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Degree heterogeneity, a hallmark of complex networks, reflects a universal structural principle

observed across diverse natural and technological systems. It is known to confer remarkable struc-

tural robustness against node or link removal, but does this pervasive feature also shape a system’s

dynamical functionality? To address this question, we use control theory to examine how degree

heterogeneity influences a network’s controllability profile. Previous work has shown that het-

erogeneous networks are generally difficult to control. Here, however, we demonstrate that this

conclusion depends critically on the control target. When the objective is to drive the system

toward an arbitrary dynamical state, heterogeneity indeed hinders controllability. Yet when the

target lies on one of the system’s natural attractors, the picture reverses and degree heterogeneity

becomes a facilitator of controllability. We interpret this as evidence that heterogeneity enhances

a system’s functional robustness, making the network selective: it resists being driven toward arbi-

trary states, while remaining highly responsive to signals that guide it toward its innate dynamical

attractors. Degree heterogeneity therefore emerges not only as a structural hallmark of complex

systems, but also as a dynamical design principle that balances stable functionality with external

controllability.

Complex networks – social, biological, and technological – often exhibit extreme levels of heterogeneity1. Many

display fat-tailed, often scale-free, degree distributions2,3, a phenomenon observed across diverse systems, in-

cluding metabolic networks4, gene regulation5, protein interactions6, communication systems7, social networks8,

financial systems9, and the brain10. It therefore represents a universal structural feature of networks, whose

emergence transcends the specific mechanisms of any particular domain11.

This prompts a fundamental question, why do networks trend toward such extreme heterogeneity? Is this merely

an empirical observation, or does this phenomenon offer unique functional advantages to a complex system?

Over the years, this question has been addressed from multiple perspectives. Early on, the Barabási-Albert model

proposed a universal mechanism for the emergence of scale-freeness2. Based on network growth and preferential

attachment, the model explained how degree heterogeneity arises and why it is so prevalent. However, it offered

little insight into the functional role of these exotic network structures. Such insights into the intrinsic advantages

of degree heterogeneity emerged soon after. Networks with a fat-tailed degree distribution were shown to be
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remarkably robust to random failures12–14. The hubs, although rare, help hold the network together, forming a

resilient backbone that enables the system to withstand substantial structural perturbations.

These observations concern the structural robustness of networks, but do not address their dynamical functionality.

Capturing functionality requires characterizing the network’s response to external inputs or perturbations15. Such

inputs, whether naturally occurring or artificially imposed, may steer the system between states, thereby altering

its function even when the underlying structure remains intact16,17. On this front, two established approaches

appear to yield contrasting conclusions. Structural controllability theory18–20 indicates that scale-free networks

are difficult to control, as they require a large number of driver nodes to steer the system between arbitrary

dynamical states. By contrast, targeting – the process of steering a system toward a desired trajectory – was

shown to benefit from network heterogeneity21. Here, we place these two results within a unified framework. We

show that they describe distinct control tasks, differentiated by the dynamical admissibility of the target state,

and that together they reveal a crucial advantage conferred by network heterogeneity.

The classical controllability framework focuses on driving a system between arbitrary dynamical states x(0) and

x(t). While this is a natural formulation for linear dynamics, it does not account for a defining feature of nonlinear

systems: their unforced dynamics support only a restricted repertoire of attractors and recurrent trajectories that

represent the system’s intrinsic modes of operation22–24. We therefore distinguish between arbitrary targets,

representing any possible configuration, and compatible targets, defined as states or trajectories supported by the

system’s unforced dynamics and robustly generated from a basin of initial conditions. Compatible targets are

thus part of the system’s ingrained dynamical repertoire and, as such, may exhibit a distinct control profile.

With this distinction in mind, we move beyond the classical controllability paradigm, which seeks full control

from any x(0) to any x(t), and partition control into two fundamentally different tasks according to the nature

of the target state x(t). Incompatible control seeks to push the system outside its natural dynamical repertoire,

effectively attempting to reprogram the network’s intrinsic functionality. Compatible control, corresponding to

targeting, instead steers the system toward states or trajectories supported by its intrinsic dynamics (Fig. 1).

We show that heterogeneous networks are indeed resistant to incompatible control, consistent with the predictions

of the classical control paradigm. At the same time, however, they are highly amenable to compatible control.

Hence, heterogeneous networks are selectively controllable: naturally inclined to return to their compatible states,

while strongly resistant to arbitrary states that venture outside their functional domain. By analyzing both the

size of the driver node set and the required control energy, we show that this selectivity increases systematically

with network heterogeneity.

Consequently, degree-heterogeneous networks are not only structurally robust, but also functionally robust –

exhibiting an intrinsic tendency to recover their designated functionality, alongside a marked resistance to being

driven away from it. This reveals a clear dynamical advantage rooted in degree heterogeneity, and suggests a

possible explanation for its widespread prevalence across diverse domains.

Results

Analysis framework. Consider a set V = {1, . . . , N} of components (nodes), linked through a complex network

Aij , with degree distribution P (k), average degree 〈k〉, and degree variance σ2
k. Each node i ∈ V is characterized

by a d-dimensional dynamical state xi(t) ∈ R
d. Hence, the network state is captured by the N × d dimensional

x(t) = (x1(t), . . . ,xN (t))>.

The states x(t) evolve in time according to

dx

dt
= F

(

x(t)
)

+G
(

x(t), A
)

+Bu(t), (1)

where F(x(t)) represents the nodal self-dynamics in the absence of interactions, and G(x(t), A) captures the

interaction mechanisms between adjacent nodes, as dictated by the network topology A. The control inputs u(t)

are external signals applied to a subset of driver nodes S ⊆ V via the binary input matrix B. The size of the

driver node set is therefore

|S| =
N
∑

i=1

M
∑

j=1

Bij (2)

where N and M are the numbers of rows and columns in B, respectively.
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In the absence of external inputs, setting S = ∅ (|S| = 0), the system evolves along one of its natural dynamical

trajectories x(t). The specific form of this trajectory depends on the initial condition x(t = 0), however, once the

initial condition is fixed, the trajectory emerges as an intrinsic dynamical characteristic of (1).

In the limit t → ∞, all natural trajectories asymptotically converge to one of the system’s dynamical attractors.

Together, these attractors define the system’s natural dynamical manifold M, a set of time-dependent solutions

toward which (1) is naturally driven. We therefore view all dynamical trajectories x(t) ∈ M as natural states,

compatible with the system’s intrinsic functionality. In contrast, trajectories x(t) /∈ M represent incompatible

states, lying outside the domain of the system’s functional landscape (Fig. 1b,c).

Controllability. In the classical controllability framework, the goal is complete control over the system’s dynamics

– to steer it from any arbitrary initial state x(0) to any desired final state x(t), whether within or outside M.

However, the distinction between compatible and incompatible states prompts a separation into two fundamentally

different forms of control, depending on the nature of x(t):

Compatible control – targeting. In compatible control, the target state x(t) is not arbitrary but resides within

M, and hence belongs to the domain of (1)’s built-in functionality. This form of control aims to place the system

on track toward one of its natural attractor states. After an initial control phase, once the system is brought

into the basin of attraction of the desired state, the control inputs can be relaxed, allowing the system to evolve

autonomously toward x(t).

Incompatible control. Here the goal is to force the system along an arbitrary trajectory x(t) /∈ M (or x(t) ∈ M),

thereby driving it outside the domain of its natural functionality. It requires an initial steering phase followed by

an indefinite maintenance phase, during which external inputs u(t) must continuously counteract the system’s

intrinsic restoring forces that pull it back toward M.

Hence, in line with the existing terminology, control, in its classic definition, describes the process of driving the

system toward any final state x(t), compatible or incompatible (Fig. 1a). Our division partitions all control tasks

into two subsets: incompatible control when x(t) ∈ M (Fig. 1b); compatible control for when x(t) ∈ M (Fig. 1c).

Compatible control is equivalent to what is often referred to in the literature as targeting25,26.

Conceptually, these two control objectives can be visualized as motion on a rugged landscape. States within M

form valleys and basins (blue), while states outside M lie on ridges and peaks (red). Compatible control exploits

the landscape geometry, nudging the system into a favorable basin and then releasing it to follow its natural

dynamics. In contrast, incompatible control works against the landscape, attempting to constrain the system on

an unstable ridge or peak (Fig. 1d,e).

Functional robustness. A system is considered functionally robust if it is highly responsive to compatible

control but strongly resistant to incompatible control. Such a system remains firmly confined within its intrinsic

dynamical landscape M, while resisting external attempts to drive it outside its functional domain. In natural

ecological, social, and biological systems, as well as in complex engineered systems, functional robustness is highly

desirable. It ensures that the system sustains a limited set of admissible behaviors and cannot be easily driven

toward arbitrary, potentially dysfunctional states.

To quantify a system’s functional robustness, we introduce two parameters that characterize control difficulty.

The first is the minimal driver node set

Smin = argmin
S⊆V

{

|S|
∣

∣

∣
f
(

B,x(0),x(t)
)

= 1
}

, (3)

which quantifies the smallest number of components that must be controlled to steer the system from x(0) to x(t).

In (3), |S| is taken from (2), and the function f(B,x(0),x(t)) = 1 if B is sufficient for the x(0) → x(t) control

task, and zero otherwise. The minimization therefore identifies the subset S that achieves the desired control

with the fewest driver nodes. We define s = |Smin|/N as the fraction of driver nodes, ranging from s → 0 for an

easily controllable system to s = 1 for extreme control difficulty, where all nodes must be directly controlled to

reach the target state.

The second parameter is the control energy

E =

∫ t

0

||u(t′)||2 dt′, (4)
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expended along the trajectory from x(0) to x(t). In Supplementary Section 2.3, we also discuss the maintenance

energy required to sustain the system at x(t), which is particularly relevant for incompatible control.

A functionally robust system is therefore characterized by small s and E for compatible control, together with

large s and E for incompatible control, reflecting an intrinsic attraction to M, alongside a strong resistance to

excursions outside of it, and into M.

Note that, in principle, s and E depend on x(0) and x(t). For example, if x(0) lies close to x(t), control is expected

to be more accessible, with s and E relatively small. Thus, s = s(x(0),x(t)) and E = E(x(0),x(t)). However,

our focus here is not on a specific control trajectory, but rather on the typical, or expected, values of s and E,

conditioned on whether x(t) ∈ M or not. For notational simplicity, we therefore write s and E throughout,

omitting the explicit dependence on x(0) and x(t).

Testing ground (Fig. 2). To systematically examine the functional robustness of complex systems we consider

three canonical dynamical models: the Kuramoto dynamics of coupled one-dimensional oscillators (Fig. 2b, d = 1),

and the Rössler and Lorenz systems, both employing three-dimensional (d = 3) dynamical units (Fig. 2c,d).

We implement each of these dynamics on a set of synthetic and real-world complex networks (Fig. 2a). The

first five are homogeneous networks, incorporating a bounded P (k) (blue-shaded). These include an Erdős-Rényi

random graph (ER), a Watts-Strogatz small world network (SW), and three random networks with exponential

(Exp), normal (Norm) and uniformly (Uni) distributed degrees. To these we add three heterogeneous scale-free

networks, in which P (k) ∼ k−γ , with scaling exponents γ = 3 (SF1), γ = 2.5 (SF2) and γ = 2 (SF3), capturing

increasing levels of degree heterogeneity.

Alongside these synthetic networks, we also considered empirical networks from distinct domains: Brain 127 and

Brain 228, both derived from the human connectome, represent physical networks reconstructed from diffusion

magnetic resonance imaging (dMRI). Their nodes correspond to distinct anatomical regions or voxels, while their

links encode the white-matter fiber tracts connecting them. For Brain 1, whose full scale is of the order of

106 nodes, we extracted a sub-network of N = 5, 000 nodes and L = 78, 500 links, enabling scalable dynamical

simulations. For Brain 2, a consensus connectome aggregating structural data across multiple healthy individuals,

we used the complete network, with N = 1, 015 and L = 71, 604. We additionally considered Power 129 and Power

230: the former maps the high-voltage topology of the Western United States power grid (N = 4, 941, L = 6, 594),

while the latter is a benchmark grid from the Harwell-Boeing collection (N = 5, 300, L = 8, 271).

Among these empirical networks, Brain 1 and Brain 2 are naturally heterogeneous, exhibiting a fat-tailed P (k),

and therefore complement SF1, SF2 and SF3 in our heterogeneous network ensemble. Power 1 and Power 2, by

contrast, are comparatively homogeneous. Finally, to isolate the impact of the ingrained degree heterogeneity of

the two brain networks, we also constructed a homogeneous counterpart for each, obtained by randomly rewiring

all links. This procedure preserves the network density while driving P (k) toward a Poisson distribution.

Together, we arrive at a broad testing ground, comprising 16 networks of diverse scale and levels of heterogeneity.

Each of these networks is examined against our three distinct types of dynamics, for a total of 48 systems upon

which we examine functional robustness.

Experimental design. For each of our 48 systems, we examine both compatible and incompatible control, and

map their functional robustness by measuring s and E, in view of their degree heterogeneity:

Kuramoto. For the Kuramoto system, the natural state space is the synchronization manifold M. We initiate

the system at an arbitrary state x(0) outside this manifold and designate two target states – the compatible xC(t)

and the incompatible xIC(t). For xC(t), we consider the phase-locked solution, within M (Fig. 2e); for xIC(t),

we force the system to the globally static state x = 0 (Fig. 2f), which is unsupported by the system’s natural

dynamics.

Lorenz (Fig. 2g-h). For coupled Lorenz oscillators, M is given by the Lorenz attractor. We initiate the system

at an arbitrary x(0), then apply control to guide it toward xC(t) along the attractor, or toward xIC(t), which we

set as the static state xIC(t) = 0 (Fig. 2h, red point).

Rössler (Fig. 2i-j). A similar scheme is used for the Rössler system. The compatible state xC(t) lies on the

system’s natural attractor, while the incompatible state xIC(t) is set at the origin (red dot), a forced pinning

outside of M.
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Driver node set
We begin by examining the minimal driver node set Smin as defined in (3), under compatible and incompatible

control, focusing on the impact of network structure, particularly degree heterogeneity.

Incompatible control. Incompatible control entails driving the system toward an arbitrary x(t). Therefore, the

minimal driver node set corresponds to that of the classic structural controllability problem. In this setting, Smin

is independent of the dynamics and of the specific states x(0) and x(t), being determined entirely by the network

structure. Specifically, for a given network A, Eq. (1) is structurally controllable if the input matrix B satisfies

the Kalman rank condition, which requires that the controllability matrix C = [B,AB,A2B, . . . , AN−1B] has full

rank31. This is expressed in (3) by setting f(B) = 1 if Rank(C) = N, and f(B) = 0 if Rank(C) < N.

Therefore, under incompatible control we write

SIC
min = argmin

S⊆V

{

|S|
∣

∣

∣
Rank(C) = N

}

, (5)

seeking the minimal set of nodes for which the Kalman condition is fulfilled. To find this minimal set we use the

maximum matching algorithm18,32, whereby all unmatched nodes must be included in SIC
min.

With this we can now extract the minimal driver node set directly for each of the 16 networks in our testing

ground. Results for two specific networks – ER and SF1 – are shown in Fig. 3a,c (red nodes). In ER the fraction

of driver nodes is s = 0.49; in SF1 it is s = 0.61. Hence, when it comes to incompatible control ER is easier to

manipulate than SF1.

This observation is not unique to this particular pair of networks. In Fig. 3e we show the fraction of driver nodes

s across the entire network ensemble, revealing a consistent trend: homogeneous network, such as ER, Uni, SW

and Norm, are characterized by smaller s than the heterogeneous SF1, SF2, SF3 or Brain 1,2. They are therefore

more easily controllable than their heterogeneous counterparts.

This result is no surprise. The fact that heterogeneity hinders controllability is well established and stems from

the tendency of SIC
min to favor peripheral nodes while avoiding hubs. Indeed, a peripheral node is far more likely

to become unmatched than a highly connected node. To illustrate this, in Fig. 3b,d we show P (i ∈ SIC
min | ki),

the probability that node i is included in the driver node set conditional on its degree ki. As expected, this

probability declines with ki, indicating that controllability is negatively correlated with node degree. This is also

observed, visually, in Fig. 3a,c: while the network layout condenses the hubs around the center, the control nodes

(red) tend to favor the periphery.

This observed hub-avoidance arises from the fact that, under incompatible control, we aim to steer the system

away from its natural dynamic manifold. This requires exerting control primarily over the low-degree nodes, whose

states would otherwise naturally drift toward M. In this scenario, the scale-free topology becomes a disadvantage:

although the network is dominated by a small set of hubs, controlling its dynamics requires directly manipulating

the overwhelming majority of low-degree nodes.

The crucial point is that this result applies to general controllability, where the goal is to push the system toward

an arbitrary x(t), and specifically here to x(t) ∈ M. If, however, we restrict ourselves to x(t) ∈ M, the intuitive

insight above is inverted. Once the hubs are set on course toward the desired attractor, the peripheral nodes

follow naturally, guided by the system’s internal dynamics. To demonstrate this, we next determine SC
min for

compatible control.

Compatible control. The driver node set in (5) can, in principle, steer the system to any desired target state,

whether compatible or incompatible. However, if we specifically target compatible states, we anticipate a different

driver node set, as control is now assisted by the natural dynamics of (1).

To construct SC
min for compatible control, consider a system of the form (1) at an initial state x(0) that we wish

to bring into x(t) ∈ M. If x(0) is already within x(t)’s basin of attraction β
x(t), no inputs u(t) are required. The

system will reach the target state autonomously, and consequently SC
min = ∅.

If, however, x(0) /∈ β
x(t), we seek inputs u(t) that drive it closer to the desired basin. This is captured by the

maximum Lyapunov exponent (MLE) λ (Fig. 4a)33,34. Outside β
x(t) (yellow boundary), we have λ > 0, reflecting

the fact that the system naturally drifts away from x(t). By adding control inputs, we aim to attenuate λ and

push it below zero -— the point at which the dynamics naturally decay toward x(t) (blue arrows). Therefore,

here the controllability condition is given by f(B,x(0),x(t)) = 1 if λ < 0, providing the minimal driver node set
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as

SC
min = argmin

S⊆V

{

|S|
∣

∣

∣
λ < 0

}

. (6)

Finding SC
min is thus an optimization problem, seeking the smallest set of nodes sufficient to push λ < 0.

In Supplementary Section 2.1.2, we develop an algorithmic approach to address this optimization challenge. The

idea is that the most likely candidates for inclusion in SC
min are those whose addition has the greatest impact on

λ. This allows us to rank nodes according to their contribution to reducing λ. We begin with an empty SC
min

and iteratively add the top-ranked node to the set. After each addition, we update λ and re-rank all nodes. This

process continues until λ < 0 (Fig. 4b, MLE-based).

In Fig. 4d, we track this process by plotting λ versus |S| for the ER network under Kuramoto dynamics (solid blue

line, MLE). At each step of the algorithm, we add the top-ranked node to S and measure the resulting change in

λ. Once λ crosses below the zero line (grey dashed), we achieve the desired compatible control and identify the

minimal driver node set SC
min. We repeat this procedure for the Lorenz and Rössler dynamics (Fig. 4e,f), then for

the scale-free network SF1 (Fig. 4g-i), and finally for all 48 network-dynamical systems (Supplementary Section

2.1.2 and Supplementary Figs. 1-4). Results for ER and SF1 are shown explicitly in Fig. 3f,j, where nodes in SC
min

are highlighted in blue shades (light blue - Kuramoto, blue - Lorenz, dark blue - Rössler).

Similar to the case of incompatible control, we find, here too, that the fraction s of driver nodes depends on the

degree heterogeneity. However, the nature of this dependence is now reversed. Under compatible control, s is

larger for homogeneous networks and decreases with increasing network heterogeneity (Fig. 3n-p). For example,

in ER we have s = 0.81, 0.35 and 0.82 for the three different dynamics. This is while in SF1, under the same

x(0) and x(t), it is s = 0.35, 0.1, 0.23, an approximately three-fold reduction. A similar trend is observed in our

empirical systems. For example, Brain 2, which is extremely heterogeneous, exhibits a relatively small s, but after

randomization its driver node set grows almost by an order of magnitude (Fig. 3n-p, marked by arrows).

This captures our first key observation. The control profile of heterogeneous networks is selective. It is charac-

terized by relatively easy compatible control, reflected in small sC, but remains resistant to incompatible control,

reflected in large sIC. Thus, heterogeneity emerges as a key contributor to the functional robustness of complex

systems.

To quantify this systematically, we define a system’s functional robustness as

φ =
sIC
sC

, (7)

which captures the extent to which sIC > sC. A large φ indicates a significant gap between incompatible and

compatible control, reflecting the system’s strong functional robustness. We also measure each network’s degree

heterogeneity using the Fano factor35:

ρ =
σ2
k

〈k〉
, (8)

which characterizes the broadness of P (k). In Fig. 3q, we show φ versus ρ for the 48 systems in our testing ground.

As predicted, φ increases with ρ, confirming that degree heterogeneity, indeed, enhances functional robustness.

The role of the hubs. The scale-free advantage for compatible control arises from the disproportionate dynamic

influence of the hubs. Returning to our landscape analogy in Fig. 1, compatible control involves driving the system

into a basin. In a degree-heterogeneous network, this can be achieved efficiently by focusing preferentially on the

hubs. Once the hubs are guided into the desired basin, the low-degree nodes follow naturally through the system’s

endogenous dynamics. Consequently, degree-heterogeneous networks are highly susceptible to compatible control.

To observe this systematically across all networks and dynamics, in Fig. 3f-m we show P (i ∈ SC
min | ki) versus ki

for ER and SF1 under compatible control. In contrast to incompatible control, we now observe a clear positive

dependence on degree, where low-degree nodes are consistently excluded, and the hubs dominate the minimal

driver node set. Similar results are observed across the remaining systems in our testing ground (Supplementary

Section 2.1.3).

Degree-based construction of SC
min. Our original algorithm for constructing SC

min required ranking nodes

based on their contribution to the MLE λ, with the ranking updated at each iteration (Fig. 4b). We now offer
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a simplified alternative based solely on degree ranking. As indicated in Fig. 3f-m, SC
min is strongly hub-selective,

with only the highest-degree nodes included in the driver node set. We therefore rank all nodes by degree and

add them one by one to SC
min until reaching the desired condition λ < 0 (Fig. 4c). The results of this simplified

degree-based algorithm are shown in Fig. 4d-i (dashed line-squares), where we find that, for all practical purposes,

it is almost indistinguishable from the more exact MLE-based algorithm (solid lines).

Our simplified degree-based algorithm provides an efficient way to obtain a well-approximated SC
min, bypassing

the computational burden of iteratively calculating λ node by node. A rigorous complexity analysis of both

algorithms appears in Supplementary Section 3.

More broadly, the fact that such a simple ranking can quantitatively capture the composition of SC
min, in itself,

strongly reinforces our central insight: under compatible control, a node’s degree is the primary predictor of its

role as a driver node. This is, indeed, the root cause of the observed functional robustness in heterogeneous

networks.

Control energy
After identifying the minimal driver node sets SC

min and SIC
min, we introduce signals u(t), injected into the detected

driver nodes, to steer the system from x(0) to x(t). The initial and final states are selected as shown in Fig.

2e-j, reflecting both compatible and incompatible control. At each time point along the system’s trajectory, we

measure the instantaneous control power W (t) = ||u(t)||2.

In Fig. 5a, we present W (t) versus t for Kuramoto dynamics under compatible control. Results are shown for

both ER (light blue) and SF1 (dark blue). In the limit t → ∞, for both networks, we have W (t) → 0, as the

system enters the basin of x(t) and the driving signals u(t) can be relaxed. Crucially, however, this convergence

is much more rapid for SF1, indicating that scale-free networks are more amenable to compatible control. Similar

results are obtained for Lorenz (Fig. 5d) and Rössler (Fig. 5g).

The total energy E in (4) is given by the time integral of W (t), i.e. the area under the curves in Fig. 5a,d,g. As

expected, EC, the compatible control energy, favors SF1 over ER – a trend observed across our entire ensemble of

network-dynamics combinations (Fig. 5b,e,h, Supplementary Section 2.3). For incompatible control, the picture

reverses, as observed in Fig. 5j-r. The homogeneous ER (dark red) now requires less energy than SF1 (light red).

Under incompatible control, since x(t) /∈ M, energy must continue to be expended even after reaching the

target state. This represents the holding energy, without which the system would eventually return to M. In

Supplementary Section 2.3, we analyze WH(t) versus t, the energy per unit time invested near the target state

x(t) for our three dynamical systems. There too, we show, the average 〈WH〉 tends to be higher for heterogeneous

networks as compared to homogeneous ones.

To systematically evaluate the effect of degree heterogeneity on control energy, we use an analogous definition to

(7), writing

ε =
EIC

EC
. (9)

A functionally robust system requires much energy for incompatible control and little energy for compatible

control, thus having EIC > EC and hence a large ε. In Fig. 5s we present ε versus the network heterogeneity ρ,

defined in (8), finding, once again, that heterogeneity, indeed enhances functional robustness. Similar results are

observed for the holding energy, as captured by ε’s counterpart metric εH (Fig. 5t, see Supplementary Section

2.3.2 for εH’s precise definition).

Taken together, our analysis shows that the umbrella term controllability encompasses two fundamentally distinct

forms of control, which lead to predictably different outcomes. Under the classic notion of control, here termed

incompatible, heterogeneous networks are control-averse: they require more driver nodes and greater energy to

steer them toward an arbitrary target state. Crucially, however, this general claim overlooks a distinguished

subset of control targets – the compatible states – for which the picture is reversed, and heterogeneity actually

facilitates control.

We interpret this to mean that heterogeneous networks are functionally robust: difficult to drive away from their

natural dynamics, yet easy to guide back toward them. Our findings therefore point to degree heterogeneity

as a general dynamical mechanism by which complex systems confine their behavior to functional states while

remaining selectively controllable within that space. In this sense, degree heterogeneity is not merely a structural
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hallmark of complex systems, but a dynamical design principle that balances functional stability with adaptive

flexibility.

Discussion and outlook
Our distinction between compatible and incompatible control closes a gap between the engineering notion of

controllability and the physical notion of dynamical admissibility20,36. Classical control theory asks whether a

system can be driven to a prescribed state, treating the state space as uniformly admissible. Yet in self-organized

physical, biological and technological systems, large regions of this state space may be dynamically unnatural,

unstable, or functionally irrelevant. In these settings, meaningful control does not constitute arbitrary state

assignment, but dynamics-compatible guidance. Compatible targeting therefore asks whether perturbations can

be aligned with the attractors, collective modes and feasible directions naturally ingrained within the networked

dynamics.

This perspective may help explain why heterogeneous architectures are so prevalent in biological, technological and

social systems. Such networks must remain adaptable to internal and external demands, yet protected against

disruptive perturbations. Degree heterogeneity may contribute to this balance by separating compatible from

incompatible interventions, thereby allowing the system to respond efficiently to functionally meaningful inputs

while suppressing dynamically unnatural ones.

Beyond self-organized systems, our results also suggest a design principle for artificial and engineered networks.

Rather than maximizing unrestricted controllability, robust network design may require identifying and exploiting

compatible control channels: interventions that act with the system’s intrinsic dynamics, rather than against

them. Such design may be particularly relevant for biological regulation, infrastructure systems and adaptive

technologies, where the goal is rarely to impose an arbitrary state, but to guide the system toward functional,

stable and energetically sustainable behavior.

Our results indicate that the distinction between compatible and incompatible control is particularly pronounced

for the chaotic attractors of the Lorenz and Rössler systems. This is observed in Figs. 3q and 5s,t, where the

measured φ, ε and εH align more tightly along the linear plots for the chaotic systems, Lorenz and Rössler

(orange and green), than for the non-chaotic Kuramoto dynamics (blue). One possible explanation lies in the

dynamical richness of the compatible set. Under the relatively simple periodic attractor of Kuramoto, the system

is confined to a limited repertoire, typically organized around a stable limit cycle. Hence, the internal structure

of the compatible set M remains comparatively poor. By contrast, chaotic attractors contain a highly structured

continuum of recurrent dynamical patterns, including embedded unstable periodic orbits. They therefore support

a much richer set of admissible trajectories, combining geometric complexity with temporal diversity. Such

richer organization may make the distinction between compatible and arbitrary states more informative, thereby

amplifying the differences observed in their control profiles.

Our analysis focuses on structural diversity, as quantified by the parameter ρ in (8). This is motivated by

the fact that degree heterogeneity captures a robust macro-level characteristic of a wide range of real-world

network. Beyond ρ, however, networks present a rich set of more nuanced structural characteristics, such as

degree correlations, clustering, modularity, and localization of eigenmodes. A similar analysis may uncover how

these meso-scale architectures also impact the system’s functional robustness.

Another limitation of the present study is that it assumes a known network Aij and dynamics (1). This setting

is essential for testing our hypothesis on functional robustness. We acknowledge, however, that in many practical

scenarios both the network and the dynamics may be only partially observed, subject to uncertainty, or vary

in time37–39. Extending our framework to such systems will require data-driven methodologies for inferring the

admissible target manifolds and identifying energy-efficient control directions.

The discovery of scale-free phenomena played a crucial role in the inception of network science, transforming our

understanding of complex systems. Our work shows that this discovery was not merely a structural observation.

Rather, it underlies a deeply ingrained characteristic of complex systems, namely their remarkable capacity for

functional robustness. Moreover, the fact that this connection emerges consistently across our broad testing

ground suggests that it reflects a general feature of network dynamics. This generality further reinforces the

view that complex systems, much like classical physical systems, are governed by universal and quantifiable

principles15,40,41.
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Figure 1: Compatible vs. incompatible control. a A complex network is initialized at x(0) =
(x1(0), . . . ,xN (0))�. Control inputs u(t) (arrows) are applied to selected nodes to steer the system toward a
desired target state x(t). These target states fall into two classes: b Incompatible states, x(t) ∈ M, are target
trajectories that lie outside the system’s attractor manifold M. c Compatible states, x(t) ∈ M, lie on one of
the system’s natural attractors. d Incompatible states (red sphere) occupy peaks or ridges of the system’s basin
landscape. Incompatible control therefore requires pushing the system against its natural flow patterns (red ar­
row). e Compatible control drives the system into an attractor basin (blue arrows), from which it naturally flows
toward the desired target state, x(t) ∈ M (blue sphere). This form of control is also known as targeting.
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Figure 2: Testing ground for functional robustness. a We consider 16 synthetic and real-world networks.
For each network, we report its sizeN , average degree 〈k〉, and heterogeneity score ρ in (8). The degree distribution
P (k) is also shown (blue). The empirical networks include two human connectomes (Brain 1 and 2) and two power
transmission networks (Power 1 and 2), in both original structure and randomized. b-d The networks are coupled
to three canonical dynamical systems: Kuramoto, Lorenz, and Rössler. For each dynamics, we show the governing
equation, in the form of Eq. (1), together with the corresponding natural attractor (violet). Altogether, this yields
48 networked dynamical systems, spanning distinct attractor states and a broad range of heterogeneity levels, from
ρ = 0.43 to ρ = 46.0. e To test compatible control for Kuramoto dynamics, we initialize the system at an arbitrary
x(0) (left) and seek to steer it toward the phase-locked attractor state xC(t) (right). f For incompatible control,
we begin from the same initial state, but set the target state to xIC(t) = 0 (right, red). g Compatible control of the
Lorenz system drives the dynamics toward its natural attractor (right, blue). h To examine incompatible control,
we instead seek to pin the system to the static state xIC(t) (right, red dot). i-j Compatible and incompatible
control of the Rössler system.
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Figure 3: The minimal driver node set under compatible and incompatible control. a The minimal
driver node set SIC

min obtained for the Erdős­Rényi network under incompatible control (red nodes; shown is a
sample extracted from the full network). The fraction of nodes in SIC

min is s = 0.49, and their locations at the
network periphery indicate a preference for the low­degree nodes. b The conditional probability P (i ∈ SIC

min | ki)
versus ki (red). The probability declines with ki, corroborating that incompatible control favors low­degree nodes
and tends to avoid hubs. The degree distribution P (k) is also shown (grey). c Similar results for the Scale­free 1
network, this time with s = 0.61. d Here too, SIC

min systematically avoids the hubs. e The fraction of driver nodes
s for all 16 networks in our database. Networks are arranged from least to most heterogeneous, showing that s

increases with degree heterogeneity. This is consistent with the well­known result that heterogeneous networks
are difficult to control, here reaffirmed specifically for the case of incompatible control. f SC

min for the Erdős­Rényi
network under compatible control, as obtained for Kuramoto (light blue), Lorenz (blue), and Rössler (dark blue)
dynamics. The driver nodes tend to condense near the center, indicating that SC

min is composed primarily of
hubs. g­i The conditional probability P (i ∈ SC

min | ki) versus ki for the three dynamics (blue). In contrast to
incompatible control, here the probability shows a sharp preference for high­degree nodes. j­m Similar results
for Scale­free 1. n The fraction of driver nodes s under compatible control across all networks, shown here for
Kuramoto dynamics. Here, heterogeneity facilitates control, and hence more heterogeneous networks (bottom)
exhibit smaller s. As an example, we highlight with a grey arrow the highly heterogeneous Brain 2 network
(ρ = 36.8, s = 0.12), which after randomization requires a much larger driver node set (ρ = 0.80, s = 0.75). o­p
We observe a similar trend also for Lorenz and Rössler dynamics. q Functional robustness φ in (7) versus network
heterogeneity ρ, as obtained from Kuramoto (blue), Lorenz (orange) and Rössler (green) dynamics, implemented
on each of our 16 networks. A clear trend emerges, whereby heterogeneous networks exhibit enhanced functional
robustness.
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Figure 4: Constructing the minimal driver node set SC
min for compatible control. a Under compatible

control, the system must be steered into the basin of attraction β
x(t) (yellow boundary) of the target state x(t)

(blue sphere). Once within this range, the system’s internal dynamics naturally drive it toward the desired target
(blue arrows). This is captured by the maximum Lyapunov exponent (MLE) λ, which is positive for trajectories
outside β

x(t) (red arrow) and becomes negative once the system enters the desired basin. Therefore, to construct
SC
min we seek the minimal set of nodes for which λ < 0. b MLE­based algorithm. We rank all nodes according

to their contribution to reducing λ. We then introduce the top­ranked node into SC
min and re­rank the remaining

nodes. The process terminates once λ < 0. c Degree­based algorithm. We also consider an approximate algorithm
in which nodes are introduced into SC

min based on degree alone. This alternative constructs SC
min directly from

the network topology, allowing us to bypass the re­ranking process after each iteration. d λ versus the fraction
of nodes s introduced into SC

min for the Erdős­Rényi network with Kuramoto dynamics, as obtained from the
MLE­based algorithm (solid line). As nodes are added, λ decreases until it crosses the λ = 0 line (grey dashed),
at which point no additional nodes are required and the minimal set is complete. We also show the results from
the degree­based approach (squares), which are nearly indistinguishable. e­i Similar results for Lorenz and Rössler
dynamics, and for Scale­free 1.
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Figure 5: Control energy. We implemented compatible (blue) and incompatible (red) control across all
networked dynamical systems, using the initial and target states shown in Fig. 2e­j. a Power W (t) versus t

along the compatible control trajectory for the Erdős­Rényi (light blue) and Scale­free 1 (dark blue) networks
with Kuramoto dynamics. The area under each curve represents the total control energy. b Compatible control
energy EC is lower for Scale­free 1 than for Erdős­Rényi. c Three snapshots at selected time points along the
trajectory from x(0) to x(t). Shown are the phases of selected nodes at time t (xi(t), purple circles) and at the
target state (blue circles). At t = 25, the blue and purple circles coincide, indicating that the system has reached
the target state. d­i Similar results for Lorenz and Rössler dynamics. j­q For incompatible control, the trend
reverses: Scale­free 1 now requires more energy than Erdős­Rényi. Here the target states are shown in red. s

Functional robustness ε in (9) vs. ρ in (8) for Kuramoto (blue) Lorenz (orange) and Rösller (green). As predicted,
robustness increases with network heterogeneity. t Similar results for the holding energy in incompatible control
(Supplementary Section 2.3).
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