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S1 Model System Specifications

This section provides the complete mathematical specifications of each benchmark sys-
tem studied in the main text, including their governing equations, parameter values,
and initial conditions.

S1.1 Michaelis—Menten Enzyme Kinetics

Let E(t), S(t), ES(t), and P(t) denote the enzyme, substrate, enzyme-substrate
complex, and product concentrations, respectively. Under mass-action kinetics, the



governing equations are
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where (k1,k_1,k2) = (100, 10,1). The stiffness ratio is of order kj/ka ~ 102. Initial
conditions are drawn from

E(0), S(0) ~U(5 x 10%,10%),  ES(0)=0, P(0)=0, (2)

exposing the model to enzyme-limited, balanced, and substrate-limited regimes.
The classical QSSA reduces (1) by assuming dES/dt = 0, yielding the Michaelis—
Menten rate law
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where Ey = E(0) is the total enzyme concentration. This approximation is valid when
Ey < Ky + S, a condition that may fail for the initial conditions considered here.

S1.2 POLLU Air-Chemistry Benchmark
The POLLU benchmark [1] models atmospheric photo-chemistry with ny = 20 species

y() = [y1,...,920]" and n, = 25 irreversible mass-action reactions. The dynamics
follow J
y
— =Nr(y;k 4
dt I'(y, )7 ( )

where N € R?9%25 ig the stoichiometric matrix and r is the reaction-rate vector.

Reaction rates

r1 = kiy1, T2 = k2y2ya, r3 = k3ysye,
ry = kayr, rs = ksyr, r6 = k6Y7Ys,
r7 = kzyo, rs = ksy9ye, r9 = koy11Y2,
r10 = k10y11¥Y1, r11 = k1113, r12 = k12y10%2,
r13 = k13y14, r14 = k14Y1Ys, r15 = k15Y3,
T16 = K16Y4, r17 = k17y4, r18 = k18¥16,
r19 = k19y1e, r20 = k20Y17Y6, ro1 = k21Y19,



T2 = ko219, ro3 = k23Y1Ya, T4 = koa¥19Y1,

T95 = Kasl20.

Governing ODEs

Y1 = —T1—T10 —T14 —T23 — T24 + T2 + T3 + T9 + r11 + 712 + T22 + 725,
Yo = —T2 —T3—T9 — T2+ 71+ 72,

Y3 = —T15 + 71 + 717 + T19 + T2,

Y4 = —T2 —T16 — T17 — 723 + T15,

UYs = —713 + 2ry + 16 + 17 + 113 + 720,

Yo = —T¢ — T8 — T'1a — T'20 + 73 + 2718,

Yr = —T4 —T5 — T6 +T13,

Ys =T4 + 75+ 16+ 17,

Yo = —T7 — T8,

Y10 = —T12 + 77 + 71, (5)
Y11 = —r9 —T10 + 78 + 111,

Y12 = To,

Y13 = =711 + T10,

Y14 = —T13 + T12,

Y15 = T'14,

Y16 = —T18 — T19 + T16;

Y17 = —T20,

Y18 = 720,

Y19 = —T21 — Tog — T24 + 723 + T25,

Y20 = —T25 + T24.

Rate constants

35x 100 50x 10" 1.0 x 10* 5.0x 1072 5.0 x 10-2]"
2.0x10* 5.0%x 1073 5.0x10* 2.0x10* 1.0x 10°
k= {50x10"1 2.0x10* 3.0x 107! 1.0x 10* 1.0x 106 | . (6)
1.0x 1072 2.0x10° 5.0x 10> 2.0x10% 3.0 x 103
3.0x 100 8.0x10° 5.0x10° 3.0x10® 5.0x 10°

Initial conditions

5x 102 2x 103 1 x 102 5 x 102 2 x 102] "
1x10%1x10% 5x10% 1 x 102 5 x 10*

y(0) = 2 x 102 5 x 101 1 x 102 8 x 10! 3 x 10'| (™)
1x10% 5 x 10" 2 x 102 1 x 102 5 x 10*



S1.3 Fisher- KPP Reaction-Diffusion Equation
The Fisher—- KPP equation is

du 0%u
E—D@+au(17u), z e (0,L), t>0, (8)

with homogeneous Dirichlet boundary conditions u(t,0) = u(t, L) = 0. We set L =1,
D=10"2 a=1,and T = 10.
Spatial discretization

We partition [0, L] into N+1 subintervals with mesh width h, = L/(N+1) and interior
grid points x; = jhs, j =1,..., N = 100. Using the central-difference approximation
for the Laplacian, the semi-discrete system is

dy D
E—h—%Ay—i—ayO(l—y), 9)

where y = (y1,...,yn) ", o is the Hadamard product, and

is the discrete Laplacian. The diffusion operator introduces eigenvalues of magnitude
O(D/h2), giving an effective stiffness ratio D/h2 ~ 10? for the chosen parameters.

Initial condition

The initial condition is a smoothed step profile,

uo(x);<1tanh(x_6xs>>, (11)

with s = 0.3 and transition width § = 0.05, chosen to generate a sharp front and
emphasise the diffusion-dominated transient.

Solver and Jacobian

Integration uses an implicit BDF solver with tolerances (atol,rtol) = (1071°,1078).
The analytical sparse Jacobian

Ty) =

x

A+ diag(a(1 — 2y)) (12)

is supplied together with the Laplacian sparsity pattern to improve solver efficiency.



S1.4 MCF7 Breast Cancer Signalling Dataset

The HPN-DREAM dataset [2] captures signal transduction dynamics in the MCF7
breast cancer cell line. The experimental design is summarised in Table S1.

Table S1: Experimental design of the HPN-DREAM MCEF7 signalling dataset.

Component Description

Stimuli (8) EGF, Insulin, FGF1, Serum, HGF, NRG1, IGF1, PBS (negative control).
Inhibitors (3) AKT inhibitor, FGFR inhibitor, MEK/AKT dual inhibitor.

Total conditions 36 (stimulus—inhibitor combinations, excluding redundant controls).
Readouts Phosphorylation levels of 41 key signalling proteins, includ-

ing p-AKT(S473), p-ERK1/2(T202/Y204), p-S6(S235/5236),
p-EGFR(Y1068), p-HER2(Y1248), p-MEK1/2(S217/S221), and others.
Time points t € {0,5,15,30, 60,120,240} minutes post-stimulation.

This dataset is particularly challenging because (i) only 7 time points are avail-
able per trajectory, (ii) the PI3K/AKT and MAPK/ERK pathways exhibit complex
crosstalk, and (iii) the inhibitor conditions shift the effective network topology across
different experimental conditions.

S2 Classical Reduction Methods

This section provides complete mathematical descriptions of the classical model-
reduction methods used as baselines in the main text.

S2.1 Partial-Equilibrium Approximation (PEA)

PEA assumes that a subset of reactions (r = 1,...,p, p < R) equilibrate rapidly
relative to the time scale of interest. The net flux of each fast reaction satisfies

TT'(yI)%O7 r:1""7p) (13)

yielding local forward-reverse balance

N N
K Tw =k I (14)
i=1 i=1
or the equilibrium constraint
A k]
yi” v :KT7 KT:E7 r:17"'7pa (15)
i=1 T

which defines an equilibrium manifold in the concentration space. The remaining slow
reactions then drive motion along this manifold.



S2.2 Quasi-Steady-State Approximation (QSSA)

QSSA assumes that a subset of species (y1,...,¥p, p < N) relax rapidly to quasi-
steady values. The condition

dyi .
— =0 =1,... 16
dt ) 7 ) 7p7 ( )
combined with
dy; &
dtl = Zl/i'r rr(y)7 (17>
r=1
gives algebraic constraints
R
Zyi'rr'r‘(y) :Oa i:17"'7p7 (18>
r=1

which implicitly defines a quasi-steady manifold. The reduced dynamics evolve only
the slow species ypi1,...,yn subject to (18).

S2.3 Computational Singular Perturbation (CSP)

CSP [3] provides a systematic local decomposition of fast and slow modes by analysing
the Jacobian J(y) along trajectories. The method constructs fast and slow subspaces
via eigen- or Schur-based decompositions, then projects the dynamics to suppress
rapidly decaying components. Concretely, at each point y on the trajectory, the
Jacobian is decomposed as

Jy)=QAQ, (19)
where A = diag(A,...,An) with |[Re(A1)] > -+ > |Re(An)|. The fast subspace is
spanned by eigenvectors corresponding to the p most negative eigenvalues, and the
reduced dynamics are obtained by projecting onto the complementary slow subspace.
In practice, CSP requires repeated eigendecompositions along trajectories and relies
on a threshold to separate fast from slow modes, making it computationally expensive
and sensitive to parameter choices in complex networks.

S2.4 Limitations of Classical Methods

Despite their interpretability, all three methods above share common limitations. They
require prior knowledge of which species or reactions are fast, which is often unavail-
able in large networks, and the fast—slow classification can change along a trajectory,
requiring regime-dependent re-tuning. In tightly coupled networks the assumption of
clear timescale separation may not hold, leading to inaccurate reductions, and none
of these methods adapt automatically to new operating conditions or incomplete
mechanistic knowledge. These limitations motivate data-driven approaches that infer
effective dynamics directly from trajectories.



S3 Reaction Mechanism Discovery: Full Model
Specification

This section provides the complete mathematical specification of the differentiable
gated Hill-type ODEs used for reaction mechanism discovery on the MCF7 dataset.

S3.1 Model Formulation

Let x(t) = (z1(t),...,2p(t))" € RP denote the normalised state of P observed
species. For each target node i € {1,..., P},

dx i
dt

= =% +b; + Z 95i Bji Hyi(;), (20)
J#i

where 7; > 0 is a first-order deactivation rate, b; € R is a basal input, 8;; € R is

the additive effect of the directed edge j — i, g;; € (0,1) is the edge confidence gate

(self-edges disallowed: g;; = 0), and Hj;(x;) € [0,1] is a bounded Hill-type response
function.

S3.2 Activation/Inhibition via a Continuous Sign Gate

Each edge j — i interpolates between the two Hill-type forms H**(z) = 2" /(K" +z™)
and H™P(z) = K" /(K™ + ") through a learnable sign gate sj; € (0,1):

nji nji
ji(;) Ji Kﬁ“ —l—x}l” ( ji) Kﬁ“ _'_x;zﬂ Ji Ji (21)

where Kj; is the half-saturation constant, n;; the Hill coefficient, and s;; a learnable
sign gate: s;; — 1 recovers the activation form H?°* used in Eq. (3), and s;; — 0
recovers the inhibition form H™P. The edge sign reported in Eq. (3) and Table 2
corresponds to the discretized limit of sj;.

S3.3 Differentiable Topology

To avoid combinatorial search over discrete adjacency matrices, edge indicators are
parameterised as

94i(7) = U<9ji

T)’ eji€R, 7>0, gii:()v (22)
where 6;; is an unconstrained logit, o(-) is the sigmoid function, and the temperature
7 is annealed during training so that gates become progressively sharper (approaching
{0,1}). The annealing schedule follows 7(n) = 7¢ - p* where n is the training epoch,
70 = 1.0, and p = 0.99.



S3.4 Interpretation of the Gated Additive Term

In Eq. (20), each regulator j enters through the gated term g;; 8;; Hj;(x;). The gate g;;
controls whether the edge is present: at g;; — 0 the term vanishes, and at g;; — 1 the
full effect 8;; Hj;(x;) is recovered. Here §}; sets the sign and strength of the interaction,
and Hj;(z;) € [0,1] bounds its response. Since regulators are summed, gating each
edge keeps the topology differentiable, so edge presence, sign, and saturation can be
learned jointly.

S4 HMM Statistical Analysis and Derivations

S4.1 Probabilistic Formulation and Variational Bound

We model the teacher-generated trajectory {y;}7_; as a stochastic process governed
by a K-state HMM. At each time step t, a discrete latent variable z; € {1,..., K} rep-
resents the unobserved kinetic phase, which emits the observed concentration vector
y¢ € RY according to phase-specific statistics.

The joint probability distribution factorizes as

T T
p(y,2|0) =p(z1) [[ oz | 20) [ [ oy | 20), (23)
t=2 t=1
with parameters § = {r, A, i, X}: initial probabilities 7, = p(z1 = k), transition
matrix A;; = p(zx = j | -1 = i), and Gaussian emissions p(y: | z = k) =
N(ye: e, Zi)-

Training maximizes the marginal log-likelihood logp(y | 0) = log) ", p(y.z | 6).
Since direct summation over K7 paths is intractable, we employ the EM framework,
which effectively maximizes the variational lower bound

logp(y | 0) > L(q,0) = Eqn)[logp(y,z | 0)] + H[q(z)], (24)

where H[q] is the entropy of the variational posterior. Optimization alternates between
updating ¢(z) (E-step) and 6 (M-step), guaranteeing monotonic convergence of the
likelihood.

S4.2 Derivation of Characteristic Phase Lifetimes

The diagonal elements Ay, of the learned transition matrix encode the persistence of
dynamic regimes. Here we derive the mapping from these discrete probabilities to the
continuous physical timescales 7y.

In the discrete HMM, the number of steps L the system dwells in state k before
switching is geometrically distributed with success probability (1— Ay ). The expected

dwell duration is
At

1 - Akk ’
With respect to the continuous time, the phase decay is modeled as an exponential
process et/ Equating the discrete transition probability to the continuous decay

E[Dwell time] = (25)



over one step, we have

At
App = e AT — T R — (26)

In Akk,

where At = median(¢;41 — t;) is robustly estimated from the sampling grid to handle
non-uniform experimental sampling.

Large Ay (near 1) implies In Ag, — 0 and 7, — 0o, correctly assigning high weight
to long-lived stable states; transient states with lower Ay receive lower weights.

S5 Consistency Analysis of Phase-Aware Distillation

This section establishes a statistical consistency justification for the proposed PAKD
pipeline. We show that (i) the HMM-derived phase-aware weights converge to a
well-defined population target, and (ii) the resulting empirical distillation objective
consistently approximates its population counterpart.

S5.1 Consistency of Phase Posteriors, Lifetimes, and Weights

Let 67 denote the HMM parameter estimator from teacher-generated trajectories

of length T, and let 8* be the population parameter. Define the population phase

posterior v; (k) := po=(2: = k | y1.7), its estimator 4+(k) := p;, (2t = k | y1.7), and

the population lifetime 7% := —At/In A}, with plug-in estimator 7 := f&/ In Ayy.
The population phase-aware weight is

K
wi =Y (k) 77, (27)
k=1
and the estimated weight is
K
e = Au(k) T (28)
k=1

Proposition 1 (Consistency of HMM-based phase quantities) Assume:

1. the teacher-generated trajectories are sampled from an ergodic, identifiable K -state
HMM with true parameter 0*;

2. the parameter space © is compact, 0* is an interior point, and the emission family
is reqular;

3. Op 2 6 as T — ooy

4. A%, €(0,1) for all k, and At 5 At > 0.

Then, for each fixed t and k,

(k) B af k), Doy, we Dowf (29)



Proof Since éT 2, 6* and the forward—backward map is continuous in the model parameters
under standard positivity and regularity conditions, the continuous mapping theorem gives

. p

50(k) s 57 (k). -
The lifetime map (At, Apy) — —At/In Ay, is continuous on (0,00) x (0,1). Since At 2>

At and Ay, 2 AJ,., a further application of the continuous mapping theorem gives 7y 2, T

Finally, ¢ = 3, % (k)7 is a finite sum of products of consistent estimators. Since
products and finite sums preserve convergence in probability, W EN wy. O

Remark 1 Proposition 1 implies that the phase-aware importance weights used in PAKD
consistently estimate a well-defined population quantity: long-lived slow phases receive
asymptotically stable higher weights, while short-lived transient phases receive asymptotically
smaller weights.

S5.2 Consistency of Phase-Aware Empirical Risk Minimisation

Let = (yo,t) be the student’s input. Define the single-sample weighted loss
Uas 0, w) = w(wour | £5 (5 9) — fr(@) [+ whia|Wrhs (w39) = hr(@)]3),  (30)

the population risk R(9) := E[¢(X; ¥, w*(X))], and the empirical phase-aware risk

n

Ro() = - S UXis, ). (31)

We impose the following regularity conditions:

(A1) The student parameter space Og is compact.

(A2) For a.e. z, the map ¥ — £(x; 9, w) is continuous.

(A3) There exists an integrable envelope M (X) such that [¢(X; 9, w)| < M(X) for all ¥
and admissible w.

(A4) ; —w? 5 0 for each 4.

(A5) The class {£(-;9,w*(-)) : ¥ € Og} is Glivenko-Cantelli [4].

Theorem 2 (Uniform consistency of the empirical phase-aware risk) Under assumptions
(A1)-(A5),

sup |7A€n(19) - R(9)| 20 as n — oo. (32)
YEBOg
Proof Decompose: R
sup [Rn(9) — R(9)| < In + I1n, (33)
YEOg
where
1 *
In:= s = X3 09,w;) — 0(X;; ; 4
n 19561155 " ; (f( uﬂywz) K( iU, w; )) s (3 )

10



II, ;= sup 1 ZE(Xi;ﬁ,wf) —E(X;9,w* (X))]]. (35)
9e0s |
By (A5), the Glivenko—Cantelli property gives I, 2, 0. Since ¢ is linear in w,

UX 30, ;) — 0(Xy39,w7) = (; —w;) (X4, ), (36)

where g is uniformly bounded by the envelope in (A3). Since w; — w; 2, 0 by (A4), standard

dominated convergence arguments give [, 0. Combining the above results yields the
conclusion. O

Theorem 3 (Consistency of the PAKD estimator) Under the conditions of Theorem 2 and
assuming the population minimiser 9* = arg mingecgg R(V) is unique,

Oy := arg min Rn(9) 2 9* as n — oo. (37)
YEBOg

Proof By Theorem 2, the empirical risk converges uniformly to the population risk. Since
Oy is compact and R(¢) has a unique minimiser, the standard argmin consistency theorem
for M-estimators applies. O

Remark 2 Theorems 2 and 3 show that once the HMM-derived quantities are consistently
estimated, minimising the empirical PAKD objective is asymptotically equivalent to min-
imising the population objective in which different dynamical regimes are weighted according
to their latent persistence and posterior occupancy.

Remark 8 (Approximation error of teacher model) The consistency statement is relative to
the teacher model induced target risk, not the full physical ground-truth generator. The
total discrepancy has three parts, the approximation error of the teacher model, the weight
estimation error, and the distillation error of the student model. We address the latter two
here. Reducing the teacher model’s approximation error through better training or ensemble
methods is a separate direction.
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a Teacher error landscape b student error in slow phase
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Fig. S1: Training diagnostics and ablation analysis of the MM reaction
surrogate. (a) Teacher RMSE landscape over (Ey, Sp) for 50 test conditions. The
red circle marks the main-figure condition. (b) Student RMSE in the slow phase
only. (¢) Phase-decomposed RMSE (fast, top; slow, bottom) by QSSA difficulty.
(d) Hidden-distillation ablation. (e) Loss-component breakdown at epoch 300. With-
out hidden loss, the hidden-layer term reaches 7.5 (a.u.). Full PAKD suppresses it
to 5.8 x 107°. Output and smoothness terms are also reduced. (f) Distribution of ¢*
across 50 test conditions (median 10734% s), separating the fast and slow phases.
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a QSSA difficulty and surrogate fidelity
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(b) Time-resolved mean absolute error for the base initial condition. (c) Error
heatmaps (teacher, left; student, right) on a shared log,, scale. (d) HMM posterior
probabilities for fast and slow phases. The dashed line marks the inferred transition
time tHMM-
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b BDF ground truth
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a Spatial profile atlas
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Fig. S5: Extended trajectory verification of the Fisher— KPP surrogate. a,
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Temporal traces at fixed spatial locations (x = 0.10, 0.50, 0.90), illustrating the early
decay near the centre, the delayed rise at the domain edge, and the intermediate
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wave propagation speed and total mass dynamics.
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HPN-DREAM inhibitor-response trajectory atlas
p-MEK1 p-S6 S240/244 P-p70S6K p-4EBP1 p-STAT3 p-YB-1 5102

Serum + PD173074
o
2
} ;
,
‘7 .
o
o
,
.
7 |
o
, .
Sio
\ ,
“\>
)
o

14
°
I
L

0.3

NRG1 + PD173074
. .
.
.
.
a—
>
.
. .
7
A
.
. .
‘\779

0.0

0.3

/
[
/
2
[
/

0.0+

o.a-fw

0.0

FGF1 + GSK+MEK

|
D
€
?
R

0.3

?

EGF + GSK690693
!
T
!
!
F
°
o,
o
o
!
<
o
L !
?

0.04

0.84

Insulin + GSK+MEK
!
!
!
7
o,
o
! !
{
L !
?

0.04

0.84

IGF1 + GSK690693
!
E |
o
!
!
|
jo
o
!
g
o
L !
o

= Teacher
0.0 1 == Student
-0 ] $ Experiment
T T T T T T T T T T T T T T T T T T T
0 60 120 240 0 60 120 240 0 60 120 240 0. 60 120 240 0 60 120 240 0 60 120 240
Time (min)

Fig. S6: Supplementary inhibitor-response trajectory overview for the
HPN-DREAM MCF7 signalling dataset. Representative protein trajectories
are shown across selected stimulation—inhibitor conditions, comparing the surrogate
teacher, the phase-aware distilled student, and experimental measurements. Rows
correspond to perturbation conditions involving pathway inhibitors, while columns
correspond to selected phosphoprotein readouts, including p-MEK1, p-S6 S240/244,
p-p70S6K, p-4EBP1, p-STAT3, and p-YB-1 S102.
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Fig. S7: Supplementary ligand-response trajectory overview for the HPN-
DREAM MCFT7 signalling dataset. Representative trajectories are shown across
ligand stimulation conditions, comparing the surrogate teacher, the phase-aware
distilled student, and experimental measurements with uncertainty bars. Rows corre-
spond to extracellular ligands, including Serum, NRG1, Insulin, IGF1, HGF, FGF1,
and EGF, while columns correspond to selected phosphoprotein readouts, including p-
EGFR Y1068, p-AKT S473, p-AKT T308, p-ERK1/2, p-mTOR, and p-S6 S235/236.
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