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Supplementary Information for
Entropy partitioning reveals an organization—adaptability
window in open flow networks

Data and code are available to editors and reviewers upon request and will be deposited in a
public repository upon acceptance.
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LOCIE, Université Savoie Mont Blanc, CNRS, UMR5271, F-73376 Le Bourget du Lac,
France

Theoretical Foundation of the Entropic Framework

Multinomial counting and Stirling expansion

Concerning multinomial counting and Stirling expansion, for N indistinguishable items
allocated to M classes (n,...nv) with X nj = N, the number of microstates (microscopic

arrangements) corresponding to the number of arrangements possible by permutation and
N!

Mint
Setting pi = ni / N with X pi = 1 and applying Stirling-Binet’s expansion for factorials,
Inn!=nlnn—n+%In(2zn) + O(1/n) gives (Appendix 1):

repetition is: () =

InQ = =N 3, p; In p; + 3 [In(2rN) — 3 In 2mn)] + 0(Y/ ) (S1)

The expansion is asymptotically exact when every nj >> 1.

For macroscopic systems the first term dominates. However, Stirling's approximation
becomes non-exact for small occupancies: retaining higher-order terms improves accuracy
marginally but introduces non-extensivity (58). The remainder term O(1/N) collects the next
Stirling—Binet corrections, dominated by 1/(12N) — zi 1/(12n;). This notation is valid

when the number of classes M is fixed and all occupancies scale with N, i.e. n; = Np; with
p; > 0. If some n; remain small, this asymptotic remainder is no longer uniformly negligible
and the explicit 1/(12n;) corrections should be retained or the distribution should be coarse-
grained (12). In practice, the thermodynamic limit assumption (ni >> 1) underpinning the

Boltzmann—Shannon identification should be verified for small ecological networks.
S

Dividing /n Q by N kg yields W —2 pilnp; = H(p). The half-log term grows only
logarithmically with N whereas H(p) grows linearly; after normalization by N it vanishes in
the thermodynamic limit. Hence Boltzmann—Gibbs—Shannon entropy is precisely the leading
Stirling term (11).

The usual expressions are the first dominant term (truncated series); the corrections cancel out
or become negligible after normalization, explaining why these measures converge and share
common properties (non-negativity, convexity, etc.).

The statistical view of missing information enables the derivation of a minimum energetic
cost for logically irreversible operations such as bit erasure, formalized by Landauer’s
principle (59). Even for a single bit (N =1, M = 2) the dominant entropy kg In 2 captures the

relevant physics because the residual ¥ In(2m) term does not scale with temperature. For an
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equiprobable two-state system (p; = p, = %) the Shannon entropy is H = —

2 pilog, pi = 1bit (= In2 nats). The associated thermodynamic entropy is therefore:
Sipir = kgIn2 =~ 9.57 x 107>*JK™*. Conversely, 1 JK™! corresponds to

(1/(kg In 2)=1.045 x 10 bits.

Erasing a bit compresses state space from two equiprobable states (2,%2) to a single state
(1,0). Bennett’s theorem on reversible computation shows that only logically irreversible
operations require such entropy generation (60). Hence at least E,,;, = kg T In 2 of heat
must be dissipated. At T ~=300K thisis =2.9 x107'J (= 18 meV). Experiments by
Bérut et al. (61) confirmed the bound by measuring a dissipation close to kg T In 2 when
erasing one bit in a colloidal particle.

Microscopic—macroscopic bridge: from local entropy
production to network indicators

Each observed flow F; aggregates a huge number of microscopic events. Defining normalized
flow frequencies p; = F;/Fr over internal, external and dissipative links allows us to evaluate
Shannon entropies (for internal vs external interactions). Throughout, Shannon entropies are
employed as information-theoretic functionals of normalized distribution functions (e.g.,
internal, boundary, and dissipative flows). It is essential to distinguish these information
measures from thermodynamic entropy S, which is a state function rigorously defined only
for equilibrium macrostates. Boltzmann’s H-function, an information measure of the velocity
distribution (v, t), is a dynamic quantity that decreases over time and should not be
conflated with the equilibrium entropy S. The connection between these domains is
established via statistical mechanics: thermodynamic entropy can be interpreted as the
maximized Shannon entropy (or Gibbs entropy, S = —kg [ pln p dT') of the full phase-space
distribution (positions and momenta), evaluated in the limit of equilibrium (22) (t = o0).

In continuum nonequilibrium thermodynamics, the entropy balance at a local scale read (4-6):

24V Ji=020 (S2)

Where s(x, t) is the specific entropy density, js the entropy flux (carried by heat and matter),
and o (x, t)the local entropy production rate per unit volume. The latter can be decomposed
into a sum of contributions from the various irreversible processes taking place in the system:
heat transfer, mass diffusion, viscous dissipation, chemical reactions, charge transport, etc.
Each contribution can be written in a unified force—flux form o, = J,.X,., where X, is a
thermodynamic force (gradient of an intensive potential) and J, the associated flux. Near
equilibrium, the Onsager—Casimir relations linearly relate forces and fluxes, J, = X5 L5 X,
with symmetric phenomenological coefficients L, (62).

Integrating the local balance over the system volume V' yields the global entropy rate:

L= oav -, js-1idA (S3)

at

which separates the internal entropy production
S = [,0dV (S4)

from the entropy flux exchanged with the environment
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Sexch = faV]_)s -1dA (S5)

Where | an’s - 1dA denotes the entropy flux across the system boundary, with 1l the outward

unit normal to the surface dV.
In stationary systems, internal structure is maintained by exporting the entropy continuously
produced inside:

Z_i ~0= Sprod,int = exch- (86)
In living and ecological systems, entropy production is strongly heterogeneous in space and
process: some regions behave as highly dissipative transfer zones with large entropy
production (e.g. turbulent transport, rapid biochemical reactions), whereas others operate as
more ordered metabolic or regulatory zones, where finely tuned processes maintain local
organization (4, 25). Land-surface entropy budgets show that far-from-equilibrium forcing
generates spatial and temporal heterogeneity in entropy production (63). Complementary
ecosystem studies further indicate that vegetation structure, successional stage and drought
stress modulate radiative dissipation, exergy capture and self-organization (64). This
complementarity between high-c and low-c subdomains may contribute to system-level
robustness by distributing irreversible losses while preserving localized functional order.

At the microscopic level, thermodynamic entropy is given by Boltzmann’s formula.
Considering N indistinguishable particles distributed over M classes with occupancies {n;}
and p; = n;/N, the multinomial multiplicity combined with the Stirling—Binet expansion
leads, in the thermodynamic limit n; > 1, to the Shannon entropy.

Mathematical development of the proposed measures

The Max-Min Entropy trade-off method combines two fundamental principles to evaluate the
organization and robustness or resilience of a system:

e Maximization of external exchanges to ensure sufficient energy flow with the

environment.

e Minimization of internal dissipation to guarantee maximum energy efficiency.
The system is represented as a network of nodes (compartments, objects, components, ...) and
connections between them.
Data are organized in input (import), output (export), dissipation vectors and in a squared
matrix wherein the fluxes between nodes are reported (ENA convention).

a. External and internal entropy (H,,, Hint) and MaxEnt reference states
(support-aware)

External entropy (H,,;) quantifies the uncertainty (disorder) in the system's exchanges with
its environment, while internal entropy (H;,¢) quantifies the uncertainty in transfers among
internal nodes.

For a discrete distribution p = (p;...py) defined over M flow categories ("classes"),
Shannon entropy is:

Heye of Hipy = — Yi=1 D loga (py), with X3y pp = 1 (S7)

Where:
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_ Fr _  Fg
Pr = %1 MR’

k=1,.,M (S8)

is the probability associated with the non-zero external or internal flows (Fk).

Maximum-entropy (MaxEnt) reference states (two supports):

The interpretation of organization requires specifying a maximum-entropy (MaxEnt)
reference. In network space, the key distinction lies in the support the set of links or
categories over which the flow distribution is allowed to vary. A reference defined only on
observed (non-zero) flows measures organization within the realized topology, whereas a
reference defined on all possible flows (including structural zeros) captures the informational
contribution of missing links. We therefore use two complementary MaxEnt baselines:

1. Active-link MaxEnt reference (conditioned on observed topology)

Let S, be the set of active (non-zero) flow categories. For internal transfers, Syc¢int =
{(i,j): Filjpt > 0} and Nint :I ‘Sact,int | SimﬂarIYa Next :l cS‘act,ext | Wlth Sact,ext =

{(0): F£** > 0} denotes the number of non-zero boundary categories considered. The MaxEnt
distribution conditioned on the active support is uniform:

PRt = — (k € Sact) (S9)

With M = N;;,,; or M = N,,, for the internal and external flows, respectively, yielding:

act — act —
Hmax,ext - 1082 Next! Hmax,int - 1082 Nint-

This baseline measures organization within the realized (active) subgraph, but it does not
account for structural sparsity because absent links are excluded from the support by
construction.

2. Full-support maximum-entropy reference (total structural potential)

To incorporate the system’s structural potential and the information carried by structural zeros
(i.e., missing arcs that are topologically possible but have zero flow, as opposed to zeros
arising from finite sampling or incomplete data (23), we also define a MaxEnt baseline on the
full admissible support S For an N-compartment network, the full internal potential
corresponds to all N? donor-recipient pairs, giving the uniform baseline:

n_ 1 ..
pifj“ = uj=1.,N. (S10)
This yields the maximum internal entropy under the full-support MaxEnt reference:
u 1 1
I e ==Y Llog, () = log,(N?) = 2log, N (s11)
Lj
For boundary coupling uniformly distributed over Ncompartments: H,):él;,ext = log, N.

These full-support references are MaxEnt null models in network space and should not be
conflated with microscopic thermodynamic equilibrium states in phase space.

If the realized internal network is dense (N, = N?), then log, Ni,¢ ~ 2log, N and the two
MaxEnt baselines converge. If the network is sparse (Nj,; << N?), then log, Ni,; < 2log, N.
The gap:

Hfull — Hact = 2]0g2 N — logz Nint = logz (I\I]VZ ) (812)

max,int max,int .
int
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quantifies the informational contribution of structural zeros (selective connectivity), a
hallmark of evolved functional networks compared with uniformly random graphs.

b. Degree of organization (o)
The degree of organization combines external and internal entropies to capture the
thermodynamic trade-off between openness to the environment and internal order.
Organization in far-from-equilibrium systems requires simultaneously:

-Maximizing external entropy (Hgy—> Hpaxexe): €nsuring sufficient diversity of
exchanges with the environment to sustain dissipation.

-Minimizing internal entropy (H;,.— 0): maintaining ordered internal structure to
perform coherent functions.
However, a simple difference (H,,¢- H;i,+) can yield values outside [0,1] and depends on
arbitrary scaling. We therefore construct dimensionless ratios that naturally bound o € [0,1].

Standard formulation (active-link reference):

H
ext/Hmax ext Hext'Hmax,int
' ' (S13)

[ T =
ratio H H;
ext/H mt/H . Hext'Hmax, int tHmaxext Hint
max,ext max,int

where:

H,,.: observed external entropy

H;,;: observed internal entropy

Hpaxint = logz Niye: maximum entropy overactive internal links

Hpaxext = 10g2 Neyr s maximum entropy overactive external flows

This ratio measures order vs. realized topology and increases when external entropy is high
(diverse exchanges with environment) or when internal entropy is low (ordered internal
structure). It is possible to compare systems of similar density.

At ®ygrio = 0: system is isolated (H,,; = 0) or completely disordered internally (H;;,,;—
Hmax,int)-

At &yqripo = 1: system achieves maximum external openness with zero internal disorder
(theoretical limit).

MaxEnt reference formulation (total potential):

Using the MaxEnt reference that accounts for all N? possible internal flows defined by:

full
full _ Hext-Hmax int (814)

ratio ~ full
Hext Hy o x ine T Hmaxext Hint

Where Hf:éil.nt = 2log, N accounts for the complete N X N structural potential. This ratio

measures order vs. total potential and is useful for cross-scale comparisons and for detecting

sparsity. The gap Aa = af;‘tlilo- rqtio Teflects network structural sparsity: larger gaps indicate

more selective connectivity patterns characteristic of evolved networks.

c. Net external balance entropy (Hgyt2)

The external entropy (H,,;) treats all external flows symmetrically:

'ext

Hexe = — Xipil0g, p; with, p; = ZLF‘”“ (S15)
T
J

Where Ff¥ = = F/™ 4 FPU 4 Fs
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However, this formulation obscures a critical thermodynamic property: the net balance of
each compartment. A mature ecosystem or sustainable system maintains approximate
mass/energy balance at each node, whereas growing or declining compartments exhibit
significant net accumulation or depletion.

Net balance formulation:

For each compartment i, we define the net balance: F/#%"¢ = Ff"® — (FfUt + Ffss).

This quantity is positive for accumulating compartments (growth, storage) and negative for
depleting compartments (consumption exceeds supply).

The net balance entropy is calculated from the distribution of absolute imbalances:

Hextr = — Zipi,z log, piz (S16)

lealancel

Where: piz = o pammee; With 2 piz = 1.

Zleibalancel

The maximum reference assumes uniform distribution of imbalances across all N
compartments: Hy, gy oxt2 = log, N.
The following physical interpretations can then be made:

-High H,,:, (approaching log> N): Imbalances are distributed across many
compartments. This is characteristic of dynamic homeostasis in mature ecosystems, and the
system stress is diffused rather than localized.

-Low H,,:; (K logz N): Imbalances are concentrated in few compartments. This
indicates localized dysfunction or growth hotspots, and the system may be approaching
tipping point or undergoing structural transition.

-Zero H,,,: Perfect balance at all compartments Vi FP'9"¢¢ = (. This theoretical
steady-state is rarely observed in real systems because far-from-equilibrium, systems must
maintain their organization by exporting entropy while balancing local accumulation and
depletion.

The degree of organization with net balance is defined by:

full
full,2 __ HEXfZ'Hmax,int (817)

ratio full
Hext2 Hy, oy ine THmaxext2 Hint

This formulation emphasizes the balance between:

-Distributed external imbalances (high H,,:,) where the system manages stress
collectively.

-Ordered internal structure (low H;,,) with efficient flow organization.

-Structural potential (H il — 2o g2 N) with a capacity for complexity.

max,int —
d. Dissipation penalty and effective external entropy

In the formulations a,4¢;,, a,’j Ztlll o> and af ;tlll (')2, dissipation is included in external entropy.
However, dissipation represents degraded energy that, unlike imports and exports, does not
contribute to maintaining far-from-equilibrium organization, it is the thermodynamic cost of
that organization. Including dissipation equally with functional exchanges (imports/exports)
can bias the inferred degree of organization, particularly in systems with high but
unproductive dissipation. Across ecological datasets and, more broadly, across complex
systems, “dissipative flows” are not uniquely defined: they most often correspond to

respiration, but may also include non-assimilated losses, exports/rejects, or, in techno-
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economic systems, dissipated heat and other losses. For this reason, we do not interpret these
flows as a direct measurement of exergy gradients or of physical thermodynamic forces (i.e.,
gradients of intensive potentials). We adopt a mesoscopic network/information reading:
“dissipation” denotes a set of flows associated with a loss of functional availability for the
internal dynamics and its role is assessed through the structure of flow distributions.

We therefore introduce an effective external entropy that penalizes the dissipative
contribution:

For “standard” external entropy:

HEIT = Hoye — AHayss (S18)
For net balance entropy:
The effective boundary-balance entropy is defined as:

HEM = [Hyg — A X Hyils (S19)

With: [x], = max(x, 0)

Here, H,;1s the Shannon entropy of the normalized distribution of absolute node-wise
boundary imbalances, and Hy;, is the entropy of dissipative outflows. The positive-part
operator [x], does not introduce an additional fitted parameter; it only enforces the
admissible non-negative domain of an entropy contribution. A X Hg;ss > Hpg;, dissipative
losses fully offset the effective boundary-balance contribution, so that HEL is set to zero

rather than allowed to become negative.

The penalized degree of organization ar, becomes:

eff ., full
_ full2 _ Heyip H

max,int
10 = RXratiodiss = eIt gl " (S20)
ext2 Mmax,int T maxext2 Tint

Determining the penalty coefficient 4: The coefficient A should adapt to the quality of
dissipation rather than being fixed at unity, because dissipation can be functionally organized
in far-from-equilibrium systems (6, 25, 24). We estimate A through three complementary
hypotheses:

1. Structural component (As¢,¢): How dispersed dissipative fluxes are across nodes:

Hgi Hgi
Rstruce = i = M (s21)
Hmax,diss logy Ngiss

Where N,;,,1s the number of compartments with non-zero dissipation.

Astruct — 1: dissipation uniformly distributed (high entropy).

Aseruct— 0: dissipation concentrated (low entropy, potentially functional).

_ Faiss

2. Thermodynamic component (Asper-mo): Distance from equilibrium: Aipermo = -
total

Where F; is total dissipation and F;,,; 1 total system throughput.
Low ratio: system far from equilibrium, dissipation is necessary for self-organization.
High ratio: dissipation dominates, system approaching thermodynamic efficiency
limits.
3. Informational component (A;,f,): Alignment with network structure.
We calculate Spearman correlation between dissipation distribution and topological centrality:
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P = COITgpearman (D;, centrality )

0.0if p=0.7
03if03<p<07
0.7if 0.0<p <03

lifp<oO

If dissipation correlates strongly with high-centrality nodes, it reflects regulatory dissipation
(e.g., metabolic costs of hub species maintaining network coherence) and should not be
penalized. Conversely, random or anti-correlated dissipation suggests waste and merits full
penalty.
This hypothesis is supported by ecological and network literature showing that functional
dissipation aligns with structural coherence (65-66).
Combined penalty: A = Wy Agryce + Walthermo + Waldingo-
With weights wq, wo, w3 >0and wy; + w, + wz = 1.

Then define four classes for Aipr, =

Default weights (used in this study):

Structural: w; = 0.2 (moderate role: dissipation distribution matters less than other factors)
Thermodynamic: w, = 0.6 (major role: distance from equilibrium is primary determinant).
Informational: w3 = 0.2 (moderate role: structural alignment indicates regulation).

These weights can be adjusted based on system-specific knowledge or calibrated against

reference datasets.

. ull ull2 . ull2
Consequently, we present both unpenalized (;4¢i0, afau.o, afatio) and penalized (afatio'diss)

metrics, recognizing that the optimal choice depends on the analytical context and system
type.

The multiple formulations of a reflect different aspects of system organization (Table S1).
The choice of formulation depends on the objective set, ranging from a simple comparison of
systems of similar density to a global analysis, but also on the type of data available as the
distribution of external flows.

Table S1 : Formulations of degrees of organization o and significance.

Reference

Metric Formula State What It Measures When to Use
H. . .-H ) o Organization Comparing systems
ext max,int Active links .= . L .
Uratio F_H .. ¥ H T onl within realized of similar density;
ext “imaxint T “fmaxext tint y topology baseline metric

Multi-scale

N Organization vs. )
full Hext - Hingy int Full N* & comparisons;
ratio full otential total structural detecting sparsit
Heyt - Hmax,int + Hmax,ext “Hing p Capacity g5p y
patterns
. gful Organization with .
full2 Hextz - Hyay int Full N? + net g . Maturity assessment;
ratio full balance homeostatic resilience analysis
Hextz ' Hmax,int + Hmax,extz ' Hint balance
HeIT gt Full N2+ net Most complete:
ext2 " max,int captures all
AT0 Toff il balance + 4 structure + balance oreanizational aspects
Hoxts * Hipax,ine T Hmax,extz * Hint penalty + efficiency & p
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Emergent property : adaptability

The logistic-state framework as an adaptive-capacity model.
For a and Og(a) € [0,1] and 8 > 0

B
a
Op(0) = 5riars (S22)

1dog aﬁ—l(l_a)/?—l

A =50 = WFramapr (523)
At the formal level, Og(a) can be written as a two-state Boltzmann partition function:
eﬁlnoc
Op(a) = o Blnx 4 g fIn(1-) (S24)

Where the two competing "energy levels" are /n o (ordered state) and /n(1 — a) (disordered
state), and f plays the role of an inverse temperature controlling the sharpness of the order—
disorder transition. In this interpretation, adaptability Az (a)is precisely the thermodynamic
susceptibility of a two-state system, the sensitivity of the organizational state to infinitesimal
changes in the boundary control parameter a. This susceptibility peaks sharply ata = 0.5,
defining a natural viability window whose width is governed by f: low S (= 2) yields a broad
basin of viable thermodynamic compromise, while higher f (= e) selects a narrower, more
stringent core of organizational compatibility (see Appendix 2 for the full derivation). From
Og (), the adaptability Ag(a) is derived as the normalized thermodynamic susceptibility,
which peaks at @ = 0.5 and defines the viability window Ag(a) = 0.9 (see Appendix 2).
Both thresholds can be tested empirically by comparing how mature natural versus
anthropized systems cluster relative to @ = 0.5.

Methods (detailed)

Definition of flow matrices and boundary vectors

Each case is represented as a weighted, directed flow network with N nodes. We define the
internal transaction matrix Fint = {Fii}‘t}, where Fii}lt > 0 is the flow from donor compartment
i to recipient compartment j. Exchanges with the environment are represented by three
boundary vectors: imports = {F{"}, exports FO%t = {F?**}, and dissipative outflows F%S =
{Fs1 All computations depend only on flow magnitudes and therefore are unit-invariant
provided a consistent unit is used within each network (ENA convention).

To interface directly with information-theoretic formulations of organization, flows are
converted into normalized frequencies over well-defined supports. We use (i) the internal

int N
d (when Z F/?* > 0), and (ii) the external vector Ff** =
iJ

normalized matrix Pt = —
L Ui
1)

F/™ + FP* + FA'SS, normalized as PeXt =

ext
F

Z pext
L

L

tracked separately as P45 = %5/ % F#% (when ¥; D; > 0). In all entropy calculations,
zero entries are handled by restricting sums to strictly positive supports.

(when ), F£** > 0). Dissipation is also
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Computation of degree of organization «, robustness R(a) and
adaptability Az ()

Ulanowicz ascendancy formulation (information—entropy ratio)

To recover the classic ENA ascendancy/capacity ratio in a form consistent with our boundary
representation, we build an augmented flow matrix of size (n + 2) X (n + 2) by embedding
internal transfers, imports, and the aggregated sink (exports + dissipation). Let T = ) BigMat
be the total normalized mass, and P = BigMat/T. The capacity (Shannon entropy) is D =

— Xp>oplog, p, and the ascendancy (mutual information form) is A = ¥, p log, (ﬁ),
iPj

where p; and p; are the row/column marginals of P. The degree of organization is then a; =
A/D. This construction follows the information-theoretic foundation of ENA/ascendancy and
Shannon entropy.

For all @ metrics reported in this study, we map organization to a dimensionless robustness
curve using the same functional form R(a) = —e aln(a),

which peaks at @ = 1/e.

Adaptability formulation

For all @ metrics, we also define a dimensionless adaptability curve as the normalized
susceptibility of a bounded order mapping according to equations S22 and S23 which peaks at
a = 0.5 with A43(0.5) = 1.

Max—Min entropy ratio formulation (internal vs. external structuring)

To separate internal structuring from boundary exchange demand without conflating results
with total throughput, we compute entropies on normalized internal and external supports

(Shannon, base 2). Internal diversity is Hi,; = — zpim>0 P!*log, P},
ij

and its maximum is defined using (i) an active-link reference Hj¢* = log, (k), where kis the
number of non-zero internal links, or (i) a full-support MaxEnt structural potential reference

HRaM — 210g, (n), corresponding to a fully admissible n X n internal support.
External diversity is computed from the normalized Extvector as Hqyy =

- pe¥sg P log, PFX, HIAX = Jog, (Kext), Where kg is the number of compartments

with non-zero Ext;.

We also compute Hgjss on PSS, and a diagnostic exchange-only entropy Heyt exch Using
Zin + Zout (excluding D). These Shannon forms follow standard information-theoretic
treatments of diversity/evenness.

The Max—Min degree of organization a .4, 1S then computed as a bounded ratio combining
(1) an external “maximization” term based on H,y and its reference, and (ii) an internal
“minimization” term based on H;,. and its reference, yielding a dimensionless a € [0,1]
comparable across systems. We report both the active-link and equilibrium-potential
normalizations and map them to robustness using R(a) above.

Dissipation-penalized effective external entropy (4 weighting)

Because dissipative outflows represent thermodynamic costs that may be partly functional
(regulated) rather than purely “waste-like”, we also report a dissipation-penalized variant (cf.
section of dissipation penalty).

10
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The penalty coefficient A € [0,1] is implemented here as a bounded composite penalty
coefficient rather than as a directly measured thermodynamic constant. Specifically, 1 =
WsAstruct T Weldthermo T Wildinfo, With default weights (wg, we, w;) = (0.2,0.6,0.2). The
structural term Agzp, ¢ 1S the normalized Shannon entropy of the dissipation vector over
compartments with non-zero dissipation, thus quantifying how spatially dispersed dissipative
losses are. The thermodynamic term is, by default, A¢permo = 2D/ (LF™ + ¥.D), unless
explicit nonequilibrium parameters are supplied. The informational term A, is a discrete
score derived from the Spearman association between nodal dissipation and a flow-centrality
proxy, such that strongly aligned dissipation is penalized less than weakly aligned or anti-
correlated dissipation. The resulting A is then bounded to the interval [0 1]. We therefore
interpret A as a pragmatic, sensitivity-tested dissipation penalty coefficient. Robustness R («)
and adaptability Az («) are computed from the resulting avalues, while ay, is retained as a A-
invariant benchmark. This design follows nonequilibrium arguments that dissipation can be
organized in far-from-equilibrium systems, and that functional losses can align with network
structure rather than behaving as random noise.

Null-model validation

To test whether the empirical organization of each network could be explained by boundary
forcing and observed topology alone, we constructed a constrained null model for the
dissipation-corrected trade-off estimator. For each case, we preserved (i) the three boundary
vectors, (ii) the binary internal support defined by the observed active links, and (iii) total
internal throughput. Internal flow magnitudes were then randomized over the active support
by drawing positive weights from a Gamma distribution and normalizing them to unity,
thereby generating a Dirichlet-distributed allocation overactive links. For each null-model
realization, positive random weights were first drawn on the active internal links and

normalized so that their sum equals one (2; jw-”-“” = 1). The randomized internal matrix was

ij
then reconstructed as:

Fir}u” = Tint X Al] X W{ljull (825)

Where A;; is the active-link mask and A;; = 1 if the empirical internal link i — j is present
i
ir}u
— j, and Ty, is the empirical total internal throughput. By construction, inactive links receive
no flow: F{}”” = 0 when 4;; = 0 and the total internal throughput is preserved: X; jFi’}“” =

A;; = 0 otherwise. Here, w;;*" is the normalized random weight assigned to the active link i

null

T;n¢. Equivalently, if the active links are indexed by 1 =1, ..., K, the null weights w;"*** are
drawn from a Dirichlet distribution over the K active links: w™#! =
(with, .., wt)~ Dirichlet(1, ..., 1). Each active flow is then reconstructed as:

Before being mapped back onto the original N % N internal flow matrix.

This procedure preserves network size, active topology, and total internal flux while
destroying the empirical allocation of intensities among internal links.

For each randomized realization, we recomputed internal entropy, the net external balance
entropy , the dissipation-corrected organization index , and the associated robustness and
adaptability derived from the corresponding value. Boundary terms were kept fixed by
construction, so the null model specifically tests whether the observed internal allocation of
flow intensities contributes additional organization beyond that implied by external forcing
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and network support alone. For each case, we generated an ensemble of randomized networks
and summarized the null distribution by its mean, standard deviation, median, and empirical
vitality fractions. The empirical network was compared with this null ensemble using one-
sided exceedance probabilities, two-sided empirical p-values, and standardized effect sizes ,
computed separately. We further quantified whether the empirical case was closer than its null
expectation to the Shannon target and to the adaptability target using case-specific distance-
to-target statistics. These null-model summaries were then aggregated across cases and
stratified by typology to assess whether natural ecosystems show systematically stronger
deviations from constrained random expectation than urban or process-type systems.
Limitations

A related caveat concerns the thermodynamic limit assumption embedded in our use of
Stirling's approximation. As shown by Warren and Pettersson (58), the Boltzmann entropy
expression is exact only when the ensemble size is allowed to grow without bound. For small
ecological networks (n < 6), the normalized flow frequencies pi may correspond to small
effective occupancies, potentially inflating higher-order correction terms and introducing non-
extensivity. We therefore recommend interpreting H;,; and Hey; values for very small
networks (n < 6) with additional caution, particularly when comparing them to large systems
(n>30).

Network topology, cycling, and interaction canalization

Network structural descriptors were computed with a MATLAB routine from the internal
transaction matrix and boundary vectors (imports, exports, dissipative outflows ). We first
derive the unweighted directed adjacency matrix A, with 4;; = 1 if Filft >0and 4;; =0

otherwise. From A, we compute the number of nodes n, realized links L, link density D; =
L/n, and connectance C = L/n?.

As a proxy for structural cyclicity, we report the spectral radius of 4, i.e. the largest-
magnitude eigenvalue, A, = p(4) = max | A, (A) |, which captures the potential for

feedback loops independently of flow magnitudes.
We then quantify flow-based cycling using Ecological Network Analysis (ENA) and
following Finn’s original formulation and subsequent ENA developments (54-57).
To help interpret cross-system variations in organization indices a using flow data only (no
biomasses), we further compute a structure-only interaction canalization descriptor based on
donor-oriented outflow partitions. For each donor node i, the normalized distribution of its
int
int _ ij

: : : Fl] int
outgoing internal transfers is s;;" = ﬁ for ) o Fire > 0.
Fije
k

Local outgoing diversity is quantified by Shannon entropy (base 2), H"*"? =

— z sit]og, s then normalized by log, (d°"*"™), where d°"*™ is the number of
J

) [ i,act i,act

active outgoing internal links. The node-level canalization score is defined as 0: diffuse
routing; 1: strongly channeled routing, and the network-level index is computed as a
throughput-weighted average:

L
Cint _Z . Cint = J /
net — LiWi Li ,W;

Z Fint
paq
p.q

(S27)

12



510
511
512
513
514
515
516
517
518
519
520

521

522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547

548

549

550
551
552

This construction leverages the long-standing use of Shannon information to characterize
diversity/evenness of interaction pathways and relate pathway choice (constraints vs.
redundancy) to stability arguments (17).

Finally, to match representations in which external sinks are explicitly considered, we
compute an augmented version C2ll by applying the same entropy-normalized canalization to
each node’s outflow vector [Fif, ..., Fin', Zoues D], and weighting by total out-throughflow
T;. The normalized Shannon form is equivalent to an evenness measure (Pielou-type),
previously used in interaction networks as “interaction evenness”’; here we adapt it to donor-
oriented outflow partitions in ENA flow networks and distinguish internal vs. augmented
(with boundary sinks) throughput-weighted canalization indices.

Statistical analysis

All statistical analyses were run in MATLAB (Statistics and Machine Learning Toolbox)
using two in-house scripts. One merges case-level outputs with network descriptors into a
single dataset (case x variables), applies optional logio transforms for highly skewed
variables, and standardizes continuous descriptors (z-scores) prior to multivariate analyses to
ensure comparable weighting (67-68). To limit redundancy, near-duplicate descriptors are
flagged using a high Spearman rank-correlation threshold the second script then computes
pairwise (and optional partial) associations, performs PCA with explained-variance reporting
and case projections in the most informative planes (67-68), and explores unsupervised
structure via hierarchical clustering using Ward linkage on Euclidean distances of
standardized variables. To integrate heterogeneous descriptor families (e.g., topology vs.
entropy-derived indicators), a multiblock “MFA-like” framework balances block
contributions before global projection (69). Regression models (user-defined
responses/predictors) are fitted for inference and evaluated by k-fold cross-validation when
predictive performance is reported.

To diagnose the robustness (R(a)) and adaptability (Ag) of organization ratios a across
methods (m), we summarized each estimator @, (including Ulanowicz’s relative ascendency
ay) with robust location and scale statistics: the median &; ,,, and median absolute deviation
MAD,,, = median(| «;,;, — @, ). Deviation from the optimal target was quantified by the
signed offset 8; ,, = a;,, — @, reported as the median bias 8, and MAD (8;m). We also
computed the empirical frequency of cases falling within the predicted viability window
[@min, @max] and its 95% confidence interval using the Wilson binomial interval. Agreement
with a; was assessed pairwise via Bland—Altman analysis: for each method m, we formed the
pairwise mean M; ,, = (a;,, + @y ;)/2 and difference A; ,, = a; ,, — ay ;, and reported the
mean difference and limits of agreement A, + 1.96 sy ,,,. Median biases are accompanied by
95% percentile bootstrap confidence intervals on the median (n,,,; = 20,000).

Results

Bland—Altman plot

We highlight the Bland—Altman comparison between a; and our dissipation-corrected
estimator ay, because it yields the tightest agreement (smallest spread of a;o — ay) while
remaining interpretable physically: accounting for dissipative losses acts as a stabilizing
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correction when comparing information-based and thermodynamic normalizations (Figure
S1).
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Figure S1 : Agreement between Ulanowicz’s ay and the dissipation-corrected estimator Q.

Bland-Altman plot comparing ay(Ulanowicz relative ascendency) to &t for all systems with complete
data. The x-axis reports the pairwise mean M = (&g + ay)/2, the y-axis reports the difference A =
aro — ay. The solid horizontal line indicates the mean difference (bias), and dashed lines indicate the
95% limits of agreement (bias £1.96 s,). Systematic departures from zero and widening limits quantify

method-dependent shifts and dispersion relative to Ulanowicz’s formulation.

Sensitivity Analyses

Percentages refer to the proportion of cases belonging to the corresponding viability window;
MWU denotes the Mann-Whitney U test.

Across the supplementary results, f acts mainly as an adaptability selectivity parameter,
whereas A acts mainly as a dissipation-penalty control parameter affecting viability-window
membership.

Ulanowicz a;; did not significantly separate natural from urban systems under either kernel.
By contrast, the dissipation-corrected trade-off metric produced a clear natural-urban contrast
for both kernels, strongest for f = 2 (84.4% versus 38.1% in the high-As domain) and still
significant for § = e (64.4% versus 33.3%). This supports f = 2 as a broad baseline kernel
and B = e as a stricter sensitivity test, without changing the qualitative ecological ranking of
the metrics (Table S2).

Table S2. Natural-urban contrast for adaptability under the two beta kernels
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Metric Natural median Urban median Natural vital Urban vital Fisher p MWU p

A_beta A_beta proportion proportion (vitality) (A_beta]
Ulanowicz B=2 0.686 0.748 20.0% 38.1% 0.139 0.690
Ulanowicz B=e 0.470 0.555 8.9% 19.0% 0.253 0.690
Trade-off =2 0.957 0.843 84.4% 38.1% 3.30e-04 0.015
Trade-off B=e 0.911 0.703 64.4% 33.3% 0.033 0.015

Table note: Vital proportion corresponds to Ag = 0.9. Fisher p values test the difference in vitality-
window membership between natural and urban systems. MWU p values compare the full Ag distributions.

The dissipation coefficient penality A acts as a genuine control parameter for viability-
window membership. At A = 0.28, corresponding to a moderate penalty close to the empirical
center of the observed values, the natural-urban contrast is simultaneously strong for
robustness and adaptability, especially for Ag with § = 2. By contrast, very large penalties
progressively degrade or reverse the ecological ordering, consistent with over-correction of
dissipation (table S3).

Table S3. Sensitivity of the natural-urban viability contrast to the dissipation penalty
lambda at representative checkpoints.

lambda _N_al;t:r;l Urban _ ;i:h;r: | Natural Urban Fisher p Natural Urban
p_R p_R (Rwindow) p_Abeta=2 p_Abeta=2 (A_beta=2) _A,beta=e p_A,beta=e
0.00 53.3% 28.6% 0.070 73.3% 28.6% 0.001 55.6% 28.6%
0.28 77.8% 28.6% 2.62e-04 88.9% 33.3% 8.69e-06 57.8% 28.6%
0.50 91.1% 28.6% 4.84e-07 37.8% 38.1% 1.000 31.1% 33.3%
1.00 15.6% 38.1% 0.059 8.9% 38.1% 0.013 2.2% 33.3%

Table note. p_R denotes membership in the R-based viability window; p_A, beta=2 and p_A beta=e denote
membership in the high-adaptability domains for the two kernels. Representative checkpoints were selected
to illustrate no penalty, moderate penalty, strong penalty, and full penalty.

At f = 0.28, natural ecosystems cluster near the adaptability target, with high median
robustness and high median adaptability under both kernels. Urban ecosystems remain shifted
toward higher alpha values and lower robustness and adaptability, especially under the stricter
p = e kernel. Natural ecosystems under human influence occupy an intermediate position,
whereas the process category is too small for strong inference (Table S4).

Table S4. Typology-resolved viability and median values at a representative moderate
penalty (lambda = 0.28)
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oint oint median median
Group n p_R p_A,beta=2 p_A beta=e PJ P

beta=2 beta=e alpha R
Natural ecosystem 45 77.8% 88.9% 57.8% 71.1% 44.4% 0.466 0.967
Natural ecosystem under human influence 6 33.3% 83.3% 83.3% 33.3% 33.3% 0.555 0.888
Process 2 100.0% 100.0% 100.0% 100.0% 100.0% 0.505 0.936
Urban ecosystem 21 28.6% 33.3% 28.6% 28.6% 28.6% 0.620 0.806

Table note. The joint windows combine robustness and adaptability criteria. The process category
contains only two cases and is shown for completeness rather than for formal inference.

Rationale for the near-optimal viability thresholds (R =
0.9 and 4 > 0.9)

Thermodynamic viability is assessed using two emergent, normalized properties derived from
the Max—Min entropy trade-off framework: robustness R(a) and adaptability Ag(a). Both
quantities are bounded, dimensionless functions with analytically defined optima. Viability
windows are identified using the criteria R = 0.9 and Az = 0.9. The rationale for these
thresholds is provided below.

Both robustness and adaptability are normalized to unity at their respective theoretical
maxima. A threshold of 0.9 therefore identifies configurations that retain at least 90% of the
maximum achievable value of the corresponding function. Such near-optimality criteria are
routinely used in physics and information-theoretic analyses to delineate stable operating
regimes without requiring fine tuning. The thresholds adopted here follow directly from the
mathematical structure of the functions and are not calibrated using empirical data.

Robustness threshold R > 0.9

Robustness is defined as : R(a) = —e aln(a), a parameter-free function rooted in information
theory, which attains its unique maximum R = 1 at the Shannon-optimal value a* = 1/e. The
condition R > 0.9 thus selects configurations lying within 10% of this theoretical maximum.
This regime corresponds to a broad plateau around the optimum rather than a narrowly tuned
point, thereby capturing a structurally robust domain that is resilient to moderate variations in
organizational balance.

Adaptability threshold Ag = 0.9

Adaptability Ag(«a) is defined as the normalized susceptibility of the bounded organizational
state function Og («). Formally, it is equivalent to a thermodynamic susceptibility in a
two-state Boltzmann representation and quantifies the capacity of a system to reorganize in
response to changes in boundary constraints.

The function Ag(a) reaches its maximum at a” = 0.5, independently of the value of 8. The
criterion Ag = 0.9 therefore identifies near-critical regimes that retain at least 90% of the

maximal adaptive capacity. The parameter S controls the width of this high-adaptability
domain but does not affect the position of the optimum, ensuring that the threshold is not tied
to a specific kernel choice.
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Joint viability criterion and robustness to threshold choice

Robustness and adaptability capture complementary aspects of system viability. High
robustness alone may be associated with rigid, over-organized configurations, whereas high
adaptability alone may characterize weakly organized or unstable regimes. Imposing the joint
criteria R = 0.9 and Ag = 0.9 thus delineates a near-optimal viability domain that excludes
both extremes.

Sensitivity analyses reported in Supplementary Tables S2—S3 demonstrate that the main
qualitative patterns identified in this study are robust to moderate variations in threshold
values. This confirms that the inferred viability domain reflects a structurally stable region of
the organization—entropy trade-off space rather than a finely adjusted cutoff.

In summary, the thresholds R = 0.9 and Az = 0.9 operationalize a near-optimal
thermodynamic viability regime grounded in the normalized structure and analytically defined
optima of robustness and adaptability functions. By retaining configurations within 10% of
their respective theoretical maxima, these criteria identify a broad and stable domain of viable
organization without relying on arbitrary or empirically tuned thresholds.

Pareto Front
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Figure S2: Entropy Trade-off Pareto Front for R according aro for f=2.

Robustness is positioned in a plane defined by normalized internal and external flows
showing the iso curves of this property. In this plane, the horizontal axis represents the
effective equilibrium entropy at the boundaries illustrating the diversity of the distribution of
nodal disequilibria between imports, exports and dissipative losses, while the vertical axis
represents the disorder of internal flows. Each point represents an empirical system and
isocurves are superimposed to delimit the joint viability domain for values > 0.9. The
distribution of robustness of empirical systems on this plane reveals a striking asymmetry like
adaptability property. Natural ecosystems cluster within or near the viability domain and
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Urban systems, by contrast, are displaced away from this viability domain toward a region
where boundary-exchanges diversity is insufficient relative to internal flow disorder.

Null-model validation of the entropy trade-off signal

To test whether the observed organization of empirical networks exceeded constrained
random expectation, we compared each case with a null ensemble preserving boundary
conditions, active topology, and total internal throughput while randomizing the allocation of
internal flow intensities (Tables S4 and S5). Across the 74 cases, empirical networks showed
positive global median deviations from null expectation for both organization and adaptability
(median zgpp, = 7.16, median z, = 4.06), whereas robustness relative to the Shannon
curve was globally lower than null expectation (median zg = —3.94). Typology
significantly affected zg;,p, (Kruskal-Wallis p = 0.0126), z, (p = 2.43 10~°), and proximity to
the adaptability target o* = 0.5 (A¢grger,q. p = 1.94 107), but not zg or proximity to the
Shannon target 1/e. Natural ecosystems differed significantly from other systems for z,;ppq.
Zy, and A¢qrget,q» Whereas no significant separation was detected for zg or Aggrget - Median
deviations above null expectation were much larger in natural ecosystems (med Zgippq =
36.08, med z, = 8.70) than in urban ecosystems (med Zgpnq = 3.42, med z, = -1.82). These
results show that the null-model signal is primarily expressed through elevated organization
and adaptive positioning around a* = 0.5, rather than through a closer approach to the
Shannon robustness optimum.
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Table S4. Null-model validation summary by typology. Median deviations from null expectation for organization (Z;pp, ), adaptability (z4),

robustness (zg), and distance to the Shannon (ASh = 1/ e) and adaptability (AA = 0.5) targets.

A target (1/e) = mean null distance to 1/e minus empirical distance; positive values indicate that the empirical network is closer to the Shannon target than its null expectation. A target (0.5) is defined analogously for the adaptability target a*=0.5.

System class n Median z_alpha
Natural ecosystem 46 36.0779
Natural ecosystem under human influence 5 2.2248
Process 2 2.9860
Urban ecosystem 21 3.4247

Medianz_A

8.7031
1.3360
3.6155
-1.8236

Medianz_R Median Atarget (1/e) Median Atarget (0.5) Prop. p_alpha<0.05 Prop.p_A<0.05

-4.5341

0.6116
-3.5324
-3.2208

-0.0175
-0.0087

0.0175
-0.0425

0.0386
0.0390
0.0107
-0.0263

0.933
0.600
0.500
0.762

0.867
0.400
0.500
0.238

0.5

Prop. better than null vs

0.933
1.000
1.000
0.286,
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Table S5. Case-level null-model statistics. Empirical values, null-model deviations, target-distance statistics, empirical exceedance probabilities,
and retained randomization counts for all classified cases.
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688

Cases are ordered by system class and case name. One unmatched case name ('CAP-N-Land'’) was excluded from this table because no typology could be assigned automatically.

Case
Baiede Somme
Baltic Sea
Benguela
Biscay
CHBay_1950
CHBay_1960
CHBay_1970
CHBay_1980
CHBay_1990
CHBay_2000
Chesapeake_Bay
ConeSpring
CrystalRiver
EasternScotian
Florida Bay (dry)
Florida Bay (wet)
FloridaBay
Gulfof Maine
GulfCorinth
Kromme_Estuary
Marion Lake
Menez_Gwen
MuddySand
NorthSea
Okefenokee Swamp
Olentangy
RainForest
Reef
SB_1600
SB_1900
SB_1960
SB_1978
StMarks_1
Sundarban Mangrove (reclaimed)
Sundarban Mangrove (virgin)
Sunday_Estuary
Swartkops_Estuary
Sylt-Romo Bight (C)
Sylt-Romo Bight (N)
Sylt-Romo Bight (P)
nesS7
ns_1890
ns_1974
ns_1990
ns_1991
CAP-N-
CAPWN
Mdloti Estuary (C, March 2002)
Mondego
Trinket
Aqual
SantaPola

BeijingNP-2008

GalveP
MD_2010_split_reconst
MD_2019_split
StockholmNP
StockholmNP-N

Suzhou

Swiss
Toronto-N
Toronto-N-1990
Toronto-N-2001
Vienna

Xiamen

System class
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem
Natural ecosystem under human influence
Natural ecosystem under human influence
Natural ecosystem under human influence
Natural ecosystem under human influence
Natural ecosystem under human influence
Process
Process
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem
Urban ecosystem

alpha_emp

©0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0|0/0/0/0/0/0/0/0(0/0/0/0/0/0/0/0/0/0|0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0/0|0/0/0/0/0/0/0|0|0/0|0/0 |0

5013
3917
4253
4400
4393
4406
4376
4325
4333
4365
5255
5095
5575
4131
5256
5336
4512
3751
4369
5494
5611
4684
4951
6258
4974
6617
5514
4614
4112
4125
4128

R_emp
0.9410
0.9979
0.9884
0.9819
0.9823
0.9817
0.9831
0.9854
0.9851
0.9836
0.9191
0.9339
0.8854
0.9927
0.9190
0.9111
0.9761
0.9998
0.9834
0.8945
0.8813
0.9656
0.9461
0.7974
0.9443
0.7427
0.8923
0.9701
0.9933
0.9929
0.9928
0.9974
0.9399
0.9577
0.9669
0.9022
0.8751
0.9806
0.9998
0.9907
0.8966
0.9836
0.9831
0.9780
0.9952
0.8867
0.9268
0.8686
0.9603
0.9304
0.9588
0.9915
0.5754
0.5914
0.7412
0.4763
0.9220
0.9387
0.9439
0.9439
0.9415
0.8301
0.8581

A_emp

O/0 (0101010100 (010 |0jO k(0 [0]0 (010010 [0/0 [0]00j0 |00 (0]0 |ojo |00 (00 (010 0|0 |00 (010|010 |00 (0] 0 |0]0 1010 |0]0 (010 010 |00 (010 |0]0 |0/ O (OO (010 |K

0000
8697
9355
9579
9568
9586
9544
9469
9481
9529
9923
9989
9611
9137
9922
9866
9719
8308
9534
9712
9563
9881
9997
8285
9999
7337
9688
9823
9101
9127
9131
8764
9999
9952
9866
9789
9484
9614
7923
9247
9734
9528
9543
9678
8966
9627
9964
9400
9933
9978
9944
9206
4640
4871
7312
3355
9940
9998
9999
9999
0000
8828
9254
9557
7965
8430
0137

z_alpha
8.9583
3.8213
9.3536
4.2217
67.4426
71.0886
77.4914
89.9310
94.5504
96.0795
40.2418
2.2004
76.3297
0.0401
470.4273
475.8056
5.3694
82.5415
2.0481
47.9569
3.5053
1.4267
37.0031
6.2507
72.2506
15.4455
-1.1758
2.2977
4.2119
4.4851
4.5711
3.1503
47.2460
3.6527
5.6700
41.2979
52.6007
80.7852
92.8534
106.7873
36.0779
100.1629
10.9464
104.5259
2.9948
-0.6071
-0.7801
215.6102
206.6115
2.2248
-1.1878
7.1597
7.8739
3.4247
2.4180
1.7828
8.6846
8.5916
5.6513
5.6476
7.2466
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Appendix 1: mathematical demonstration for Stirling-Binet
approximation and entropy formulas

Considering that microstates arrangements (multinomial multiplicity) is:
N!

- [T n;!
And with N = };I" n;, by applying the logarithm:

InQ = InN! — ZZnn !

Using Stirling-Binet’s asymptotic expansion for each factorial:
For any large integer x;:
[ 1 1 1
Inx! =xIlnx —x+ Eln(an) + Tox +0 (F)
Gives for N!and n;!:

1 1 1
| = _ _
InN!'=NInN — N + ln(ZnN) + 2N +0 <N3)

1 1 !
Inn! =n;lnn; —n; + Eln(Zﬂni) + 12n; +o <n_13)

So by replacing in [n{) expression:

1 1
InQ = KN InN — N + Eln(ZnN)) — z (ni Inn; —n; + Eln(zm”h')ﬂ
i

i~ 2.zl * 0 ) -0 (5

Introducing the frequencies P; = %

-For linear terms:

z n;lnn; = z Np;In(Np;) = N lnNz p; + NZ p; Inp;
i i i i

Therefore with —N + )., n; = 0 because ),;n; = N :
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NInN —¥;n;lnn; —n; = =N Y;p; In p; (A)
-For % terms:
~In(2nN) -2 In(2mn,) = [(m — 1)InN — %, In (27n,)] (B)
-For remainder terms because each n; is at least dominated by 0("/y,) with m fixed:
1 1 _1[1 ZN]_O(l/)
12N i12n; 12N ingd N

Finally, assembling the pieces:

InQ == —Nz'pi Inp; + % [(m —1)InN — Z'ln (Znni)] + 0(1/N)

Appendix 2: Two-state Boltzmann derivation of the adaptability
function Ag(a)

Consider the organizational state of an open system characterized by a scalar order parameter
a € [0, 1], where « = 0 denotes maximal internal disorder and @ = 1 denotes perfect
internal order. We model the system as occupying one of two macrostates, an ordered state O
and a disordered state D, with effective free energies (log-likelihoods) assigned as:

Fola) =—Ina,Fp(a) = —In(1 — a)

Note on notation: throughout this appendix, Fy, (a) and Fp, (a) denote the effective free
energies of the individual ordered and disordered macrostates respectively (not to be confused
with the full order-parameter mapping Og(@)).
The rationale is that o directly measures the relative weight of boundary-driven (ordered)
dynamics, so In a is the natural log-evidence for the ordered state, and symmetrically for 1 —
a.
Partition function. At inverse temperature £ > 0, the Boltzmann partition function over the
two states is:

Z(a,B) = e PFo + e P> = qf + (1 — a)P

and the probability of occupying the ordered state is:

af af
)= ) T FrA—a)f

This is equivalent to a logistic sigmoid in log-odds space:

04(@) = o (8 - 0git(@)), logit(@) = In——

Susceptibility (adaptability). The thermodynamic susceptibility, the sensitivity of the ordered-
state probability to changes in « is:
1d0p  afr(1—-a)f?
AB (a) = — =
B da (af + (1 —a)P)?

Maximum and viability window. By symmetry, Az is maximized at a* = 0.5, where Ag
(0.5) = 1 after normalization. The vitality window Ag (a) = 6 (with & = 0.9 by default)
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defines a symmetric interval [@,in, @max] around a* = 0.5. For B = 2, this yields a €
[0.406, 0.594]; for § = e, the window narrows to a € [0.435, 0.565].
Role of § as inverse temperature. The parameter S controls the stiffness of the order—disorder
transition:

p — 0 (high temperature): Oz — 1/2 everywhere; the system is equally likely to be
in either state and adaptability is uniformly distributed.

p — oo (zero temperature): Op becomes a Heaviside step function at @ = 0.5;
adaptability collapses to a Dirac-like peak.

B = 2 (diffusion scaling): recovers a broad, ecologically meaningful vitality basin
consistent with observed natural ecosystem distributions.

B = e (multi-scale candidate): imposes a sharper thermodynamic criterion selecting
only the most tightly organized systems.
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