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S1 Estimating Derivatives of V0

In this section, we derive the harmonic ensemble covariance estimator [Eq. (9)] used to compute tem-
perature derivatives of the reference potential energy V0 [Eq. (8)]. Let q denote the mass-normalized
harmonic normal mode coordinates. Given harmonic interatomic force constants (IFCs), the harmonic
probability density p(q, T ), defines the likelihood of finding the phonons with amplitudes q at tem-
perature T . At the harmonic level of theory, phonons are non-interacting and the probability density
function is a product of independent Gaussian distributions,

p(q, T ) =
∏
i

1√
2πσ2

i (T )
exp

[
− q2i
2σ2

i (T )

]
, σ2

i (T ) ≡
〈
q2i
〉
H
. (S1)

where σ2
i is the temperature dependent variance associated with phonon mode i. For an observable

A(q) with no explicit temperature dependence,

d

dT
⟨A⟩H =

∫
A(q) ∂T p(q, T ) dq = ⟨A∂T ln p(q, T )⟩H . (S2)

Here ⟨·⟩H denotes an ensemble average where the Boltzmann weights are defined by the harmonic
Hamiltonian. Eq. (S2) can be written as a covariance,

d

dT
⟨A⟩H = covH(A, ∂T ln(p(q, T ))) , covH(A,B) = ⟨AB⟩H − ⟨A⟩H ⟨B⟩H . (S3)

This is possible because ⟨∂T ln p⟩H = 0 so the ⟨A⟩H ⟨B⟩H term drops out. Taking the derivative of the
log of the probability density gives us

∂T ln(p(q, T )) =
1

2

∑
i

[
q2i

σ2
i (T )

− 1

]
∂T lnσ2

i (T ), (S4)

which we can plug into Eq. (S3) to find that

d

dT
⟨A⟩H =

1

kBT 2
covH

(
A, Ṽ2

)
, (S5)

where the effective harmonic energy, Ṽ2, is

Ṽ2(q;T ) ≡
kBT

2

2

∑
i

(
∂T lnσ2

i (T )
) q2i
σ2
i (T )

. (S6)

For a quantum harmonic oscillator in mass-normalized coordinates [1],

σ2
i (T ) =

ℏ
2ωi

[2ni(T ) + 1] , ni(T ) =
1

exp(βℏωi)− 1
. (S7)

where ωi is the angular frequency of phonon mode i. When that frequency is independent of temperature
or the envelope theorem applies (see Sec S2)

∂Tni =
ℏωi

kBT 2
ni(ni + 1),

kBT
2

2
∂T lnσ2

i (T ) =
ℏωini(ni + 1)

2ni + 1
. (S8)

Substituting Eq. (S8) into Eq. (S6) gives

Ṽ2(q;T ) =
1

2

∑
i

4ni(T ) [ni(T ) + 1]

[2ni(T ) + 1]2
ω2
i q

2
i . (S9)
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The effective harmonic energy, Ṽ2, depends explicitly on temperature through the occupation num-
bers. When computing heat capacity we must differentiate Ṽ2. Taking the derivative treating only the
occupation numbers as temperature dependent we obtain:

∂Ṽ2

∂T
=

1

2

∑
i

4ℏωi

kBT 2

ni(ni + 1)

(2ni + 1)3
ω2
i q

2
i . (S10)

In the classical limit, Ṽ2 = V2 and ∂T Ṽ2 = 0 when the harmonic IFCs are held fixed.
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S2 Importance of Self-Consistent Phonons

From the Gibbs–Bogoliubov inequality, the free energy of a trial harmonic system provides an upper
bound to the exact free energy [2]. As shown in Sec. S3, sTDEP is equivalent to the stochastic self-
consistent harmonic approximation (SSCHA), and therefore the sTDEP free energy, F sTDEP, satisfies

F sTDEP ≥ F . (S11)

Accordingly, we choose the sTDEP/SSCHA harmonic IFCs, Φ, to minimize this upper bound on the
exact free energy,

Φ⋆(T ) ≡ ΦsTDEP(T ) = argmin
Φ

F sTDEP[Φ, T ]. (S12)

This fact guarantees that the sTDEP IFCs define the optimal harmonic reference for approximating the
exact free energy. We then define the minimized sTDEP free energy as

F sTDEP(T ) ≡ F sTDEP[Φ⋆(T ), T ]. (S13)

By the envelope theorem, the total derivative of the sTDEP free energy with respect to temperature is
[3]

dF sTDEP

dT
=

∂F sTDEP

∂T

∣∣∣∣∣
Φ⋆(T )

. (S14)

There are no derivatives with respect to Φ due to the stationarity condition

∂F sTDEP

∂Φ

∣∣∣∣∣
Φ⋆(T )

= 0. (S15)

Accordingly, the entropy associated with the variational sTDEP free energy is

SsTDEP = −dF sTDEP

dT
, (S16)

and requires no ∂ω/∂T terms. This argument does not generally extend to the heat capacity, since
second derivatives reintroduce terms involving dΦ⋆/dT . Likewise, it does not apply to higher-order
corrections such as F1 and F2, since these terms are not part of the variational functional whose
stationarity defines Φ⋆. That said, the use of sTDEP phonons, which satisfy Eq. (S12), reduces the
number of neglected derivatives when computing entropy, internal energy, and heat capacity.
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S3 sTDEP and SSCHA Equivalence

We will show that stochastic TDEP (sTDEP) is identical to the stochastic self-consistent harmonic
approximation (SSCHA). Since the SSCHA IFCs minimize the Gibbs–Bogoliubov variational free-energy
functional, it follows that the sTDEP IFCs satisfy the same variational bound [4]. In the SSCHA
formalism, one introduces a family of trial density matrices and minimizes the corresponding free-energy
functional over that family. We denote an arbitrary trial density matrix by ρk, where the subscript k
labels a particular trial harmonic model (i.e., with trial harmonic IFCs Φk). The SSCHA free-energy is
defined as [4]

FSSCHA[ρk] = ⟨K + V ⟩k − TSk, (S17)

where ⟨·⟩k ≡ Tr[ρk(·)] denotes a quantum average with respect to ρk. For the trial labeled by k, we
write the trial Hamiltonian,Hk , as

Hk = K + V
(k)
2 , (S18)

where V
(k)
2 is the harmonic trial potential associated with the auxiliary IFCs of trial k and K is the

kinetic energy. Using this definition, the SSCHA free-energy functional, FSSCHA, may be rewritten as

FSSCHA[ρk] = ⟨K + V ⟩k − TSk

=
〈
K + V − V

(k)
2 + V

(k)
2

〉
k
− TSk

=
〈
K + V

(k)
2

〉
k
− TSk +

〈
V − V

(k)
2

〉
k
.

(S19)

Now define
Fk ≡

〈
K + V

(k)
2

〉
k
− TSk, (S20)

which is simply the Helmholtz free energy of the harmonic trial system generated by Hk. Therefore,

FSSCHA = Fk +
〈
V − V

(k)
2

〉
k
= F sTDEP. (S21)

The SSCHA and sTDEP IFCs differ only in notation and implementation. Thus, the sTDEP IFCs are
also variationally optimal harmonic force constants, as they minimize the same free-energy functional
as in the SSCHA.
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S4 Cumulant Expansion Convergence Studies

S4.1 Size Effects

Size-effects only come into the calculation through the phonon-modes (i.e., ω and FH). To remove size-
effects the supercell only needs to be bigger than twice the cutoff-radius. As a sanity check, Figs. S1(a)
- S1(d), show the effect of supercell size on the total free energy, entropy, internal energy, and heat
capacity calculated from the cumulant expansion for LJ argon. Increasing the cell size changes the free
energy and internal energy by less than 0.01 meV/atom. Likewise for entropy and heat capacity, the
change is less than 0.1%. The variation results from the fact that the IFCs are fit independently for
each supercell. Therefore, we use the 4 × 4 × 4 supercell for LJ argon and LJ neon (256 atoms). For
SW silicon we use a 3× 3× 3 supercell for SW silicon (216 atoms), which was sufficient to negate size
effects on the phonons in Ref. 5.

(a) Free Energy (b) Entropy

(c) Internal Energy (d) Heat Capacity

Figure S1: Size-effect analysis for the free energy, entropy, internal energy, and heat capacity of LJ Argon at
80K.

S4.2 Constant Corrections

The constant term for all thermodynamic properties converges within 100,000 samples at the maximum
temperature studied for each material. For all materials in Figs. S2-S4, the free energy and internal
energy are converged within 0.1 meV/atom and the variation in heat capacity and entropy is below
0.1%.

6



Figure S2: Convergence of the constant corrections for LJ argon at 80 K as a function of the number of samples.
The shaded region represents one standard error estimated by bootstrapping.

7



Figure S3: Convergence of the constant corrections for Stillinger-Weber silicon at 1600 K as a function of the
number of samples. The shaded region represents one standard error estimated by bootstrapping.
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Figure S4: Convergence of the constant corrections for LJ neon at 24 K as a function of the number of samples.
The shaded region represents one standard error estimated by bootstrapping.
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S4.3 k-mesh Convergence of F1 and F2

We adopt a k-mesh of 25×25×25 for all calculations. Figs. S5-S7 show that all materials are converged
within 0.01 meV/atom at the minimum and maximum temperatures for free energy and internal energy.
The entropy and heat capacity are likewise well converged with deviations below 0.1%.

Figure S5: Convergence of F1 and F2 for LJ argon at 5 K and 80 K as a function of the k-mesh dimensions.
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Figure S6: Convergence of F1 and F2 for Stillinger-Weber silicon at 100 K and 1600 K as a function of the
k-mesh dimensions.
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Figure S7: Convergence of F1 and F2 for LJ neon at 4 K and 24 K as a function of the k-mesh dimensions.
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S5 PIMD Bead Convergence

Previous PIMD studies demonstrated that using 200/T beads for each temperature, T , was sufficient to
converge the energy estimators as well as lattice constants for LJ neon [6]. However, we found that this
relationship was insufficient for predicting accurate heat capacities when using the scaled-coordinates
estimator [7]. To ensure that our heat capacity estimates were converged, we estimated heat capacity
from 12–24 K using 400/T , 300/T , and 200/T to determine the number of beads. Each estimate was
the average of 3 seeds with 50,000 data points sampled every 30 fs. For each temperature, we estimate
the bias of the Trotter-Suzuki factorization used to estimate the path integrals in PIMD by fitting:

A(Nbeads) = A∞ +
a

N2
beads

+O
(

1

N4
beads

)
, (S22)

where A is an arbitrary property measured from the PIMD simulation, Nbeads is the number of beads,
and A∞ is the extrapolated infinite-bead limit. This leading N−2

beads form is the expected convergence
of the second-order Trotter–Suzuki discretization. From each fit we extract the intercept term, A∞,
and determine the minimum number of beads required to be within some tolerance of A∞. For heat
capacity, we used a tolerance of 1% of Dulong–Petit (0.03 NkB) and for internal energy, we chose 0.1
meV/atom. The internal energy tolerance was chosen to be small in order to check the original 200/T
expression. The bead-convergence analysis gives the minimum number of beads for heat capacity and
internal energy as a function of temperature with a function proportional to 1/T fit to the data. Figure
S8 confirms that 200/T is sufficient to converge internal energy, but that 440/T is necessary for heat
capacity. Due to the worse fit for heat capacity, we use Nbeads = 550/T to be conservative.

Figure S8: Minimum number of PIMD beads required to converge the (a) internal energy and (b) heat capacity
as a function of temperature.
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S6 Thermodynamic Integration Finite-Size Effects

The Einstein solid reference is susceptible to finite-size effects due to the low accuracy of the Einstein
solid as a reference system [8]. To be sure that our reference free energies were accurate, we computed
the free energy as a function of system size for both LJ argon and SW silicon. Fig. S9 shows that LJ
argon converges at 10,976 atoms while SW silicon converges at 13,824 atoms.

Figure S9: Effect of supercell size on the free energy for (a) LJ Argon at 80K and (b) SW silicon at 1300K
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