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Abstract

This paper presents a Nash game formulation for solving the ill-posed Cauchy problem
associated with Laplace’s equation. The data completion task is recast as a two-player static
game, where each player controls a virtual Dirichlet condition on the inaccessible boundary.
The first player minimizes a Neumann gap functional, while the second minimizes a Dirichlet
gap functional, with both objectives coupled through a multiplier-based coupling term. A
rigorous functional framework is developed in energy trace spaces. We prove the existence
and uniqueness of the Nash equilibrium and show that, for compatible exact data, this equi-
librium coincides with the missing trace of the exact solution of the Cauchy problem. In the
presence of noisy measurements, Tikhonov regularization is incorporated into both players’
cost functionals.

The main contribution of the paper is the derivation of explicit stability and error bound
estimates for the regularized Nash equilibrium in a practical finite-noise regime. These esti-
mates quantify the dependence of the reconstruction error on the noise level, the regularization
parameter, and the coupling strength. In contrast with classical asymptotic convergence esti-
mates, the proposed bounds are established uniformly for regularization parameters belonging
to a fixed admissible interval [e, M|, with £ > 0, and do not require additional spectral source-
type assumptions on the exact missing data.

A conforming finite element discretization and an alternating minimization algorithm are then
proposed. Numerical experiments on annular and half-annular domains confirm the robustness
and accuracy of the method for nonzero noise levels and reduced-regularity configurations.

Keywords: Cauchy problem, Data completion, Virtual control method, Nash equilibrium, En-
ergy space approaches, Alternating minimization, Convergence analysis.
Mathematics Subject Classification 65F22, 66N12, 65N15, 66N21, 65N22

Introduction

This paper addresses an inverse Cauchy problem using a gamified Nash equilibrium approach.
Let Q € R? be a bounded, connected Lipschitz domain with boundary 02 = I' partitioned into
three non-overlapping parts: I'g, I';, and I'., such that

I'=Tyul;Uuly,, fiﬂfC:Q),
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where I'; and I'. have positive measure (see Figure 1). The boundary T'; is inaccessible for
measurements. We consider the Cauchy problem for Laplace’s equation:

Given Cauchy data (T, ¢) on I, find u : © — R such that
—Au=0 inQ, u=T, du=¢ onl, u=0 onTly, (1)

where n denotes the unit outward normal vector to Of).

Note that recovering u is essentially equivalent to finding the unknown Dirichlet data u; := u|r,
(and/or Neumann data J,u|r,), assuming these boundary traces are well-defined. This Cauchy
problem is ill-posed, as the solution lacks continuous dependence on the boundary data; conse-
quently, small perturbations can lead to large, unbounded errors in the numerical solution [10].
This inverse problem finds important applications across various fields, notably in non-destructive

testing [14] and electro-cardiology [15], among others. It has been studied extensively, from early
foundations [28] to recent advances [44, 25, 11]; see [19, 9] for a comprehensive overview. In
parallel, the theory of ill-posed problems was developed, with Hadamard’s seminal analysis [28§]
clarifying the instability and non-uniqueness inherent to the Cauchy problem.

I
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Figure 1: Domain geometry with boundary partitions

Several numerical approaches for reconstructing the missing boundary data, and subsequently
solving the associated boundary value problem, can be broadly divided into direct, iterative, and
Bayesian methods, where various regularization techniques are typically applied. Direct meth-
ods [11, 29, 8, 37] typically discretize an explicit operator mapping the unknown boundary data
to the available measurements, often via boundary element [37, 22| or finite element techniques.
The resulting ill-conditioned linear system is then stabilized using regularization methods such
as Tikhonov regularization [48, 49, 46], Fading regularization [22, 51, 13, 1], projection tech-
niques, or truncated singular value decomposition. In contrast, Bayesian methods [19, 20, 34, 30]
treat the unknown as a random field, incorporating prior knowledge probabilistically to obtain
a posterior distribution of possible solutions. However, the most widely used family for such
problems is that of iterative methods, which generate a sequence of approximations where the
regularization is intrinsically linked to the iteration process itself. This class includes Landweber-
type iterations [19], conjugate gradient methods [2, 29], alternating procedures [35, 22, 18], and
energy-error minimization [4, 5, 9].

A particularly interesting framework within this family reformulates the inverse problem as
solving a coupled system of well-posed boundary value problems derived from the Kohn-Vogelius
duplication method [33]. It is within this context that Nash game formulations [38, 42, 7] have
emerged, casting data completion as a non-cooperative game between two players controlling
Dirichlet and Neumann data. Building on this foundation, Habbal and Kallel [27] introduced



a static two-player Nash game for elliptic Cauchy problems, demonstrating how Neumann and
Dirichlet data completion can be recast as interacting twin optimization problems. This idea was
then extended to more complex inverse configurations including nonlinear elliptic equations [31],
coupled data completion and conductivity reconstruction in cardiac electrophysiology [15], and
detection of small inclusions in Stokes flow [40]. More recently, Roy and Pal [44] proposed a
Nash-game framework for limited-data photoacoustic tomography, showing how Nash games can
be integrated with modern optimization and machine-learning tools. A similar game-theoretic
approach has also been successfully applied to domain decomposition methods [16, 32].

Classical regularization theory for ill-posed problems is usually formulated in an asymptotic
setting, where both the noise level and the regularization parameter tend to zero. This frame-
work is fundamental for proving convergence rates, but such rates generally rely on source-type
or spectral regularity assumptions on the exact solution. In practical computations, however,
the noise level is fixed and nonzero, and the regularization parameter cannot be chosen arbi-
trarily small without amplifying the noise. It is therefore important to complement the classical
asymptotic analysis with robustness estimates that remain valid for admissible positive values of
the regularization parameter. The present work follows this finite-noise perspective, inspired by
the robustness analysis developed in [3] for an energy-space method applied to boundary data
completion in linear elasticity. In that work, error bounds of the form

1)
o(Ja+ve)
were obtained uniformly for regularization parameters belonging to a fixed admissible interval,
without imposing classical spectral source-type conditions. This motivates the extension of the
same robustness-oriented philosophy to a new game-theoretic framework. More precisely, we
introduce a Nash-game formulation for noisy ill-posed Cauchy problems governed by Laplace’s
equation. The method is based on a dual-control strategy: two independent virtual Dirichlet
controls are introduced on the inaccessible boundary, each associated with a different auxiliary
boundary value problem. One player controls the reconstruction through a Neumann gap func-
tional, whereas the other controls it through a Dirichlet gap functional. The two players are
coupled by a consistency term acting on the inaccessible boundary. The main contributions of
this work are threefold. First, we establish a rigorous functional framework in energy trace spaces
and prove the existence and uniqueness of a Nash equilibrium. For compatible exact data, this
equilibrium coincides with the missing trace of the exact harmonic solution. Second, we introduce
a Tikhonov-regularized Nash game for noisy measurements and derive explicit stability and error
bounds. These estimates are valid in a practical finite-noise regime: the regularization parameter
is kept in a fixed admissible interval [e, M], with ¢ > 0, and the constants are uniform with
respect to « in this interval. Thus, the estimates quantify robustness for nonzero noise levels
without imposing the classical spectral source conditions usually required to obtain comparable
asymptotic Tikhonov rates. Third, we develop a conforming finite element discretization and an
alternating minimization algorithm for the computation of the Nash equilibrium.

The paper is organized as follows. Section 1 introduces the virtual control formulation of the
data completion problem and presents a novel static two-player Nash game framework. Within
this setting, we establish the appropriate functional framework in energy trace spaces, define the
players’ cost functionals, and prove the existence and uniqueness of the Nash equilibrium. We
also show that, under compatibility of the boundary data, the Nash equilibrium coincides with
the exact solution of the Cauchy problem.

Section 2 is devoted to the stability analysis of the proposed Nash-game formulation in the
presence of noisy measurements. A Tikhonov-regularized game is introduced, and explicit error
bounds are derived for the regularized Nash equilibrium. These estimates quantify the combined



effects of the noise level d, the regularization parameter «, and the coupling parameter v. A
particular emphasis is placed on the practical finite-noise regime « € [e, M|, where the estimates
remain uniform with respect to a and do not rely on classical source-type assumptions. The
asymptotic case is recovered only when an additional parameter choice is imposed.

The analysis is then extended to the discrete setting in Section 3, where a finite element
discretization of the continuous problem and the associated Nash game is presented. Stability
and a priori error estimates are established for the discrete Nash equilibria, accounting for both
discretization errors and data perturbations.

Having established the theoretical and discrete frameworks, Section 4 focuses on the numerical
implementation of the proposed method. We describe the alternating minimization algorithm
used to compute the Nash equilibrium, the finite element solution of the state and adjoint prob-
lems, and practical considerations related to parameter selection and computational efficiency.
Finally, Section 5 presents a series of numerical experiments that validate the theoretical findings.
These results illustrate the accuracy, robustness, and convergence properties of the method under
various noise levels and geometrical configurations. The paper ends with concluding remarks em-
phasizing the robustness of the method in finite-noise regimes and discussing possible extensions
to more general elliptic systems and uncertainty-aware formulations.

1 Gamified Data Completion via Nash Equilibrium

1.1 Virtual Control Formulation

We begin by introducing the functional framework for the Cauchy problem (1). For boundary
parts I'y C T' (k € {i,c}), we employ the trace spaces from [47]:

HE(ry) = {v =il so€ HED)}, B3(Tw) = {o=0ln, : € H(T), #lp\p, =0}

The Lions-Magenes spaces H %(Fk) [36] and their duals H 7%(11;6) are equipped with the energy
norms:

w1 = {(Spyw,w)r, H/\H%,%(F) = (N, SnpA)r,

defined via the Dirichlet-to-Neumann operator Spy and its inverse Syp [45, 41].

The core of our approach is a dual-control strategy that generalizes the standard Dirichlet-
to-Neumann method [27]. We introduce independent virtual controls np and ny on Ty, each
governing different physical aspects through two complementary problems:

Find up € H'(Q) such that Find uy € H'(Q) such that
—Aup=0inQ, wuplr, =0, (Pp) —Auy=0inQ, un|r, =0, (Pn)
uplr. =T, wuplr, =np. Onunlr, = ¢, unlr, = nn.

A key advantage of keeping np and 7y independent is twofold: it introduces robustness
against data noise by confining errors to their respective boundary types, and it offers built-in
regularization via variable isolation. Moreover, interpreting Spy and Syp as solution operators
(with a slight abuse of notation), the required controls must also fulfill the interfacial consistency

conditions: .
Given T and ¢, find (np,nn) € (H2(T;))? such that:

Snp(¢;nn) = unlr., and Spn(T;np) = Ohuplr., (2)
with up and uy defined by (Pp) and (Py).



This dual structure invites a game-theoretic interpretation: two players, selecting independent
strategies np and 7y, must coordinate to produce consistent solutions on the interface I'.. The
framework is reminiscent of gamified Domain Decomposition (DD) methods [16] but with a key
distinction: it operates on a single domain 2 using twin systems that compete and cooperate via
virtual controls on an internal interface I';, rather than across multiple physical subdomains.

To implement this gamified approach, we formulate the hybrid variational problems. For the
Dirichlet problem (Pp) with gp; =np, gp. =T, gpo = 0:

/VUD'VdeQ— Z (A, vp)r, =0,
@ ke{i,e,0} (3)

— (i up — gpx)r, =0, k€ {i,c,0}.

For the Neumann problem (Py) with gn; = nn, gno = O:

/ Vuyn - VondQ) — Z <)\k 7UN> <¢7/UN>FC’
Q ke{i,0) (4)

—<M1fv, un —gngr, =0, ke {0}

These formulations admit unique solutions with A}, = d,up|r,, )\33 = Opuplr,, and /\3'\[ = Opun|r,.

1.2 Cost Functionals and Game Strategy

We now cast the data completion problem as a two-player cooperative Nash game. The players,
associated with the controls (np,ny) € (H 2(I';))?, cooperate to minimize their respective misfit
functionals derived from (2):

1 c v 7 7
Hp(np,nn) = §H)\D(T, np) — ¢||%_%(FC) + §H)\D(T’ np) — )\N(ﬁb,m\/)”%_%(ri)’ (5a)

1 Y ivi i
Hy(np,nn) = §HUN(¢777N) — T||%%(FC) + §H)‘D(T7 np) — Ay (9, nN)H%*%(ri)’ (5b)

where (up(T,np), Noo(T, D), X5 (T, np)) and (un(d, nn), Ao (¢, 7n)) are the unique solutions to
(3) and (4), respectively. The game strategy involves two players with distinct objectives:

e Player 1 (np): Minimizes the Neumann gap Hp, measuring misfit between computed
A5(T,np) and target ¢ on I'..

e Player 2 (ny): Minimizes the Dirichlet gap Hy, measuring misfit between computed
un(¢,nn) and target T on ..

Both objectives include the coupling term || X% (T, np) — Ny (¢, nv)||?, which enables coordination
by penalizing discrepancies in the Neumann data on I';. Each player optimizes their control while
considering the other’s strategy fixed. A Nash equilibrium is reached when neither can unilaterally
improve their outcome:

Definition 1. A pair (np,ny) is a Nash equilibrium if

(%),
(%)

At equilibrium, the coupling term is minimized, indicating the twin systems have reached
consensus on the interface conditions.

{HD(TID,TIN) < Hp(n,nn), VneH ©

Hx(mp,nn) < Hn(np,7m), VYne H

1
2
1
2



1.3 Existence and Uniqueness of Nash Equilibrium

We now establish the fundamental well-posedness results for our Nash game formulation. The
proof proceeds in two stages: first, we demonstrate the strong convexity and differentiability
of the players’ cost functionals [27]; second, we exploit these properties to prove existence and
uniqueness of the Nash equilibrium through a combined optimization approach as in [6].

Proposition 1 (Well-Posedness of Player Objectives). The partial mappings np — Hp(np,nn)
and nn — Hy(np,nn) are twice Fréchet differentiable, quadratic, and ~y-strongly convez func-

tionals over H2 (Ty).

Proof. By the linearity of problems (Pp) and (Py), we obtain the quadratic decompositions:

1

HD(T/DleN) = ia%(annD) lEnN(T/D) +dD777N7
1

Hy (np,nv) = 5% (v, 1) = 1, (03) + A,

where a}, and a}, are symmetric bilinear forms on H 3(T;) x H2(T;) defined by, for all (n,h) €
~1
(H2(T4))*

The linear forms [} on H %( I';) are defined by, for all h € H %(F,)

DN

l% N (h) = _()‘CD(O7 h)v)‘cD(T70) - qb)ﬁ—%( I.) +’Y()‘Z (Oa h)a >‘Z (Ta 0) - )\3\7((}5, nN))ﬁ—%(Fiy (7&)

B (B) = = (un (0,1, ux (6,0) = T) 1y 1+ (N (0,0, Xiy(6,0) = Np(Tymp)) g - (D)
The affine terms are given by:
Ty = 5 INH(T,0) = o + LN (T, 0) — Xy (1) (8a)
DN 92 D\+> H_%(FC) 9 D\+>» N\®;IN H_%(Fiy
1 Vi .
Y —— _ 2 I [3 )\ 2
ANmp = QHUN(@ 0) THﬁ%(FC) t3 [IAD(T,np) = AN (9, 0)||H,%(Fi)‘ (8b)

Since a}, and a); are symmetric continuous bilinear forms, and [}, oy and e ,p are continuous

linear forms on Hz (T';), the partial mappings np — Hp(np,ny) and ny — Hy(np,nn) are twice
Fréchet differentiable with:

<H2/)(77D777N) ) h’7-> = a%(h,T),
<H§</(77D777N) : ha T> = a’]yv(ha 7-)7

for all (h,7) € %( i) x H %(I‘z) The ~-strongly convex follows from the positive definiteness of
ap and ap over H%(I‘) O



Proposition 2 (Existence and Characterization of Nash Equilibrium). Assume the data comple-
tion problem (1) admits a solution U (i.e., the data are compatible). Then there exists a unique
Nash equilibrium (Tjp,T) associated with (5) and (6). Moreover, solving the data completion
problem (1) is equivalent to finding this unique Nash equilibrium, which is given by (o, M) with
e = Ulr,. In particular:

up(T,Nc) = un($,7c) =0 in €,
Ap(T,ne) = Ny (6. 1¢) = O0]r,.

Proof. Define the combined cost functional:

1 1 . |
o _ = c _ 2 - _ 2 N ) ¢ 2
L"(np,nn) = 2||)‘D(T77]D) ¢||H_%(FC)+2HUN(¢J7N) T|’ﬁ%(rc)+2||/\D(Tﬂ7D) >‘N(¢777N)||H_%(Fi)'

D=

Let i = o|r,. Then LY(fe, fe) = 0, implying that (7, M) minimizes LY on H2 (T;) x Hz(T;).

By uniqueness of the Cauchy solution:
v= UN(d)vﬁC) = UD(T’ ﬁC)v 3n@|Fi = AE(TvﬁC) = )‘ﬁ\/(qbvﬁC)

Since L7 is quadratic, twice differentiable, and strictly convex on H %(Fl) x H %(Fi), it has a
unique minimum. The characterization of solution sets shows that any minimum of L” is a Nash
equilibrium and vice versa. Therefore, the unique minimum of L coincides with the unique Nash
equilibrium (77,7 ) defined by (5a), (5b), and (6). O

2 Stability and Error Bound Estimates with Noisy Measure-
ments

The analysis developed in this section follows the robustness-oriented strategy introduced in [3].
Nevertheless, the present framework differs substantially from that setting. Here, the missing
boundary trace is reconstructed through two coupled virtual controls within a Nash-game formu-
lation. Consequently, the stability and error analysis must take into account not only the noise
level § and the Tikhonov regularization parameter «, but also the coupling parameter ~, which
governs the interaction between the two players.

This section is devoted to the study of the stability properties of the regularized Nash game in the
presence of noisy data. We derive explicit a priori error bounds for the noisy Nash equilibrium
and clarify how the reconstruction error depends on d, «, and ~.

2.1 Regularized Game for Noisy Data

Let us now consider the case of noisy data. Assume compatible data (T, ¢) with corresponding
Cauchy solution 7, and let (T, ¢°) € H%(Fc) X H_%(FC) satisfy:

T-7°% |12 <6
I sy T =y ) <9

The noisy cost functionals are obtained by replacing (T, ¢) with (79, ¢?) in the definitions from
Section 1.2 and adding Tikhonov regularization:

3, 1 a,

Hp™(np,nv) = 505" (1, 1p) = 15 (o) + (9a)
767 1 b b

HY™ (p, ) = §a?v7(77N777N) - lenD(ﬁN) + dNnD’ (9b)



where the regularized bilinear forms are:

ap’(n,h) = ap(n,h) + a(n,h) -,
a(]X\;Fy(nv h) = 07\/(777 h) + 06(77, h’)ﬁ%

(Ta)’

(T)

and the linear forms and affine shifts are defined analogously to (7)-(8) with (T, ¢) replaced by
(1%, 69).

Definition 2. A pair (np,nn) € (ﬁ%(Fl)V is a Nash equilibrium for the regularized problem
with noisy data if

(),
(Is).

We finish with existence and uniqueness results for the noisy Nash equilibrium.

(10)

(SIS

H?;"s’a(np,nw) < HB(S’Q(??’UN% vne H
HL(np,nn) < HY(np,n), Vne H

Proposition 3 (Well-Posedness of Regularized Nash Game). For any (5, a,7) € Ry x (R*)?,
there exists a unique noisy reqularized Nash equilibrium (ﬁ%o‘,ﬁ?\’,a) defined by (9) and (10).

Proof. The proof follows the same variational arguments as Proposition 2, with the Tikhonov
regularization ensuring uniform coercivity of the bilinear forms. O

2.2 Stability Estimates

We analyze the behavior of the Nash equilibrium as the noise level § decrease and provide explicit
estimates of the error bounds . The analysis proceeds by first establishing error estimates for the
regularization method, then analyzing stability with respect to data noise, and finally combining
these results to obtain error bound rates. Throughout this section, a < b signifies a < Cb for
some constant C' > 0 independent of v, §, and «a.

Lemma 1 (Density and Approximation Estimates). Assume that the data completion problem
(1) admits a unique solution v € H*(Q) for a given compatible pair of data (T,¢) € ﬁ%(FC) X
ﬁ_%(f‘c). Define e = g and let € and M be two positive real numbers such that ¢ < M. Then
there exist (wy,wp) € H%Z(FC) X ﬁ_%(f‘c), depending only on e, M and the exact missing data
N such that the following inequalities hold for all a € [e, M]:

e =) gy < loml g o [ 7% =Ty (11a)

e~ Tz gy < 100l 5oy o INDOTH = Ty (11b)

Proof. Let ¢ € Iﬁ[%(f‘c), W (¢, S%\7) the unique weak solution of:

—AW =0, in €,
W = o, on [,
anW = SiDNﬁC’ on Fi7 (12)
W =0, on [y,
and define
~1 =1 . —
SiTie = {u € H2(T';) such that 3p € H2(T'.) with p = W (p, SDNnC)\pi} ,

where W is the unique weak solution of (12).



Case 1: 0 € Sgi 5. There exists ¢ € ITI%(FC) such that W(cp,S]i)Nﬁc)m = 0. Using the
weak formulations of (12), (3) and (4), we have:

(es I =)z g,y = (W (2, ShTic), un (0,7% = Tic))r.

_(wNa uN(Ovﬁ?V - ﬁC))ﬁ%(FC)’

(Mo Tp — ﬁc)ﬁ%(m = (A5(0,7% =), W, SpaTic))r.

= (@0 X075 e -y
where wy = S% 5 (0.W (¢, SHxTIc)) and wp = 56 (W (@, SHnTe)). Then by Cauchy-Schwarz:

— = = n% —n
(nc’nN nc)Al(Fi) < ||WNHE(%(FC)HUN(0777N nC)HAl f3 (I, )7

(Mo M — M) fibry = ||WD||I;_%(FC)||A%(07W&D —To)llg-3 ¢

Case 2: 0 ¢ Sgi i Since Sgi 5 is dense in ﬁlé (T;) (see [3, 24]), there exists a sequence
(tn)neny C S S0 Mo converging strongly to zero in H2(I';). For each pu, € S i e there exists

on € ﬁI%(FC) such that p, = W(pn, ShHyTc) for all n € N. Using the weak formulations:

(e % wﬁ%m = —(0W (o Spic). un (0.7 — 7)) + W (0.7 = e, an)r

(wN>uN(0 nN 770)) <)‘§V(Ovﬁ?v _ﬁC)7Mn>FN

H2 (I, )
(ﬁCaﬁ% - ﬁC)]ﬁl%(Fz) = <)‘D(07 77D - 770)7 Son>Fc <)‘D(07ﬁaD - ﬁC)? Nn>Fi

= (wp, Ap (0,7 — 7)) + (Xp(0,7% — 7)), )

Hz(r)

where Wi =SS 5 (0. W (¢n, SHNTIc)) and wh = S% y(¢n). For all n € N:

(T = Te)gh oy < Ikl g o un (078 =Tl o,

+ X (0,75 nC>HH bWl (13
e = TV gy < Wbl oy g IAD O T =Ty

. c>||ﬁ ol (14

Since () converges strongly to zero in o (T;), it follows that for any a > 0 there exist integers
(KDg, KN,) € N? such that:

X 0,78 = e g o sl g ) < 1B g o N 0.7 =Ty s (19)

p"ll 5

uMDm,ﬁaD—ﬁc>||g,%(muumuﬁ%@)g B ey g A0 T5 —TElgy e (16)

We denote by KD, (respectively K N,) the smallest integer for which inequality (15) (respec-
tively (16)) is satisfied. Combining inequalities (13) and (14) with (15) and (16), we infer that:

(e, = Tic)gh o,y < 20on™ N g g 1w 078 = Tic) g

H

(o> = T0)gh 1) < QH(’UgDQHI/_jf%(FC)H)‘D(Q77D ~)llg-3 )



Using the same argument as in the proof of Lemma 4.4 in [3], the families (K Na)aele,ar) and
(K Da)agle,m) are uniformly bounded. Consequently, we may define

KNaM— max KN, KDEM— max KD,,
a€le,M] a€le,M]

and select WEN. and WED. such that

— — n R
bl = oz 285, ¥ i
W= — n
” KDE,]\/I HFI—%(FC) - OSnISII%E‘M HwDHf_\I—%(FC)
This completes the proof. ]

Lemma 2. Let €, and M be two positive real numbers such that € < M. Under the assumptions
of Lemma 1, if U is the unique solution of the data completion problem (1), then there exist

(wn,wp) € ﬁ%(Fc) X ITI*%(FC), depending only on €, M and the exact missing data N such that
the following inequality holds for all o € [e, M] :

(0.7 = 7o)l + o075 = T 4 ) S (lonlly i, + lonlgyr, ) (D)

Proof. Assume the hypotheses of Lemma 1 hold. Let ¥ be the unique solution of (1) and define
N = E,F' . We begin with the optimality conditions from the Nash equilibrium formulation (6):

0 (M, h) = U 5o (B, Wh € H2(Iy),
a}y(Ticsh) = 5 (h), Vhe H2(Iy),
o (%, 1) = U (h), - Vh € HA(T),
a} (e h) = Doy (h), Vhe H3 ().

Define the approximation errors:
€be =1p — e,
eNe =T —Tc-
Subtracting the corresponding equations yields the error relations:
ah(ehes ehe) + alilh, b)) = tha 50) — Ty (ebe). (18a)
ay(ene, eve) + aliy, B?VC)H%(FZ_) = lyv,ﬁ%(e?vc) — Iy (eNe)- (18b)
The right-hand sides satisfy the bounds:

D (450) = T o (€hc) = 1N (0,¢80), Ap (0, €50 ) 1.

Y 7 @ 2 v 7 «@ 2
< §H)\N(07 GNC)HH,%(FZ_) + 5\\/\D(O,GDC)’\H,%(Fi)= (19a)
l%ﬁ%(e(fvc) - l}y\/,ﬁc(e%c) = v(Ap(0,epe), A (0, e?\]C’))ﬁ%(Fi)
RATRY a |12 Yirvi URIE
< 5 [ A (0, €NC)HH,%(FZ,) + QH/\D(Oa@D(J)HH,%(Fi)' (19b)

10



Combining (18)-(19), we obtain:
ap(epe, epe) +an(efo: ene) < —alip, €pe) 5 i) — (7Y, e?\rc)ﬁ%(ri)
HeDCH % a’\eﬂc’\%%(ri)
— oo, €be) gy o,y ~ @0 N gy - (20)

Now applying the density estimates from Lemma 1 (see inequalities (11a)-(11b)):

c e 2 o 2
IAD (0, eDC)Hﬁ_%(FC + |lun (0, ee)ll air.)

s allwnllg-y ) IAD OBl -y

+allonll gy g v (O, ek 1

This inequality implies the desired bound (17), completing the proof. O

Proposition 4 (Error Bounds for Regularized Controls). Let €, and M be two positive real
numbers such that e < M. Under the assumptions of Lemma 1, if U is the unique solution of the
data completion problem (1), then there exist (wy,wp) € ﬁ%(Fc) X ﬁ_%(I’C), depending only on
e, M and the exact missing data T such that the following inequality holds for all o € [e, M] :

17 = Tellgy g, * 175~ el gy ) VA (lonlg ) +lonlgy )

Proof. The result follows immediately by combining the bound from Lemma 2 with the energy
estimate (20). O

Next, we analyze the stability of the Nash equilibrium with respect to data perturbations.

Proposition 5 (Stability Estimates). Assume there exists a unique solution v € H*(Q) to the
data completion problem (1) for compatible data (T, ¢) € H2( ) X Hfé(lﬂc). Let (T?, ¢°) satisfy:

62 52 2
7= TNy + 6= 812y <8
52 7252
Let 0(0,7, ) := - + - Then for any (8, a,v) € Ry x (R%)?, the following estimates hold:
_d,« [, o
I~ Tl e, + I~ TR g ) S 4060700, (214)
lun(T°,75") = up(T,75) | ey S L0, 5, ) + 6, (21b)
lun (&%, 75") = un (6,78 L1 S €06, @) + 6. (21c)

Moreover, as § — 0, the noisy Nash equilibrium converges strongly to the reqularized equilibrium.

Proof. Define the error terms:

i, —a da _ da —qa
€p —TID —Mp, €nx =Ty — TN

From the optimality conditions, we obtain the error equations:
~/ Sa 6, s, 5, 5
ap’(ep ep’) =1 laa(eDa) - l%7ﬁ (en™);

4, d, d,
l 7,5Da(€N ) _ﬂ (eN ).

Sa 5,
ay’(ex s en’) =

11



Using the coercivity:

S 8 s,
ap’(ep’,ep’) = ”)\CD(anDa)HZ,%

and estimating the right-hand side:

)
= (A5(0,e3"), A5 (T = T°,0) + ¢° — )

a,'y( S,  O,«
ap \€p »€p

A3 ()

+ (WD (0,€"), Np (T = T%,0) = Xy (6, 78) + A (6”716 -
c 0,0 c ) 5

< 0.5y o, (BT =T 0l g+ 167 — ¢l

-
+ A (0, €5l

ﬁ*%(rc))
A3

x ([[Np (T — T5,0)||ﬁ,%(ri) + [N (¢ — 6, 0)]|
Thus

b 67 67 ) 67 ; 6’
a3 € e) = AIND O, B -y g IO Ry
< 5 (2% (0, 2| - + o [1e59] -
S 005 5oy )+ 1B g3 )
Using the definition of a7;” and the Young’s inequality, we have:
2 252
QO Sap2 A% S,ay 2 Vv Say (12 0 Y0
Z1e%|12 Zia : —ZIX 7 S — 4 —.
2||€D HH%(Fi) + 2” p(0,€p )HH—%(F,-) 2|| (0, ey )||H_7(Fi) Stz
For the Neumann player, we have
6 1 1)
ay'(ey" en’) = [1Spn (un(0,e3™))

2 4,
HH‘%(FC) + alley

2 i d,ay| 12
123 0, + IO OISy
and estimating yields:
2 252
QL Sa2 Ty S,ay (12 EATEY NI <‘i 70
2H€N Hﬁ%(Fi) + 2H>‘N(076N )Hﬁ’%(ﬂ-) 2”)\D(Q €p )”ﬁfé(n) St

Now, adding inequalities (22) and (23) and absorbing the coupling terms gives:

2 22
5, s, ) et
I3 N30y + 1 ) S+ g = 167,00,

which proves (21a). For the Dirichlet solution, by triangle inequality and continuity:

s, _
lup(T°, 75" — up(T,0%) || i1 (o
s, s, s, _

< Nlup(T°,75") = up (T 03 mi (o) + lup(T.05") — un(T.09) |l (@)

Triangle
9,

= ||up(T° = T,0)| g1 () + |lun(0, ep Mo

< T =T 1+
Continuity ” HH?(Fc) H b

S0+ 48,7, a),

Aty
proving (21b). The estimate (21c) follows similarly.

12

b 2 i S,y 12
oy Tolen Iy ) T AIADO, eIy

)
[

i d,
by IOl )

(23)



2.2.1 Convergence Analysis and Error Bound Estimates
We combine the previous results to obtain the main convergence proposition.

Proposition 6 (Robust Convergence of Noisy Nash Equilibrium). Assume there exists a unique
solution v € HY(Q) to the Cauchy problem for compatible data (T, $) € H%(Fc) X H_%(I‘C). Let
(6,c,7) € Ry x (R%)? and let (T°,¢°) € H%(Fc) X H_%(Fc) be noisy data satisfying:

T =Ty o=y <R

Then there exists a unique noisy Nash equilibrium (ﬁ‘SDO‘,nN ) defined by (9) and (10) with the
following properties:
(i) The noisy equilibrium converges strongly to the exact equilibrium (Tjo,7) as o — 0 and

— = 0.

Va
(i) The solutions uD(T‘S,ﬁ%a) and uN(¢5 ') of (3) and (4) converge strongly in H'(Q) to
up(T, ) and un (@, ) respectively.

(111) Let e, and M be two positive real numbers such that e < M. For any (9,v) € Ry xR and
a € e, M]:

_Sa S —
5" =7cll g3 ) 1IN =7l

iy 506700 +va (Il )+ lowlgs g, )

Jun(T75) = un (e oy 5 €03:0)+ v (ol g+ Bowll g ) ) 6
(6,5 = w07 S €07 0) + v (lonly ) + lonlgy ) +5

Proof. We first prove (i) and (ii): Using Proposition 5, it suffices to show that the regularized
equilibrium (77%,7%;) converges strongly to (7o,7¢) as o — 0, and that the corresponding solu-
tions converge strongly to the exact solution. Consider the regularized combined cost functional:

o 1 C 1
L™ (np,nn) = 5\’)\D(T7 np) — ¢Hirj(r §HUN<¢7 nN) — TH?I%(F )
A _ 2 o 2 Q 2
) INp (T, np) — Ay (¢, UN)”H—%(F) ||77D||H§(F) 5 HnNHH%(ri)'

Let 7 = v|r, be the exact boundary trace. Since the exact solution satisfies the Cauchy problem,
we have:

L (¢,Tie) = o[l

H3 ()
By the minimizing property of the Nash equilibrium:
o 2 o 2 _ _ 2
_ _ < v, o = <
SITBIZ ) o+ SRy < D5, R) < alficl,y (25)

This shows that the sequences (7%) and (77%;) are uniformly bounded in H 3 (I';) independently of
«a and . Therefore, there exist weak limits ﬁ% and ﬁ?\r such that:

187

Ty =Y, Ty =% in H2(I) as a — 0.

13



From the hybrid variational formulations (3)—(4), the associated solutions converge weakly to the
solutions corresponding to the limits. Passing to the limit & — 0 in (25), we obtain:

. _1 _ |
Ap(T\7ip) = ¢ in H2(T'e), un(d,7y) =T in H2(L.).
Hence, the weak limits satisfy:
Mp(T,7h) = ¢, up(T,mp) =T on T,
and similarly:
UN((Z)aﬁ?V) =T, anuN(¢7ﬁ9\7) =¢ onle..
By uniqueness of the data completion problem:
p =7n =7c,  up(T.7p) = un(,7y) = 7.
To prove strong convergence, we use the variational formulations (3) and (4) to obtain:
lun(T,1%) — un (6,137 ) = Ao (T571H) — A (6, 71%), up(T,7%) — un (¢, 1%))r,

+ <)‘CD(T7 ﬁ%) -, uD(T7 ﬁ%) - uN((b?ﬁ?V»Fc'

From the Cauchy—Schwarz inequality and the continuity of the trace operator, it follows that

Jun(T,75) = un(@ ) oy S IND(TTB) = X (6,780l -y ) + XD TH) = 61l 1,

(26)

(

Since L7*(n%,n%) — 0 as o — 0, the right-hand side of (26) tends to 0. Thus:
up(T,7%) — un(0,7%) — 0 strongly in H*(Q).
By continuity of the trace operator:

167

nH — My — 0 strongly in ﬁ%(n)

Since both sequences converge weakly to 7, inequality (25) together with the parallelogram
identity, directly implies that both sequences converge strongly to 7. Consequently, the corre-
sponding solutions converge strongly in H!(£2) to the exact solution. This completes the proof of
(i) and (ii). Now we come to proving (iii): By combining the stability estimates in Proposition 5
with the regularization error bounds from Proposition 4 via the triangle inequality:

o — _Sa o —
" = ncll < 175" —npl + D —ncll
S U0.70) +va (ool g, + lonlgy e, )

and similarly for ﬁf\’,a which gives (24a). The solution error estimates (24b)-(24c) follow analo-
gously. O

Proposition 7 (Optimal Error Bound Rate). Under the assumptions of Proposition 6, the op-
timal parameter choice that minimizes the convergence rate is:

Qopt = \/55’ Yopt = (2)1/4 \/S

14



With this choice, the following optimal Error Bound rates are achieved:

||75 ;Qopt |75 ;Qopt

- ﬁNHﬁ% (T2 5 51/27

- 7ID||I;; )T |
76040 t
lun(T°,75°") — up(T,7ip) | () S 62,
_d,a0
lun (67,75 ") — un (6,775 i1 oy S 072

The rate 6Y/2 is the balanced rate predicted by the present error bound when the parameters are
chosen so as to equilibrate the noise amplification, reqularization, and coupling terms.

Proof. Consider the general error bound:

52 252
E(a,7) = f+—+f+6

To minimize the dominant terms, we balance the competing errors:
e Noise amplification: §//a and 76/«
e Approximation error: /a

Setting v = v/« eliminates the y-dependence in the balance:

/252
E(a) = + Va+é.
T :
Minimizing 1/ — + v/« gives:
a
d [ |26 V26 1
da( o +‘/a) T 2032 +2\/a_0'

2 1
2\473/52:2\/az>\/§5:a:>a0pt:\/§5,

and thus Yopt = /Qopt = (2)1/4\/3. Substituting back:
E(W26,(2)Y*V5) = (2)°/4V5 < V.

The optimality follows from the fact that this choice balances the noise amplification and regu-
larization errors at the same order /2, O

Solving yields:

Remark 1. The proof of Proposition 6 builds upon the framework established in [3].
The error between regularized solutions with noisy data and the exact solution exhibits the
error bound rate:

(’)(\ja—i-\/a—kf) for all o € [e, M].

This rate emerges from balancing three distinct error components: approximation error,
noise propagation, and coupling effects between the Dirichlet and Neumann players.

15



Remark 2. A notable advantage of our approach is that the error bound rate is obtained
under the baseline assumption that the missing data 1~ belongs to H2 > (T';), together with
the restriction « € [, M], and without imposing additional source-type conditions on the
exact solution. This stands in contrast with classical Tikhonov regularization [49], which
typically relies on such assumptions to derive comparable error estimates. The counterpart
of this flexibility is that the inequalities (24a), (24b) and (24c), established uniformly on a
fixed admissible interval of regularization parameters, are not intended, by themselves, to
yield a direct convergence result as the regularization parameter tends to zero.

Remark 3. The restriction « € [e, M] with 0 < & < M is well-justified in practical appli-
cations. The error estimate involves three competing terms: \/« representing approximation
error, ¢/y/a capturing noise amplification, and v/« reflecting the coupling effect between
players. The natural balance condition o > §? emerges to maintain control over all three
terms simultaneously, ensuring the total error remains bounded and decays appropriately.

Remark 4. The estimates in Proposition 6 highlight the essential role of regularization.
When a = 0, the right-hand sides of (24a)—(24c) become unbounded, demonstrating that
quantitative error bounds require o > 0. Without regularization, one can only establish
qualitative stability through strong convergence results, but cannot obtain explicit error
bound rates.

3 Finite Element Discretization

This section presents the discretized formulation of the Nash equilibrium problem (6), (10) using
standard conforming finite element method based on polynomials of degree k > 1 [17].

3.1 Discrete Game Formulation

Let 7" be a quasi-uniform triangulation of the domain Q with mesh size parameter h > 0,
satisfying € = (Jc7n K. We consider the following finite element spaces:

vh— {vh € CO@) : ", €PK(T), VT € T’l} ,

wh = {vh € L*(@) ", €Py(T), VT € Th} ,

W=vh. c H2(T), M} = whC H™2(T}), for k€ {i,c},
H" (Tx) = {vh = 6’1} L= Vlﬁ, supp(f)h) - Fk} C ﬁ%(l‘k)

Let ITh and be the standard Lagrange interpolation operator onto H h%(Fc) and W]}\LM be the
T¢

2(Te)
L? -projection operator onto Mflc. The discrete counterparts of the data are denoted by T}, ¢y,
for exact data and T,‘f , gbz for noisy data, obtained by applying the corresponding projection
operators. We recall that for all ¢ € H™(T.) and T € H™(T'.) with 1 < m < k + 1, the

following interpolation error estimates hold [17, 23]:

L
H(b Mh ¢HH7?(F <h Jr2||¢HHT”(FC)’ (28)
1
I7 = 1Ty o Tl ) S H I s e (29)

In the discrete setting, state and control variables are restricted to the finite-dimensional spaces
defined previously. To avoid unnecessary technical complications and to focus on the intrinsic
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difficulties of the data completion problem, the solutions of the direct problems (3) and (4) are
computed exactly. Consequently, the convergence analysis and error ebtlmates depend addition-
ally on the mesh size h and the polynomial degree k. For any (npp, nnn) € (H2 (T';))?, the discrete
cost functionals are defined as follows:

H )y (nph, INk) = %a%ﬁ(nDhﬂ?Dh) ~ s (100 + dpp (30a)
H i (npn, Nk) = %a?\iv(m\/h, INB) = Uhp, (INR) +dR (30b)
HE (mon, vn) = %aaDﬁ(nDhﬂ?Dh) — 15w (1D1) + (30¢c)
Hw® (npnynvn) = %a}l\/’v(nm, INR) = s (TNR) + AN (30d)

where the linear forms and constant terms are defined analogously to the continuous case in
Section 1.2, with (7', ¢) replaced by (1}, ¢p) or (T,‘f7 qﬁz) as appropriate.

Definition 3. A pair (7%, 7%;,) € (H hy (T';))? is a discrete regularized Nash equilibrium (drNE)

if
- _ ~pl
Hiy s Min) < Hpy, (0. 0), v € H"2 (L), (31)
H Y3 iy Ton) < HY @by m), 9 € H'2(T).
A pair (ﬁ%‘z,ﬁf\’,’z) e (H"3(T;))? is a discrete noisy Nash equilibrium (dnNE) if
S/~ 6, S, 5, ~pl
H”éa(n(spimé&) Hﬁga(n,nNi) Vi€ H'2 (L), (32)
H’Y a(ﬁDo;LaﬁNo}i) Htha(??Dh,n), Vi e th(ri)-

Proposition 8. The partial mappings npn — Hg’g’a(nph,mv) and nyp, — fo’z’a(nDh,nNh)
are twice differentiable, quadratic, and a-strongly convex functionals over H h%(Fi).

Proof. The proof follows the same structure as Proposition 1 in the continuous setting. O

3.2 Stability and Error Estimates

The stability estimates from Proposition 5 extend to the discrete setting for both Nash equilibria
defined in Definition 3, under the discrete noise bound:

6112 2 2
T =Ty )+ lln = G2,y ) < 02 (33

Proposition 9 (Stability of Discrete Nash Equilibrium). There ezists a unique discrete requ-
larized Nash equilibrium (7%,,7%,) for parameters (a,v) € (R%)?, defined by (30a), (30b) and

(81). Similarly, there exists a unique discrete noisy reqularized Nash equilibrium (ﬁ%‘,"l,ﬁ?\’i) for
parameters (0, c,v) € Ry x (R*)? defined by (30c), (50d) and (32), which strongly converges to
(MHps M) s 6 — 0. Furthermore we have:

HnDh 77Dh||fn—( +||77Nh nNhHHﬁ(F) 06,7, a),

lunp (T3, 755) — wnp (T3 1B ) S 06,7, @) + 6,
||UN(¢(s 77Nh) —UN(¢ nve) o) S 40,7, a) + 9,

Proof. The proof is the same as Proposition 3 and Proposition 5. |
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Lemma 3 (FEM Error Bounds). Let 7% and 7% in I/—]'S‘F%(Fi) for s € [0,k], and consider
parameters (6, a,y) € Ry x (R%)2. Define 1%, and 1%, as the unique solutions to the discrete
vartational problems:

D (ph, ¥n) = 1p za (Yn),  Viou € " (1y),

Y~ Shi
ay (Mnn, ¥n) = Inge, (¥n), Vo € H"2(T).
Then the following estimates hold:

75n = Bnll 4,y + 7% = Wl 3

1+'y
<
SN B (1T ey gy + 10 s 1))
tarra (=Ml gs )+ W~ g, ) G0)
~ 1+a+7v, 4,
(0% < S
1nDn — 77D||H%( N AL Ga he(m DHH5+2(F) (37)
cltaty, g
||77Nh_77N||ﬁ%( )~ mh 7 N||ﬁs+%(ri)' (38)

Here /\Eh denotes the smallest eigenvalue of the self-adjoint, positive definite operator (Sg)*Sg,
while >‘]1Vh denotes the smallest eigenvalue of (S]}{,)*S]}{, The operators S% and SJ]{, are defined as
follows:

Sh: HM(D) — ME g Sho HM(T) — H'(T)
npn > S"(npn) = A5(0,7p), nvn = S™(nvn) = un(0,mvn)
The operators (S%)* and (S%)* denote the adjoints of S% and S%. Also, we have A} = min(A\L, , AL,).

v

Proof. We begin with the variational formulations:
apy” (1pns ¥n) = 1p e (Vn),
ap” (Mpn: ¥n) = lp e (Vn),

for all ¢y, € ﬁh%(Fl) Subtracting the two equations and testing with i, = 1%, — 1%, then
expanding the linear forms using their definitions:

AT (T — T T — ) = — / X5 (0, 7% — o) (A% (Th — T, 0) — (@, — ¢))dT"
ty / N (0, 7% — 7o) (N (Th — T, 0) — Ny (¢ — 6,0))dT
Y /F Ny (0, 7%, — o) N (0,73 — 7% )T

We now estimate each term separately. For the first term, using Cauchy-Schwarz inequality and
the continuity of the solution operators:

X (0,70 — ) (X (Th — T,0) — (65 — <z>>)dr\

re

S 1IN0, 7~ )l -
T+ llén = ol

% (1251, = T,0)| A h)
< W = nll (HTh THHQ(F +llon =l 5-30,) -

H 2
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For the second term:
"y /F Ap (0,715 — 1) (A (Th — T,0) — Ny (¢n — ¢, 0))df‘

S = Tl g oy (120 =Tl o, + lon =6l -

For the third term, using the triangle inequality and Young’s inequality:

g

[ 300,75 = T N 0.7 = )|
< IS (0,78 — TBRIIZ *II)\Z (0,7%h — i) |12 1
-2 ’ H™2(Ty) ’ H™2(T)
N0, — T4 g I 0T ~ TRl -3,
Combining all three estimates:
(7 ~a = ~ Yy g = ~ 2 ~ 2
G%W(U%h — NDh>MDn — n%h)—gH)\lD(Oan%h - U%h)Hﬁ,%(F ) - *H)\N(O Man — Uf'\l/h)Hﬁ,%(Fi)
< W+ DT =l g3 oy (170 = Tll gy o, 60—l 1)
T = Tl 3 e T~ Tl 23
A similar analysis for the Neumann component yields:
o (Ton — Ten Ton — 80) = 2 IND (0,7 — Iy - — SINN (O, 780n — ) 1%
N ’ 2 ’ B 2(Ty) 2 ’ H32(T)

< WD = ol gy gy (10 =Tl )+l =l 1)

+ Y — ﬁ%h”ﬁ%(pi)unD B %hHﬁ%(Fi)'

Adding both inequalities and using the coercivity of the bilinear forms:

Ok ) (15~ Tonly o+ 18 = Tl )
< (W) (I = Tnll g o, + 1780 = 0l )

< (I = Tl gy o, + on =6l -3 )

So =0 |2 ~a
+ <’77Dh 77D||ﬁ%(ri) + 103n — UNHPI%(F ))

Using the interpolation estimates (28) and (29), we obtain the first inequality (36). For inequal-
ities (37) and (38), we use Galerkin orthogonality:

« ~q —« Shl
al (@Bn — M. vn) =0, Vi, € H'2(Ty),

~71
a (%, =M% n) =0, Vi, € H"2(T).
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Taking ¢pp = H%h%(ri)ﬁ% and using continuity:
apy” (Mpn = D, Tpn — Mp) = ap” (Tpn — Mhs Yon — D)
< (U a b I~ Bl g oo~ Tl 5 0
The coercivity of af;” and standard interpolation estimates give:
(b + )7, — Mollgy ) S A+ ot VRMD] 5ory gy
which proves (37). The estimate (38) follows similarly. O

Building on previous discrete stability and approximation results, we now establish the main
error estimate for the Nash equilibrium in Definition 3, combining regularization error from the
continuous setting with finite element discretization error.

Proposition 10 (A Priori Error Estimates). Let v be the exact solution of the continuous Cauchy
problem for compatible data (T, ¢) € ﬁ%(f‘c) X ﬁ_%(Fc) such that v € H1(Q) and (7%,7%) €
(ﬁ”%(I‘i)f with 0 < s < k. Under the assumptions of Lemma & together with (33), the following
estimates hold:

[P P [ 1
Dh Uiz Nh “laz ()
< A0, a) + Va

1+7
A B (1T ey gy + 190 s )
(1+a+7)
ol rar (5l g oy + IR e )+ (399)
6, _ _Sa
lun (TR, 755) = Ol e) S 8+ WITN sy o,y + 175 — ncllgy o,y (39b)
§ -5, _ 5, _
lun (@ 73) = Pln@) S0+ P20l ooy ) + 1705 = el gy - (39¢)
Proof. Using the triangular inequality, we have:
—6, 767
7on =Tcllgy o, < Won = Tbullgs ) + T = Tnll 54 1
+ll7Dn — nDHfmFi) +lip =7l gy ) (40)
b, _6, _ _ ~
s =Tcllgs e, = Wnn = Tnll g4 ) 1% = Tnll 53 1
Hiwn =%l g3 ) 18 =70l 3 (41)

I)
The first estimate (39a) is obtained by combining inequalities (40) and (41), the stability esti-

mates from Lemma 3 and Proposition 9. For the second estimate (39b) and third estimate (39c¢),
we use the triangle inequality:
3, _
lun (TR, 755) = Ol @) S llup (T} = T, 0) i) + lun(Th = T,0) | a1 (@
I P
+ [lun (0,75, — 770)”111
SO W ey —Hmm Tl b
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and

lun (6, Txy) — B S llun(8) — én, 0l () + lun(én — 6,0 1o
S —
+ lun (0,7, — ) lm (@

s, _
which completes the proof. O

Remark 1 (On the optimal error bound rate). According to Proposition 10, for regular data
(e.g., § < a=h" with r > 1), using a finite element method of order k and choosing v = «, the
a priori error estimate for the missing data is:

IS =Tl + 1758 = Aol S b2 + ke < pmin(5sr))

for all0 < s <k, r>0. This implies that the optimal convergence rate for this parameter choice
is O(h3), achieved when r = 2s.

4 Numerical Implementation

4.1 Alternating Minimization Algorithm

To compute the Nash equilibrium, we employ an alternating minimization procedure following
[6]:
Given an initial state (7%;,, %), compute for all k >0 :

—k+1 : J, —k
nth = argmin HDi(n,nNh),

~7 1
neH" 2 (T;)

L : o, r=k+1
Myp = argmin Hyy (Mg, . n).

~7 1
neH"2(T;)

The convergence of this alternating procedure is established in [6] under suitable assumptions
that are satisfied in our framework.

4.2 Gradient Computation via Adjoint Method

At each iteration k, the optimization problems are solved using a gradient descent method. The
gradients are computed efficiently via an adjoint state approach. For the Dirichlet player, we
define the Lagrangian functional:

o 5
LMD, N UD, VD Ny iy XD, 15, AD, 1)) = HL9 (np, )

+/qu'qudQ— > /)\’BdeF
@ kefic,0) Tk

- > /ﬂ'fj(uD—ng)dR
ke{ic,0} 7 Tk
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where gfj =np, 99 = Th, gOD = 0. For the Neumann player, we have

. . 5
ﬁN(T]D,T]N,’LUV,UN,)\?j\hH%N, >‘0 ’MS)V) = HXT’};O‘(T]DunN)

/VuN VoydQ— Y / der—/ dpondD
Ty I'c

ke{i,0}

- > | uh(un —gi)dl,
ke{i,0} Lk

where 95\7 = 7N, g?\, = 0. The state variables (uD,)\é),/\CD,)\%) satisfy the discrete Dirichlet
problem:

Find (up, Np, Ap, D) € (V' Mf* | M | M ) such that:

/ Vup - Vwpd§) — Z Mwpdl = 0, Ywp € VP,
Q@ ke{i,c} L (42)
/F h(up — gi)dl = 0, vhi, € MY, k€ {i,c,0}.

k

The state variables (up, /\3\{7 )\9\,) satisfy the discrete Neumann problem:
Find (un, Ny, A\Y) € (Vh,MI@i,MlL’O) such that:
/ Vuy - VwndQ — Z / M wndD = / dpwndl, Ywy € VI,
Q e

ke{i,0} T (43)
/ hE (uy — gk)dl = 0, vhE e M{ , k€ {i,0}.
I
The gradients are then obtained as:
8H’Y?67a ~ 1
3717)1}; (nps 1) - By = (Skpup + 0”7D>hD)ﬁ RO Vhi, € H"2 ()
aH]V\;fl’“ A o A AP
877N (77Da UN) : h?\/ = (S§VDM§V + any, hﬁv)ﬁh%(ﬂ) ) VhﬁV €H E(Fi)a
where /ﬂD and ,u,ﬁv are solutions of the adjoint problems. For the Dirichlet adjoint problem:
Find (vp, phy, 15, uh) € (VP M{ M{*  M{* ) such that:
/ Vup - VwpdQ — Z i wpdl = 0, Ywp € VI,
& ke{ic0) Tk
/_ Hupdl + 7 (hp, Xp — A§V)H7%(Fi) =0, Vhi, € Mt (44)
| Mpopdl + (k. Xp = 1)y ) = 0. Vhp € My,
A hopdl =0, vhy, € M.
0
For the Neumann adjoint problem:
Find (vn, gy, p%) € (V" Mfr, M} ) such that:
/ Von - VundQ) — Z / ,u?vadF + (UN — Th,wN) 1 =0, Ywy € Vh,
(9] ) IN H?2 (FC)
ke{i,0} (45)
/Fi vondT — (W, Xp = X)) =0, Vhiy € M},
hondl =0, vhY; € MP.

To
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Remark 5. [Adjoint Systems] The adjoint problems admit the strong formulations:

Find vp € H'(R2) such that Find vy € H*(Q) such that
- A’UD =0 in Q, 'UD‘FO =0 (A ) - AUN =0 in Q, UN’FO = 0,
vplr. = SND(Ap — én), P OnN|r, = Snp(un — Th),

vplr, = YSnp(Ap — Ay ). on|r, = —vSND(Np — Ny)-

(AN)

4.3 Computational Algorithm

The computation of the discrete Nash equilibrium is carried out using an alternating minimization
algorithm, which implements the iterative scheme introduced in Equation (2). At each outer iter-
ation, the two players update their strategies successively by solving their respective optimization
subproblems while keeping the opponent’s control fixed. To monitor convergence at both levels
of the algorithm, we introduce two complementary error indicators. First, for each player, the
inner-loop relative error quantifies the convergence of the gradient-based optimization process:

k+1,s+1 k+1,s

n h /A =1
Ex = | k+1,s‘ 1 , x=D,N. (46)
*h az (T5)
Second, the outer-loop Nash equilibrium residual
—k+1 k41
EDN = |77th - 771\}2 ‘ﬁ%(l‘i)' (47)

measures the consistency between the strategies of the two players and thus quantifies proximity
to a Nash equilibrium.

Each player’s optimization problem is solved using a gradient descent method, with gradients
computed via the adjoint formulations described in Section 4.2. The inner-loop tolerance is fixed
t0 Einner = 1072, This relatively loose threshold is sufficient during the early stages of the algo-
rithm, where the mismatch between the players’ strategies remains dominant and high precision
in each subproblem is unnecessary. As the iterations proceed, the coupling term progressively
enforces agreement between the Dirichlet and Neumann controls. Consequently, the algorithm
naturally transitions from a classical best-response Nash iteration toward a more tightly cou-
pled update mechanism. In this regime, the distinction between the two players’ optimizations
becomes less pronounced, and the algorithm effectively behaves as a one-shot inversion method
[12, 50], where both controls are updated coherently within a single iterative loop.

Outer-loop convergence is declared once the Nash equilibrium residual satisfies epy < €outer =
107° and the relative variations of both cost functionals fall below £; = 10~* thereby ensur-
ing both strategic consistency and stabilization of the objective functions. To further enhance
computational efficiency, each player’s inner optimization is initialized using the optimal control
obtained at the previous outer iteration-namely ﬁ%h for the Dirichlet player and ﬁf{,h for the
Neumann player. This warm-start strategy is fully consistent with the one-shot philosophy and
significantly accelerates convergence in the later stages of the algorithm. The complete procedure
is summarized in Algorithm 1, referred to as the Nash Game Alternating Algorithm.
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Algorithm 1 Nash Game Alternating Algorithm
1: Initialize: k < 0, initial state (7%,,7%,)
2: while not converged do
3: Step 1: Dirichlet Player Optimization

4: Set s 0,ep + 1, nk+10<—ﬁ%h

5: while ep > eipper do

6: Solve state equation (42) and adjoint (44)

7: Compute gradient: df, = —(S% puby;, + ang}zl )
8: Update nk+1 ,s+1 _ k+1 s + OéDdS

9: Compute ep with (46)

10: s+ s+1

11: end while

120 Tyt =y T = H )

13: Step 2: Neumann Player Optimization

14: Set s <0, en <1, nkHO(—ﬁ’f\,h

15: while ey > €ipner do

16: Solve state equation (43) and adjoint (45)

17: Compute gradient: d% = —(S% puy, + an?\;,rll )
18: Update: nk+1 s+l nkH T+ andy

19: Compute en with (46).

20: s+ s+1

21: end while

2: N =g TN = Hy (i )

23: Step 3: Convergence Check

24: Compute epy with (47)

2 Adp=|(TET — I8)/T5l, Ady = |(JE — T8) /T
26: if epn < gouter and AJp < ey and AJy < ey then
27: converged <+ true

28: end if

29: k< k+1

30: end while

5 Numerical Results

We validate our Nash-game approach for Cauchy problems through comprehensive numerical
experiments on two canonical domains: a full annulus and its upper semi-annular counterpart.
These geometries present progressively challenging scenarios—from smooth boundaries to config-
urations with mixed boundary conditions—allowing us to assess method robustness across various
boundary condition types. We generates exact Cauchy data on both domains using the following
harmonic function:

ue(x,y) = sin(0.57y) cosh(0.57x).

To evaluate performance under realistic conditions, we introduce multiplicative white noise:

T° = (1+46w)T, ¢° = (1+w)e,
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where 0 represents the noise level and w ~ N (0, 1) restricted to [—1,1]. The first domain is a full
annulus centered at (0,0) with outer radius Ry = 1 and inner radius Ry = 0.75:

{(z,y) | ¥* + y* = R2} (inaccessible),
{(z,y) | 2 +y* = R} (Cauchy data),

T
L.

with Tg = 0 in the general formulation (1). The control variables (1p,7x) belong to (HY2(I';))2.

The second domain is the upper semi-annulus of the same dimensions:

Ip={(x,0) | Ry < || < R;} (homogeneous Dirichlet),
i ={(z,y) | 2> +y* = Ry, y >0} (inaccessible),
(z,y) | 2> +y* = Ri, y >0} (Cauchy data).

o
Il
—

Here, the control variables (1p, ny) belong to (H 2 (I';))?, accounting for the homogeneous Dirich-
let condition on the adjacent boundary I'y.

The first configuration is used as a smooth reference benchmark, since no Dirichlet—Neumann
transition point is present. In contrast, the second configuration is designed to test the method
in a more delicate setting involving Dirichlet—Neumann transition points at the junctions between
[y and T';. According to the regularity theory for elliptic problems in nonsmooth domains with
mixed boundary conditions [21, 26, 39], such transition points may generate local singular com-
ponents and reduce the effective Sobolev regularity of the solution. This second configuration is
therefore used to assess the robustness of the Nash-game reconstruction in a reduced-regularity
regime.

All computations employ GETFEM++ [43] with unstructured meshes, examining method perfor-
mance across noise levels, regularization parameters, coupling coefficients, and mesh refinements.

5.1 An Annular Domain
5.1.1 Algorithm Performance with Exact Data

We analyze the convergence behavior of Algorithm 1 by depicting the evolution of the cost
functionals Hg’g’a(ﬁ’f)h) and H;(,’(S’a(ﬁ’f\,h) for both players, alongside the relative errors between
the exact solution we and the approximate solutions D(T,f ,ﬁ%h) and u N(gbi,ﬁﬂ“\]h), as shown in
Figure 2.

Due to the high number of degrees of freedom, the algorithm requires 365 iterations to meet
the strict Nash equilibrium convergence tolerance. However, the convergence profile indicates
that approximately 120 iterations suffice to capture the essential solution accuracy, suggesting
significant computational savings are possible by relaxing the outer tolerance. Beyond this point,
the players cannot significantly improve their strategies, confirming that a Nash equilibrium and
a best-response compromise have been effectively attained.

The method achieves high accuracy across all relevant norms. The relative error in H! ()
is approximately 1.1 x 10~ for both solutions. On the inaccessible boundary I';, the error is
2.5 x 107% in L2(T;) for the normal derivative and 7 x 1079 in f-\I%(I’Z) for the trace. The total
error is dominated by the L?(I';) norm of the normal derivative. These results demonstrate the
efficiency and robustness of our approach for this noise-free benchmark.
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Figure 2: Convergence history for the noise-free case (§ = 0), with A = 0.005 and o = 107, The

top row shows the relative errors for (a) the Dirichlet player and (b) the Neumann player.

bottom plot (c¢) tracks the decay of the respective cost functionals.
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(c) Boundary trace error: (un — ue)|r, (d) Flux error: (Onun — Onue)r,

Figure 3: Comprehensive error analysis for the reconstructed solution (h = 0.005, o = 1079).
Top row: Spatial distribution of pointwise errors |uj, —u.| throughout the domain for (a) Dirichlet
and (b) Neumann formulations. Bottom row: Pointwise reconstruction errors on the inaccessible
boundary T'; for (c) the Dirichlet trace and (d) the Neumann flux.

The comprehensive error analysis in Figure 3 demonstrates the method’s effectiveness across
both domain reconstruction and boundary data recovery. The top row shows excellent agreement
between the exact and reconstructed solutions throughout the annular domain, with minimal and
uniformly distributed errors for both formulations. The bottom row quantifies the accuracy of
boundary reconstruction on I';, confirming that the method successfully recovers the complete
Cauchy data with consistent precision along the entire interface. These results collectively validate
the stability and robustness of our approach.

5.1.2 Sensitivity to Perturbed Cauchy Data

We now examine the sensitivity of the proposed method to perturbations in the Cauchy data.
Figure 4 shows the trace and normal derivative errors on the inaccessible boundary I'; as the
noise level § varies, with A = 0.005, & = §/10, and v = 0.5. Specifically, we plot the differences
between the exact solution u, and the reconstructed solutions u D(T,f , ﬁ%o}i) and u N(¢i, ﬁ?\’f;).

Despite significant noise in the over-specified data on I'., our Nash game method maintains
accurate reconstructions on I';. These results demonstrate the robustness of the approach when
the regularization parameter « is properly scaled with the noise level §.
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(¢) Normal derivative error: dpup — Onue (d) Normal derivative error: dpun — Onte

Figure 4: Sensitivity analysis: reconstruction errors on I'; for varying noise levels ¢ (h = 0.005,
a = §/10, v = 0.5). Top row: trace errors for (a) Dirichlet and (b) Neumann formulations.
Bottom row: normal derivative errors for (c) Dirichlet and (d) Neumann formulations.

5.1.3 Parameter Analysis and Convergence Rates

We investigate the influence of key algorithmic parameters on reconstruction accuracy and com-
putational performance. First, the regularization parameter « is analyzed by examining the
L?-relative error between the reconstructed normal derivatives (Onup or Oyuy) and the exact
normal derivative d,u. on I';. As shown in Figure 5, both formulations achieve minimal error
when o < §/10, validating the optimal scaling o« ~ 4. For small «, the Nash-game strategy
converges reliably, demonstrating the robustness of our stopping criterion.

Eloml ™ 5=1e—-06

07 o 5=1e-05
s=1e—04
1072} —— 6=1e-03
—— s=1e-02

=4,
”anuD(T;,)’ ”D:) —Onue||L2r)
=
&
=5,
19uun(eb, i) — Outell Ly

107° 10-% 10~7 107 10=°> 10=% 10=° 107% 107! 10~° 10-% 10=7 107 10=> 10-% 103 107% 107!
Regularization parameter a Regularization parameter a

(a) Dirichlet formulation (b) Neumann formulation

Figure 5: Influence of regularization parameter o on L?-relative error of normal derivative recon-
struction (A = 0.005, v = 0.5). Optimal accuracy is achieved when a < §/10.

Next, the coupling parameter 7’s effect is examined in Figure 6. Subfigure 6(a) shows that the
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iteration count decreases with increasing 7 until a stability threshold is reached. Subfigure 6(b)
reveals that reconstruction errors remain essentially constant within the stable regime, indicating
that ~ primarily accelerates convergence without degrading accuracy. Moderate values of v thus
offer an optimal balance between speed and stability.

5 =0, a
2% 10-5 [lup(Ty. 7755 — uell ')

—— lun(f. ) —uellm@
103 —— i ~Ticlaa
—— I =Tcllaay
10-5 —— 10uup(T}. 75) — Oueell

1 Outen (. ) = Onteel| 2ty

Number of iterations to convergence

1073 1072 107! 100 1073 1072 1071 100
Value of the coupling parameter y Value of the coupling parameter y

(a) Iteration count vs. 7y (b) Relative errors vs. 7y

Figure 6: Effect of coupling parameter v on convergence speed and accuracy (§ = o = 1076,
h = 0.005). Left: iteration count decreases with v until divergence. Right: reconstruction errors
remain stable across 7.

Finally, to numerically validate the a priori error estimate of Proposition 10, Figure 7 presents
convergence rates for finite element pairs Py/P; (k = 2,3,4) with 6 = /10 = h%k/3 . Both
formulations exhibit super-optimal convergence rates significantly exceeding the theoretical k/3
rate, demonstrating the efficiency of our numerical implementation.

1072 § —o— |lup(T3.7j5) — uell ), rate=0.84 3 —o— |lup(T3. ;) - uellp @, Tate=1.51
— ) —uellniq), rate=0.92 10734 —— [l @,
—— |l ~Ticlla ), rate=0.94 ” —— |l = Acllr,, rate=1.63
& —— I ~7icll, rate=1.01 5 —— Il ~Ticllc, rate=1.72
B 19uen(T duuell 2y, Tate=0.86 ;y:’ 00T} 5 = el e, Tate=1.58
:’J 1o — duuelli, rate=0.85 ° —_
> 10-3 2o
TE‘ 10 E 104
5] [}
-4 ~
10-%
102 102
Mesh size (1) Mesh size (n)
(a) P2/ Py (b) P3/Ps

—o— Nup(T}.75) — uell ), Tate=2.06
T i) — ellniq), rate=1.91
clliqr), rate=1.85 //

Relative errors

Maesh size (h)

(¢) PufPs

Figure 7: Convergence rates for Py/P; finite elements (k = 2,3,4) with § = a/10 = h2¥/3,
Observed rates are super-optimal and exceed theoretical predictions.
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Our analysis confirms that (1) «a should scale with ¢ for optimal accuracy, (2) «y effectively ac-
celerates convergence without compromising reconstruction quality, and (3) the method achieves
super-optimal convergence rates across polynomial orders, validating both algorithmic robustness
and numerical efficiency.

5.2 Upper Half-Annular Domain

We now consider the second test case on the upper half-annulus. In this configuration, the straight
boundary segment I'g meets the accessible and inaccessible parts of the boundary at Dirichlet—
Neumann transition points. Such junctions are known to generate reduced-regularity effects for
elliptic problems with mixed boundary conditions; see, for instance, [21, 26, 39]. In particular,
near a Dirichlet—Neumann transition point, the local behavior of the solution may contain singular
components whose Sobolev regularity is comparable to that of a function belonging only to

H*™¢(Q), e>0.

This reduced-regularity effect is important for the subsequent interpretation of the numerical
results, since it may limit the accuracy of the reconstruction and the convergence rates observed
under mesh refinement. In the present test, the exact Cauchy data are generated from the same
manufactured solution used in the previous configuration. Nevertheless, the upper half-annular
geometry is designed to assess the sensitivity of the Nash-game reconstruction in the presence of
Dirichlet—-Neumann transition points. Even when the manufactured exact solution is smooth, the
auxiliary boundary value problems solved during the iterative process involve approximate virtual
controls on I';. These approximate traces may fail to satisfy the local compatibility conditions
at the transition points, thereby activating local singular components and producing a numerical
behavior similar to that of a reduced-regularity problem.

Beginning with exact noise-free Cauchy data (§ = 0), and using h = 0.005, o = 1075, and
v = 0.5, the reconstruction results are shown in Figures 8, 9, and 10. Figure 8 presents a
comprehensive error analysis, including the pointwise reconstruction errors in the domain (8(a),
8(b)) and the corresponding trace and flux errors on the inaccessible boundary I'; (8(c), 8(d)).
Compared with the full-annulus case, the error levels remain of the same order and the iteration
counts reported in Figure 9 are very similar. This shows that the proposed Nash-game strategy
remains stable in a configuration involving mixed boundary conditions and Dirichlet—Neumann
transition points.
However, this observation should be interpreted carefully. The comparable error levels do not
mean that the transition points have no effect. Rather, they indicate that, for the present
smooth compatible data, the singular components associated with the exact solution are weak
or may vanish. During the iterative process, however, the reconstructed virtual controls are only
approximate and may activate reduced-regularity effects near the transition points.
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Figure 8: Comprehensive error analysis for the reconstructed solution on the upper half-annulus
(h = 0.005, o = 107%). Top row: Spatial distribution of pointwise errors |uy — u.| throughout the
domain for (a) Dirichlet and (b) Neumann formulations. Bottom row: Pointwise reconstruction
errors on the inaccessible boundary I'; for (c) the Dirichlet trace and (d) the Neumann flux.
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We analyze the impact of data noise on the reconstruction along the inaccessible boundary I’;.
Figure 10 shows how the trace and normal derivative errors on I'; vary with increasing noise level
0 (h = 0.005, « = /10, v = 0.5). Despite the local loss of regularity at the Dirichlet—Neumann
junctions, the quality of the reconstructed boundary data remains comparable to that obtained
for the full annular domain, demonstrating the robustness of our approach.
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Figure 11: Convergence rates for different finite element pairs on the upper half-annulus (6 =
/10 = h?¥/3). Relative errors in H'(Q) and L?(T;) norms versus mesh size h.

Finally, we assess convergence with respect to mesh refinement. Figure 11 shows the relative

H'(Q)-error of the reconstructed solution and the relative errors of the trace and normal derivative
on I'; as functions of the mesh size h, for both the Dirichlet and Neumann formulations. Due to
the Dirichlet—-Neumann transition points, the numerical behavior is expected to be influenced by
reduced-regularity effects. In view of the singular expansion theory for elliptic mixed boundary
value problems [26, 21], such configurations may behave as if the relevant solution components
belonged only to H2~¢(f2), for some ¢ > 0.
Accordingly, the theoretical estimate should be interpreted as a worst-case bound associated with
limited regularity. If the effective regularity is close to H2~¢(f2), then the rate guaranteed by the
estimate is lower than in the fully smooth case. The observed convergence rates in Figure 11
are higher than this minimal prediction and are close to those obtained in the full annulus. This
should not be interpreted as a contradiction: the theoretical bound is not necessarily sharp,
and the singular coefficients associated with the manufactured compatible data may be small or
vanish. The results therefore show that the Nash-game formulation remains stable and accurate
even in a geometry where Dirichlet—Neumann transition points may induce reduced-regularity
effects.
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Conclusion

In this paper, we introduced a Nash-game formulation for the Cauchy data completion problem
associated with Laplace’s equation. The missing boundary data on the inaccessible part of the
boundary are represented by two independent virtual Dirichlet controls. These controls define two
coupled players: one minimizes a Neumann gap functional, while the other minimizes a Dirichlet
gap functional. The coupling between the two players enforces consistency of the reconstructed
boundary information and leads to a non-cooperative game formulation of the data completion
problem.

A rigorous analysis was carried out in energy trace spaces. We proved the existence and unique-
ness of the Nash equilibrium and showed that, for compatible exact Cauchy data, this equilibrium
coincides with the missing trace of the exact harmonic solution. This establishes the consistency
of the game-theoretic formulation with the original Cauchy problem.

For noisy measurements, Tikhonov regularization was incorporated into both players’ cost func-
tionals. The main theoretical contribution of the paper is the derivation of explicit stability and
error bound estimates for the regularized Nash equilibrium. These estimates quantify the depen-
dence of the reconstruction error on the noise level §, the regularization parameter «, and the
coupling parameter . In particular, the analysis is valid in a practical finite-noise regime, where
a remains in a fixed admissible interval [e, M], with € > 0. Therefore, the estimates do not aim,
by themselves, to prove asymptotic convergence as o — 0, but rather to provide robust error
bounds for nonzero noise levels and admissible positive regularization parameters.

This point is essential in comparison with classical Tikhonov regularization theory. In the classi-
cal asymptotic framework, convergence rates are usually obtained under source-type or spectral
regularity assumptions on the exact solution. By contrast, the present estimates are established
under the baseline assumption that the missing trace belongs to H/? (T';), and do not require ad-
ditional spectral source conditions. Thus, the proposed analysis complements classical Tikhonov
theory by addressing the finite-noise regime encountered in practical computations.

A conforming finite element discretization of the Nash-game formulation was then developed.
The numerical solution was computed by an alternating minimization algorithm combined with
adjoint-based gradient evaluations. Numerical experiments on annular and half-annular geome-
tries confirm the accuracy and robustness of the method. The results show that the proposed
formulation remains stable for nonzero noise levels and provides accurate reconstructions of the
interior solution, the missing boundary trace, and the normal derivative on the inaccessible bound-
ary.

Several perspectives follow from this work. First, the selection of the regularization parameter
«a and the coupling parameter v could be further investigated through discrepancy principles,
adaptive strategies, or data-driven rules. Second, the analysis could be extended to more general
elliptic systems, including linear elasticity and anisotropic models. Third, the proposed game-
theoretic framework could be combined with uncertainty quantification or Bayesian approaches
in order to provide confidence measures for the reconstructed boundary data. Finally, the devel-
opment of adaptive finite element methods and the validation on experimental data constitute
important directions for future research.
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