)q.

The inner sum is a geometric series. Since ω2(p−k) is an (N/2)-th root of unity, it evaluates to

N/2−1∑
q=0

ω2(p−k)q =
N

2
δp, k mod (N/2).

Hence

⟨p|Kb |k⟩ =
1√
2
ω−kb δp, k mod (N/2).
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Writing k = q + σN
2 with σ ∈ {0, 1} and q ∈ {0, . . . , N/2− 1}, we obtain

Kb |q⟩ =
1√
2
ω−qb |q⟩ , Kb |q +N/2⟩ = 1√

2
ω−(q+N/2)b |q⟩ = (−1)b√

2
ω−qb |q⟩ .

By linearity, for |ψ⟩ =
∑

k αk |k⟩ this yields (S7), since ω−qb = e+2πiqb/N . Finally, (S5)
follows in the alias ordering AN |q⟩ |σ⟩ = |q + σN/2⟩: (I ⊗ ⟨b|H) produces the factor (αq +

(−1)bαq+N/2)/
√
2 on each |q⟩, while Gb contributes the phase e+2πiqb/N from (S6). □

Lemma S3 (Circuit implementation of the reduced junction). Let q =
∑n−2

j=0 qj2
j

be the binary expansion of the (n − 1)-qubit index. Then the phase-gradient operator
(S6) can be implemented (up to a global phase) as a tensor product of single-qubit
Z-rotations:

G ≡
n−2⊗

j=0

R(j)
z

(
+

π

2n−1−j

)
, (S8)

where R
(j)
z (·) acts on qubit j of the (n − 1)-qubit index register. Consequently, the

reduced junction is implemented in the Fourier alias ordering by: (i) apply H to the
alias selector σ in k = q + σN/2, (ii) measure it obtaining the same branch label b,
and (iii) conditionally on b = 1 apply the gates from (S8) to the remaining (n − 1)
index qubits (do nothing if b = 0), i.e., implement Gb with G0 = I and G1 = G.

Proof For N = 2n and q =
∑n−2

j=0 qj2
j ,

e+2πiq/N =

n−2∏
j=0

e+iπqj/2
n−1−j

.

The single-qubit gate Rz(θ) = exp(−iθZ/2) is diagonal and acts as |0⟩ 7→ e−iθ/2 |0⟩, |1⟩ 7→
e+iθ/2 |1⟩. Therefore, on a computational basis state |q⟩ =

⊗n−2
j=0

∣∣qj〉,n−2⊗
j=0

Rz(θj)

 |q⟩ =

n−2⊗
j=0

e−iθj/2

n−2∏
j=0

e+iθjqj

 |q⟩ .

Choosing θj = +π/2n−1−j yields the q-dependent factor
∏

j e
+iπqj/2

n−1−j

= e+2πiq/N .
The remaining prefactor is independent of q, hence it is a global phase. □

The same construction extends directly to two dimensions. In the 2D architec-
ture (registers Reg x and Reg y), spatial-parity pooling on the two registers produces

outcomes (bx, by), and the reduced Fourier junction factorizes as K
(x)
bx

⊗ K
(y)
by

with
N 7→ Nx and N 7→ Ny in Lemmas S2-S3. Thus the interface of two consecutive layers
can be implemented by two Hadamards, two measurements, and two independent con-
ditional phase-gradient blocks on the remaining index qubits, all in the corresponding
Fourier alias orderings.

The hybrid PCS-QCNN has the following canonical form after Fourier cancellation,
in notation consistent with main-text Sec. ??. Lemmas S2-S3 imply that the inverse
Fourier transform at the end of one layer and the forward Fourier transform at the
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· · ·

F †
N

FN/2|q1⟩

|q0⟩

|s⟩

=

Rz

(
+ π

2 ···
)

Rz

(
+ π

2n−2

)

Rz

(
+ π

2n−1

)

H

Fig. S8 Reduction of the Fourier junction between two adjacent PCS-QCNN layers. Left: the original

junction FN/2 Ms F
†
N , where Ms measures the spatial parity bit in the split r = 2q + s. Right: the

reduced implementation from Lemma S3: in the Fourier alias split k = q+σN/2, apply H and measure
σ, then conditionally (for outcome b = 1) apply the single-qubit Z-rotations on the q-register.

start of the next layer can be replaced by a fixed junction map, so trainable parameters
remain only inside layer multiplexer blocks.

We describe the 2D specialization (d = 2) with registers Reg x and Reg y. Let nidx

be the number of index qubits per axis before the first layer, and let Q be the number
of quantum layers. At layer ℓ ∈ {1, . . . , Q}, the number of active index qubits per axis
is nℓ = nidx − ℓ + 1. For ℓ < Q, pooling measures one qubit per axis and produces

mℓ = (b
(ℓ)
x , b

(ℓ)
y ) ∈ {0, 1}2.

After cancellation of intermediate Fourier transforms, the only parameterized
operations are the multiplexer blocks

B(ℓ)(mℓ−1) =

2nℓ−1⊕

kx=0

2nℓ−1⊕

ky=0

V
(ℓ)
kx,ky

(mℓ−1),

with m0 = 0 and V
(ℓ)
kx,ky

(mℓ−1) ∈ U(Df ) acting on the feature register. The inter-
layer junction is fixed and parameter-free: it is implemented by local Hadamards,
measurement of pooling qubits, and conditional phase-gradient gates (Lemmas S2-S3).

Equivalently, the same architecture can be written in layer form as

U (ℓ)(mℓ−1) = (F (ℓ)† ⊗ I)B(ℓ)(mℓ−1) (F (ℓ) ⊗ I),

which is exactly Eq. (??) in main-text Sec. ??. The full measured-and-controlled
process defines the output distribution pΘ(z | x) from main-text Eq. (??).

The gradient-accounting discussion below uses the following fact: all trainable
parameters are inside B(ℓ), while inter-layer junction maps are fixed. This separation
is used in Sec. 8.

7 Idealized benchmark model and resource scaling

The resource scaling summarized in main-text Sec. ?? should be read together with
the main modeling caveat: the reported PCS-QCNN is an idealized symmetry bench-
mark model. It uses direct state initialization, dense-tensor statevector evolution, and
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explicit block-diagonal application of fully general Fourier multiplexers. The follow-
ing discussion gives qubit, depth, and shot-cost accounting for moving such a model
toward hardware, where state preparation and multiplexer compilation become central
costs.

7.1 Complexity analysis

In the NISQ regime it is important to keep both qubit requirements and circuit depth
in view. We begin with the qubit count. For an N ×N image with N = 2nidx , address
encoding uses two index registers with nidx = log2N qubits each. In addition, we use
a feature register of size nf qubits, with the grayscale/color qubit included in nf by
convention. Thus

ntot = 2nidx + nf = 2 log2N + nf . (S9)

In the reported 16×16 benchmark, nidx = 4 and nf ∈ {1, 2, 3}, hence ntot ∈ {9, 10, 11}.
The key point for circuit depth is that trainable and compiled operations are not

the same thing. After cancellation of intermediate Fourier transforms (Sec. 6.1), the
trainable operations are precisely the multiplexer blocks B(ℓ). However, on hardware
one still has to implement the Fourier transforms and compile the multiplexers into
one- and two-qubit gates. The Fourier-transform contribution is modest at the reported
image sizes. For an n-qubit QFT, the standard circuit uses n Hadamards and n(n−1)/2
controlled-phase gates (plus optional swaps), hence gate count O(n2) and depth O(n2)
without additional parallelization [20–22]. In PCS-QCNN, QFT acts separately on the
x and y registers, so at nx and ny qubits per axis this yields a per-layer overhead on
the order of O(n2x+n2y) two-qubit entangling gates. For our 16×16 case (nx = ny = 4),
this cost is small compared to the multiplexer compilation below.

The multiplexer synthesis is the main depth bottleneck. In the Fourier basis, a
PCS layer applies a mode-wise block-diagonal unitary of the form

B(ℓ)(m) =
∑

kx,ky

|kx, ky⟩⟨kx, ky| ⊗ U
(ℓ)
kx,ky

(m), (S10)

where each block U
(ℓ)
kx,ky

(m) acts on the nf feature qubits. This is a multi-target

quantum multiplexer: a uniformly controlled U(2nf ) gate with nc = nx + ny control
qubits. General decompositions of uniformly controlled gates scale exponentially in

nc in the worst case: one needs O(2nc) controlled blocks, and if each U
(ℓ)
kx,ky

(m) is

treated as a generic U(2nf ) unitary, the total two-qubit gate count is O(2nc 4nf ) up
to architecture-dependent constants [23, 24]. In our benchmark, nc = 8 and nf ≤ 3,
so this worst-case compilation cost is still moderate, but it grows quickly with image
resolution.

This hardware compilation cost is not paid in the statevector experiments. In our
classical simulations we apply each B(ℓ) directly as a block-diagonal unitary map. This
benchmark evaluates the PCS-aligned inductive bias under within-family controls:
the PCS-QCNN and RBC-QCNN have identical parameter counts, while the classical
CNN and MLP controls are closely parameter-matched. Hardware-oriented variants

would likely restrict U
(ℓ)
kx,ky

(m) (e.g., shallow local ansatzes on the feature register
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and/or parameter sharing across modes) to reduce depth while preserving exact PCS
equivariance at the unitary-block level.

Finally, finite-shot readout introduces a separate resource cost. The measurement
cost is proportional to the shot budget Nshot required to estimate the readout dis-
tribution pΘ(· | x) with the desired accuracy. This dependence is intrinsic: in hybrid
quantum-classical learning, measurement precision is a computational resource and
must be treated as part of the model design.

8 Gradient-accounting derivation

The elementary accounting estimate used in Sec. ?? is derived here. The estimate
concerns the mean per-coordinate second moment. The key point is that, in the
depth-scaling family, the aggregate gradient-energy bound grows at most linearly
in Q, whereas the fully general Fourier multiplexer has exponentially many scalar
coordinates.

8.1 PCS-QCNN family and parameter count

We work with an index register consisting of d spatial axes. Each axis initially has nidx

qubits. A depth-Q PCS-QCNN pools after the first Q− 1 layers, each time measuring
and discarding one computational-index qubit per axis. After pooling, the remaining
index register has

nl := nidx −Q+ 1 (S11)

qubits per axis, hence

Didx := 2dnl . (S12)

The feature register has nf qubits and dimension

Df := 2nf . (S13)

The final measurement is performed on the remaining index qubits and the feature
register, so

Dout := DidxDf . (S14)

In the depth-scaling family used in the main text,

nl, d, Df , M are fixed, nidx = nl +Q− 1. (S15)

Thus the readout dimension remains fixed as Q increases.
At layer ℓ ∈ {1, . . . , Q}, the active index width per axis is

nℓ = nidx − ℓ+ 1 = nl +Q− ℓ, (S16)

and the active index dimension is

Nℓ = 2dnℓ . (S17)
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Let F (ℓ) denote the d-fold QFT on the active index register at layer ℓ. The branch
label available to layer ℓ is drawn from

Mℓ :=

{
{0}, ℓ = 1,

{0, 1}d, ℓ ≥ 2,
(S18)

where the singleton label for ℓ = 1 represents the absence of a previous pooling
outcome. This is the benchmark convention: later multiplexers are conditioned on the
most recently pooled d-bit outcome, not on the full measurement history.

The Fourier multiplexer at layer ℓ is

B(ℓ)(mℓ−1) :=
∑

k∈[Nℓ]

|k⟩⟨k| ⊗ V
(ℓ)
k (mℓ−1), (S19)

where each block V
(ℓ)
k (mℓ−1) ∈ U(Df ) acts only on the feature register. The PCS-

equivariant unitary block is

U (ℓ)(mℓ−1) :=
(
F (ℓ)† ⊗ I

)
B(ℓ)(mℓ−1)

(
F (ℓ) ⊗ I

)
. (S20)

For ℓ < Q, this unitary is followed by parity pooling on the computational index
register; the final layer is followed by measurement of the remaining index and feature
registers. The full measurement-and-feedforward process defines

pΘ(z | x), z ∈ [Dout], (S21)

where Θ denotes all quantum parameters.
The classical head is a linear map followed by a softmax,

q(x) = softmax
(
WpΘ(· | x) + b

)
∈ ∆M . (S22)

The unitary PCS blocks are exactly equivariant on their active index registers. Pooling
yields a multiscale/coarse equivariance structure rather than exact one-pixel equivari-
ance of the complete readout/classifier pipeline. This unconstrained linear head is not
symmetry-tied across readout coordinates, so exact PCS equivariance is a property of
the unitary quantum convolutional blocks rather than of the full classifier output. In
the reported classifier, translation invariance of the final labels is learned from data
rather than imposed exactly. For label c ∈ {1, . . . ,M} the loss is

L(Θ,W, b | x, c) := − log qc. (S23)

The same notation applies to a minibatch or empirical-risk loss by replacing L with
the corresponding average.

For a dataset or minibatch D = {(xi, ci)}Ni=1, define the single-sample quantum
gradients

gi := ∇ΘL(Θ,W, b | xi, ci). (S24)
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The gradient used by a first-order optimizer for the averaged loss is

GD := ∇Θ
1

N

N∑

i=1

L(Θ,W, b | xi, ci) =
1

N

N∑

i=1

gi. (S25)

By contrast, the per-sample RMS diagnostic is

R2
D :=

1

N

N∑

i=1

∥gi∥22. (S26)

These are not interchangeable plateau diagnostics. Taking expectation over random
initialization,

E∥GD∥22 =
1

N2

N∑

i=1

E∥gi∥22 +
1

N2

∑

i ̸=j

E⟨gi, gj⟩. (S27)

Thus R2
D measures the diagonal, single-sample contribution, whereas ∥GD∥22 also

includes cross-sample alignment or cancellation. For optimization of the empirical risk,
∥GD∥2 is the directly relevant norm; RD is a diagnostic for whether individual samples
still carry gradient signal.

For the full Pauli-exponential ansatz used in the benchmark, each feature block has

pblk = 4nf (S28)

real scalar parameters. The number of quantum-core parameters is

PQ = pblk

Q∑

ℓ=1

|Mℓ|Nℓ = pblk

Q∑

ℓ=1

bℓ 2d(nl+Q−ℓ), b1 = 1, bℓ = 2d (ℓ ≥ 2). (S29)

In particular,

PQ ≥ pblk 2d(nl+Q−1). (S30)

For completeness, for Q ≥ 2 the exact closed form is

PQ = pblk

[
2d(nl+Q−1) + 2d 2dnl

2d(Q−1) − 1

2d − 1

]
, (S31)

so PQ = Θ(2dQ) at fixed nl, d, nf .

8.2 Aggregate gradient-energy estimate

The benchmark initialization samples every quantum Pauli coefficient independently
as

θ
(ℓ)
k,m,α ∼ Unif(0, 2π). (S32)
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Independently, the classical head uses fan-in uniform initialization. For head input
dimension Dout, this means

Waz ∼ Unif
(
−D−1/2

out , D
−1/2
out

)
, ba ∼ Unif

(
−D−1/2

out , D
−1/2
out

)
, a ∈ [M ], z ∈ [Dout],

(S33)
independently over all entries. Because Dout is fixed in Eq. (S15), this head distribution
is the same for every depth Q. The uniform quantum initialization fixes the experi-
mental protocol, while the bounds below are deterministic in the quantum parameters
and use only independence from the head.

Lemma S4 (Softmax-head gradient bound). Let

q = softmax(Wp+ b) ∈ ∆M , L(p, c) = − log qc.

Then

∥∇pL(p, c)∥22 ≤ 2∥W∥2op. (S34)

Proof The standard cross-entropy/softmax derivative gives

∇pL =W⊤(q − ec).

Since q ∈ ∆M , one has ∥q − ec∥22 ≤ 2, and the claim follows. □

Lemma S5 (Fan-in uniform linear-softmax head: directional second-moment bound).
Assume the fan-in uniform head initialization (S33), with L = Dout. Fix p ∈ ∆L, a
label c ∈ [M ], and a deterministic vector v ∈ RL. Then

EW,b

[〈
W⊤(softmax(Wp+ b) − ec), v

〉2 | p
]
≤ 2M

3
∥v∥22. (S35)

Proof Set q = softmax(Wp+ b) and r = q − ec. For every realization of W, b, ∥r∥22 ≤ 2, and
therefore 〈

W⊤r, v
〉2

≤ ∥W⊤r∥22∥v∥22 ≤ 2∥W∥2op∥v∥22 ≤ 2∥W∥2F ∥v∥22.

Under (S33), each weight has variance 1/(3L), so

E∥W∥2F =ML
1

3L
=
M

3
.

Taking expectation gives (S35). □

Lemma S6 (Bounded tangents of Pauli-exponential blocks). Let

U(θ) = exp


i

∑

α∈Pnf

θαPα


 ,
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where Pnf
is the full Pauli-string basis, including the all-identity string. For each

coordinate θα there exists an operator Kα(θ) such that

∂θαU(θ) = Kα(θ)U(θ), ∥Kα(θ)∥ ≤ 1. (S36)

Proof Write A(θ) =
∑

β θβPβ . The derivative of the matrix exponential is

∂θαU(θ) = i

∫ 1

0
ei(1−s)A(θ)Pαe

isA(θ) ds.

Each integrand has operator norm ∥Pα∥ = 1, hence ∥∂θαU(θ)∥ ≤ 1. Taking Kα(θ) =

(∂θαU(θ))U(θ)† gives (S36). □

Lemma S7 (Layer sensitivity-energy accounting). Fix an input x, all model param-

eters, and a layer ℓ. For each coordinate θ
(ℓ)
k,α(m) in that layer, let

s
(ℓ)
k,m,α(x) := ∂

θ
(ℓ)
k,α(m)

pΘ(· | x) ∈ RDout .

Then ∑

m∈Mℓ

∑

k∈[Nℓ]

∑

α∈Pnf

∥s(ℓ)k,m,α(x)∥22 ≤ 4pblk. (S37)

Proof Use the deferred-measurement dilation of the pooling process. For fixed ℓ, write the
final measured state as

|Ψ(θ)⟩ = UΘ(θ)

(
|ψ(x)⟩ ⊗ |0⟩rec

)
,

and write the final readout probabilities as

pΘ(z | x) = ⟨Ψ|Πz |Ψ⟩ ,
where the orthogonal projectors {Πz} include the marginalization over deferred condition
registers. For one coordinate, let Ψ̇ denote the derivative of |Ψ(θ)⟩ with respect to that
coordinate. Then

∂θpΘ(z | x) = 2Re
〈
Ψ̇
∣∣∣Πz |Ψ⟩ ,

and orthogonality of the projectors gives

∥∂θpΘ(· | x)∥22 ≤ 4∥Ψ̇∥22.
It remains to sum ∥Ψ̇∥22 over the coordinates in layer ℓ. Immediately before the layer-ℓ

multiplexer, let |Φ⟩ be the normalized dilated state, including the deferred record register.
For branch label m and Fourier mode k, the derivative of the selected block has the form

KαV
(ℓ)
k (m) with ∥Kα∥ ≤ 1 by Lemma S6. Thus, for an isometry W representing the rest of

the circuit,

Ψ̇ = W
(
Πm ⊗ |k⟩⟨k| ⊗KαV

(ℓ)
k (m)⊗ I

)
|Φ⟩ ,

where Πm is the projector onto the relevant deferred pooling record (with the singleton
branch at ℓ = 1). Therefore

∥Ψ̇∥22 ≤ ∥(Πm ⊗ |k⟩⟨k| ⊗ I) |Φ⟩ ∥22.
For each fixed α, the projectors over (m, k) are mutually orthogonal and sum to at most the
identity, so the sum of the right-hand side over (m, k) is at most 1. Summing over the pblk
Pauli coordinates gives (S37). □
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To combine the two sensitivity estimates, consider first a single sample and condi-
tion on the quantum parameters, so the readout vector p = pΘ(· | x) and all sensitivity
vectors

s
(ℓ)
k,m,α(x) = ∂

θ
(ℓ)
k,α(m)

pΘ(· | x)

are fixed. The chain rule gives

∂
θ
(ℓ)
k,α(m)

L =
〈
W⊤(softmax(Wp+ b) − ec), s

(ℓ)
k,m,α(x)

〉
.

By Lemma S5,

EW,b

[(
∂
θ
(ℓ)
k,α(m)

L
)2

| Θ

]
≤ 2M

3
∥s(ℓ)k,m,α(x)∥22.

Summing over all coordinates in one layer and applying Lemma S7 gives

EW,b


 ∑

m,k,α

(
∂
θ
(ℓ)
k,α(m)

L
)2

| Θ


 ≤ 8M

3
pblk.

Summing over Q layers and then taking expectation over any independent quantum
initialization gives

E∥∇ΘQ
L(ΘQ,W, b)∥22 ≤ 8M

3
pblkQ. (S38)

For a minibatch or empirical-risk average, the quantum gradient is the corresponding
average of the single-sample gradients, and convexity of the squared norm gives the
same bound after averaging over samples.

Finally, let GQ = ∇ΘQ
L(ΘQ,W, b). Dividing (S38) by the deterministic parameter-

count lower bound (S30) yields the main-text accounting estimate

E
[

1

PQ
∥GQ∥22

]
≤ 8MQ

3 2d(nl+Q−1)
. (S39)

For M = 10, the numerator constant is 80Q/3. This is the parameter-count effect
discussed in the main text. The aggregate norm E∥GQ∥22 and the layerwise coordinates
relevant to a particular optimizer or dataset are separate trainability quantities. The
main text therefore reports both the empirical-loss gradient norm and the per-sample
RMS gradient norm directly.
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