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Abstract

This Supplementary Information collects the full proofs of the results stated in
the main text, together with the detailed derivations for the normal and Cauchy
location models and the proof of the general ECF/score-weight equivalence.
Equation, theorem, and lemma numbers refer to the main manuscript.
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1 Supplementary Note: Full proofs of results in the
main text

This note gives the proofs deferred from the main text. Each proof restates, in its
heading, the result it establishes; numbering follows the main manuscript.
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Proof of Proposition 4.11

Proof By Theorem 4.7, the joint density of (Zi, δi) factorises as f(z, δ; θ∗, p) = θ∗e
−θ∗z ·

pδ(1− p)1−δ, where θ∗ = (β +1)θ and p = 1/(1 + β). The map (θ, β) 7→ (θ∗, p) is a bijection
on (0,∞)× (0,∞) → (0,∞)× (0, 1). In the new parametrisation the log-likelihood separates
as lnL(θ∗, p) = ℓ1(θ∗) + ℓ2(p), where

ℓ1(θ∗) = n ln θ∗ − θ∗ nZ̄,

ℓ2(p) = nδ̄ ln p+ n(1− δ̄) ln(1− p).

Since ℓ1 and ℓ2 involve disjoint parameters, each is maximised independently. ℓ′1(θ∗) = n/θ∗−
nZ̄ = 0 gives θ̂∗ = 1/Z̄ (maximum: ℓ′′1 = −n/θ2∗ < 0). ℓ′2(p) = nδ̄/p−n(1−δ̄)/(1−p) = 0 gives
p̂ = δ̄ (maximum: ℓ′′2 < 0). Back-transforming: β̂ = 1/p̂− 1 = 1/δ̄ − 1 and θ̂ = p̂ · θ̂∗ = δ̄/Z̄.

Note on the original parametrisation. In (θ, β) coordinates the two score equations
∂ lnL/∂θ = 0 and ∂ lnL/∂β = 0 both reduce to θ = δ̄/[(β + 1)Z̄] and are thus linearly
dependent; the system is underdetermined in (θ, β). The reparametrisation (θ∗, p) resolves
this degeneracy. □

Proof of Lemma 2.1

Proof The sum Sn =
∑

Zi ∼ Γ(n, λ) with density λnzn−1e−λz/Γ(n), z > 0. Since Z̄ =
Sn/n:

E[1/Z̄] = nE[1/Sn] =
nλn

Γ(n)

∫ ∞

0
zn−2e−λz dz =

nλn

Γ(n)
· Γ(n− 1)

λn−1
=

nλ

n− 1
.

Similarly, for n ≥ 3: E[1/Z̄2] = n2λnΓ(n− 2)/[Γ(n)λn−2] = n2λ2/[(n− 1)(n− 2)]. For n = 2
the integral

∫∞
0 z−1e−λz dz diverges at 0+. □

Proof of Lemma 2.2

Proof For z > 0 and the event {δi = 1} = {Xi ≤ Yi}, with Xi ∼ Exp(θ) and Yi ∼ Exp(βθ)
independent:

Pr(δi = 1, Zi > z) = Pr(Xi ≤ Yi, Xi > z) =

∫ ∞

z
θe−θx

∫ ∞

x
βθe−βθy dy dx

=

∫ ∞

z
θe−θx · e−βθx dx = θ

∫ ∞

z
e−(β+1)θx dx =

e−θ∗z

1 + β
.

The marginals are Pr(δi = 1) = 1/(1+β) and Pr(Zi > z) = e−θ∗z (since Zi = min(Xi, Yi) ∼
Exp(θ∗)). Therefore Pr(δi = 1, Zi > z) = Pr(δi = 1)Pr(Zi > z) for all z > 0, which proves
δi ⊥ Zi (Kalbfleisch and Prentice 2002, Theorem 2.1). □

Proof of Lemma 2.3

Proof Since X1, Y1, . . . , Xn, Yn are mutually independent, δi = 1[Xi ≤ Yi] is a function of
(Xi, Yi) alone and Zj = min(Xj , Yj) of (Xj , Yj) alone. Hence δi ⊥ Zj for all i, j: for i ̸= j
this is immediate from the independence of distinct pairs, and for i = j it is Lemma 2.2.
Consequently the σ-fields σ(δ1, . . . , δn) and σ(Z1, . . . , Zn) are independent, and any Borel
function of the first vector is independent of any Borel function of the second. Taking the
two sample means gives δ̄ ⊥ Z̄. □
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Proof of Theorem 2.5

Proof By Lemma 2.3, δ̄ ⊥ Z̄, hence also δ̄ ⊥ 1/Z̄ (as 1/Z̄ = g(Z̄) for the continuous function
g(v) = 1/v; a Borel function of an independent random variable is independent of the other):

E[θ̂] = E[δ̄] · E[1/Z̄]. (1)

We have E[δ̄] = 1/(1 + β) = θ/θ∗ and, by Lemma 2.1 with λ = θ∗, E[1/Z̄] = nθ∗/(n − 1).
Hence E[θ̂] = (θ/θ∗) · nθ∗/(n− 1) = nθ/(n− 1), proving (a).

For (b), independence gives Var[θ̂] = E[δ̄2]E[1/Z̄2]− (E[θ̂])2. Computing:

E[δ̄2] = 1

n(1 + β)
+

n− 1

n(1 + β)2
=

θ

nθ∗
+

(n− 1)θ2

nθ2∗
,

E[1/Z̄2] =
n2θ2∗

(n− 1)(n− 2)
(n ≥ 3).

Substituting and simplifying (bringing all terms to denominator (n− 1)2(n− 2): nθθ∗/[(n−
1)(n − 2)] = n(β + 1)θ2/[(n − 1)(n − 2)], which splits as nβθ2/[(n − 1)(n − 2)] + nθ2/[(n −
1)(n− 2)]; n2θ2/[n(n− 2)]− n2θ2/(n− 1)2 = nθ2[(n− 1)2 − n(n− 2)]/[n(n− 2)(n− 1)2] =
nθ2/[(n−2)(n−1)2]; and nθ2/[(n−1)(n−2)]+nθ2/[(n−2)(n−1)2] = nθ2n/[(n−1)2(n−2)] =
n2θ2/[(n− 1)2(n− 2)]):

Var[θ̂] =

(
θ

nθ∗
+

(n− 1)θ2

nθ2∗

)
n2θ2∗

(n− 1)(n− 2)
− n2θ2

(n− 1)2

=
nθθ∗

(n− 1)(n− 2)
+

n2θ2

n(n− 2)
− n2θ2

(n− 1)2

=
nβθ2

(n− 1)(n− 2)
+

n2θ2

(n− 1)2(n− 2)
,

where the last step uses nθθ∗/[(n − 1)(n − 2)] = n(β + 1)θ2/[(n − 1)(n − 2)] = nβθ2/[(n −
1)(n−2)]+nθ2/[(n−1)(n−2)] and nθ2/[(n−1)(n−2)]+nθ2/[(n−2)(n−1)2] = n2θ2/[(n−
1)2(n − 2)]. This proves (3). As n → ∞, expanding both terms of (3) to leading order,
n2θ2/[(n− 1)2(n− 2)] ∼ θ2/n and nβθ2/[(n− 1)(n− 2)] ∼ βθ2/n, so Var[θ̂] ∼ (β + 1)θ2/n,
exactly the asymptotic variance of Theorem 2.9 and the reciprocal Fisher information [I−1]11
of Lemma 2.12; the exact finite-sample formula and the first-order asymptotic theory agree,
as they must. Since Var[θ̂] → 0, Chebyshev’s inequality with the full form P(|θ̂ − θ| ≥ ε) ≤
[Var[θ̂] + (E[θ̂]− θ)2]/ε2 → 0 gives (c). □

Proof of Theorem 2.9

Proof Let Ui = (δi, Zi)
⊤ with mean µ = (p, µZ)

⊤, p = 1/(1 + β), µZ = 1/θ∗. Note that
Zi = min(Xi, Yi) > 0 a.s. (since Xi, Yi are exponentially distributed), so Z̄ > 0 a.s. and
g(u, v) = u/v is well-defined on the range of (δ̄, Z̄). The covariance matrix ΣU = Cov(U1)
is finite since E[δ21 ] = p < ∞ (δ1 Bernoulli) and E[Z2

1 ] = 2/θ2∗ < ∞ (Z1 exponential with

θ∗ = (β + 1)θ < ∞). By the SLLN, (δ̄, Z̄)
a.s.−−−→ (p, µZ). By the CLT for i.i.d. vectors,√

n(Ū −µ)⇝ N(0,ΣU ). Since δ1 ⊥ Z1 (Theorem 4.7), Cov(δ1, Z1) = E[δ1Z1]−E[δ1]E[Z1] =
0, giving

ΣU =

(
p(1− p) 0

0 θ−2
∗

)
.

The function g(u, v) = u/v is continuously differentiable on R × (0,∞), hence in a neigh-
bourhood of (p, µZ) since µZ = 1/θ∗ > 0. By the delta method,

√
n(g(Ū) − g(µ)) ⇝

N(0,∇g⊤ΣU∇g), with gradient at (p, µZ):∇g = (µ−1
Z ,−pµ−2

Z )⊤ = (θ∗,−pθ2∗)
⊤. Computing:

σ2 = ∇g⊤ΣU∇g = θ2∗p(1− p) + p2θ4∗ · θ−2
∗ = θ2∗p[(1− p) + p] = θ2∗p = θθ∗.

□
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Proof of Theorem 2.16

Proof (a) Let Ui = (δi, Z
γ
i )

⊤. Since Zγ
i ∼ Exp(θγ(β + 1)) and δi ⊥ Zγ

i (Theorem 4.7 with

universal independence applied to Wi = Zγ
i ), E[Ui] = (p, 1/(θγ(β + 1)))⊤. By the SLLN,

(δ̄, Zγ)
a.s.−−−→ (p, p/θγ). By the continuous mapping theorem, θ̂W = (δ̄/Zγ)1/γ

a.s.−−−→ θ.
(b) Note Zγ

i ∼ Exp(λ) with λ = θγ(1 + β), so Var(Zγ
i ) = 1/λ2. The covariance matrix

of Ui is ΣU = diag(p(1 − p), p2/θ2γ) (zero off-diagonal by independence). Apply the delta

method to g(u, v) = (u/v)1/γ :

∇g
∣∣
(p, p/θγ)

=

(
θ

γp
, −θγ+1

γp

)⊤
.

Computing σ2
W = ∇g⊤ΣU∇g:

σ2
W =

θ2

γ2p2
· p(1− p) +

θ2γ+2

γ2p2
· p2

θ2γ
=

θ2(1− p)

γ2p
+

θ2

γ2
=

θ2

γ2p
=

(β + 1)θ2

γ2
.

(c) We compute the Fisher information matrix of (θ, β) explicitly and invert it.
Reparametrise through ϕ = θγ . Under the exponential PHM in the variable Wi = Zγ

i with
rate ϕ, Lemma 2.12 gives the information matrix of (ϕ, β),

I(ϕ,β) =
(

1/ϕ2 1/[ϕ(β + 1)]
1/[ϕ(β + 1)] 1/[β(β + 1)]

)
.

The map (θ, β) 7→ (ϕ, β) = (θγ , β) has Jacobian J = diag(γθγ−1, 1), and the information
matrix transforms as I(θ,β) = J⊤I(ϕ,β)J . Writing ϕ = θγ and simplifying,

I(θ,β) =
(

γ2θ2γ−2/ϕ2 γθγ−1/[ϕ(β + 1)]

γθγ−1/[ϕ(β + 1)] 1/[β(β + 1)]

)
=

(
γ2/θ2 γ/[θ(β + 1)]

γ/[θ(β + 1)] 1/[β(β + 1)]

)
.

Its determinant is det I(θ,β) = γ2/[θ2β(β + 1)2], so

[I−1
(θ,β)]11 =

I22
det I(θ,β)

=
1/[β(β + 1)]

γ2/[θ2β(β + 1)2]
=

(β + 1)θ2

γ2
.

Hence the Cramér–Rao bound for θ is (β+1)θ2/(γ2n) = σ2
W /n, which the estimator attains

by part (b). □

Proof of Lemma 2.12

Proof I11 = E[s2θ] = 1/θ2 (verified in Section 2.3).
I22 = E[s2β ]. Since δ ⊥ Z: E[s2β ] = E[(1− δ)2]/β2 − 2θE[(1− δ)]E[Z]/β + θ2E[Z2]. Using

E[(1−δ)2] = E[1−δ] = β/(β+1) (Bernoulli), E[Z] = 1/θ∗, E[Z2] = 2/θ2∗, and θ/θ∗ = 1/(β+1):

I22 =
β/(β + 1)

β2
− 2β

(β + 1)β(β + 1)
+

2

(β + 1)2
=

1

β(β + 1)
.

I12 = E[sθ sβ ]. Since E[sθ] = 0 and δ ⊥ Z:

I12 = E
[
(1/θ − (β + 1)Z) (1− δ)/β

]
− θE

[
(1/θ − (β + 1)Z)Z

]
= E[sθ]︸ ︷︷ ︸

0

·E[1− δ]

β
− θ

(E[Z]

θ
− (β + 1)E[Z2]

)
= −θ

( 1

θθ∗
− (β + 1) · 2

θ2∗

)
= − 1

θ∗
+

2θ∗
θ2∗

=
1

θ∗
=

1

θ(β + 1)
.

We stress that I12 is the expectation of the entire product sθsβ . The contribution E[(β +

1)Z · θZ] = θ(β + 1)E[Z2] = 2/θ∗ is only one of the four terms in the expansion; the term
−θE[Z]/θ = −1/θ∗ (from E[sθ] = 0 applied after expansion) reduces it to 1/θ∗. Retaining
only the Z2 term would give the incorrect value 2/θ∗. The determinant follows by direct
calculation. □
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2 Supplementary Note: Normal-model derivations

This appendix contains the elementary derivations for the three normal models referred
to in Remark 4.6 (N(θ, 1), N(0, θ2), and N(θ1, θ

2
2)). All results are standard and are

included for completeness and self-containedness only.

Model N(θ, 1)

Score: ∂ ln f/∂θ = x−θ. Using (15)–(16): ωθ(t) = i δ′(t)−θ δ(t). Substituting into (12)

and applying (P4) with φ̂′
n(0) = iX̄, φ′

θ(0) = iθ: (X̄ − θ) = 0, giving θ̂ = X̄. Fisher
information I(θ) = 1; CR bound 1/n = Var[X̄], so the estimator is efficient.

Model N(0, θ2)

Score: ∂ ln f/∂θ = −1/θ + x2/θ3. Using (15) and (17): ωθ(t) = −θ−1δ(t) − θ−3δ′′(t).

Applying (P1) and (P4): θ−3(X2 − θ2) = 0, giving θ̂2 = X2. I(θ) = 2/θ2; CR bound
for τ(θ) = θ2 is 2θ4/n; Var[X2] = (3θ4 − θ4)/n = 2θ4/n. Efficient.

Model N(θ1, θ
2
2)

For θ1: same as N(θ, 1) up to the factor θ−2
2 , giving θ̂1 = X̄.

For θ2: score −1/θ2 + (x− θ1)
2/θ32. Expanding (x− θ1)

2 and applying (15)–(17):

ωθ2(t) = −θ−3
2 δ′′(t)− 2iθ1θ

−3
2 δ′(t) + (θ21 − θ22)θ

−3
2 δ(t).

Substituting into (12) and using θ̂1 = X̄: θ̂22 = X2 − X̄2.

I11 = θ−2
2 , I22 = 2θ−2

2 , I12 = 0. θ̂1 = X̄ is efficient. S2 = n
n−1 (X

2 − X̄2) is

UMVUE by the Lehmann–Scheffé theorem (Borovkov 1984) and satisfies Var[S2] =
2θ42/(n− 1) > 2θ42/n, so the CR bound 2θ42/n is not attained at finite n. The equality
condition in the CR inequality (Borovkov 1984, Th. 2.5.1) requires the score ∂ ln f/∂θ22
to be affine in T a.s.; this fails because (n − 1)S2/θ22 ∼ χ2

n−1 is based on deviations
from the estimated mean X̄, not the true θ1.

3 Supplementary Note: Cauchy location family
derivations

This appendix collects the derivations for the Cauchy example of Section 4.4: the
weight function (25), the reduction of the estimating equation to (26), the Fisher
information, and the verification of the regularity conditions (C1)–(C4) of Lemma 4.14.

Finite-sample comparison with maximum likelihood.
Table 1 makes the comparison a fair one, as the reviewer rightly demands. When

maximum likelihood is computed globally—by enumerating every root of the likelihood
equation and retaining the one of largest likelihood—its RMSE is indistinguishable
from that of the ECF estimator at every sample size (e.g. 0.339 versus 0.339 at n =
20), and both sit at the Cramér–Rao limit

√
2/n. This is as it must be: the ECF
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Table 1 Supplementary Table S1. Cauchy location model (θ = 0):
RMSE of the ECF estimator, of the global maximum-likelihood estimator
(all likelihood modes enumerated and the largest selected), and of ML with
three random restarts, together with the secondary-mode-capture rate of the
three-restart procedure. “CR SD” =

√
2/n is the asymptotic efficiency limit

for all three. Global-ML and three-restart figures are from the present
enumeration study (R = 5000 for n ≤ 100, R = 3000 for n = 500); Monte
Carlo standard errors of RMSE, RMSE/

√
2R, are at most 0.003 throughout.

“Multi-mode” is the fraction of replications where the three-restart ML
converged to a mode with |θ̂ML − θ̂ECF| > 0.5.

n CR SD ECF global ML ML (3 restarts) Multi-mode (%)

20 0.316 0.339 0.339 1.88 55.9
50 0.200 0.207 0.207 2.71 65.0

100 0.141 0.147 0.147 2.55 74.2
500 0.063 0.064 0.064 — —

estimating equation for the Cauchy location family is the likelihood score equation
(Lemma 4.14(C4)), so the two estimators share the same set of stationary points and,
once the global optimum is identified, the same value. The ECF estimator carries no
efficiency advantage over correctly computed maximum likelihood, and we claim none.

The difference the table records is therefore not one of statistical quality but of
numerical robustness of a default solver. A naive multi-start ML with a small, fixed
number of restarts is not guaranteed to locate the global optimum for the Cauchy
likelihood, whose expected number of local maxima grows with n (Barnett 1966; Reeds
1985); with three restarts it captures a secondary mode in a majority of replications at
these sample sizes, inflating its RMSE far above the CR limit. Increasing the restart
budget removes the effect—with enough restarts the multi-start RMSE returns to the
global-ML value—at a cost that grows linearly in the number of restarts and must
itself be tuned. The ECF estimating equation, by contrast, is solved by a single one-
dimensional root search over the enumerated sign changes of

∑
k(xk−θ)/[1+(xk−θ)2],

with no restart budget to choose. The practical advantage of the ECF route is thus
the absence of a multi-start heuristic and its tuning, not any superiority in estimation
error; the two procedures are statistically equivalent and differ only in the reliability
of the off-the-shelf optimiser.

Weight function

The function x 7→ 2x/(1 + x2) belongs to L2(R) (since 4x2/(1 + x2)2 ≤ 4/x2 is
integrable at ±∞) but not to L1(R) (since 2|x|/(1+x2) ∼ 2/|x| and

∫∞
1

2/x dx = ∞);
its Fourier transform is therefore taken in the L2 (Plancherel) sense. Let h(x) =

2/(1 + x2) ∈ L1(R); then ĥ(t) = 2πe−|t| (standard residue calculation (Rudin 1991,
Ch. 4)). Since 2x/(1 + x2) = x · h(x) ∈ L2(R), the L2 Fourier transform satisfies

x̂h(t) = i ĥ′(t) (valid because h ∈ L1 implies ĥ ∈ C∞, so i(ĥ)′ lies in L2 and the
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identity holds by differentiation under the L2-integral sign). Computing,

̂(
2x

1 + x2

)
(t) = i

d

dt

(
2πe−|t|) = −2πi sgn(t) e−|t|,

where d/dt[e−|t|] = − sgn(t)e−|t| holds in L1
loc (hence distributionally) since e−|t| is

absolutely continuous. Therefore

ωθ(t) =
1

2π
e−itθ (−2πi sgn t) e−|t| = e−itθ (−i sgn t) e−|t|,

which is (25), with |ωθ(t)| = e−|t| ∈ L1(R) ∩ L2(R).

Reduction of the estimating equation

Substituting ωθ into (12),∫ +∞

−∞
e−itθ(−i sgn t) e−|t|[φ̂n(t)− eitθ−|t|] dt = 0.

The model-CF term is
∫ +∞
−∞ (−i sgn t)e−2|t| dt, which vanishes by oddness:

∫ +∞

−∞
(−i sgn t) e−2|t| dt = −i

(∫ 0

−∞
(−1)e2t dt+

∫ ∞

0

e−2t dt

)
= −i

(
−1

2 + 1
2

)
= 0.

The remaining ECF term, after collecting the t < 0 and t > 0 contributions, is the
imaginary part in (26).

Fisher information

I(θ) =

∫ ∞

−∞

[∂θf(x; θ)]
2

f(x; θ)
dx =

4

π

∫ ∞

−∞

x2

(1 + x2)3
dx =

4

π
· π
8
=

1

2
,

where
∫∞
0
x2/(1 + x2)3 dx = B(3/2, 3/2)/2 = π/16 via x = tanu.

Regularity conditions

We verify conditions (C1)–(C4) for the weight ωθ(t) = (−i sgn t) e−|t|e−itθ of the
Cauchy location family.

(C1): |ωθ(t)| = e−|t|, which is in L1 ∩ L2.
(C2): The Cauchy characteristic function is injective in θ since ei(θ−θ′)t =

e−|t|[e|t|−1] · c(t) for θ ̸= θ′ cannot hold a.e.
(C3): Oddness of sgn(t)e−2|t| gives

∫
ωθ(t)e

itθ−|t| dt = 0. The derivative iden-
tity follows from −∂θ

∫
ωθφθ dt =

∫
|ωθ(t)|2 dt/ν for the score weight; more directly,

differentiating (12) at the true θ with respect to θ yields −Iω(θ) where Iω =∫
|ωθ(t)|2/sθ(t) ν(dt) is the information content of the weight; for the score weight this

equals I(θ) = 1/2 > 0.
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(C4): Compute ψ(x; θ) =
∫∞
0
e−t sin(t(x − θ)) dt by the standard Laplace trans-

form
∫∞
0
e−t sin(at) dt = a/(1 + a2), so ψ(x; θ) = (x − θ)/[1 + (x − θ)2]. This is the

Cauchy score (up to the factor π/2), which is bounded, continuously differentiable in
θ, and satisfies Eθ[ψ(X; θ)] = 0. van der Vaart (1998, Thm. 5.9) gives consistency and
Thm. 5.21 asymptotic normality with variance E[ψ2]/(E[∂θψ])2 = I(θ)−1 = 2. □

4 Supplementary Note: Proof of the score-weight
equivalence

We prove that, for the score weight ωθ(t) = limε↓0
1
2π

∫
S
s(x; θ) e−itx−εx2

dx,

∫ +∞

−∞
ωθ(t)

[
φ̂n(t)− φθ(t)

]
dt =

1

n

n∑
k=1

s(Xk; θ).

The point is to integrate over t before attempting to write ωθ(t) in closed form, so
that only the ordinary, full-line identity 1

2π

∫
R e

−it(x−y) dt = δ(x − y)—never a one-
sided transform of 1 or x—is used. For the ECF term, φ̂n(t) = n−1

∑
k e

itXk is a finite
sum, so exchanging it with the t-integral is immediate (linearity, no limiting argument
needed):∫

R
ωθ(t)φ̂n(t) dt =

1

n

n∑
k=1

∫
R
ωθ(t) e

itXk dt

=
1

n

n∑
k=1

∫
S

s(x; θ)
[

1
2π

∫
R
e−it(x−Xk) dt

]
dx =

1

n

n∑
k=1

s(Xk; θ),

the inner bracket being δ(x − Xk) and the sifting valid since Xk ∈ S almost surely.
For the model term, dominated convergence under Eθ|s(X; θ)| <∞ justifies the same
exchange, giving

∫
R ωθ(t)φθ(t) dt =

∫
S
s(x; θ)f(x; θ) dx = Eθ[s(X; θ)]. Subtracting

proves the identity; Eθ[s(X; θ)] = 0 by the standard score identity, giving the stated
form. □

A fully elementary check with no distributional language at all is available by regu-
larising with e−εx instead and evaluating both t-integrals by contour integration for
ε > 0, then letting ε → 0+; this is carried out explicitly for the exponential score in
Corollary 4.9 and re-verified numerically in the supplementary code.

Singular terms in the one-sided transform

A literal one-sided Fourier transform of the constant and linear functions on [0,∞) is
not a multiple of δ(t) and δ′(t): regularising

∫∞
0
e−itx−εx dx = 1/(ε + it) and letting

ε→ 0+ gives, by the Sokhotski–Plemelj formula, πδ(t)− iPV(1/t), and differentiating
introduces a further finite-part 1/t2 term. If one writes ωθ(t) down explicitly as a
distribution in t first, these extra singular terms are present and must be tracked.
Proposition 4.3 shows they never need to be tracked, because the estimating equation
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uses ωθ only inside the outer t-integral against φ̂n(t)−φθ(t); performing the x- and t-
integrations in the order used in the proof—data point (or density) first, delta-sifting
in t last—collapses the whole construction to the ordinary score equation, the extra
terms contributing nothing because they are never formed.

Contour-integration verification for the exponential model

Both terms of Proposition 4.3 may be verified for the exponential PHM by exact
contour integration of the ε-regularised integrand. Writing

ωε
θ(t) =

1

2π

[1
θ
· 1

ε+ it
− (β + 1) · 1

(ε+ it)2

]
for the regularised weight and closing the contour in the upper half-plane (where the
only pole of ωε

θ lies, at t = iε),∫
R
ωε
θ(t) e

itZk dt =
(

1
θ − (β + 1)Zk

)
e−εZk −−−−→

ε→0+

1
θ − (β + 1)Zk,

∫
R
ωε
θ(t)φθ(t) dt =

θ∗(ε− (β + 1)θ + θ∗)

θ(ε+ θ∗)2
−−−−→
ε→0+

θ∗ − (β + 1)θ

θ θ∗
= 0,

confirming (18) for this model term by term, with no principal-value or finite-part
contribution surviving.
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