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Abstract

This work investigates the mechanical response of an incompressible hypere-
lastic cylinder subjected to pure torsion and combined tension—torsion loading.
The constitutive behavior is described using the Pucci—Saccomandi model, which
combines the Gent finite extensibility potential with a logarithmic term depend-
ing on the second invariant of the Cauchy—Green tensor. The formulation is
developed in terms of principal stretches, allowing the derivation of general
expressions for the stress components as well as the resultant quantities, namely
the axial force and the torque.

The results reveal a pronounced strain-stiffening behavior under torsion, together
with a strong coupling between axial stretch and twist. In particular, the model
predicts the possibility of a reversal of the Poynting effect depending on the
choice of material parameters. These findings highlight the ability of the proposed
framework to capture complex nonlinear interactions in elastomeric materials
under multiaxial loading.

The present study provides a consistent theoretical basis for the experimental
identification of constitutive parameters from combined loading tests and offers



useful insights for the modeling and design of elastomeric structures subjected
to coupled deformation modes.

Keywords: Poynting effect, Torsion, Tension—torsion, Hyperelasticity, Genetic
algorithm

1 Introduction

Characterization and analysis of elastomers, and in particular rubber-like materials,
constitute a cornerstone in numerous engineering applications, ranging from automo-
tive [1-5] and aerospace industries [6] to biomedical engineering [5] and the design
of vibration and damping systems [7—10]. These materials exhibit inherently non-
linear and highly complex mechanical responses, especially when subjected to large
deformations, which require the development of robust hyperelastic constitutive mod-
els [1-3]. Such models are typically formulated in terms of a strain energy function,
commonly denoted W . The strain energy function may be expressed either as a
function of the Cauchy—Green strain invariants Iy and I [3, 11, 12|, or alterna-
tively in terms of the main stretches \; [13—-16]. Conventional experimental protocols
for characterizing hyperelastic behavior include uniaxial tension/compression, biaxial
extension, and pure or simple shear [3, 16, 17]. Despite their widespread use, combined
loading conditions such as simultaneous tension and torsion remain relatively under-
explored, despite several earlier contributions [18-23]. This type of multiaxial loading
gives rise to distinctive mechanical phenomena, most notably the Poynting effect, by
which an axial extension emerges under conditions of pure torsion, as documented in
several seminal works [6, 24—27]. Accurate analysis and prediction the response of elas-
tomers under such combined loading conditions is of fundamental importance. Beyond
advancing the scientific understanding of the constitutive behavior of elastomeric net-
works, such analysis are crucial for the informed selection, calibration, and validation
of hyperelastic models employed in the engineering design of industrial components
[1, 3, 4, 13]. A variety of hyperelastic strain energy functions have been proposed in the
literature. Among them, the Gent model [28] has received particular attention due to
its ability to capture the finite extensibility of polymer chains, thus providing a phys-
ically meaningful description of material behavior [29, 30]. Nevertheless, in order to
enhance its predictive accuracy, several recent studies have advocated the inclusion of
corrective terms involving the second invariant I5 [3, 31]. Such extensions improve the
model’s ability to simultaneously reproduce distinct deformation modes under large
strains [5, 11, 32]. In this context, the present work focuses on the mechanical char-
acterization of a rubber cylinder subjected to combined tension—torsion loading. The
hyperelastic parameters of the selected constitutive model are identified using a meta-
heuristic optimization procedure based on the genetic algorithm [3, 7, 14, 22, 33, 34].
The predictive performance of the model is subsequently evaluated through direct
comparison with the experimental data of Rivlin [18, 35], thereby assessing its abil-
ity to accurately reproduce both torsional responses and the axial force component
associated with the Poynting effect [17, 23, 27, 36-38].



2 Governing equations for a rubber-like cylinder
under extension—torsion

2.1 Kinematics of torsion

In the study of a cylinder subjected to combined extension and torsion, the classical
formulation introduced by Rivlin and Saunders [27, 37, 39-43] provides the fun-
damental equations, which are recalled here for completeness. Fig. 1 illustrates the
notation adopted to describe both the reference and the deformed configurations of a
homogeneous cylinder under simultaneous tension and torsion. Rubber-like materials
are generally considered incompressible [26], and the deformation is therefore assumed
to be isochoric [3, 4]. On this basis, the general analytical framework of the torsion
problem is established and will serve as the foundation for the subsequent global
analysis. In the cylindrical coordinate system (u,,, tg, @), a material point M in the

Fig. 1 Kinematics of a cylindrical specimen under tension—torsion loading

reference configuration is defined by its coordinates (R, ©, Z). Its deformed counter-
part, denoted by P, is described by the coordinates (p, 6, z). The imposed uniaxial
deformation consists of two components:

® an axial displacement v along the z-axis,
® a twist angle ¢ about the same axis.

Following Rivlin and Saunders [35], the deformation mapping for an incompressible
cylinder subjected to combined tension and torsion is written as follows

(p,@,z)(fx, O+ Ay Z, AZ), (1)



where the axial stretch ratio A and the twist per unit of reference length 1 are defined

by
A=, w:%. (2)

With respect to the orthogonal basis (g, g, Uz) in the reference configuration and
(), Ug, u-) in the current configuration, the deformation gradient takes the form of
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1
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Based on Eq. (3), the Cauchy-Green strain tensor C can be expressed by the following
equation [43, 44] :
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The present analysis is restricted to homogeneous, incompressible, isotropic hyperelas-
tic materials. For these materials, the constitutive response is determined by a strain

energy function W, which, for isotropic solids, is a function of the first two invariants
of the right Cauchy—Green tensor C, denoted I; and I, and defined by [3, 45] :
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Using the right Cauchy—Green deformation tensor C (Eq. (3)), the first and second
invariants take the form [6:43] .
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In order to determine the Cauchy stress o, it is necessary to evaluate the inverse of
the tensor C, which can be expressed as follows :
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In the reference configuration, using Egs. (3) and (7) the Cauchy stress can be written
as:
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With the left Cauchy—Green deformation tensor B, defined as admitting the following
tonsorial representation :
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And The inverse of the tensor B can be in dyadic form as follows :
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Alternatively, Cauchy stress can be expressed in the following form :
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Using Eq. (12), the hydrostatic pressure p is determined from the equilibrium equation
in the radial direction, which takes the form of :

d0'11 1
—— 4+ — (011 —022) =0, 0<p<a. 13
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Integration of Eq. (13) from the inner radius p = a to the lateral surface, combined
with the constitutive relations and the boundary condition, provides the expression
of p at p [22]. Next, attention is directed to the description of the stress state, with
the aim of deriving the Cauchy stress tensor o. Within the theoretical framework,
the axial force N and the torque M are determined by integrating the constitutive
equations under the prescribed boundary conditions.

The total axial force is defined by :

N = /Sagg(p) ds =2r /Oa os3(p) pdp (14)



Taking into account the contribution of the invariants and the radial integral, the
axial Cauchy stress o33(p) takes the form :

oW s 1 oW 2 Y2p 5 [ OW
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(15)

1. The first term 2 g‘;‘/( )(A%2 — A71) represents the contribution of the first invariant,
associated with the axial stretch. ) s

2. The second term —2‘3%@) ()\2 - A1+ pr> corresponds to the influence of the
second invariant, including the torsional effect.

3. The last term —21)? fpa Wi(s) sds reflects the radial integral contribution, which

accounts for the distribution of the strain—energy density W associated with the
first invariant I; across the thickness of the wall.

2.2 Resultant torsional moment and axial force

The objective is to obtain the analytical expressions of N and M, corresponding to
the axial force and the torque, respectively.
Substituting the relation (15) into the integral yields :

B oW - oW ey @ oW
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Rearranging the terms, it follows that :
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According to Fubini’s theorem, the last term in Eq. (17), denoted N3, can be rewrltten
by interchanging the order of integration as follows :

No- [ (/Spdp) o sds =5 [Tl s (1)

where the inner radial integration is kept in a formal form, showing that the contri-
bution of I; to the axial force follows the radial distribution.

Consequently, the total axial force IV for a hyperelastic cylinder under combined axial
stretch A and torsion 1 reads [18] :

e[ OW 1 0W 2 0W
_ oy 2 ow oW 3
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(19)
Here, the first integral corresponds to the contribution of axial stretching, linearly
weighted with the radial coordinate p, while the second integral accounts for the




torsional effect, which introduces a cubic radial weight due to the deformation distri-
bution across the cylinder section. Finally, ‘gTV[f and ‘g% represent the material response
functions derived from the chosen hyperelastic strain-energy density W (11, I2).

Regarding the expression of torque M, it is defined as the integral of the shear stress

component ga3 in the cross-sectional area S of the cylinder:

27 a a
MZ/P023dS=/ / /)Uzspdpdez%f/ p? o3 dp (20)
s o Jo 0

Here, p denotes the radial coordinate in the cylindrical section. The factor p inside
the integrals accounts for the moment arm relative to the rotation axis, while the
conversion to polar coordinates introduces the factor 2mp from the element of area
dS = 2mp dp. This formulation emphasizes that torque is generated by the distribution
of shear stress weighted by the radial distance, emphasizing the contribution of the
outer fibers of the cylinder to the total moment.

According to Eq. (12), the shear stress component oo3 in the cylinder under combined
axial stretch and torsion can be expressed as :

ow oW

By substituting Eq. (21) into the definition of the torque M, Eq. (20) and performing
the necessary simplifications, one obtains the final expression of M as [46] :

_ CLOW  1OW 4

In summary, the axial force N and torque M are determined by the derivatives of the
strain-energy function with respect to the invariants, integrated over the cylinder’s
cross-section. N reflects both both axial stretch and torsion effects with linear and
cubic radial weighting, while M is dominated by the outer fibers due to its cubic radial
dependence, providing a clear basis for the analytical and numerical evaluation of the
hyperelastic response cylinder under combined loading.

3 Hyperelastic constitutive models for cylinders
under torsion

For incompressible isotropic materials, the strain-energy density W is a function of
the invariants I; and Iy of the Cauchy-Green tensor (Egs. (5) and (6)), which them-
selves depend on the radial coordinate p, the torsion rate v, and the axial stretch .
In the literature, a wide range of hyperelastic models have been proposed to describe
the mechanical response of rubber-like materials, particularly under the fundamental
loading modes of uniaxial tension, equibiaxial extension, and shear[1, 2, 6]. In the spe-
cific case of torsion, the formulations most frequently employed are the Neo-Hookean
and Mooney—Rivlin models [25, 35, 37, 41]. However, in order to better capture the



nonlinear effects observed experimentally while maintaining relative simplicity, the
present work focuses on models derived from the Gent formulation [28, 47, 48].

3.1 Gent model

The Gent model [28, 47|, in particular, represents an attractive alternative due to
its limited number of material parameters and its ability to account for moderate
nonlinearities while still reproducing the essential mechanical behavior of elastomers.
The associated strain-energy density function is expressed as :

W(IL) = —ﬂl < h _3> (23)

m

where p is the initial shear modulus, characterizing the stiffness of the material, and
Jm is the extensibility limiting chain, representing the maximum allowable stretch of
the polymer network.

3.2 Pucci—Saccomandi hyperelastic model

The Pucci-Saccomandi model [30] was developed as an extension of the classical
Gent model, which has difficulty accurately reproducing the biaxial extension behavior
observed in Treloar’s experimental data [17], the most widely used dataset in the
literature [1, 5, 12, 13, 15, 16, 32, 45]. Although the additional logarithmic term in
I, weighted by the parameter K, allows the model to satisfy various criteria for large
deformations,it still fails to accurately describe the biaxial extension behavior observed
in Treloar’s experiments [17]. The strain-energy density function can be written as :

I L -3 I
Wpc(ll,Ig):—'uTl < ! >+K1n(32) (24)

m

3.3 Liman et al., strain energy model

Liman et al., [3] revisited the models of Gent [48] and Pucci-Saccomandi [30] by
introducing a square-root dependency in the term I5 to improve the prediction of the
biaxial response. Their strain-energy function is given by :

m

_ Jom I -3
WL(Il,IQ):K(IQ 1/2—3*1/2) —’“‘T ln(l— = > (25)

For an unextended cylinder, for A\ = 1, the axial force N given by Eq. (19) can be
expressed as :

*OW  _OW
o a2 3
N =27 /0 (8]1 28[ ) p°dp (26)
The torque M is obtained from Eq. (20) :
_47”/,/ 87W+87W p3dp (27)
on



The corresponding expressions for the deformation invariants simplify to :
=L, =v¢**+3 (28)

Following the classical studies of Rivlin and Saunders [35], it is established that, to
impose a magnitude torsion ¥ on a right-circular rubber cylinder with flat rigidly
constrained ends, a torque M along with an axial force —NN must be applied at the
ends of the cylinder [35, 43, 44].

4 Analysis of axial force and torsional moment as
stress resultants
Considering the strain-energy functions defined by Eqgs. (25) and (24) and performing

a fourth-order truncated expansion of the torsional moment M and axial force N, the
resulting expressions for the first model are :

Mpcw)m‘*(;‘ )w+2m (257”@ v,

K 6 K
e =xe (G 5) 5 (o)

(29)

For the second model, the corresponding expressions, also truncated at fourth order,

are :
6

oot (1505 (1 -05)+

_7ra4 v K mab I K 4
- =5 (54 35) v+ 5 (- s

5 Genetic algorithm for hyperelastic material
parameter identification

(30)

In the present study, a genetic algorithm (GA) is used to identify the parameters of
hyperelastic constitutive models using experimental data on the torsion of Rivlin and
Saunders [35], which remain a widely recognized benchmark for rubber-like materials
under torsional loading. Torsion tests provide a particularly stringent framework for
model validation, as they involve coupled stress components and large deformations,
making the mechanical response highly sensitive to the specific form of the strain-
energy density function. Inspired by the principles of natural selection and genetic
evolution, genetic algorithms are designed to identify global optima without requir-
ing explicit prior knowledge of the problem structure. The procedure begins with the
generation of an initial population composed of candidate solutions, referred to as
individuals or chromosomes [3, 14, 33, 49]. Each individual is then evaluated using
a predefined objective function to assess its fitness. Based on these evaluations, a



Table 1 Optimal hyperelastic parameters identified
from the Rivlin—Saunders experimental data [35]

Parameter Liman et al. Pucci—-Saccomandi

m 1.700 x 103 8.600 x 10—3
Im 5.600 x 103 2.860 x 102
K 4.800 x 103 3.853 x 104

subset of individuals is selected as parents according to a given selection strategy.
This evolutionary process is repeated until a convergence criterion is satisfied, typi-
cally characterized by a stabilization of the populations genetic structure or negligible
improvement in fitness values. At this stage, individuals in the population exhibit
similar performance levels, indicating that the algorithm has converged toward an
optimal or near-optimal solution [35, 43, 44]. The objective of this study is to for-
mulate and solve a parametric optimization problem aimed at identifying the set of
constitutive parameters that best fits the experimental data. Within the framework of
a hyperelastic model under torsion, the parameters are determined by minimizing the
mean squared error x (Eq. 31), which quantifies the discrepancy between the analyt-
ical predictions of the model and the experimental measurements reported by Rivlin
and Saunders [35]. The objective function, which quantifies the discrepancy between
experimental observations and model predictions, is defined as follows [3, 4, 22, 49, 50]

N
x =2 [ = () (31)

where o®*P denotes the experimental response, o(f) the analytical or numerical
prediction, and 6 the set of parameters the hyperelastic material.

6 Results and Discussion

Figure 2 presents a comparison between the experimental data of Rivlin—Saunders
and the predictions of the hyperelastic models of Pucci-Saccomandi and Liman et al.
: (a) the torsional moment M as a function of the angle of twist ¢, and (b) the normal
force N as a function of 2. In Fig. 2(a), both models exhibit excellent agreement
with the experimental data throughout the deformation range. The predicted curves
are nearly indistinguishable and closely follow the quasi-linear trend observed experi-
mentally, indicating that both formulations accurately capture the torsional response.
Minor deviations may be observed at intermediate values of v, where the experimental
data exhibit a slightly higher slope. However, these differences remain negligible and
do not significantly affect the overall predictive capacity. In Fig. 2(b), the normal force
N is also well captured by both models, with predictions closely matching the experi-
mental data across the full range of 1)2. Nevertheless, small discrepancies become more
pronounced at higher deformation levels. In particular, the Pucci-Saccomandi model
tends to slightly overestimate the response, whereas the Liman et al. model remains in
closer agreement with the experimental measurements. This suggests that the latter

10



provides a more accurate representation of the nonlinear coupling effects governing
the normal force. Overall, both models demonstrate a high level of accuracy in repro-
ducing the experimental behavior, which confirms their suitability for describing the
torsion of hyperelastic materials. However, the Liman et al. model shows a marginally
improved predictive performance, particularly for the normal force, which is more sen-
sitive to nonlinear deformation mechanisms. Figures 2(a) and (b) also illustrate the

7 25
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Fig. 2 Comparison of hyperelastic model predictions: (a) torsional moment M versus angle of twist
w5 (b) normal force N versus 2.

local relative error between the Rivlin—Saunders experimental data and the predic-
tions of the Pucci-Saccomandi and Liman et al. models for the torsional moment M
and the normal force N, respectively. For the torsional moment M (Fig. 2(a)), both
models exhibit excellent agreement with the experimental response, as reflected by
very high coefficients of determination (R? > 0.999). The relative error remains neg-
ligible at both both small and large twist angles, while a pronounced peak appears
in the intermediate range (v =~ 0.15-0.20 rad), highlighting the difficulty of accu-
rately capturing the nonlinear transition of the response material. Quantitatively, the
Liman et al. model outperforms the Pucci-Saccomandi model, as indicated by lower
error metrics (RMSE = 0.0201 vs 0.0342; MAE = 0.0139 vs 0.0222), suggesting a
more accurate representation of the dominant contribution of the first invariant Iy
under torsional loading. For the normal force N (Fig. 2(b)), the discrepancy between
the models becomes more significant. The relative error increases up to a maximum
around 2 = 0.08, followed by a monotonic decrease at larger deformations. The
Pucci-Saccomandi model exhibits noticeably larger deviations over a wide deforma-
tion range [30], while the Liman et al. model provides a substantially improved fit
[3]. This is confirmed by the statistical indicators (RMSE = 0.0208 vs 0.0451; MAE

11



= 0.0184 vs 0.0392; R? = 0.9990 vs 0.9953). This improvement can be attributed to a
more effective representation of the coupling between the invariants I; and I, which
plays a crucial role in capturing the normal force response. This response is known
to be highly sensitive to hydrostatic effects and nonlinear deformation mechanisms.
In summary, although both models successfully reproduce the main experimental
trends, the formulation of Liman et al. demonstrates superior accuracy and robust-
ness across the entire deformation range, particularly in predicting the normal force,
which constitutes a more stringent test for hyperelastic constitutive models.

Fig. 3 Local relative error between experimental data and hyperelastic model predictions for (a)
torsional moment M and (b) normal force N.

7 Poynting effect in finite torsion of a hyperelastic
cylinder

7.1 Kinematic framework

An incompressible hyperelastic cylinder of undeformed radius R is subjected to a
combined deformation that involves a finite axial elongation A and a finite angle of
twist per unit length . Under these conditions, the first two principal invariants of
the left Cauchy—Green deformation tensor can be expressed as [1, 19, 31, 44, 50, 51] :

2 1
I =X+ 1T P2p? and Iy =2X\+ Svh 2 p? (32)
Taking into account the strain energy density functions introduced in Egs. (29)
and (30), the axial force N (¢, \) associated with each constitutive model, respectively,
is governed by the following expressions at ¢ = 0 :
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Substituting Egs. (33a)—(33c) into the general expansion, the complete expression of
the axial force for model Wy reads :

Nps(ip,A) = NOQ) + NO(A)y? + NW (X)) p? (35)

Following the same procedure, substitution of the auxiliary quantities P and @, as
defined in Eq. (34), into the general expansion leads to the three coefficients of the
axial force associated with model W7, :

NO) = ma*(\* —1) [N(Jm —3)

3 7 K Ql/ﬂ (36a)

,u(Jm - 3)(3)‘2 — Jm)
4pP?

N\ = ma* A2 [ - %K Q—?’/?] (36b)

(T — 36)](3?;)\2 —Jm) i L85K Q5/2} (36¢)
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Using Eqgs. (36a) — (36¢), the expression of the axial force Ny, for the model reads :
NL(®,2) = N + NEQ)v? + NO ) (37)

The variation of the normal force IV as a function of ¥ and A is analyzed for models 29
and 30, using the hyperelastic parameters provided in Table 1. The corresponding
results are presented in Figs. 4 and 5, respectively. These results reveal a pronounced
nonlinear increase of N with 1, together with a marked amplification effect induced
by increasing values of A. Fig. 6 highlights the evolution of the normal force N as
a function of ¥ for different values of A\. A nonlinear increase of N is observed in all
cases, with a more pronounced effect at high levels of deformation. Increasing A leads
to a significant amplification of the response, reflecting the expected stretch-induced
stiffening effect. A systematic discrepancy between the two models is also evident: the
Ny, model predicts higher values than Npg, particularly for large values of . This
trend is in better agreement with the experimental observations, suggesting that the
N1, model provides a more accurate representation of mechanical behavior, while Npg
tends to underestimate the response at high levels of deformation. This observation is
consistent with the error curve shown in Fig. 6, which further confirms the superior
predictive accuracy of the model Np,.

8 Conclusion

This work has presented a detailed analytical and numerical study of the mechanical
response of an incompressible hyperelastic cylinder subjected to pure torsion and

13



B N, Area

Fig. 4 Variation of the normal force N(i,\) for the Pucci-Saccomandi model, highlighting the
Poynting effect

combined finite tension—torsion, with particular emphasis on the Poynting effect. The
analysis relies on two constitutive models, namely those of Pucci-Saccomandi [30]
and Liman et al. [3]. Both formulations incorporate the finite extensibility constraint
through a logarithmic dependence on the first invariant I;, while differing exclusively
in the functional form adopted for the second invariant I, : logarithmic in the former
and of power-law type in the latter. This distinction enables a direct assessment of
the influence of I5 on the axial response. In the case of pure torsion, analytical expres-
sions for the torsional moment M and the axial force N were derived using a Taylor
expansion with respect to the twist angle . The material parameters (u, Jn,, K)
were identified by using a genetic algorithm method, ensuring robust convergence
despite the non-convex nature of the optimization problem. Both models accurately
reproduce the experimental torsional response reported by Rivlin—-Saunders [35].
However, significant differences arise in the prediction of the axial force : the Liman
et al. model provides a more accurate description of the normal force, as evidenced
by consistently lower residual errors, indicating an improved representation of the
coupling between I; and Is. The analysis was subsequently extended to the com-
bined tension-torsion configuration. The general expressions for the Cauchy stress
tensor and the resulting axial force N(1,\) were established within the framework
of finite kinematics. The resulting decomposition shows that both models share an
identical contribution associated with I, while their differences originate only from
the terms that involve I5. These terms exhibit distinct algebraic structures in each
model, providing a clear basis for identifying their respective roles in the nonlinear
axial response. The numerical results demonstrate that axial elongation A plays a

14



Fig. 5 Variation of the normal force N (¢, ) for the Liman et al., model, highlighting the Poynting
effect

dominant role in the amplification of the Poynting effect. An increase in A leads to
a marked increase in the axial force IV, reflecting the progressive stiffening of the
material under combined loading. The dependence of N on the twist angle 1 is
strongly nonlinear and is well captured by the adopted asymptotic approximation.
A systematic discrepancy between the two models is observed at large deformation
levels : the Liman et al. model predicts higher axial forces, in closer agreement with
experimental observations, whereas the Pucci—-Saccomandi model tends to underesti-
mate the response. This difference is directly attributable to the functional form of
the Ir-dependent contribution, highlighting the relevance of the power-law formula-
tion in capturing nonlinear coupling effects. In general, the present results emphasize
the critical role of the second invariant I in the constitutive modeling of elastomeric
materials subjected to finite multiaxial deformations. The proposed framework pro-
vides both a consistent analytical basis and a useful benchmark for the comparative
assessment of hyperelastic models under combined loading conditions. Future devel-
opments may include the extension of this framework to other hyperelastic models,
such as Ogden [52| or Arruda—Boyce [53], as well as the incorporation of additional
physical effects, including viscoelasticity, Mullins-type softening [31, 35, 54], and
anisotropy. From a structural perspective, extensions to more complex geometries,
such as thick-walled or hollow cylinders, constitute a natural direction [8, 55-57].
Further experimental investigations under multiaxial loading conditions would also
be valuable to strengthen and consolidate the present conclusions.
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