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Abstract

This paper investigates the implementation of the Quantum Fourier Transform
(QFT) using linear optical devices and the Cooley-Tukey algorithm, with a focus
on the impact of device imperfections and phase errors due to optical path dif-
ferences. It examines real-world defects in optical gate circuits, systematically
analyzing these imperfections for systems with two, three, and general γ-qubit
states, providing a comprehensive formula for the γ-qubit case.
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1 Introduction

In 1981, Richard Feynman, during a lecture, questioned whether classical computers
could effectively solve real-world problems involving quantum mechanics. He argued
that such problems often require numerically approximating differential equations, a
task that classical computers struggle to handle accurately [1]. Feynman proposed that
solving quantum mechanical problems would require a new type of computer, one that
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operates according to the principles of quantum mechanics, as classical computers are
fundamentally incapable of providing accurate and realistic solutions.

Since then, several physical platforms have been proposed and developed for
building quantum computers. Among the most prominent are trapped ions and super-
conducting circuits. Trapped ion systems use ions confined by electromagnetic fields
as qubits, benefiting from long coherence times and high-fidelity gate operations. How-
ever, they face challenges related to scalability, as controlling and coupling many ions
becomes increasingly complex [2]. Superconducting qubits, on the other hand, operate
at microwave frequencies and offer fast gate times and easier integration with existing
electronics, yet suffer from shorter coherence times and fabrication variability [3].

Despite significant progress, these approaches face substantial hurdles in scalability,
error correction, and operational stability, which slow down their path toward large-
scale quantum computing.

Photonic qubits, which encode quantum information in properties of individual
photons such as polarization or path, offer several advantages compared to trapped
ions and superconducting circuits. Photons naturally travel at the speed of light and
interact weakly with their environment, resulting in very low decoherence rates and
the ability to transmit quantum information over long distances with minimal loss.
Furthermore, photonic systems can operate at room temperature, reducing the need
for complex cryogenic setups required by superconducting qubits. Additionally, the
integration of photonic components with existing fiber-optic communication infras-
tructure makes photonic qubits a promising candidate for scalable quantum networks
and distributed quantum computing. However, challenges remain in creating deter-
ministic two-qubit gates and generating on-demand single photons with high efficiency
[4].

To address some of these challenges, researchers have explored quantum comput-
ing architectures based entirely on linear optical elements. Optical components such
as beam splitters, phase shifters, and interferometers—well-established in classical
photonics—can be used to implement quantum logic gates and manipulate photonic
qubits with high precision. Foundational results have shown that any arbitrary uni-
tary operation can be decomposed into a network of such optical elements [5–7].
These capabilities, combined with advances in integrated photonics and single-photon
sources, are paving the way for compact, scalable, and room-temperature quantum
computing platforms based on optics.

Further foundational work by Reck and Zeilinger established that any N ×N uni-
tary transformation could be decomposed into a sequence of beam splitters and phase
shifters, providing a universal toolkit for optical quantum circuits [7]. These theoreti-
cal and experimental breakthroughs laid the groundwork for the rapid development of
integrated photonic platforms, which aim to implement large-scale quantum circuits
on compact and scalable chips [6, 8]. Recent advances in fabrication techniques and
single-photon sources have significantly improved the performance and scalability of
these integrated photonic systems, making them a promising candidate for practical
quantum computing implementations.
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Among the landmark results in quantum computing is Shor’s algorithm, which
showed that quantum systems could, in principle, solve certain problems more effi-
ciently than classical computers [9]. Central to many such algorithms is the quantum
Fourier transform (QFT)[9–11], an operation that extracts periodicity information
from quantum states and forms a foundational building block for a wide range of
quantum computational protocols.

The QFT is especially important in optical quantum computing, where single-
photon systems can be integrated with QFT techniques to enhance computational
capabilities [9–37] It enables quantum processors to perform discrete Fourier trans-
forms on quantum states, allowing solutions to problems that are currently intractable
for classical approaches [12, 15]. The ongoing integration of single-photon sources
with QFT and other linear optical methods continues to advance the development of
scalable quantum computing platforms [5–7].

These developments bring us closer to building powerful quantum computers
capable of tackling complex problems beyond the scope of classical computation
[36–48] Nevertheless, challenges remain, especially in mitigating noise and errors
when combining single-photon technologies with QFT and other quantum computing
methods.

The primary technical challenge in scaling linear optical devices is the significant
overhead required to implement multi-qubit gates. Additionally, ensuring phase sta-
bility between optical modes often demands continuous monitoring and calibration, a
process that becomes increasingly complex as the circuit expands [12]. .In this paper,
we investigate the impact of imperfections in beam splitters, a key component in opti-
cal quantum computing, as well as phase errors in path differences. This work proposes
a new equation to account for these challenges when implementing the QFT in optical
circuits.

The remainder of the paper is structured as follows: Section 2 This section pro-
vides a brief introduction to linear optics and outlines the basic principles relevant
to quantum gate implementation. Special attention is given to the Hadamard gate,
including possible deviations from its ideal form. Section3 focuses on the QFT and
the Cooley-Tukey algorithm, analyzing their implementation using linear optics while
addressing potential sources of error in optical devices. Section 4 examines the effects
of imperfections in two-, three-, and n-qubit systems, providing a computational anal-
ysis of how these imperfections impact optical QFT. This section concludes with a
general formula for γ-qubit systems, offering a framework for managing imperfections
in larger optical setups. Section 5 provides an analysis of the phase error introduced
by differences in optical path lengths. Finally, Section 6 concludes with a summary
of the findings and discusses the implications for future research in optical quantum
computing.

2 linear optical devices and error

Integrated linear optics relies on fundamental components such as mirrors, phase
shifters, waveguides, and beam splitters, which collectively enable the manipulation of
photonic qubits [22, 23, 25]. In this work, we focus on path-encoded photonic qubits,
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Fig. 1: (I) A beam splitter with two input and two output ports. (II) A block diagram
of the beam splitter.

where the logical states |0⟩ and |1⟩ are represented by the presence of a single photon
in one of two distinct spatial modes. This choice of encoding is particularly compati-
ble with integrated photonic platforms and is distinct from other approaches such as
polarization encoding.

In [26, 27], the connection between two input states ψI and two output states ψO

of a lossless beam splitter is represented by a unitary matrix U , where ψO = UψI and
δRight + δLeft = π, with δ representing the phase shift between the transmitted and
reflected waves (see Fig. 1).

Furthermore, [25] demonstrates that a beam splitter combined with two −π
2 phase

shifters can function as a Hadamard gate [15, 48]:

U = H =
1√
2

(
1 1
1 −1

)

(1)

However, imperfections in fabrication and alignment often lead to unbalanced beam
splitting, which disturbs the ideal transformation. This effect can be modeled using a
non-ideal Hadamard gate, parameterized by a splitting angle θ, given by [25]:

H(θ) =

(
cos θ

2 sin θ
2

sin θ
2 − cos θ

2

)

(2)

This generalized form accounts for deviations in the beam splitter’s reflectivity
and transmissivity, capturing one of the key sources of error in linear optical quantum
circuits. Another source of error arises from phase shifts introduced by differences in
optical path lengths. These are modeled by the unitary operator L(L1, L2), which rep-
resents the relative phase difference acquired by a photon traveling along two distinct
optical paths with lengths L1 and L2, respectively:

L(L1, L2) =

(

e
2πiL1

λ 0

0 e
2πiL2

λ

)

(3)

Here, λ denotes the wavelength of the incoming photon, and L1, L2 represent the
respective optical path lengths. These models enable a precise analysis of physical
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imperfections affecting photonic implementations of quantum algorithms, such as the
QFT, within integrated optical circuits.

3 Discrete and Quantum Fourier Transforms

The Discrete Fourier Transform (DFT) is a fundamental tool that converts a discrete
sequence from its original domain into the frequency domain. Given a complex input
sequence y0(k) of length N , its DFT Y (n) is defined as [13, 14]:

Y (n) =

N−1∑

k=0

y0(k) exp

(

−i2πkn
N

)

=

N−1∑

k=0

y0(k)M
nk, n = 0, 1, . . . , N − 1, (4)

where

M = exp

(

−i2π
N

)

,

and N is the length of the input sequence.
Here, y0(k) ∈ C is the input discrete sequence, and Y (n) ∈ C is its corresponding

DFT output. Moreover:

• y0(k) is a discrete sequence of complex values: y0(k) ∈ C,
• Y (n), which is the DFT of y0(k), is also a complex sequence: Y (n) ∈ C,
• y(n), which represents the signal in the time domain, is also assumed to be complex
by default.

Computing the DFT directly from the definition requires O(N2) operations, which
can be computationally expensive for large N . The Fast Fourier Transform (FFT) is
an efficient family of algorithms that significantly reduce this computational cost to
O(N logN) by exploiting the symmetries and periodicities in the DFT [16, 17]. One of
the most prominent FFT algorithms is the Cooley-Tukey method [16]. This recursive
divide-and-conquer algorithm factors a DFT of composite size N = N1N2 into smaller
DFTs of sizes N1 and N2. By repeatedly breaking down the problem, it dramatically
reduces the number of computations. Moreover, the Cooley-Tukey algorithm is quite
general and can handle input sizes N that factor into arbitrary integers.

A widely used special case of the Cooley-Tukey algorithm is the Radix-2 FFT,
which applies when the input size N is a power of two [17]. In this case, the input
sequence is recursively split into halves until sequences of length two are reached,
enabling a simple and efficient implementation. The recursive nature of the Radix-2
FFT aligns well with the structure of the QFT, which similarly relies on decomposing
the transform into smaller components [18].

The Radix-2 FFT requires that

N = 2γ , γ ∈ Z
+,

which facilitates the recursive decomposition of the DFT into transforms of size 2. This
property is a key feature leveraged in quantum algorithms based on the QFT [18, 19].
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In an n-qubit quantum system with computational basis states

{|X(n)⟩} = {|X0⟩, |X1⟩, . . . , |XN−1⟩},

the Quantum Fourier Transform (QFT) maps each basis state |X(n)⟩ into a superpo-
sition of all other basis states as follows:

|X(n)⟩ −→ 1√
N

N−1∑

k=0

ei
2πnk

N |x0(k)⟩. (5)

Equivalently, this transformation can be expressed in terms of the primitive N -th
root of unity W = ei

2π
N as:

Here, |x0(k)⟩ denotes the computational basis states of the system.

|X(n)⟩ −→ 1√
N

N−1∑

k=0

Wnk|x0(k)⟩, where W = e2πi/N . (6)

The QFT circuit for a two-qubit system is shown in Figure 2. The circuit begins
with a Hadamard gate H applied to the most significant qubit q0, which creates an
equal superposition of its basis states. Next, a controlled-phase gateR2 = diag(1, eiπ/2)
is applied to the least significant qubit q1, conditioned on the state of q0. This gate
performs a phase rotation defined as:

R2 =

[
1 0
0 e2πi/4

]

=

[
1 0
0 i

]

. (7)

which means it multiplies the |1⟩ state of the target qubit by a phase factor of i, corre-
sponding to a π/2 rotation in the complex plane. After applying this controlled-phase
gate, a Hadamard gate is applied to q1, generating a superposition across both qubits.
Finally, a SWAP gate exchanges the two qubits. This reordering is necessary because
the QFT naturally outputs the qubits in bit-reversed order compared to the classical
DFT. Let the computational basis states be denoted as |x0(k1, k0)⟩, where (k1, k0) are

q0 H

q1 R2 H

Fig. 2: QFT circuit for two qubits. It applies a Hadamard gate on q0, a controlled-R2

gate on q1 (controlled by q0), a Hadamard gate on q1, and finally a SWAP gate to
reverse the qubit order.

the binary values of the two qubits. The output of the QFT can be represented using
the quantum Fourier basis states |X(k1, k0)⟩, where the transformation coefficients are
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powers of the fourth root of unity W = e2πi/4. The QFT basis states are given by:

|X(0, 0)⟩ = 1√
4

[
W 0|x0(0, 0)⟩+W 0|x0(0, 1)⟩+W 0|x0(1, 0)⟩+W 0|x0(1, 1)⟩

]
,

|X(0, 1)⟩ = 1√
4

[
W 0|x0(0, 0)⟩+W 1|x0(0, 1)⟩+W 2|x0(1, 0)⟩+W 3|x0(1, 1)⟩

]
,

|X(1, 0)⟩ = 1√
4

[
W 0|x0(0, 0)⟩+W 2|x0(0, 1)⟩+W 4|x0(1, 0)⟩+W 6|x0(1, 1)⟩

]
,

|X(1, 1)⟩ = 1√
4

[
W 0|x0(0, 0)⟩+W 3|x0(0, 1)⟩+W 6|x0(1, 0)⟩+W 9|x0(1, 1)⟩

]
.

(8)

This transformation can be expressed in matrix form as:







|X(0, 0)⟩
|X(0, 1)⟩
|X(1, 0)⟩
|X(1, 1)⟩







=
1√
4







W 0 W 0 W 0 W 0

W 0 W 1 W 2 W 3

W 0 W 2 W 4 W 6

W 0 W 3 W 6 W 9













|x0(0, 0)⟩
|x0(0, 1)⟩
|x0(1, 0)⟩
|x0(1, 1)⟩







(9)

Using modulo arithmetic (Wnk mod 4), the matrix simplifies to:







|X(0, 0)⟩
|X(0, 1)⟩
|X(1, 0)⟩
|X(1, 1)⟩







=
1√
4







1 1 1 1
1 W W 2 W 3

1 W 2 1 W 2

1 W 3 W 2 W













|x0(0, 0)⟩
|x0(0, 1)⟩
|x0(1, 0)⟩
|x0(1, 1)⟩







(10)

A graphical representation of the QFT process is shown in Figure 3. Each node
corresponds to a quantum state at a specific stage, and each edge represents a quantum
path with an associated phase factor Wn. These phase factors correspond directly to
the complex exponential rotations applied during the QFT.The quantum matrix form
of this stepwise computation is described in Appendix A.







|x2(0, 0)⟩
|x2(0, 1)⟩
|x2(1, 0)⟩
|x2(1, 1)⟩







=
1√
4







1 W 0 0 0
1 W 2 0 0
0 0 1 W 1

0 0 1 W 3













1 0 W 0 0
0 1 0 W 0

1 0 W 2 0
0 1 0 W 2













|x0(0, 0)⟩
|x0(0, 1)⟩
|x0(1, 0)⟩
|x0(1, 1)⟩







(11)

This leads to the extended stage-wise form shown below:

|x1(n0, k0)⟩ =
1√
2

1∑

k1=0

W 2n0k1 |x0(k1, k0)⟩

|x2(n0, n1)⟩ =
1√
2

1∑

k0=0

W (2n1+n0)k0 |x1(n0, k0)⟩

|X(n1,n0)⟩ = |x2(n0,n1)⟩

(12)
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W 2

W 2

W 0

W 0 W 2

W 3

W 0

W 1

1√
2
|x0(0, 0)⟩

1√
2
|x0(0, 1)⟩

1√
2
|x0(1, 0)⟩

1√
2
|x0(1, 1)⟩

1√
2
|x1(0, 0)⟩

1√
2
|x1(0, 1)⟩

1√
2
|x1(1, 0)⟩

1√
2
|x1(1, 1)⟩

|x2(0, 0)⟩

|x2(0, 1)⟩

|x2(1, 0)⟩

|x2(1, 1)⟩

Fig. 3: Graph representation of the QFT for N = 4. Each arrow represents a com-
putational path between quantum states with a complex exponential phase weight
Wn = e2πin/4. This structure mirrors the recursive nature of the Cooley–Tukey FFT
decomposition.

For N = 8 = 23, the same process generalizes to:

|x1(n0, k1, k0)⟩ =
1√
2

1∑

k2=0

W 4n0k2 |x0(k2, k1, k0)⟩

|x2(n0, n1, k0)⟩ =
1√
2

1∑

k1=0

W (2n1+n0)(2k1)|x1(n0, k1, k0)⟩

|x3(n0, n1, n2)⟩ =
1√
2

1∑

k0=0

W (4n2+2n1+n0)k0 |x2(n0, n1, k0)⟩

|X(n2,n1,n0)⟩ = |x3(n0,n1,n2)⟩

(13)

In the most general form, for any N = 2γ , we have:
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|x1(n0, kγ−2, kγ−3, . . . , k0)⟩ =
1√
2

1∑

kγ−1=0

W 2γ−1n0kγ−1 |x0(kγ−1, kγ−2, . . . , k0)⟩

|x2(n0, n1, kγ−3, . . . , k0)⟩ =
1√
2

1∑

kγ−2=0

W (2n1+n0)2
γ−2kγ−2 |x1(n0, kγ−2, . . . , k0)⟩

...

|xγ(n0, n1, . . . , nγ−1)⟩ =
1√
2

1∑

k0=0

W (2γ−1nγ−1+···+2n1+n0)k0 |xγ−1(n0, n1, . . . , k0)⟩

|X(nγ−1, . . . ,n0)⟩ = |xγ(n0, . . . ,nγ−1)⟩
(14)

This recursive representation describes the quantum formulation of the Cooley–
Tukey Fast Fourier Transform, applicable for any N = 2γ , where γ is the number of
stages (or the depth of recursion).

Moreover, any unitary operation in an N -dimensional Hilbert space can be decom-

posed into a sequence of N(N−1)
2 beam splitter (BS) operations. This represents the

upper bound on the number of beam splitters required to implement a general unitary
transformation [7]. Furthermore, it has been shown that any γ-qubit unitary transfor-
mation can be implemented using at most 2γ−1(2γ −1) combinations of BS and phase
shifters (PS) [24].

The Cooley-Tukey algorithm improves this decomposition by factorizing a 2γ ×
2γ unitary matrix into γ · 2γ−1 qubit transformations, which can be implemented
using linear optics through BS and PS. More precisely, the Cooley-Tukey algorithm
decomposes a 2γ × 2γ unitary matrix into γ successive stages, each consisting of 2γ−1

unitary transformations [15].
Based on the above considerations, in this paper, we adopt the Cooley-Tukey algo-

rithm for implementing the QFT. The key advantage of using this algorithm lies in
its recursive structure, which significantly reduces the overall complexity of the trans-
formation. It allows for efficient hardware implementation using a reduced number of
optical elements, particularly beam splitters and phase shifters, which makes it highly
suitable for photonic quantum computing platforms. Furthermore, the modular nature
of the Cooley-Tukey decomposition facilitates scalability and parallelization, which
are essential for practical realizations of large-scale quantum circuits.

4 Implementation of OQFT in Imperfect Circuits

When the QFT is realized using optical components, it is referred to as the Optical
Quantum Fourier Transform (OQFT). In this implementation, each node in the DFT
corresponds to a beam splitter (BS), and the connections between nodes represent
optical waveguides guiding single photons.
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In this section, we investigate the impact of device imperfections on the perfor-
mance of OQFT circuits. We begin by analyzing a two-qubit OQFT system, followed
by the extension to a three-qubit system. Finally, a general γ-qubit system is con-
sidered, and a new formula is proposed to quantify and mitigate the effects of
imperfections.

As analyzed in Section 2, a beam splitter with imperfections can be modeled
by deviations in its characteristic parameters. In an ideal beam splitter, where the
parameter θ = π

2 , the transfer matrix is given by

H
(

θ =
π

2

)

=

(
1√
2

1√
2

1√
2
− 1√

2

)

. (15)

This matrix represents a perfect 50:50 beam splitter that equally splits the input
optical modes with the correct phase relations.

In practical scenarios, however, deviations from the ideal splitting ratio, insertion
losses, and phase errors occur. Such imperfections can be incorporated by replacing θ
with θ = π

2 + δθ, where δθ represents a small perturbation parameter characterizing
the imperfection.

Therefore, the imperfect beam splitter matrix becomes

H(θ) =

(
cos θ sin θ
sin θ − cos θ

)

, with θ =
π

2
+ δθ. (16)

In the following subsections, we analyze how these imperfections affect the fidelity
and output states of OQFT circuits for two and three qubits. Subsequently, we gener-
alize these results to an arbitrary γ-qubit system and propose correction methods to
compensate for errors. However, under real conditions, perfect transmission does not
occur, and unbalanced wave splitting may take place. In the following subsections (1
to 3), imperfect circuits with different qubit inputs are considered.

4.1 Two-Qubit System

It is worth noting that, in the case of a single qubit, the QFT reduces exactly to a
Hadamard gate, as also discussed in Tabia [12].

To analyze a two-qubit system, two approaches can be taken. The first approach
considers each beam splitter individually, solving the problem step by step. The second
approach treats the entire system as a matrix; the system’s matrix representation is
derived first and then used to compute the output for a given input.

In the following sections, each beam splitter will first be examined separately to
understand its individual contributions, and then the matrix representing the entire
system will be constructed. This will allow a comprehensive analysis of the system
and facilitate computation of the output from the input.

10



γ = θ10

α = θ00

κ = θ11

β = θ01ψin1

ψin2

ψin3

ψin4

ψ1

ψ2

ψ3

ψ4

ψout1

ψout2

ψout3

ψout4

L00

L10

L20

L30

L01

L11

L21

L31

a

b

c

d

a′

b′

c′

d′

π
2

Beam splitter

Phase shifter

Waveguide

Fig. 4: A two-qubit optical circuit [12], where a, b, c, and d represent the input modes,
and a′, b′, c′, and d′ are the corresponding output modes.

4.1.1 Individual Analysis of Beam Splitters

The circuit implementing a two-qubit system is shown in Fig. 4. This circuit has four
inputs, a, b, c, d, and four outputs, a′, b′, c′, d′. Because the circuit is symmetric, the
parameters can be interchanged accordingly.

The outputs of the first beam splitter in the first stage, with parameter α, are ψ1

and ψ2: (
ψ1

ψ2

)

=

(
cos α

2 sin α
2

sin α
2 − cos α

2

)(
a

c

)

=

(
cos α

2 a+ sin α
2 c

sin α
2 a− cos α

2 c

)

(17)

Here, the matrix represents the transformation of the input modes a and c by the
beam splitter characterized by the parameter α.

Similarly, the output of the second beam splitter in the first stage, with parameter
γ, yields ψ3 and ψ4:

(
ψ3

ψ4

)

=

(
cos γ

2 sin γ
2

sin γ
2 − cos γ

2

)(
b

d

)

=

(
cos γ

2 b+ sin γ
2d

sin γ
2 b− cos γ

2d

)

(18)

This is the analogous transformation for inputs b and d by the beam splitter with
parameter γ.

The outputs of the second stage, with parameter β, are:

(
ψout1

ψout2

)

=

(
cos β

2 sin β
2

sin β
2 − cos β

2

)(
cos α

2 a+ sin α
2 c

cos γ
2 b+ sin γ

2d

)

(19)

Here, the second stage beam splitter with parameter β acts on the outputs from the
first stage.
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Thus, the explicit expressions for ψout1 and ψout2 are







ψout1 = cos β
2 cos α

2 a+ cos β
2 sin α

2 c+ sin β
2 cos γ

2 b+ sin β
2 sin γ

2d,

ψout2 = sin β
2 cos α

2 a+ sin β
2 sin α

2 c− cos β
2 cos γ

2 b− cos β
2 sin γ

2d.
(20)

These formulas give the output amplitudes after the second stage beam splitter with
parameter β.

The other outputs at the second stage, with parameter κ, are given by:

(
ψout3

ψout4

)

=

(
cos κ

2 sin κ
2

sin κ
2 − cos κ

2

)(
sin α

2 a− cos α
2 c

e
iπ
2

(
sin γ

2 b− cos γ
2d
)

)

(21)

The second output pair from the second stage involves a phase factor eiπ/2 and is
transformed by the beam splitter with parameter κ.

Hence,







ψout3 = cos κ
2 sin α

2 a− cos κ
2 cos α

2 c+ eiπ/2 sin κ
2 sin γ

2 b− eiπ/2 sin κ
2 cos γ

2d,

ψout4 = sin κ
2 sin α

2 a− sin κ
2 cos α

2 c− eiπ/2 cos κ
2 sin γ

2 b+ eiπ/2 cos κ
2 cos γ

2d.
(22)

Explicit expressions for the output amplitudes ψout3 and ψout4.

Special case:

If (
a
b

)

=

(
1
0

)

,

(
c
d

)

=

(
0
0

)

, (23)

This corresponds to the photon entering only the input mode a, with no photons in
the other modes.

then
ψ1 = cos

α

2
, ψ2 = sin

α

2
, (24)

with corresponding probabilities

P1 = |ψ1|2 = cos2
α

2
, P2 = |ψ2|2 = sin2

α

2
. (25)

The output probabilities at the first beam splitter depend on the parameter α.
For α = π

2 , the probabilities become

P1 = P2 =
1

2
. (26)

At this value, the beam splitter acts as a 50:50 splitter.
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Since ψ3 = ψ4 = 0, the outputs reduce to

ψout1 = cos
β

2
cos

α

2
, ψout2 = sin

β

2
cos

α

2
,

ψout3 = cos
κ

2
sin

α

2
, ψout4 = sin

κ

2
sin

α

2
.

(27)

The outputs depend on the parameters α, β, κ in this special input scenario.
The probabilities of detecting the photon at each output port are

Pout1 = cos2
β

2
cos2

α

2
, Pout2 = sin2

β

2
cos2

α

2
,

Pout3 = cos2
κ

2
sin2

α

2
, Pout4 = sin2

κ

2
sin2

α

2
.

(28)

These represent the probabilities to detect the photon at each output port after the
full circuit.

If α = β = γ = κ, then

Pout1 + Pout2 + Pout3 + Pout4 = cos4
α

2
+ 2 cos2

α

2
sin2

α

2
+ sin4

α

2
= 1. (29)

This confirms the total probability is conserved and equals 1, as expected physically.
Fig. 5 shows the probability distribution as a function of α.
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P
o
u
t4
sin4(α/2)

Fig. 5: Probability of detecting a photon at each output for a 2-qubit system, with
initial conditions a = 1, b = c = d = 0, as α varies from −π to π.

4.1.2 Effects of Imperfections and Error Analysis

In realistic experimental setups, ideal parameter values α, β, γ, κ are difficult to achieve
due to manufacturing tolerances, imperfect alignment, optical losses, and environmen-
tal noise. These imperfections cause deviations from ideal splitting ratios and introduce

13



phase errors, which degrade the fidelity of the quantum Fourier transform implementa-
tion. For instance, deviations such as δα from the ideal value α0 = π

2 alter the output
probabilities approximately as follows:

Pout1 = cos2
β

2
cos2

(
α0

2
+
δα

2

)

, (30)

Pout3 = cos2
κ

2
sin2

(
α0

2
+
δα

2

)

. (31)

Such deviations produce non-uniform photon distributions at the output ports,
decreasing the operation’s accuracy and fidelity. Figure 5 illustrates the probability
distribution of photon detection at each output as a function of the parameter α. The
plots show cos4(α/2), sin2(α/2) cos2(α/2), and sin4(α/2) corresponding to different
output ports. This visualization helps to understand how variations in α affect output
probabilities. Furthermore, the relationship between parameter deviations and output
probability changes can be used to estimate the magnitude of imperfections in optical
components. For small deviations δα, the output probability Pout1 can be expanded
as:

Pout1(α) ≈ Pout1(α0) +
∂Pout1

∂α

∣
∣
∣
∣
α0

δα, (32)

where the partial derivative is

∂Pout1

∂α
= − cos2

β

2
sinα. (33)

Therefore, the deviation δα can be estimated from the output probability by
comparing it with its ideal theoretical value

δα ≈ Pout1 − P ideal
out1

∂Pout1

∂α

∣
∣
α0

. (34)

For example, suppose the ideal parameter value is α0 = π
2 and β = κ = π

2 . Then,
from Eq. (30), the ideal output probability is

P ideal
out1 = cos2

β

2
cos2

α0

2
= cos2

π

4
cos2

π

4
=

(√
2

2

)2

×
(√

2

2

)2

=
1

4
. (35)

For a numerical illustration, assume that the output probability is Pout1 = 0.30.
From Eq. (33), the partial derivative at α0 = π

2 is

∂Pout1

∂α

∣
∣
∣
∣
α0

= − cos2
β

2
sinα0 = − cos2

π

4
sin

π

2
= −1

2
× 1 = −1

2
. (36)

14



Using Eq. (34), the estimated deviation δα is

δα ≈ 0.30− 0.25

− 1
2

=
0.05

−0.5
= −0.1, (37)

which means the actual parameter α deviates by about −0.1 radians (approximately
−5.7◦) from the ideal value π

2 . This numerical example shows how deviations in the
output probability can be used to quantify imperfections in optical components. There-
fore, by comparing the calculated output probabilities with their ideal theoretical
values and applying first-order expansions, the corresponding parameter deviations
can be estimated. This theoretical error analysis provides a framework for diagnos-
ing and quantifying the effects of imperfections in optical components. Therefore, by
comparing measured output probabilities with ideal theoretical values and applying
first-order expansions, one can effectively estimate the parameter deviations due to
imperfections. This error analysis is essential for diagnosing and correcting imperfec-
tions, thereby improving the fidelity of quantum optical experiments. If we assume
that the parameters α and β vary simultaneously and equally, i.e., β = α = α0 + δα,
then the output probability Pout1 becomes

Pout1 = cos2
β

2
cos2

α

2
= cos4

α

2
. (38)

By performing a first-order Taylor expansion around the ideal value α0 = π
2 , we

have

Pout1(α) ≈ Pout1(α0) +
dPout1

dα

∣
∣
∣
∣
α0

δα, (39)

where the derivative is
dPout1

dα
= −2 cos3

α

2
sin

α

2
. (40)

Evaluating at α0 = π
2 gives

dPout1

dα

∣
∣
∣
∣
α0

= −2

(√
2

2

)3(√
2

2

)

= −2×
√
2
4

24
= −1

2
. (41)

Therefore, the deviation δα can be estimated from the difference between the
measured and ideal output probabilities as

δα ≈ Pout1 − P ideal
out1

dPout1

dα

∣
∣
α0

= −2
(
P real
out1 − P ideal

out1

)
. (42)

Assuming α and β vary together such that β = α = α0 + δα, with the ideal value
α0 = π

2 , the ideal output probability from Eq. (38) becomes

P ideal
out1 = cos4

α0

2
=
(

cos
π

4

)4

=

(√
2

2

)4

=
1

4
. (43)
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For the same numerical example, if the output probability is Pout1 = 0.30, then
using the derivative in Eq. (41), we estimate the deviation δα as

δα ≈ 0.30− 0.25

− 1
2

= −0.1, (44)

which corresponds to approximately −5.7◦. This shows that when α and β deviate
equally, the estimation of δα from the measured output probability is straightfor-
ward and similar in form to the single-parameter case. Such analysis can be extended
to other output probabilities and parameters, enabling precise calibration of optical
components in quantum circuits.

Figure 6 shows the exact function Pout1(α) = cos4(α/2) (solid line) along with its
first-order Taylor approximation around α0 = π

2 (dashed line). The close match near
α0 demonstrates the validity of the linear approximation for small deviations.
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Linear approximation near α0 = π
2

Fig. 6: Exact output probability Pout1(α) = cos4(α/2) and its linear approximation
near α0 = π

2 .

This theoretical error analysis allows parameter deviations to be estimated from
output probabilities using first-order Taylor expansions. The approach provides a prac-
tical theoretical framework for identifying and quantifying imperfections in optical
components and for assessing their impact on the accuracy and fidelity of quantum
Fourier transform implementations. These results can be useful for the future calibra-
tion and optimization of experimental optical quantum circuits. In the next section,
we will discuss the system representation as a matrix. Then, we will analyze the sys-
tem for three qubits, and finally, we will extend the problem to an arbitrary number
of qubits.
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4.1.3 System Representation as a Matrix

An alternative viewpoint on the entire system treats all optical elements involved in
the QFT as a single unitary operator. To realize this, each stage may be analyzed
individually, as detailed in Appendix B, or by employing the QFT method described
in Section 2 and Equation (13), considering the beam splitters as imperfect.







ψout1

ψout2

ψout3

ψout4







=







cos β
2 sin β

2 0 0

sin β
2 − cos β

2 0 0
0 0 cos κ

2 eiπ/2 sin κ
2

0 0 sin κ
2 e3iπ/2 cos κ

2













cos α
2 0 sin α

2 0
0 cos γ

2 0 sin γ
2

sin α
2 0 − cos α

2 0
0 sin γ

2 0 − cos γ
2













a
b
c
d







(45)
After multiplying the two matrices, the resulting expression is:







ψout1

ψout2

ψout3

ψout4







=







cos α
2 cos β

2 sin β
2 cos γ

2 cos β
2 sin α

2 sin β
2 sin γ

2

sin β
2 cos α

2 − cos β
2 cos γ

2 sin α
2 sin β

2 − cos β
2 sin γ

2

cos κ
2 sin α

2 eiπ/2 sin γ
2 sin κ

2 − cos κ
2 cos α

2 −eiπ/2 sin κ
2 cos γ

2

sin κ
2 sin α

2 −eiπ/2 cos κ
2 sin γ

2 − sin κ
2 sin α

2 eiπ/2 cos γ
2 cos κ

2













a
b
c
d







(46)
The output states are explicitly given by:







ψout1 = cos α
2 cos β

2 a+ sin β
2 cos γ

2 b+ cos β
2 sin α

2 c+ sin β
2 sin γ

2 d

ψout2 = sin β
2 cos α

2 a− cos β
2 cos γ

2 b+ sin α
2 sin β

2 c− cos β
2 sin γ

2 d

ψout3 = cos κ
2 sin α

2 a+ eiπ/2 sin γ
2 sin κ

2 b− cos κ
2 cos α

2 c− eiπ/2 sin κ
2 cos γ

2 d

ψout4 = sin κ
2 sin α

2 a− eiπ/2 cos κ
2 sin γ

2 b− sin κ
2 sin α

2 c+ eiπ/2 cos γ
2 cos κ

2 d

From this point, we define the parameters as α = θ00, γ = θ10, β = θ01, and
κ = θ11, as illustrated in Fig. 4 within the beam splitters. These definitions simplify
calculations and facilitate extension to larger systems. The derivation is detailed in
Appendix B.

ψout1 = cos
θ00
2

cos
θ01
2
a+ sin

θ01
2

cos
θ10
2
b+ sin

θ00
2

cos
θ01
2
c+ sin

θ01
2

sin
θ10
2
d

ψout2 = cos
θ00
2

sin
θ01
2
a− cos

θ01
2

cos
θ10
2
b+ sin

θ00
2

sin
θ01
2
c− cos

θ01
2

sin
θ10
2
d

ψout3 = cos
θ00
2

cos
θ11
2
a+ eiπ/2 sin

θ10
2

sin
θ11
2
b− cos

θ00
2

cos
θ11
2
c− eiπ/2 cos

θ10
2

sin
θ11
2
d

ψout4 = cos
θ00
2

sin
θ11
2
a+ e3iπ/2 sin

θ10
2

cos
θ11
2
b− cos

θ00
2

sin
θ11
2
c+ e3iπ/2 cos

θ10
2

cos
θ11
2
d

(47)
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As demonstrated in Appendix B, the output values are computed in two steps:
first by calculating the intermediate states ψ1 to ψ4, then by determining the output
states ψout,1 to ψout,4.

To maintain a structured and consistent notation, similar to Equation (14), the
inputs are denoted by |x0⟩. For example, |x0(0, 0)⟩ corresponds to a, |x0(0, 1)⟩ to b,
|x0(1, 0)⟩ to c, and |x0(1, 1)⟩ to d, representing the initial input states.

At the intermediate stage, the states |x1(0, 0)⟩, |x1(0, 1)⟩, |x1(1, 0)⟩, and |x1(1, 1)⟩
correspond to ψ1, ψ2, ψ3, and ψ4, respectively. Similarly, the output states |x2(0, 0)⟩,
|x2(0, 1)⟩, |x2(1, 0)⟩, and |x2(1, 1)⟩ correspond to ψout1, ψout2, ψout3, and ψout4, respec-
tively.

In the two-qubit case, this notation enables a clear and structured representation of
the OQFT circuit, allowing for a generalized formula that captures the transformations
from input states |x0(i, j)⟩, through intermediate states |x1(i, j)⟩, to the final output
states |x2(i, j)⟩.

The extended form of the equation can be written as:

|x1(n0, k0)⟩ =
1∑

k1=0

W 2n0k1 cos1−n0

(
θk00

2
− k1

π

2

)

sinn0

(
θk00

2
+ k1

π

2

)

|x0(k1, k0)⟩

|x2(n0, n1)⟩ =
1∑

k0=0

W (2n1+n0)k0 cos1−n1

(
θn01

2
− k0

π

2

)

sinn1

(
θn01

2
+ k0

π

2

)

|x1(n0, k0)⟩

|X(n1, n0)⟩ = |x2(n0, n1)⟩
(48)

4.2 Three-qubit system

In the previous subsection, a two-qubit system was investigated from two perspectives:
first, by considering each beam splitter individually and deriving the equation for the
general structure, and second, by treating the entire system as a unitary matrix. Both
approaches yielded the same result. In this subsection, we extend the analysis to a
three-qubit system and derive the unitary matrix of the whole system.






















|x2(0, 0, 0)⟩
|x2(0, 0, 1)⟩
|x2(0, 1, 0)⟩
|x2(0, 1, 1)⟩
|x2(1, 0, 0)⟩
|x2(1, 0, 1)⟩
|x2(1, 1, 0)⟩
|x2(1, 1, 1)⟩






















=M3 ×M2 ×M1






















|x0(0, 0, 0)⟩
|x0(0, 0, 1)⟩
|x0(0, 1, 0)⟩
|x0(0, 1, 1)⟩
|x0(1, 0, 0)⟩
|x0(1, 0, 1)⟩
|x0(1, 1, 0)⟩
|x0(1, 1, 1)⟩






















(49)
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Where the matrices M1,M2,M3 are given by:

M1 =

























W 0 0 0 0 W 0 0 0 0
0 W 0 0 0 0 W 0 0 0
0 0 W 0 0 0 0 W 0 0
0 0 0 W 0 0 0 0 W 0

W 0 0 0 0 W 4 0 0 0
0 W 0 0 0 0 W 4 0 0
0 0 W 0 0 0 0 W 4 0
0 0 0 W 0 0 0 0 W 4

























M2 =

























W 0 0 W 0 0 0 0 0 0
0 W 0 0 W 0 0 0 0 0

W 0 0 W 4 0 0 0 0 0
0 W 0 0 W 4 0 0 0 0
0 0 0 0 W 0 0 W 2 0
0 0 0 0 0 W 0 0 W 2

0 0 0 0 W 0 0 W 6 0
0 0 0 0 0 W 0 0 W 6

























M3 =

























W 0 W 0 0 0 0 0 0 0
W 0 W 4 0 0 0 0 0 0
0 0 W 0 W 2 0 0 0 0
0 0 W 0 W 6 0 0 0 0
0 0 0 0 W 0 W 1 0 0
0 0 0 0 W 0 W 5 0 0
0 0 0 0 0 0 W 0 W 3

0 0 0 0 0 0 W 0 W 7

























According to the calculation in Appendix C, we consider the case of three qubits,
for which the quantum Fourier transform requires three stages. As in the previous
section, the input values are denoted by |x0⟩, the outputs of the first stage by |x1⟩, and
the final outputs by |x2⟩. Since we are dealing with three qubits, each stage involves
eight possible input combinations, ranging from (0, 0, 0) to (1, 1, 1). Therefore, the
expanded form of the relation can be written as follows: at each stage, the signal passes
through one beam splitter. Given that there are three qubits, each photon passes
through three beam splitters in total.

|x1(n0, k1, k0)⟩ =
1∑

k2=0

W 4n0k2 cos1−n0

(
θ(2k1+k0)0

2
− k2

π

2

)

× sinn0

(
θ(2k1+k0)0

2
+ k2

π

2

)

|x0(k2, k1, k0)⟩

|x2(n0, n1, k0)⟩ =
1∑

k1=0

W (2n1+n0)(2k1) cos1−n1

(
θ(2n0+k0)1

2
− k1

π

2

)

× sinn1

(
θ(2n0+k0)1

2
+ k1

π

2

)

|x1(n0, k1, k0)⟩

|x3(n0, n1, n2)⟩ =
1∑

k0=0

W (4n2+2n1+n0)k0 cos1−n2

(
θ(2n0+n1)2

2
− k0

π

2

)

× sinn2

(
θ(2n0+n1)2

2
+ k0

π

2

)

|x2(n0, n1, k0)⟩

|X(n2,n1,n0)⟩ = |x3(n0,n1,n2)⟩

(50)
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4.3 γ-qubit system

For the general case of a system composed of γ qubits, the quantum transformation
can be described in a systematic and recursive manner involving γ successive stages.
The input states are denoted as:

|x0(i0, i1, . . . , iγ−1)⟩ ,

where each ik ∈ {0, 1} for k = 0, 1, . . . , γ − 1, representing all possible binary combi-
nations of the qubit basis states. For instance, in the two-qubit case, there are 22 = 4
input states ranging from |x0(0, 0)⟩ to |x0(1, 1)⟩, and for three qubits, the number
increases to 23 = 8 input states, from |x0(0, 0, 0)⟩ to |x0(1, 1, 1)⟩.

These input states undergo transformations through γ consecutive stages, where
each stage k applies specific unitary operations to the system, usually realized by beam
splitters and phase shifters in an optical quantum computing setup. At stage k, the
intermediate states are denoted by

|xk(i0, i1, . . . , iγ−1)⟩ ,

which encode the partial transformations applied up to that stage. This hierarchical,
stage-wise process continues until the final output states

|xγ(i0, i1, . . . , iγ−1)⟩

are obtained, corresponding to the fully transformed outputs of the Optical Quantum
Fourier Transform (OQFT), as schematically shown in Fig. 7.

The unitary operations at each stage are constructed from an arrangement of beam
splitters and phase shifters, each represented by matrices mij where the indices i and
j specify the position of the corresponding beam splitter within the optical circuit’s
matrix representation. This systematic indexing allows for a compact and scalable
mathematical description of the entire OQFT circuit.

Moreover, the recursive structure and layered decomposition of the transforma-
tion make it possible to implement the OQFT efficiently for any number of qubits.
This is crucial because the size of the Hilbert space grows exponentially with γ, and
the described architecture ensures that the transformation remains manageable by
breaking it down into a sequence of simpler, localized unitary operations.

In summary, the γ-qubit system’s OQFT can be viewed as a composition of
γ unitary layers, each corresponding to a stage of beam splitter arrays and phase
adjustments, effectively generalizing the well-known quantum Fourier transform algo-
rithm into an experimentally realizable optical network.
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|x1(n0, kγ−2, kγ−3, ..., k0)⟩ =
1∑

kγ−1=0

W 4n0kγ−1 cos(1−n0)
(

θm00

2 − kγ−1
π
2

)

sinn0

(
θm00

2 + kγ−1
π
2

)

× |x0(kγ−1, kγ−2, ..., k0)⟩

m0 = 2γ−2kγ−2 + 2γ−3kγ−3 + · · ·+ 21k1 + 20k0

|x2(n0, n1, kγ−3, ..., k0)⟩ =
1∑

kγ−2=0

W (2n1+n0)(2kγ−2) cos(1−n1)
(

θm11

2 − kγ−2
π
2

)

sinn1

(
θm11

2 + kγ−2
π
2

)

× |x1(n0, kγ−2, kγ−3, ..., k0)⟩

m1 = 2γ−1n0 + 2γ−3kγ−3 + 2γ−4kγ−4 + · · ·+ 21k1 + 20k0

...

|xγ(n0, n1, ..., nγ−1)⟩ =
1∑

k0=0

W (2γ−1nγ−1+2γ−2nγ−2+···+n0)(k0) cos(1−nγ−1)
(

θmγ−1,γ−1

2 − k0
π
2

)

× sinnγ−1

(
θmγ−1,γ−1

2 + k0
π
2

)

|xγ−1(n0, n1, ..., k0)⟩

mγ−1 = 2γ−1n0 + 2γ−2n1 + 2γ−3n2 + · · ·+ 21nγ−2

|X(nγ−1, . . . ,n0)⟩ = |xγ(n0, . . . ,nγ−1)⟩
(51)

5 Phase Error in Path Difference

So far, the effect of imperfections in beam splitters has been investigated; however,
phase shifts caused by differences in optical path lengths, as introduced in Section 2,
represent another significant source of error in the Optical Quantum Fourier Transform
(OQFT).

Consider a beam splitter with two input ports labeled 1 and 2. Let L1 and L2

denote the optical path lengths that photons travel to reach these input ports. The
phase difference accumulated by photons traveling these paths can be expressed by
the diagonal matrix:

L(L1, L2) =

(

e
2πiL1

λ 0

0 e
2πiL2

λ

)

(52)

where λ is the wavelength of the photons.
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Fig. 7: An optical implementation of a γ-qubit QFT circuit. The inputs, correspond-
ing to quantum modes or photons, enter from the left and propagate through the
circuit to the outputs on the right. Each green rectangle represents a beam split-
ter (BS) characterized by a splitting angle θ. The horizontal arrows denote optical
waveguides carrying quantum information, while the multiple BS stages together
implement the unitary transformation associated with QFT. The structure follows a
Cooley–Tukey-style decomposition, where each column corresponds to a layer of beam
splitter operations acting on selected mode pairs. Dashed vertical lines indicate the col-
umn boundaries (stages), and dashed horizontal lines represent symmetry or pairing
in mode interaction.

When extending the system to multiple inputs, for instance in a four-input case
(corresponding to two qubits), the combined transformation including phase shifts and
beam splitter rotations can be written as:







ψ1

ψ2

ψ3

ψ4







=







cos θ00
2 0 sin θ00

2 0

0 cos θ10
2 0 sin θ10

2

sin θ00
2 0 − cos θ00

2 0

0 sin θ10
2 0 − cos θ10

2







︸ ︷︷ ︸

U








e
2πiL00

λ 0 0 0

0 e
2πiL10

λ 0 0

0 0 e
2πiL20

λ 0

0 0 0 e
2πiL30

λ








︸ ︷︷ ︸

D







a
b
c
d







(53)
Here, U represents the unitary transformation imposed by the beam splitters and

phase shifters, and D accounts for the phase shifts due to the different path lengths
Lij .

The above form can be generalized recursively to multi-stage transformations. For
instance, at the first stage:
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|x1(n0, k0)⟩ =
1∑

k1=0

W 2n0k1 cos(1−n0)

(
θk00

2
− k1

π

2

)

sinn0

(
θk00

2
+ k1

π

2

)

× e
2πiL(2k1+k0)0

λ |x0(k1, k0)⟩

(54)

and for the second stage:

|x2(n0, n1)⟩ =
1∑

k0=0

W (2n1+n0)k0 cos(1−n1)

(
θn01

2
− k0

π

2

)

sinn1

(
θn01

2
+ k0

π

2

)

× e
2πiL(2n0+k0)1

λ |x1(n0, k0)⟩

(55)

For a general γ-stage OQFT circuit with N = 2γ inputs, the recursive relation for the
k-th stage can be expressed as:

|x1(n0, kγ−2, kγ−3, . . . , k0)⟩ =
1∑

kγ−1=0

W 4n0kγ−1 cos(1−n0)
(

θm00

2 − kγ−1
π
2

)

× sinn0

(
θm00

2 + kγ−1
π
2

)

e
2πiLh00

λ |x0(kγ−1, kγ−2, . . . , k0)⟩

|x2(n0, n1, kγ−3, . . . , k0)⟩ =
1∑

kγ−2=0

W (2n1+n0)(2kγ−2) cos(1−n1)
(

θm11

2 − kγ−2
π
2

)

× sinn1

(
θm11

2 + kγ−2
π
2

)

e
2πiLh11

λ |x1(n0, kγ−2, kγ−3, . . . , k0)⟩

...

|xγ(n0, n1, . . . , nγ−1)⟩ =
1∑

k0=0

W (2γ−1nγ−1+···+n0)k0 cos(1−nγ−1)
(

θ(mγ−1)(γ−1)

2 − k0
π
2

)

× sinnγ−1

(
θ(mγ−1)(γ−1)

2 + k0
π
2

)

e
2πiLhγ−1(γ−1)

λ |xγ−1(n0, n1, . . . , k0)⟩

|X(nγ−1, . . . , n0)⟩ = |xγ(n0, n1, . . . , nγ−1)⟩
(56)

Finally, the fully transformed output state after γ stages is:

|X(nγ−1, . . . , n0)⟩ = |xγ(n0, n1, . . . , nγ−1)⟩ (57)
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Here, W = e2πi/N is the N -th root of unity appearing in the quantum Fourier trans-
form, θmij

are the parameters related to beam splitter reflectivities, and Lhij
represent

the path length-dependent phase shifts for each stage and mode. This formalism cap-
tures how phase errors induced by optical path differences propagate through the
multi-stage OQFT circuit, modifying the interference pattern and thereby affecting
the accuracy of the quantum transform. Careful design and compensation of these
phases are essential for high-fidelity OQFT implementations.

6 conclusion and a summary

This paper presents a novel approach to implementing the QFT via linear optical
setups, based on the Cooley–Tukey algorithm, while thoroughly investigating the
influence of non-idealities in optical components.

The Cooley–Tukey method, known for its recursive decomposition of the DFT,
allows breaking down a 2γ×2γ unitary operation into γ sequential layers, each contain-
ing 2γ−1 smaller unitary blocks. Such a hierarchical structure facilitates an efficient
deployment of QFT circuits using fewer beam splitters (BS) and phase shifters (PS),
enhancing scalability. Leveraging this recursive framework, the study performs a com-
prehensive error propagation analysis at each stage, focusing on how imperfections in
optical elements accumulate and affect system performance.

The investigation covers specific cases of two- and three-qubit systems before gen-
eralizing to an arbitrary n-qubit architecture, culminating in a universal formula valid
for any γ-qubit configuration. Moreover, the role of optical path length variations on
phase deviations in the output is critically evaluated, addressing practical challenges
in device fabrication and alignment.

The outcomes of this research hold significant importance for the advancement
of quantum integrated photonics, where managing physical imperfections is pivotal
for developing scalable and fault-tolerant quantum circuits. In comparison to ear-
lier studies, our model offers a broader and more adaptable framework for error
characterization in realistic optical components.

Additionally, the clear modularity provided by the Cooley–Tukey algorithm opens
pathways for integrating dynamic error correction protocols, potentially leading to
enhanced fidelity and robustness in photonic quantum information processing.

A Derivation of Eq. (11)

The matrix presented in equation (9) can be written as follows:







|X(0, 0)⟩
|X(1, 0)⟩
|X(0, 1)⟩
|X(1, 1)⟩







=
1

2







1 W 0 0 0
1 W 2 0 0
0 0 1 W 1

0 0 1 W 3













1 0 W 0 0
0 1 0 W 0

1 0 W 2 0
0 1 0 W 2













|x0(0, 0)⟩
|x0(0, 1)⟩
|x0(1, 0)⟩
|x0(1, 1)⟩







(58)

The vector on the left side of Eq. (58) is denoted as X(n):
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X(n) =







|X(0, 0)⟩
|X(1, 0)⟩
|X(0, 1)⟩
|X(1, 1)⟩






. (59)

However, the vector X(n) consists of the quantum states
|X(0)⟩, |X(2)⟩, |X(1)⟩, |X(3)⟩, which are not in numerical order. These indices
correspond, in binary form, to the quantum states |x(0, 0)⟩, |x(0, 1)⟩, |x(1, 0)⟩, |x(1, 1)⟩.

If the bits of the index X(n) are flipped, the order of the quantum states becomes

|x(0, 0)⟩, |x(1, 0)⟩, |x(0, 1)⟩, |x(1, 1)⟩,
which corresponds to a bit-reversal permutation.
The transformation at this stage is given by:

|x1(0, 0)⟩ =
1√
2

(
|x0(0, 0)⟩+W 0|x0(1, 0)⟩

)
,

|x1(0, 1)⟩ =
1√
2

(
|x0(0, 1)⟩+W 0|x0(1, 1)⟩

)
,

|x1(1, 0)⟩ =
1√
2

(
|x0(0, 0)⟩+W 2|x0(1, 0)⟩

)
,

|x1(1, 1)⟩ =
1√
2

(
|x0(0, 1)⟩+W 2|x0(1, 1)⟩

)
.

(60)

In matrix form, this reads:







|x1(0, 0)⟩
|x1(0, 1)⟩
|x1(1, 0)⟩
|x1(1, 1)⟩







=
1√
2







1 0 W 0 0
0 1 0 W 0

1 0 W 2 0
0 1 0 W 2













|x0(0, 0)⟩
|x0(0, 1)⟩
|x0(1, 0)⟩
|x0(1, 1)⟩






. (61)

At the second stage, the transformation is:







|x2(0, 0)⟩ = 1√
2

(
|x1(0, 0)⟩+W 0|x1(0, 1)⟩

)
,

|x2(0, 1)⟩ = 1√
2

(
|x1(0, 0)⟩+W 2|x1(0, 1)⟩

)
,

|x2(1, 0)⟩ = 1√
2

(
|x1(1, 0)⟩+W 1|x1(1, 1)⟩

)
,

|x2(1, 1)⟩ = 1√
2

(
|x1(1, 0)⟩+W 3|x1(1, 1)⟩

)
.

(62)

Its matrix form is:







|x2(0, 0)⟩
|x2(0, 1)⟩
|x2(1, 0)⟩
|x2(1, 1)⟩







=
1√
2







1 W 0 0 0
1 W 2 0 0
0 0 1 W 1

0 0 1 W 3













|x1(0, 0)⟩
|x1(0, 1)⟩
|x1(1, 0)⟩
|x1(1, 1)⟩






. (63)

Finally, from Eqs. (59) and (63), the relation

|X(n1, n0)⟩ = |x2(n0, n1)⟩ (64)
shows that the indices in |X⟩ are the bit-reversal of those in |x2⟩.
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B Derivation of Equations for the Matrix
Representation of the Two-Qubit System in
Subsection 4.1.2

As discussed in Section 4, Fig. 4 depicts an OQFT system designed to implement
operations on a two-qubit system. The overall system is composed of three main stages:

• First stage: two beam splitters labeled α and γ,
• Second stage: the waveguide and delay parts,
• Final stage: two additional beam splitters, β and κ.

The goal is to compute the final output state of a photon after passing through
these three stages.

The transformation after the first stage (beam splitters α and γ) acting on the

initial input state vector
(
a b c d

)T
is expressed by:







ψ1

ψ2

ψ3

ψ4







=







cos α
2 0 sin α

2 0
sin α

2 0 − cos α
2 0

0 cos γ
2 0 sin γ

2
0 sin γ

2 0 − cos γ
2













a
b
c
d







(65)

Here, the matrix is block-diagonal and describes independent transformations
on two pairs of modes, reflecting the operation of beam splitters α and γ on the
corresponding qubit basis states.

Next, the second stage includes a phase shift and two more beam splitters β and
κ. The corresponding transformation is:







ψout1

ψout2

ψout3

ψout4







=







cos β
2 0 sin β

2 0

sin β
2 0 − cos β

2 0
0 cos κ

2 0 sin κ
2

0 sin κ
2 0 − cos κ

2













1 0 0 0
0 1 0 0
0 0 1 0

0 0 0 e
−iπ
2













cos α
2 0 sin α

2 0
sin α

2 0 − cos α
2 0

0 cos γ
2 0 sin γ

2
0 sin γ

2 0 − cos γ
2













a
b
c
d







(66)
The middle matrix applies a phase shift e−iπ/2 to the last component, represent-

ing a phase shifter acting on one mode, which is essential for controlling quantum
interference effects in the system.

Multiplying the matrices in Eq. (66) explicitly, the resulting transformation
becomes:







ψout1

ψout2

ψout3

ψout4







=







cos β
2 0 sin β

2 0

sin β
2 0 − cos β

2 0
0 cos κ

2 0 sin κ
2

0 sin κ
2 0 − cos κ

2













cos α
2 0 sin α

2 0
sin α

2 0 − cos α
2 0

0 cos γ
2 0 sin γ

2

0 e
−iπ
2 sin γ

2 0 −e−iπ
2 cos γ

2













a
b
c
d







(67)

26



This step effectively combines the effects of all three stages into a single matrix
multiplication.

After carrying out the matrix multiplications, the final explicit form of the
transformation matrix is:







ψout1

ψout2

ψout3

ψout4







=








cos α
2 cos β

2 sin β
2 cos γ

2 cos β
2 sin α

2 sin β
2 sin γ

2

sin β
2 cos α

2 − cos β
2 cos γ

2 sin α
2 sin β

2 − cos β
2 sin γ

2

cos κ
2 sin α

2 e
−iπ
2 sin γ

2 sin κ
2 − cos κ

2 cos α
2 −e−iπ

2 sin κ
2 cos γ

2

sin κ
2 sin α

2 −e−iπ
2 cos κ

2 sin γ
2 − sin κ

2 cos α
2 e

−iπ
2 cos γ

2 cos κ
2














a
b
c
d







(68)

For clarity, the output amplitudes can also be written explicitly as:







ψout1 = cos α
2 cos β

2 a+ sin β
2 cos γ

2 b+ cos β
2 sin α

2 c+ sin β
2 sin γ

2d

ψout2 = sin β
2 cos α

2 a− cos β
2 cos γ

2 b+ sin α
2 sin β

2 c− cos β
2 sin γ

2d

ψout3 = cos κ
2 sin α

2 a+ e
−iπ
2 sin γ

2 sin κ
2 b− cos κ

2 cos α
2 c− e

−iπ
2 sin κ

2 cos γ
2d

ψout4 = sin κ
2 sin α

2 a− e
−iπ
2 cos κ

2 sin γ
2 b− sin κ

2 cos α
2 c+ e

−iπ
2 cos γ

2 cos κ
2d

(69)

This result is consistent with Eq. (19) in the main text, confirming the validity of
the derivation.

Finally, by identifying the parameters as α = θ00, β = θ01, γ = θ10, and κ =
θ11, the resulting matrix establishes the correspondence between the physical optical
implementation and its matrix representation in the quantum gate formalism.















ψout1

ψout2

ψout3

ψout4















=















cos θ012 sin θ01
2 0 0

sin θ01
2 − cos θ01

2 0 0

0 0 cos θ112 e
iπ
2 sin θ11

2

0 0 sin θ11
2 e

3iπ
2 cos θ11

2





























cos θ002 0 sin θ00
2 0

0 cos θ102 0 sin θ10
2

sin θ00
2 0 − cos θ00

2 0

0 sin θ10
2 0 − cos θ10

2





























a

b

c

d















(70)
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













ψout1

ψout2

ψout3

ψout4















=















cos θ012 cos
θ00
2 sin θ01

2 cos
θ10
2 cos θ012 sin

θ00
2 sin θ01

2 sin
θ10
2

sin θ01
2 cos

θ00
2 − cos θ01

2 cos
θ10
2 sin θ01

2 sin
θ00
2 −cos θ012 sin

θ10
2

cos θ112 cos
θ00
2 e

iπ
2 sin θ11

2 sin
θ10
2 −cos θ112 cos

θ00
2 −e iπ

2 sin θ11
2 cos

θ10
2

sin θ11
2 cos

θ00
2 e

3iπ
2 cos θ11

2 sin
θ10
2 −sin θ11

2 cos
θ00
2 −e 3iπ

2 cos θ11
2 cos

θ10
2





























a

b

c

d















(71)

C Derivative of the Equation in Subsection 4.2

By replacing W , introduced in Section3, and considering imperfect beam splitters,
Eq. (49) becomes:















x2(0, 0, 0)
x2(0, 0, 1)
x2(0, 1, 0)
x2(0, 1, 1)
x2(1, 0, 0)
x2(1, 0, 1)
x2(1, 1, 0)
x2(1, 1, 1)















=
















cos θ02
2 sin θ02

2 0 0 0 0 0 0

sin θ02
2 e

4π
8 cos θ02

2 0 0 0 0 0 0

0 0 cos θ12
2 e

2π
8 sin θ12

2 0 0 0 0

0 0 sin θ12
2 e

6π
8 cos θ12

2 0 0 0 0

0 0 0 0 cos θ22
2 e

1π
8 sin θ22

2 0 0

0 0 0 0 sin θ22
2 e

5π
8 cos θ22

2 0 0

0 0 0 0 0 0 cos θ32
2 e

3π
8 sin θ32

2

0 0 0 0 0 0 sin θ32
2 e

7π
8 cos θ32

2































cos θ01
2 0 sin θ01

2 0 0 0 0 0

0 cos θ11
2 0 sin θ11

2 0 0 0 0

sin θ01
2 0 e

8π
8 cos θ01

2 0 0 0 0 0

0 sin θ11
2 0 e

8π
8 cos θ11

2 0 0 0 0

0 0 0 0 cos θ21
2 0 e

4π
8 sin θ21

2 0

0 0 0 0 0 cos θ31
2 0 e

4π
8 sin θ31

2

0 0 0 0 sin θ21
2 0 e

12π
8 cos θ212 0

0 0 0 0 0 sin θ31
2 0 e

12π
8 cos θ31

2






























cos θ00
2 0 0 0 sin θ00

2 0 0 0

0 cos θ10
2 0 0 0 sin θ10

2 0 0

0 0 cos θ20
2 0 0 0 sin θ20

2 0

0 0 0 cos θ30
2 0 0 0 sin θ30

2

sin θ00
2 0 0 0 − cos θ00

2 0 0 0

0 sin θ10
2 0 0 0 − cos θ10

2 0 0

0 0 sin θ20
2 0 0 0 − cos θ20

2 0

0 0 0 sin θ30
2 0 0 0 − cos θ30

2





























x0(0, 0, 0)
x0(0, 0, 1)
x0(0, 1, 0)
x0(0, 1, 1)
x0(1, 0, 0)
x0(1, 0, 1)
x0(1, 1, 0)
x0(1, 1, 1)















(72)

This equation represents the state evolution of a three-qubit quantum system under
imperfect beam splitter operations and phase shifts. Here, each matrix corresponds to
one stage of the transformation:
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• The first matrix accounts for beam splitter imperfections and associated phase
factors parameterized by θi2.

• The second matrix similarly models beam splitter effects with parameters θi1,
including phase terms due to delay lines or waveguide lengths.

• The third matrix includes additional unitary rotations and reflections characterized
by θi0, representing the final beam splitter imperfections or phase shifters.

Each element in the state vectors xj(·) corresponds to a specific computational
basis state labeled by the three-bit index (b2, b1, b0). The exponential factors eiϕ rep-
resent phase shifts arising from path differences and delays, while the sine and cosine
terms arise from the imperfect splitting ratios of the beam splitters.

This decomposition allows the full system operation to be described as a product
of these unitary matrices acting sequentially on the initial quantum state vector.
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