Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Quantum Anharmonic Phonon Thermodynamics
from the Free Energy Cumulant Expansion

Ethan Meitz
Carnegie Mellon University

Alois Castellano
University of Liege
Gerald J. Wang
Carnegie Mellon University

Alan J.H. McGaughey

mcgaughey@omu , edu

Carnegie Mellon University

Article

Keywords:

Posted Date: August 7th, 2026

DOI: https://doi.org/10.21203/rs.3.rs-10541555/v1

License: €© @ This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-10541555/v1
https://doi.org/10.21203/rs.3.rs-10541555/v1
https://doi.org/10.21203/rs.3.rs-10541555/v1
https://creativecommons.org/licenses/by/4.0/

Quantum Anharmonic Phonon Thermodynamics
from the Free Energy Cumulant Expansion

Ethan Meitz!, Alois Castellano?, Gerald J. Wang®®, Alan
J.H. McGaughey'”

!Department of Mechanical Engineering, Carnegie Mellon University,
Pittsburgh, 15213, PA, USA.
2QQ-MAT Research Center and European Theoretical Spectroscopy
Facility, Université de Liege, Liege, Belgium.
3Department of Civil and Environmental Engineering, Carnegie Mellon
University, Pittsburgh, 15213, PA, USA.

*Corresponding author(s). E-mail(s): gjwang@cmu.edu;
mcgaughey@cmu.edu;
Contributing authors: emeitzQandrew.cmu.edu;
alois.castellano@Quliege.be;

Abstract

We present a computationally efficient workflow based on the free energy cumu-
lant expansion to calculate vibrational thermodynamic properties with quantum
effects and up to quartic anharmonicity. Helmholtz free energy, internal energy,
entropy, and heat capacity are computed using renormalized self-consistent
phonons, exact first- and second-order cumulants, and a rapidly convergent esti-
mator for the reference potential energy. For classical Lennard-Jones (LJ) argon
and Stillinger-Weber silicon, the free energies are within 0.25 meV /atom of ther-
modynamic integration (TI) at all temperatures with a comparable cost but
simpler workflow. For quantum LJ neon, the cumulant expansion workflow is
one-to-two orders of magnitude faster than TI because it does not require path-
integral simulations. The predicted lattice constants and internal energies for LJ
neon are within 0.004 A and 0.05 meV/atom of the reference. The speed and
accuracy of the cumulant expansion workflow make it ideal for high-throughput
quantum anharmonic thermodynamics.



Introduction

Accurate finite-temperature calculations of vibrational thermodynamic properties
require accounting for anharmonic effects, such as phonon—phonon scattering and fre-
quency renormalization, and quantum nuclear effects, such as Bose—Einstein statistics
and zero-point motion. Treating these effects together, however, is computationally
demanding. Harmonic phonon theories provide a quantum description of vibrational
thermodynamics, but they neglect the anharmonic contributions associated with inter-
acting vibrational modes [1, 2]. In contrast, thermodynamic integration (TT) combined
with path-integral molecular dynamics (PIMD) can capture anharmonic and quantum
effects, but is computationally expensive [3]. Furthermore, TI directly computes only
the free energy. Obtaining other thermodynamic properties such as entropy, internal
energy, and heat capacity necessitates numerical differentiation and therefore addi-
tional simulations. These limitations motivate the development of computationally
tractable methodologies that include quantum effects and anharmonicity (beyond fre-
quency renormalization) while providing direct access to a broad set of thermodynamic
properties.

We show herein how the free energy cumulant expansion [4-6] can be leveraged
to develop such a method. Our approach combines renormalized self-consistent inter-
atomic force constants (IFCs), exact evaluation of the first and second cumulants,
and a rapidly convergent estimator for the reference potential energy. This workflow
estimates the free energy, entropy, internal energy, and heat capacity without explicit
molecular dynamics (MD) or PIMD during IFC fitting or thermodynamic property
evaluation. The computational efficiency and direct access to free energy derivatives
make the cumulant expansion method attractive for high-throughput materials char-
acterization studies, where each calculation must be fast and should return not just
a free energy estimate, but a wide range of thermodynamic properties. Furthermore,
the low cost of the cumulant evaluation makes it practical to compute free energy
over multiple volumes and temperatures, enabling equation-of-state fits from which
zero-pressure lattice constants and thermal expansion coefficients can be extracted.

We consider systems with a fixed number of particles N, volume V', and tempera-
ture T'. The thermodynamic potential minimized at equilibrium is the Helmholtz free
energy J, defined by

F=U-TS, (1)
where U is the internal energy and S is the entropy. Entropy, internal energy, and heat
capacity, Cy, are defined as derivatives of the free energy [2]

oF _ O(BF) _ 0PF
U=Zp2, Oy =—T5, 2)

S=or 9B

where 8 = (kgT)~! and kg is the Boltzmann constant. We focus on the vibrational
contribution to the free energy, given by

Foivb = Vo + Fa + Fann, (3)



where V| is a reference potential energy, Fy is the harmonic part of the free energy,
and Fanp is the anharmonic part [7]. This representation neglects contributions from
electronic and magnetic degrees of freedom. The harmonic part of the free energy is
computed as a sum over the vibrational (i.e., phonon) modes [2]:

Fu = Z [hwk/\ + B log(1 — e_ﬁh“”“) , (4)
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where & is the reduced Planck constant and wg) is the frequency of the phonon mode
with wave vector k on branch A. The definitions of V; and Fann depend on the level
of theory used, as we will explore. Hereafter, all references to F, S, U, and Cy refer
to the vibrational component.

Under the harmonic approximation (HA), Vj is the potential energy at mechanical
equilibrium and Fa,n = 0. The entropy, internal energy, and heat capacity can be
obtained exactly by substituting Eq. (4) into Eq. (2). In the HA, Vj is not temperature
dependent and thus does not contribute to entropy, internal energy, or heat capacity.
The HA captures zero-point motion and obeys quantum statistics, but cannot capture
intrinsic anharmonic effects that become important at high temperature (i.e., phonon-
phonon interactions) [7-9]. The accuracy of the HA can be improved by incorporating
thermal expansion (i.e., the quasi-harmonic approximation) or more generally by using
renormalized IFCs obtained from a method like the temperature dependent effective
potential (TDEP) [7, 10]. In the TDEP formalism, the IFCs may be fit to classical
MD or PIMD data, termed MD-TDEP, or through a self-consistent scheme called
stochastic TDEP (sTDEP) [7, 11].

Using renormalized IFCs, Vj is redefined to capture the average effect of anhar-
monicity [7]. For example, at the harmonic level of theory with sSTDEP IFCs, 1, =
(V — Vo) and with MD-TDEP IFCs, Vi = (V — Va). Here, V is the true potential
energy and V3 is the harmonic part of the potential energy (including polar interac-
tions), (-) denotes an ensemble average where the Boltzmann weights employ the
harmonic Hamiltonian, and (-) denotes an ensemble average with the true Hamilto-
nian. The reference Hamiltonian must match the Hamiltonian used to fit the IFCs.
Note that the first-order component of the potential energy, V7, is zero at equilibrium
and does not contribute to Vp. Substituting the above definitions of Vj into Eq. (3)
with Fann = 0, we obtain what we call the STDEP and MD-TDEP free energies [7]:

FER _(V ~ Vi) + Fi )
F MD—TDEP _ (V —Va) + Fa. (6)

The sSTDEP IFCs and free energy are defined with respect to a harmonic reference (i.e.,
(-)y7)- This definition means that MD or PIMD are not needed to compute F sTPEP,
Instead, the harmonic ensemble can be sampled directly, as described in the Sampling
Canonical Configurations section in the Methods. This sampling is possible because
the phonon modes are orthogonal, making the normal-mode amplitudes independent
realizations of Gaussian random variables whose variances are determined analytically



from the mode frequencies and temperature [11]. We employ sTDEP IFCs in this work
so as to eliminate the computational expense of MD and PIMD simulations.

The TDEP free energies [Egs. (5) and (6)] are renormalized harmonic free energies
and capture the average effect of anharmonicity through V. However, they do not
explicitly account for fluctuations beyond the harmonic reference (i.e., Fapn = 0).
These missing contributions can be obtained from TI between a reference Hamiltonian
and the true Hamiltonian [7], but the required ensemble averages must be estimated
along a coupling path. This sampling becomes expensive for quantum systems where
PIMD is needed [3].

For many solids, it is often assumed that quantum effects can be treated sepa-
rately from the intrinsic anharmonicity. This assumption enables hybrid workflows in
which the thermodynamic properties are computed from a harmonic or renormalized
harmonic model at low temperature, while anharmonic corrections are obtained from
classical sampling at higher temperature. Such mixed lattice-dynamics/MD strate-
gies have been successful in a range of solids [12-14]. The validity of this separation,
however, is difficult to assess a priori. In systems with light atoms, soft modes, or
pronounced zero-point motion, quantum—anharmonic coupling can be non-negligible,
and the accuracy of a hybrid treatment must be validated against a higher-fidelity
reference [15].

To capture quantum effects and anharmonicity without explicit PIMD trajectories,
we leverage the free energy cumulant expansion truncated beyond second order,

Fr=Vo+ Fu+ F1+ Fa, (7)

where Fj is the first cumulant term and F5 is the second cumulant term, described
in the Free Energy Cumulant Expansion section in the Methods. When the potential
energy is represented by a Taylor effective potential (i.e., a Taylor series with IFCs
fit from force-displacement data) truncated beyond fourth order, F; is determined by
quartic anharmonicity and F» is determined by cubic anharmonicity [4]. The second-
order cumulant expansion can therefore be viewed as an extension of the STDEP free
energy to include cubic and quartic anharmonicity.

The cumulant expansion can be used to directly estimate free energy, entropy, inter-
nal energy, and heat capacity without numerical differentiation. Historically, however,
its use has been limited because evaluating F; and JF, was computationally pro-
hibitive. Consequently, prior work often relied on severe truncations and asymptotic
simplifications (such as the high-temperature limit) to obtain tractable expressions [4—
6]. While modern codes often employ cubic and quartic IFCs to compute anharmonic
phonon lifetimes and thermal transport properties [16-19], their use for thermody-
namic properties remains limited. Thermodynamic predictions in modern anharmonic
lattice-dynamics frameworks often incorporate higher-order IFCs indirectly through
renormalized phonon frequencies [20, 21], rather than by directly computing their con-
tributions to the anharmonic free energy. Thus, the central challenge is not in obtaining
higher-order IFCs, but in evaluating the resulting free energy terms (F; and F3) effi-
ciently. To address this challenge, we compute F; and F5 as sums over the irreducible
Brillouin zone, which can be trivially parallelized.



Table 1 Comparison of common methods for calculating vibrational thermodynamic properties.
“Quantum effects” indicates inclusion of zero-point motion and quantum statistics (i.e.,
Bose-Einstein). “Renormalized IFCs” indicates that the harmonic reference is built from
finite-temperature IFCs. “Trajectory-Free” indicates that the method does not require MD or PIMD
sampling. “Direct access” indicates that S, U, and Cy are obtained directly from analytical free
energy expressions (i.e., without numerical differentiation). The F STPEP column refers to Eq. (5).

HA FsTPEP  T[ (MD) TI (PIMD) Cumulant

Quantum effects v v v
Renormalized IFCs v v v
Trajectory-Free v v

Direct access to S, U, and Cyy v
Cubic/quartic anharmonicity
Full anharmonicity v v

SNENENENEN

As summarized in Table 1, the free energy cumulant expansion occupies a dis-
tinct regime among common vibrational thermodynamics methods. For classical free
energies alone, TT remains the natural benchmark because its statistical error can be
reduced by additional sampling. The cumulant approach instead trades this sampling-
based error control for a truncated expansion around a self-consistent harmonic
reference. This tradeoff is valuable when the objective is not only a single free energy
value, but also a direct calculation of entropy, internal energy, and heat capacity,
particularly when quantum effects are important.

This work details the derivation, implementation, and validation of an efficient free
energy cumulant expansion workflow. We use sSTDEP IFCs to define the renormalized
self-consistent harmonic reference, which improves the accuracy at each temperature,
and does not require MD or PIMD. Using renormalized IFCs results in a tempera-
ture dependent Vj, which makes analytic computation of its contribution to the other
thermodynamic properties challenging. We address this complication by developing a
sampling-based estimator for the temperature derivatives of Vj, enabling direct evalu-
ation of entropy, internal energy, and heat capacity, eliminating the need for numerical
differentiation. We validate the workflow on classical Lennard—Jones (LJ) argon and
Stillinger—Weber (SW) silicon, and also on LJ neon, for which both quantum and
anharmonic effects are pronounced [15].

To make our approach accessible, the full workflow, including the calculation of
sTDEP IFCs, is available in Python and Julia through the CrystalCumulants.jl
package [22]. Furthermore, F; and F3 and their derivatives are implemented in the
TDEP package [10].



Results

Approximating Temperature Derivatives of Vj

For a Taylor effective potential truncated beyond fourth order with self-consistent
IFCs, we define

Vo= (V-Va—Vs—Vi)y. (®)
This expression for Vj is the average of the anharmonic terms omitted from the Taylor
effective potential. To estimate entropy, internal energy, and heat capacity, Vo must
be differentiated with respect to temperature. To estimate these derivatives, consider
a quantity A that depends only on the atomic positions. The temperature derivative
of (A)y can be written as

9(A)y cov (A’ ‘72)

or  kgT? )

where V3 is a mode-weighted harmonic energy:

~ 4 1
Va = % M wi,\ qz-,v (10)

Here, gg) is the mass-normalized amplitude of the kA phonon mode and ngy =
(ePhwrr —1)~1 is the occupation number for the phonon mode kX given by the Bose-
Einstein distribution. In the classical limit, V5 = Va. Derivations of Egs. (9) and (10)
can be found in Sec. S1 of the Supplementary Information.

To compute the associated contribution to the entropy, define A=V -V, —-V3—-V}
and apply Eq. (9), so that

oy, comn (VT V Vi Th) "

So=—G7 ~ kpT?

As a consequence of the self-consistent harmonic reference, V5, V3, and V, are
themselves temperature dependent, rendering Eq. (11) an approximation. The error
associated with this approximation, however, is mitigated by the envelope theorem
[23]. The harmonic sSTDEP IFCs minimize F STPEF and therefore do not contribute
to the temperature derivative. A discussion and proof of this property are presented
in Secs. S2 and S3 of the Supplementary Information.

The corresponding contribution to the internal energy is then evaluated from

The contribution to the heat capacity follows by differentiating Eq. (11),

2
Vo _ 195 (13)

Cvo="Tom =Tor



With A=V — Vi — Vs — V; and W = covy (A,%),

2W 1 oW
Cvo=—75— —F=—+- 14
VO kpT? kT OT (14)
When differentiating W, the explicit temperature dependence of 172 through the
phonon occupation must also be retained. Holding the phonon frequencies and
eigenvectors fixed,

Vs 1 Angx(npex + 1) ey o

—_— = — w q2 .
OT — 2T 4= (2ngx +1)° kpT keATRA

(15)

Expanding W and applying Eq. (9) to its expectation values then gives

o NQCOVH(A,VQ)i 1
VO T kT2 EYE

o (47 ) () o (4.7 -
~ (16)
(A)y covy (%,‘72)} — @%COVH (A, 66?) .

Cvy, is likewise an approximation due to the temperature dependence of V3 and V.
The associated error for Cy g is expected to be higher than that of Sy as heat capacity
is a second derivative and consequently more chain-rule terms have been neglected.
Details of the procedure used to generate samples for estimating (-);; and covyl(-,-)
are given in the Sampling Canonical Configurations section of the Methods.

Calculation of the First and Second Cumulants

The first and second terms in the cumulant expansion, F; and F», can be numerically
calculated when the Taylor series for V' is truncated beyond fourth order (i.e., V =
Vo + Vo + V3 + V). The resulting expressions are:

K2 Pl Rk =k 1 1
F1=—— N E U= I (17)
8N vy ww! 2 2
kk/k// 2
7 _ K2 ’(I)MW’ (n+1)(n +n"+1)+n'n"
? 48N —~  ww'w" w+w +w”
(19

+3

n"(n+n'+1)—nn
w+w —w ’
where w’ and n’ are shorthand for the frequency and mode occupation of the phonon

mode indexed by k'N. @’;’j:’/\“:: is the (kXA K'N,E"N’) element of the cubic mode-

coupling tensor (defined in Ref. 9) and @’;;\;\’f)’\’f"*k/ is the analogous quartic element



of the quartic mode-coupling tensor (defined in Ref. 4 on p. 307). The derivation of
F1, and Fo can be found in Sec. 5 (p. 320) and Appendix 23 (p. 434) of Ref. 4. The
contributions for entropy and heat capacity are computed by analytical differentiation
of F1 and F3 following Eq. (2). In these derivatives, only the phonon occupations are
treated as temperature dependent. Due to the envelope theorem, the phonon frequen-

1"

cies do not contribute dw/dT terms [23]. However, the mode-coupling terms ®%%/%)
and @’;;\}l&”f '~k o have temperature derivatives that are neglected. The validity
of this assumption is assessed in the next section. Internal energy is computed by

rearranging Eq. (1) (i.e., Uy = F1 + T'Sy).

Classical Lennard—Jones Argon and Stillinger—Weber Silicon

To validate the cumulant expansion workflow, we calculated the free energy, entropy,
internal energy, and heat capacity of LJ argon and SW silicon from the second-order
cumulant expansion [Eq. (7)] with sTDEP IFCs. We chose these two materials because
one (LJ argon) is strongly anharmonic and the other (SW silicon) is weakly anhar-
monic [9]. The classical thermodynamic properties of LJ argon and SW silicon from
the cumulant expansion are plotted in Figs. 1(a)-1(d) as a function of temperature.
Also plotted are ground truth values from MD simulations (described in the Molecular
Dynamics section of the Methods) from Ref. 9. The temperature axis is normalized by
the experimental melting temperatures, Tieit, of argon (83 K) and silicon (1690 K)
[24, 25]. While these values are not the melting temperatures of LJ argon and SW
silicon, they provide a convenient sense of scale for the temperature axis. The free
energy and internal energy are normalized by their respective values at zero tempera-
ture, while the heat capacity and entropy are normalized by Nkg. On this scale, the
Dulong-Petit (i.e., classical and harmonic) heat capacity is 3.

For all four properties, the errors compared to the MD ground truth generally
increase as temperature, and thus anharmonicity, increase. All free energy and internal
energy calculations are within 0.25 meV /atom of the MD ground truth values for both
materials. The entropy is accurate, with a maximum absolute error of 0.023kp /atom
for LJ argon and 0.014kp/atom for SW silicon. The heat capacity shows the largest
deviations of the four properties, although the errors are modest. The maximum error
is 0.04 kp/atom (1.1%) for LJ argon and 0.10 kp/atom (3.2%) for SW silicon. The
dominant error sources are neglected higher-order cumulants and neglected chain-rule
terms when differentiating F; and F» [Egs. (17) and (18)]. We do not attribute any
error to truncation of the Taylor series beyond fourth order, as the fourth-order IFC
models predict the forces with R? values of 0.986 for LJ argon and 0.999 for SW silicon.

The small errors justify not only the truncation of the cumulant expansion beyond
second order, but also the approximations made to compute the temperature deriva-
tives of Vp, F1, and Fa. We recently proposed a method to compute heat capacity
from MD using a Taylor effective potential that achieved a 1.1% error for LJ argon at
80 K (0.96 Thelt) and a 0.70% error for SW silicon at 1300 K (0.81T3e1t) [9]- At the
same conditions, the cumulant expansion achieves a 1.1% error for LJ argon and a
1.8% error for SW silicon. While the cumulant expansion error is slightly larger, it is
computationally less expensive because it does not require MD and has the additional
advantage of supplying estimates for free energy, entropy, and internal energy.



112f@) ' ' — % 1.00F ' ®)
1.08 00 1 095 gggC}@@@Q |
A4 ® ®o.
5 ARG ® ®000. |
= 1.04 @ | =090 @
g QQ @ ) @
£ 100 o&® ®® g 085 ®®® ]
T Lo® @@ s 7 ©
0.961 @ @® 0.80 @ * 1
®000e0®” 075} N
0.92} DS , , i X . @
© T ae®® @
‘o o® ®@®0 34 .
3 ® e®®®®| 532 PR L L
£ Q@‘O@ o +6®® 50 ggg‘gao A
< 00 > @
o ® ©® Oos QOQQQQQQQQ
-2.5 @
26} |
=00 02 04 o6 o8 10 00 02 04 06 08 10
T/Tmelt T/Tmelt

O L) MD Ground Truth @ L) Cumulant Expansion
<& SW MD Ground Truth @ SW Cumulant Expansion

Fig. 1 Classical (a) free energy, (b) internal energy, (c) entropy, and (d) heat capacity of LJ argon
and SW silicon predicted from the cumulant expansion [Eq. (7)] and ground truth values obtained
from MD simulations done in Ref. 9 (see Methods). Free energy and internal energy are normalized
by their values at 0 K while the entropy and heat capacity are normalized by Nkg. The horizontal
axis denotes the temperature normalized by the melting temperature. The error bars are smaller than
the markers. The entropy plotted in (c) is the classical entropy, which can be negative because the
phase space is continuous [26].

The free energy residuals relative to the MD ground truth values, which are based
on TI, are plotted in Fig. 2. A breakdown of the first- and second-order cumulant
contributions (Fi, F2, and F; + F2) is plotted in Figs. 3(a) and 3(b). Because phase
stability is often determined by free energy differences of a few meV/atom, resolving
free energies at the 1 meV /atom level is a useful practical target [27, 28]. In absolute
units, the residuals are well below this threshold. For LJ argon, the residual is below
0.1 meV/atom at all temperatures. The SW silicon residual is below 0.1 meV/atom
until 1300 K (0.817},e1¢) and it increases to 0.21 meV /atom by 1600 K (0.95T 1 ). The
LJ argon residual is consistently smaller than the SW silicon residual. We attribute
the larger error in SW silicon to strong size effects in the reference TI calculations
that lead to larger uncertainty.

For both materials, F; + F» is small but non-negligible relative to the total free
energy. For LJ argon, this sum is as substantial as —0.73 meV/atom (below the
1 meV/atom error heuristic), yet because the relevant temperatures are low, it corre-
sponds to a sizable fraction of kgT (11%). This result suggests that the 1 meV/atom
threshold is inappropriate for LJ argon. Because LJ argon is a much softer material
than SW silicon, its energy scale is much closer to the thermal energy of the system
than in SW silicon [9].
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Fig. 3 Breakdown of the first- and second-cumulant contributions to the free energy for (a) LJ argon
and (b) SW silicon. The color compares the size of each component ¢ with the thermal energy kgT'.
There are no error bars because F; and F2 are evaluated deterministically.

Comparing F; with F5 reveals that the anharmonic correction is typically domi-
nated by the second cumulant, with |F2| > |F1| over most of the temperature range
for both materials. This result is not unreasonable because the order of the cumulants
does not dictate their relative magnitudes. There is a small amount of point-to-point
scatter visible in Figs. 3(a) and 3(b), which is most obvious in the first cumulant. This
scatter is likely due to fitting noise, because each temperature uses an independently-
fit IFC set generated from stochastic sampling. The impact of the wave vector grid is
negligible on the scale of this scatter as both cumulants are well converged, as shown
in Figs. S5-S7 of the Supplementary Information.
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Fig. 4 (a) Internal energy and (b) heat capacity for LJ neon calculated from PIMD, the cumulant
expansion [Eq. (7)], and the harmonic approximation with renormalized sSTDEP IFCs. The internal
energy at 0 K is subtracted from each dataset to facilitate comparison. The heat capacity is normalized
by Nkg

Quantum—Anharmonic Thermodynamics of Lennard-Jones
Neon

To demonstrate the ability of the cumulant expansion to simultaneously capture anhar-
monic and quantum effects, we calculated the internal energy and heat capacity of
LJ neon using the temperature-dependent lattice constants from Ref. 15. Due to its
low atomic weight, neon is known to have both strong anharmonic and quantum
effects at low temperatures [15]. The results are shown in Figs. 4(a) and 4(b), where
they are compared with results from (i) calculations performed under the harmonic
approximation with renormalized STDEP IFCs and (ii) ground truth PIMD simu-
lations (described in the PIMD section of the Methods). Heat capacity from PIMD
is not reported at the two lowest temperatures studied (4 K and 6 K) as it was
computationally intractable to converge.

When compared to the PIMD results, the internal energy has a maximum error
of 0.036 meV/atom at the highest temperature studied (24 K). The heat capacity
error at 24 K is 0.044 kp/atom (2.1%). The maximum heat capacity error occurs at
6 K, which we attribute to insufficient number of beads in the PIMD simulations.
The choice of the bead number is discussed in Sec. S5. We attribute the heat capacity
error, which generally increases with increasing temperature, to early truncation of the
cumulant expansion and neglected chain rule terms. Even at these low temperatures,
the harmonic approximation is clearly insufficient, as it underpredicts the internal
energy by 0.85 meV/atom and the heat capacity by 0.17 kg/atom (8.0%) at 24 K.

Lennard-Jones Neon Zero-Pressure Lattice Constants

The zero-pressure LJ neon lattice constant was computed as a function of tempera-
ture by minimizing free energy with respect to volume for the second-order cumulant
expansion [Eq. (7)] and for the STDEP free energy [Eq. (5)], as described in the
Equation-of-State Fits section of the Methods. The results are plotted in Fig. 5 along
with ground truth values calculated from a PIMD simulation in the NPT (i.e., con-
stant number of particles, pressure P, and temperature) ensemble. When compared

11
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Fig. 5 Zero-pressure lattice constants of LJ Neon from PIMD-N PT compared to values fit from the
Vinet equation of state applied to the second-order cumulant expansion free energy [Eq. (7)] and the
STDEP free energy [Eq. (5)].

to PIMD, the cumulant expansion has a maximum error of 0.004 A (0.09%) whereas
Eq. (5) has a maximum error of 0.052 A (1.1%) at 24 K. Prior work showed that the
sTDEP free energy was sufficient to capture the negative thermal expansion of silicon
at low temperature [29]. For LJ neon, however, Eq. (5) consistently underpredicts the
lattice constant. The error grows with temperature as the first and second cumulant
terms, and anharmonicity, grow.

Computational Efficiency

We now compare the computational cost of the cumulant expansion workflow with the
TI-MD (i.e., classical) and TI-PIMD (i.e., quantum) workflows for the LJ potential.
The cumulant expansion enables the simultaneous evaluation of the free energy and
its temperature derivatives, providing all thermodynamic properties from the same
set of inputs. Thermodynamic integration provides the Helmholtz free energy, and a
separate MD or PIMD simulation is needed to obtain the internal energy and heat
capacity, which then supply the entropy via Eq. (1). All calculations reported herein
use 40 cores (shared memory) on a single compute node with two Intel Xeon Gold
5218R CPUs and follow the procedure in the Computational Benchmarks section of
the Methods.

As shown in Fig. 6, for classical LJ argon, the cumulant expansion workflow has a
total run time of 449 s, which is 16% faster than the 520 s needed for the TI-MD work-
flow. The primary distinction at the classical level is not in the run time, but in the
structure of the calculation. The cumulant expansion yields all thermodynamic prop-
erties in a single calculation and does not require equilibration, trajectory generation,
checks for finite-size effects, or block averaging of observables to estimate error. Thus,
even when the target is only the classical free energy and not other thermodynamic
properties, the cumulant expansion workflow has a distinct advantage over TI-MD.

The advantage becomes much larger for quantum thermodynamics. Direct path-
integral thermodynamic integration is roughly equivalent to Npeaqs classical MD steps
(where Npeags is the number of beads used in PIMD). We therefore estimate the cost of
TI-PIMD by linearly scaling the measured classical T1 timings by the number of beads
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Fig. 6 Run time comparison of the TI-MD, TI-PIMD (estimated), and cumulant expansion work-
flows. The cumulant expansion timing includes the sTDEP IFCs, the estimation of Vp and its
associated error, and the first- and second-order cumulant terms. The cumulant expansion cost is
independent of the use of classical or quantum statistics. The classical TI-MD timing combines ther-
modynamic integration for the free energy, a spring-constant calculation for the Einstein-crystal
reference, and a separate MD calculation for the internal energy and heat capacity. The quantum
TI-PIMD timing is a conservative estimate obtained by scaling the measured classical TI timings by
the number of path-integral beads, Nyeads-

used in the LJ neon calculations. This estimate is intentionally conservative. It assumes
ideal linear scaling with Npeaqs and neglects additional overheads associated with path-
integral sampling, equilibration, thermostatting, and parallel communication. Thus,
the estimate should be viewed as a lower bound on the practical cost of PIMD. The
timing of the PIMD simulation for internal energy and heat capacity was directly
measured.

The cumulant expansion workflow timing remains at 449 s for LJ neon because
the cost is set by the IFCs and Brillouin-zone sums, which are independent of classical
or quantum statistics. With the smallest (8) and largest (138) bead counts used in
this work, the TI-PIMD workflow is 17x (7885 s) — 180x (81174 s) slower than the
cumulant expansion workflow. This comparison highlights the main practical benefit,
which is that quantum anharmonic thermodynamics can be obtained without explicit
PIMD sampling.

Beyond run time alone, the cumulant expansion workflow affords a number of
advantages. The TI-MD and TI-PIMD reference calculations require convergence stud-
ies (or justified choices) for the equilibration length, production length, block size,
number of independent seeds, and supercell size. In contrast, for the cumulant expan-
sion workflow, the supercell size only needs to be large enough to compute the IFCs.
The supercell size does not affect the thermodynamic properties (Fig. S1). Numeri-
cal convergence is instead controlled by only two parameters: the number of Gaussian
samples used to evaluate Vj (Figs. S2-S4) and the wave vector mesh used to evalu-
ate the cumulant terms (Figs. S5-S7). Because the Gaussian samples are independent,
the statistical error in V[, and its dependence on the number of samples can be esti-
mated directly by bootstrapping from a single computation. The wave vector mesh
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must also be converged (Figs. S5-S7). However, coarse and intermediate meshes are
inexpensive, requiring only a few seconds of run time. The cumulant expansion there-
fore provides not only a lower-cost route to quantum anharmonic thermodynamics,
but also a workflow requiring fewer ad hoc hyperparameters and sources of numerical
error with greater transparency.

Discussion

To bridge the gap between quantum harmonic vibrational thermodynamics and the
finite-temperature anharmonicity captured by TI, we developed a trajectory-free
method based on the free energy cumulant expansion. This approach combines renor-
malized self-consistent phonons, explicit cubic and quartic anharmonic contributions
to the free energy, entropy, internal energy and heat capacity [Eqs. (17) and (18)],
and a trajectory-free estimator for the reference potential energy [Egs. (9), (11), and
(16)]. Such an integrated treatment is needed because phonon occupations are strongly
affected by quantum statistics at low temperature, while anharmonic interactions
increasingly reshape thermodynamic properties as temperature increases. Although
TI-PIMD can capture both effects, it is generally too expensive for systematic stud-
ies. Furthermore, while cubic and quartic anharmonicity are now commonly included
in calculations of lattice thermal conductivity [16-19] and frequency renormalization
[20, 21], their use in thermodynamic property calculations has been limited.

We validated the workflow on classical LJ argon and SW silicon, showing that
free energies and internal energies can be predicted within 0.25 meV /atom of ground
truth values from TI, even near the melting temperature (Fig. 2), at a comparable
computational cost. The workflow is also accurate for entropy, with maximum absolute
errors of 0.023 kp/atom for LJ argon and 0.014 kp/atom for SW silicon. The largest
deviations occur in the heat capacity, but they remain modest: the maximum errors
are 0.04 kg/atom (1.1%) for LJ argon and 0.10 kg /atom (3.2%) for SW silicon. This
level of agreement is only achieved when the expansion is carried out to include both
the first and second cumulants, F; and Fs.

The workflow was then applied to LJ neon, a demanding test case where quan-
tum and anharmonic effects are both essential to capture. Using a quantum harmonic
reference together with the explicit anharmonic cumulant corrections, the workflow
predicts the internal energy to within 0.036 meV/atom at 24 K [Fig. 4(a)] of a TI-
PIMD reference. The heat capacity shows an error of 0.044 kg /atom (2.1%) compared
to that from PIMD at the same temperature [Fig. 4(b)], which is consistent with the
stronger sensitivity of second derivatives of free energy to truncation error. Even so,
the cumulant expansion improves upon the harmonic approximation, which underpre-
dicts the internal energy by 0.85 meV /atom and the heat capacity by 0.17 kp/atom
(8.0%) at 24 K. We also showed that the anharmonic cumulant corrections are required
to obtain accurate zero-pressure lattice constants (Fig. 5). The cumulant expansion
produces a maximum lattice constant error of 0.004 A (0.09%), whereas the sSTDEP
free energy yields a maximum error of 0.052 A (1.1%) when compared to a PIMD
reference. Notably, the cumulant expansion is estimated to be one-to-two orders of
magnitude faster than the reference TI-PIMD calculations.
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In summary, the free energy cumulant expansion workflow presents an efficient,
trajectory-free route to quantum anharmonic thermodynamics given a crystal struc-
ture and self-consistent IFCs. The workflow accurately predicts free energy, entropy,
internal energy and heat capacity across a wide range of conditions. Its low cost
makes it practical to compute downstream properties that require repeated free
energy evaluations, including thermal expansion, phase stability, and equilibrium lat-
tice constants. Taken together, these results demonstrate that the cumulant expansion
provides a computationally efficient framework for predicting the thermodynamic state
of materials in a form suitable for high-throughput calculations.

Methods

Sampling Canonical Configurations

The harmonic canonical distribution of atomic displacements is a multivariate Gaus-
sian with zero mean and a temperature-dependent covariance. In the normal-mode
basis, each phonon mode is an independent Gaussian random variable with standard

deviation
U,(;lfssical — kBT (19)
WEA
for classical statistics and

h (QTLk)\ + 1)
quantum — 20
O 2rr (20)

for quantum statistics [11, 30]. The Cartesian displacements for atom ¢ may therefore
be sampled as

1 ,
Ui = —— > €py 0k Ckis (21)
oy

where m; is the mass of atom 4, gy ~ N (0,1) is a standard normal random variable
and e}; 5 is the 3 x 1 block of the phonon eigenvector for mode kA corresponding to
atom . Critically, the (gx should be not be re-sampled for every atom. All atoms,
i, in the system must use the same set of random numbers within a configuration.
This process is computationally trivial. The resulting configurations can be used to
estimate statistics with respect to harmonic dynamics. For example, (V' — V5); in the
sTDEP harmonic free energy [Eq. (5)] or the covariance term in the calculation of

aV, /AT [Eq. (11)].

sTDEP Interatomic Force Constants

The sTDEP iterative algorithm to compute self-consistent finite-temperature IFCs
using the TDEP code is summarized in Algorithm 1. The input variables are the number
of iterations Niter, the number of configurations to sample on the initial iteration Nipit,
the maximum number of samples for any iteration Npy.x, the sampling temperature,
a boolean “mix” that sets if configurations from iteration ¢ — 1 should be mixed with
iteration 7, and a guess for the maximum frequency wpyax. The maximum frequency
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sets the displacement scale for the first iteration to generate the initial set of harmonic
IFCs, . For LJ argon and LJ neon, wmax = 2.5 THz, and for SW silicon, wmax =
18 THz. For all materials, Njter = 10, Ninit = 8, Nmax = 512 and “mix” = True. The
algorithm leverages the extract_forceconstants and canonical_configurations
commands from the TDEP code [10] which are wrapped by our provided library [22].

Each iteration of the sTDEP algorithm only requires the second-order IFCs to
begin the next iteration. The cubic and quartic IFCs are fit from the final set of
configurations, after the second-order IFCs are converged. We asses convergence quan-
titatively through the harmonic free energy and qualitatively by plotting the phonon
density of states. The STDEP free energy is converged to within 0.1 meV/atom after
six iterations.

Algorithm 1 Fitting sTDEP Interatomic Force Constants
1. Set the number of configurations at iteration ¢ to be

N(Ef)zqf = min (Ninit2i_1, Nmax) ’
so that the ensemble size doubles until the cap Npyax is reached.

2. Generate the initial configuration ensemble using canonical_configurations
from TDEP with maximum frequency wmax. This procedure defines the initial
displacement scale before self-consistent IFCs are available.

3. Compute forces and obtain the initial second-order IFCs ®(©) using
extract_forceconstants from TDEP.

4. For i =1,..., Niter — 1, repeat:

(a) generate N, C(;:fl) configurations using ®(—1;

(b) if mix is enabled and ¢ > 1, include all configurations from the previous iteration
in the fitting set;

(¢) compute forces and update the IFCs to ®(*);

(d) compute harmonic free energy and phonon density of states to assess conver-
gence.

5. Fit cubic and quartic IFCs to displacements generated by the final second-order
TFCs.

Properties of the sSTDEP IFCs and their equivalence to SSCHA IFCs are discussed in
Secs. S2 and S3.

Harmonic Thermodynamic Properties

Like the harmonic free energy, g [Eq. (4)], other harmonic thermodynamic properties
are computed as sums over the first Brillouin zone from [2]

afH Z |: ﬁhka _ log (1 _ 6_’8hw"’>‘) (22)

Sn==r =k 2| e 1
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ﬁfH 1
Uy = Zhwk,\ < oo T T 2) (23)

0T Bhwie o [ Bhwie
Cyu= _TGT kg %: (2) cosech <2> . (24)

Despite the use of temperature-dependent phonons (i.e., sTDEP), the phonon frequen-
cies, wgx, do not contribute to the derivatives in Eq. (2) due to the envelope theorem
[23]. This point is discussed in Secs. S2 and S3 of the Supplementary Information.

Free Energy Cumulant Expansion

The free energy difference between the true and harmonic crystals can be expressed
using a cumulant expansion of the anharmonic potential energy. This expansion is
based on the cumulant generating function, C'x, of a random variable, X, defined as

Cx () = log ({ Z (), (25)

where k,(X) is the n*" cumulant of the random variable X and ¢ is an arbitrary
variable [31]. Applying this definition to the anharmonic part of the potential energy
allows the free energy to be written as a sum of cumulants evaluated with respect to
a chosen reference ensemble.

The cumulant expansion may be derived using either the true or harmonic dynam-
ics as the reference. We adopt the harmonic reference because atomic configurations
that include zero-point motion can be generated efficiently by sampling a Gaussian
distribution, as described in the Sampling Canonical Configurations section of the
Methods. For brevity and clarity, we present the classical derivation of the cumulant
expansion for free energy with respect to harmonic dynamics. A full derivation, which
respects quantum mechanics, can be found in Sec. 5 of Ref. 4.

First, we write the partition function, Z, as a reweighting of the harmonic partition
function, Zy:

z - /6—6<HH+AV) dr

= ZH <€_BAV>

(26)
H )

where AV =V — V5, dI indicates that the integral is over all of phase space, and Hy
is the harmonic part of the Hamiltonian. Importantly, we compute V5 with renormal-
ized IFCs. This choice maximizes the contribution from V5, thereby minimizing AV,

which improves convergence and reduces size effects [7]. Next, we convert the parti-
tion function to a free energy via F = —3~!log(Z) and apply the cumulant expansion
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from Eq. (25) with t = =8 and X = AV:
F = —B""log(Zn) — 6" log((exp(—BAV))y)

N = 1ING

n

(27)

where ! is the n'"-order cumulant with respect to harmonic dynamics. For a classical
harmonic reference, the first two cumulants in Eq. (27) are

R (X) = (X®) — (- 2%)

The quantum expression has the same cumulant structure, with the classical cumulants
replaced by their quantum-mechanical counterparts [31].

Writing the true potential energy, V', as a Taylor effective potential [8, 9], we
express AV as

AV =V -V,
— Vo4 Vo Vit (29)
= Vo + Vann,

Substituting Eq. (29) into Eq. (27) and pulling out the constant term Vj, we obtain
the final expression for the free energy cumulant expansion:

X 1\ynpn—1
Fevit A=Y T ), (30)
n=1 !

We truncate the cumulant expansion after the second cumulant such that

- H B
Fr=Vo+ Fu+ k1 (Vann) 5 12 (VAnn) (31)
= Fu+ Fo+ F1 + Fo.

For simplicity, we identify the first cumulant term as Fj, and the second-order cumu-
lant term as JF. Similar expansions can be written for entropy and heat capacity by

taking the temperature derivatives in Eq. (2). Internal energy can also be calculated via
a derivative, but we always calculate it from & = F+T'S to guarantee self-consistency.
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Table 2 Interatomic potential and structural parameters for the studied systems. SW silicon uses
the Si.sw parameter file in LAMMPS [32].

Material o (A) € (meV) Teus (A) a (A) N T (K)
LJ Argon 3.400 10.423 8.50 5.2468 256 5-80
LJ Neon 2.782 3.2135 6.955 Variable 256 4-24
SW Silicon - - - 5.43 216 100-1600

Cumulant Expansion Evaluation

All calculations use the second-order cumulant expansion [Eq. (31)] with sSTDEP IFCs.
The LJ length scale (o), energy scale (€), and cutoff radius (r¢,:); and lattice con-
stant (a) for all materials are included in Table 2 [15]. The SW silicon parameters are
from the Si.sw file in LAMMPS [32, 33]. LJ argon and LJ neon are face-centered cubic
supercells while SW silicon is a diamond structure. Supercell size does not affect the
final predictions of the thermodynamic properties, as shown in Fig. S1 of the Supple-
mentary Information. The LJ neon heat capacity and internal energy calculations use
the lattice constants from Ref. 15. The zero-pressure lattice constants for LJ neon are
also independently predicted by fitting a Vinet equation of state to the free energies
of a set of 12 lattice constants corresponding to systems in tension and compression.
This procedure is detailed in the Equation-of-State Fits section of the Methods.

The Vo, So, Uy and Cyo corrections are estimated from 100,000 samples. The
phonon wave vector mesh to compute the cumulants (i.e., F1, Fo, and their derivatives)
was 25 X 25 x 25 while that for the harmonic properties was 30 x 30 x 30. Coarser grids
could be used to obtain converged results in practice. The values here were chosen
to mitigate error, not optimize runtime. The results of the convergence studies are
presented in Figs. S2-S7 of the Supplementary Information.

Molecular Dynamics Ground Truth Simulations

The ground truth free energy for the classical systems (LJ argon and SW silicon)
is calculated from LAMMPS through the fix ti/spring command [32, 34]. Unlike
the cumulant expansion, where we use a temperature-dependent harmonic reference,
LAMMPS uses an Einstein solid as the reference. The classical free energy results are the
average of five MD simulations, with each simulation using the default parameters in
Ref. 34: 1000 equilibration steps and 5000 switching steps where data are collected.
The internal energy and heat capacity are computed from energy fluctuations and
are averaged over 50 MD simulations, with simulation parameters taken from Ref. 9.
Entropy is computed from § = (U — F)/T.

Path Integral Molecular Dynamics Ground Truth Simulations

To capture the ground truth data for LJ neon, we performed PIMD simulations using
i-PI with LAMMPS as the force calculator [32, 35]. Following Ramirez and Herrero,
we use a timestep of 3 fs [15]. We chose the number of beads, Npeads, according to
Npeads = 550/T for heat capacity and 200/T for internal energy. Justification for
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this choice is provided in Sec. S5 of the Supplementary Information. All data are
averaged over six PIMD simulations, with 100,000 equilibration steps followed by
500,000 production steps. The heat capacity is computed using the scaled-coordinate
estimator [36].

While Ramirez and Herrero [15] report lattice constants for LJ neon, they used the
static lattice approximation to calculate energies beyond nearest neighbors [2]. This
choice reduced computational cost and led to a potentially coincidental agreement with
experiments. Our LJ neon model, however, uses a hard cut-off (i.e., no contributions
past the cutoff radius). We thus ran a PIMD simulation in the NPT ensemble at
zero-pressure for each temperature to obtain reference lattice constants for the hard
cut-off model. The simulations were initialized with the structures from Ref. 15. Each
simulation was 3,000,000 steps with 100,000 steps of equilibration. We used a timestep
of 0.75 fs. Block averaging is used to assess convergence and estimate error [15].

Equation-of-State Fits

Zero-pressure lattice constants for LJ neon were predicted from equation-of-state fits
at each temperature. For each temperature between 4 K and 24 K, the free energy
per atom was computed via the cumulant expansion for 12 lattice constants. The 12
lattice constants were obtained by scaling the lattice constants in Ref. 15 over a range
of £3%. The resulting free energy per atom was fit independently to the volume per
atom at each temperature using the Vinet equation-of-state [37, 38]

2B, Ve _3(B' —1)(n—
o 2= (5+3Bly(n—1) - 3n) e HELDO-D] (3
eq

n= (;;)1/3. (33)

The parameters Feq, Voq, Beq, and Béq are the equilibrium free energy, volume,
bulk modulus, and pressure derivative of the bulk modulus. The parameters were fit
independently at each temperature.

We fit the free energy per atom so that V4 corresponds to the equilibrium volume
per atom. We studied face-centered-cubic LJ neon, whose conventional cell contains
four atoms. The conventional unit cell lattice constant was therefore obtained from

F(n) = Feq +

where

a(T) = [4Veo(T)]'/?. (34)

Computational Benchmarks

The run time comparison presented in Fig. 6 was carried out to compare workflows
that produce the same thermodynamic information. For the classical simulation bench-
mark, the free energy was obtained from TI and the internal energy and heat capacity
were obtained from a separate MD simulation. The total classical run time is

telassical = 2(:TI,MD + tspring,MD + 2‘;C'V,MD7 (35)
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where t11vp is the thermodynamic-integration time, tspring,Mp is the time required
to estimate the Einstein-crystal spring constant, and tc, mp is the MD time used
to estimate the heat capacity. The TI calculations follow Ref. 34, with the coupling
parameter A\ dynamically varied during the simulation. The classical TI production
calculation used Ngep = 6000 MD steps and Ngeeq = 5 independent seeds to estimate
statistical uncertainty. The Einstein-crystal spring constant was estimated from a small
MD simulation requiring 50,000 equilibration steps and 50,000 production steps. Heat
capacity times are computed from 50,000 equilibration steps and 500,000 production
steps. These values were chosen conservatively to favor the simulation-based workflow
over the cumulant expansion workflow.

The quantum TI benchmark was estimated from the measured classical timings
and actual PIMD simulations. We do not report F from TI with PIMD as it is com-
putationally prohibitive and there are no readily available codes. Instead, the cost of
TTI in PIMD is estimated by scaling ¢rrmp and tspring,Mp by the number of beads used
in our PIMD simulations, Npeaqs- We report values for the minimum and maximum
values of Nyeaqs used from

tpimD (Nbeads) & Nbeads (¢71,MD =+ tspring,MD) + tcy ,PIMD- (36)

This estimate assumes ideal linear scaling and does not include additional overhead
from PIMD-specific sampling, equilibration, thermostatting, or communication [35]. It
is therefore a conservative estimate that favors the TI-PIMD workflow over the cumu-
lant expansion workflow. For LJ neon, the bead count was chosen as Npeads = 200/T
for the internal energy calculations and Npeaqs = 550/T for the heat capacity calcu-
lations. The choice of Npeaqs is justified in Sec. S5 of the Supplemental Information.
The timing comparison reports the smallest and largest bead counts used in this work,
corresponding t0 Npeads = 8 (24 K, internal energy) and Npeaqs = 138 (4 K, heat
capacity). The cost of the heat capacity is computed from the average step-time of a
PIMD simulation in i-pi multiplied by the number of steps used in classical MD [35].
This choice is intentionally conservative, in practice PIMD would require more steps.

The cumulant expansion timing includes the calculation of the sSTDEP IFCs and
the evaluation of all terms entering the second-order free energy cumulant expan-
sion. The harmonic contribution is obtained from a Brillouin-zone integral and is
negligible in the total wall time. The reference contribution Vj is evaluated by Gaus-
sian sampling of the sTDEP harmonic reference distribution. For each sample, the
full potential energy and its harmonic, cubic, and quartic approximations are evalu-
ated. We used Ngample = 100,000 Gaussian samples for all materials. In practice, the
dominant contributions to this stage are the evaluations of V and V.

The first- and second-order cumulant terms, F; and F2 [Eqgs. (17) and (18)], are
evaluated on a 25 x 25 x 25 Brillouin zone mesh. Symmetry reduces the outer wave
vector sum from the full Brillouin zone to the irreducible Brillouin zone, while the
remaining wave vector sums are performed over the full mesh. The mode-coupling
tensors are not stored for all wave vector combinations. Instead, each required mode-
coupling element is computed and immediately accumulated into the free energy sum.
This on-the-fly accumulation avoids storing the full tensor over the entire wave vector
mesh.

21



For Fy, the resulting memory complexity is O(N;,;,,) and the computational com-
plexity is O(NBZNI NS

prim)- Here Nprin, is the number of atoms in the primitive cell,
N]ICBZ is the number of k-points in the irreducible Brillouin zone, and Ny is the number
of points in the first Brillouin zone. For F3, the memory complexity is O(N3;,,) and
the computational complexity is also (’)(NII(BZNf(u“NSrim). The practical cost there-
fore depends strongly on the symmetry of the crystal and the number of atoms in the
primitive cell. Temperature derivatives of the free energy are accumulated at the same
time as the free energy terms and do not require additional Brillouin-zone sums.
Different supercell sizes were used for the simulation and cumulant expansion
workflows because the two approaches converge differently with system size. The
TT calculations used large supercells to reduce finite-size errors associated with the
Einstein-crystal reference [34]: 10 976 atoms for LJ argon and 13 824 atoms for SW
silicon (the results of the convergence study are plotted in Fig. S9). In contrast, the
cumulant expansion used 256 atoms for LJ argon/neon and 216 atoms for SW silicon.
The small supercells are sufficient for the cumulant expansion because size effects only
come through the phonon calculations (i.e., Fi). To calculate the IFCs, we only need

to choose a supercell that is larger than twice the cutoff radius.

Data Availability

Force constants, crystal structures and thermodynamic results are available in the
GitHub repo for CrystalCumulants.jl: https://github.com/ejmeitz/Crystal Cumulants.
jl/tree/main/paper.

Code Availability

The full workflow, including calculation of the sTDEP IFCs, is available in
Python and Julia through the CrystalCumulants.jl repo: https://github.com/ejmeitz/
CrystalCumulants.jl/tree/main. Documentation can be found at https://ejmeitz.
github.io/CrystalCumulants.jl/dev/. The cumulant terms are also separately avail-
able in the TDEP code in the anharmonic_free_energy command: https://github.com/
tdep-developers/tdep.
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