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ABSTRACT:  21 

Integrating heterogeneous spatial multi-omics data to uncover underlying biological and 22 

pathological mechanisms remains a major challenge, while existing approaches generally 23 

lack mathematically justified distances for comparing complex spatial tissues. We 24 

introduce Spatial Optimal Transport (SpaOT), a spatial multi-omics integration framework 25 

based on a theoretically grounded semi-metric formulation of unbalanced optimal 26 

transport. Utilizing a total-variation-relaxed Fused Partial Gromov-Wasserstein strategy, 27 

SpaOT establishes a mathematically consistent distance geometry that enables stable 28 

biological comparison, representative tissue barycenters, and robust downstream 29 

analyses while accommodating differences in cellular composition, measurement 30 

technologies, spatial resolution, and noise. Across multiple studies with diverse spatial 31 

omics, SpaOT enables robust and accurate alignment, integration, and stratifications 32 

across samples, resolutions, and omics modalities in complex disease-related biological 33 

systems. These capabilities facilitate the identification of biologically meaningful cellular 34 

organization, molecular signatures, and spatial relationships, establishing SpaOT as a 35 

general foundation for spatial multi-omics integration and comparative analysis.  36 
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MAIN 37 

Spatial omics technologies1 are transforming the study of biological systems by enabling 38 

spatially resolved measurement of complementary molecular modalities, including gene 39 

expression2, protein abundance3, and metabolite concentrations4, within their native 40 

tissue context. A central data analysis challenge is heterogeneous spatial omics 41 

integration, which is complicated by batch effects from biological variability across 42 

samples5, technological disparities in measurement platforms6,7, and heterogeneity 43 

across omics modalities8.  44 

Existing spatial omics integration can be categorized into representation alignment and 45 

Optimal Transport (OT)-based strategies. Representation alignment methods learn 46 

representations in a shared space, including SpatialGlue9, aligning different modalities 47 

into a shared embedding, MISO10, fusing multi-modal spatial omics by concatenation and 48 

filtration, and INSPIRE11, aligning non-negative matrix factorization. However, existing 49 

representation methods may distort certain geometric relations in dimensional 50 

reduction12,13. In contrast, OT14,15 learns an explicit transport plan detailing which specific 51 

parts of the source transport to specific locations in the target. For example, moscot16 and 52 

PASTE217 often jointly optimize feature similarity (e.g., gene expression distances) and 53 

geometric structure (e.g., spatial distances). These OT-based methods are naturally 54 

interpretable and usually achieve better generalizability15 without incurring information 55 

loss in representation learning14. Although 3d-OT18 and Graspot19 combine 56 

representation with OT, unbalanced OT16,20 typically relies on Kullback-Leibler (KL) 57 

divergence to accommodate mass variation between source and target distributions. 58 

Their consequent results are not supported by rigorous metric or semi-metric 59 

guarantees21, limiting consistent biological comparison across heterogeneous datasets. 60 

We present SpaOT (Spatial Optimal Transport), a spatial multi-omics integration 61 

framework based on Fused Partial Gromov-Wasserstein (FPGW)22 distance with 62 

theoretically proven semi-metric properties. By relaxing the requirement of equal total 63 

mass between datasets through a total variation penalty, SpaOT provides a flexible 64 

formulation that is robust to unequal sample mass, missing information, and noise. To the 65 

best of our knowledge, it is the first theoretically grounded semi-metric formulation of 66 

unbalanced OT that enables mathematically consistent distance measurement in spatial 67 

omics research. In colorectal carcinoma (CRC) and translational breast cancer studies, 68 

SpaOT enables disease stratification utilizing within-modality alignment. For cross-69 

modality integration, it outperformed competitive methods in mouse cerebellum and multi-70 

resolution mapping in CRC studies. Furthermore, in chronic kidney disease (CKD) 71 

research, SpaOT-enabled integration of complementary Xenium and Visium HD profiles 72 

revealed biologically meaningful pathways and ligand-receptor interactions within 73 

glomerular regions, providing deeper insights into disease-associated spatial cellular 74 

organization. 75 



RESULTS 76 

Overview of SpaOT 77 

Given a pair of spatial omics samples, SpaOT formulates the integration as an FPGW 78 

task to map the source to the target, enabling heterogeneous data alignment with unequal 79 

mass. Across diverse omics modalities, including spatial transcriptomics, spatial 80 

metabolomics, spatial proteomics, and histology imaging, each cell or spot is represented 81 

as a unit, while molecular profiles are treated as feature vectors (the OT term). Spatial 82 

distances among units define the underlying geometry of each sample, providing the 83 

pairwise structural costs (the GW term). The goal of SpaOT is to minimize the transport 84 

cost by jointly leveraging molecular profiles and structural information in a metric-measure 85 

(mm) space to obtain the transport plan mapping from source to target (Fig. 1a). We 86 

prove that SpaOT defines a semi-metric on metric-measure spaces (Proof in 87 

Supplementary Notes C, D), providing a theoretically grounded discrepancy measure 88 

for partial alignment (Ablation analysis in Supplementary Fig. 1).  89 

The resulting transport cost and transport plan can be applied to a wide range of 90 

downstream tasks in spatial omics research. The transport cost can be treated as a metric 91 

to measure discrepancies between spots in mm-space, which enables consistent 92 

distance geometry and stable biological comparison in sample-level disease stratification. 93 

This metric can be averaged to describe the characteristics shared by samples in the 94 

same category as a barycenter. The transport plan enables the reconstruction of 3D 95 

tissue architecture by stacking the serial 2D sections and supports multi-resolution 96 

integration, providing insights into tissue function and spatial cell-cell interactions. 97 

Furthermore, it facilitates cross-omics integration, obtaining a comprehensive 98 

understanding of biological systems from multiple molecular perspectives (Fig. 1b).  99 

  100 



Figure 1 | Overview of SpaOT. a, Schematic illustration of the SpaOT framework. SpaOT integrates 101 
diverse spatial data types, including spatial transcriptomics, spatial proteomics, spatial metabolomics, and 102 
histology imaging. SpaOT formulates cross-sample correspondence from source sample G1 to target 103 
sample G2 using a fused Gromov-Wasserstein optimal transport strategy with additional penalty constraints 104 
(cross-labeled) to leverage molecular profiles (the OT term) and structural information (the GW term). The 105 
method estimates a transport plan !  between "1 and "2 and a transport cost %  (Eq. (8) in Methods). 106 
b, Representative downstream applications in spatial omics integration.  107 

 108 

SpaOT is robust to different types of noise in simulations  109 

Beyond theoretical analysis, we evaluated the robustness enabled by semi-metric 110 

properties using synthetic datasets mapping between crescent-shaped point clouds. We 111 

introduced two types of noise: (i) outlier noise, where an additional 10% of scattered data 112 

points were added outside the target to distract the mapping process, and (ii) structural 113 

noise, in which the target geometry was progressively deformed from a crescent into a 114 

perturbed full moon shape (Fig. 2a). We compared SpaOT with several representative 115 

OT-based methods, including moscot16, PASTE217, PythonOT23,24, and 3d-OT18.  116 

SpaOT consistently avoided mapping source points to outliers, demonstrating robustness 117 

compared to erroneous mappings in competitive methods even in the absence of 118 

structural perturbation (Fig. 2b). As structural noise increased and the target geometry 119 

gradually transformed from a crescent (0%) to a full moon (100%), SpaOT maintained 120 

low error rates (Fig. 2c). 121 

We further designed graph clustering tasks to measure the metric properties of OT-based 122 

approaches. The synthetic dataset comprised three graph categories containing one, two, 123 

and three communities, respectively. Each category consisted of five independently 124 

generated graph instances with random outlier nodes (Fig. 2d). Graphs were clustered 125 

using the K-means algorithm (K = 3), where pairwise distances were defined by the 126 

transport costs computed by SpaOT, moscot, PASTE2, and PythonOT. Cluster centroids 127 

were represented by barycenters25 that summarize the shared structural and feature 128 

characteristics of graphs within each cluster.  129 

SpaOT correctly recognized all three graph categories and recovered their corresponding 130 

barycenters, whereas competitive methods were sensitive to outliers (Fig. 2e). Its 131 

pairwise distance matrices further exhibited clear within-category similarity and between-132 

category separation, demonstrating a discriminative measure of graph similarity capturing 133 

intrinsic community structure (Fig. 2f).  134 

 135 

 136 



 137 

Figure 2 | Simulation studies on object mapping and graph clustering using SpaOT. a, Schematic 138 
illustration of the simulated noise settings for benchmarking. Outlier noise was introduced by adding 139 
scattered points outside the target, whereas structural noise was generated by continuously transforming 140 
the target geometry from a crescent to a full-moon structure. b, Error rate comparison with representative 141 
OT-based methods under outlier noise, which was bounded by 9.09% (10%/110%). c, Mapping accuracy 142 



with increasing levels of structural noise in point clouds. The target point cloud was progressively 143 
interpolated from crescent-shaped to a perturbed full moon while maintaining fixed outlier contamination. 144 
Grey lines indicate transport correspondences between the source and target. d, Synthetic graph datasets 145 
used for clustering evaluation. Three graph categories with different community numbers (1-3), each 146 
containing five graph instances with varying levels of outlier-node contamination. The color of nodes 147 
denotes the value of node features (yellow to purple), and black nodes indicate outliers. To simplify the 148 
membership relations, each synthetic graph instance is represented by a solid ball, e.g., synthetic graphs 149 
with three communities are presented by three connected balls. e, Graph clustering results based on OT-150 
derived graph distances and barycenter estimation. For results from each method, the first columns are k-151 
means centroids of each cluster generated by barycenter estimation, while the subsequent columns display 152 
the graphs assigned to each centroid visualized by the simplified balls corresponding to the membership in 153 
d. Clustering accuracy was evaluated using the Adjusted Rand Index (ARI), which measures the agreement 154 
between the identified and true cluster assignments. f, Heatmap of pairwise graph distance matrices 155 
computed using different OT-based methods. Distance values correspond to transport costs derived from 156 
each method. All 15 synthetic graph instances from three categories were included in the computation of 157 
the distance matrices. 158 
 159 

SpaOT captures consistent distance geometry and builds prototypes of disease-160 

associated spatial organization in colorectal cancer 161 

Next, we investigated whether SpaOT-derived transport cost can be treated as distances 162 

capturing differences between disease conditions in colorectal cancer (CRC)26. The 163 

explored dataset contains 140 Tissue Microarray (TMA) cores from 70 regions of 35 164 

patients, representing two immune subtypes: Crohn’s-Like Reaction (CLR; 17 patients, 165 

34 regions, 68 TMA cores) and Diffuse Inflammatory Infiltration (DII; 18 patients, 36 166 

regions, 72 TMA cores), profiled using CO-Detection by indEXing (CODEX) (Fig. 3a).  167 

For each sample, we computed SpaOT-derived cost as pairwise distances using spatial 168 

coordinates and protein expression profiles of all detected cells. This distance matrix was 169 

used as input to lightweight machine learning (ML) classifiers for disease subtype 170 

stratification, including logistic regression (LR), Random Forest (RF), and Multilayer 171 

Perceptron (MLP) (Fig. 3b). We compared SpaOT with widely adopted Graph neural 172 

network (GNN)-based approaches27, including Graph Isomorphism Network (GIN)28 and 173 

Graph Convolutional Network (GCN)29. Performance was assessed using five times 3-174 

fold cross-validation with the Area Under the Precision-Recall Curve (AUPR) and the Area 175 

Under the Receiver Operating Characteristic Curve (AUROC). 176 

At the TMA core level (n=140), SpaOT substantially outperformed GNN-based methods 177 

across all classifiers (Fig. 3c). Using LR, SpaOT outperformed GIN and GCN. Similar 178 

improvements were observed using RF and MLP. When evaluated at the region (n = 70) 179 

and patient (n = 35) levels (Fig. 3d), patient-level barycenters achieved the highest 180 

performance with LR, outperforming both the region-level representations and the TMA 181 

core-level. Consistent trends were observed for RF and MLP, indicating that SpaOT 182 

barycenters effectively summarize disease-associated spatial organization across 183 

multiple biological scales.  184 



 185 

Figure 3 | Benchmark SpaOT disease stratification for spatial proteomics samples from intra-cohort 186 
and inter-cohort sources. a, Hierarchical organization of the CRC spatial proteomics dataset. Multiple 187 
tissue regions were sampled from the same patient, and multiple TMA cores may originate from the same 188 
region, enabling computation of FPGW barycenters at both region and patient levels. b, Disease 189 
stratification workflow using SpaOT-derived pairwise distances. Spatial proteomics samples from different 190 



cohorts were represented as mm spaces integrating protein profiles and cellular spatial coordinates. 191 
Pairwise SpaOT distances were computed to generate intra- and inter-condition distance matrices, which 192 
were subsequently used for downstream stratification using machine learning models. Barycenter analysis 193 
can also be applied to both healthy and disease groups. c, Performance of CRC immune subtype 194 
stratification at the TMA core level (n = 140) using SpaOT-derived distance matrices and LR, RF, MLP, 195 
GIN, and GCN classifiers. Results are reported as AUPR (left) and AUROC (right). d, Comparison of 196 
stratification performance across different hierarchical representations, including TMA core-level, and 197 
region-level and patient-level barycentric aggregation using SpaOT-derived distance matrices and LR, RF, 198 
and MLP classifiers. e, Visualization of SpaOT barycenters for the two CRC immune subtypes, i.e., Crohn’s-199 
like reaction (CLR) and diffuse immune infiltrate (DII), using cytokeratin expression as an example marker. 200 
Intra-dataset breast cancer subtype stratification results using spatial proteomics datasets from the Jackson 201 
cohort (f) and METABRIC cohort (g). Cross-dataset breast cancer subtype stratification evaluating 202 
robustness to cohort-specific biases, where (h) models are trained on METABRIC and tested on Jackson, 203 
and (i) model trained on Jackson and tested on METABRIC. CRC: colorectal cancer, LR: Logistic 204 
Regression, RF: Random Forest, MLP: Multilayer Perceptron, GIN: Graph Isomorphism Network, GCN: 205 
Graph Convolutional Network, AUPR: Area Under the Precision-Recall Curve, AUROC: Area Under the 206 
Receiver Operating Characteristic. 207 

To further characterize subtype-specific spatial patterns, we computed barycenters as 208 

prototypes for CLR and DII samples and visualized the expression of cytokeratin, a tumor-209 

cell marker (Fig. 3e). The CLR barycenter showed lower cytokeratin expression and 210 

stronger spatial heterogeneity, consistent with its organized immune architecture and 211 

enhanced anti-tumor response. In contrast, the DII barycenter displayed higher 212 

cytokeratin expression concentrated along the tissue boundary and a more homogeneous 213 

cellular organization.  214 

 215 

SpaOT exhibits generalizability and tolerance to site-specific biases in translational 216 

breast cancer stratification 217 

We next evaluated the generalizability of SpaOT-derived distances across independent 218 

breast cancer datasets of the METABRIC cohort30 and the Jackson cohort31. Both 219 

datasets represent distinct patient populations profiled using the same technology 220 

Imaging Mass Cytometry (IMC). 221 

In intra-cohort stratification, where ML models were trained and tested within the same 222 

dataset (Fig. 3f), SpaOT consistently outperformed GNN-based methods. On the 223 

Jackson dataset, SpaOT combined with RF classifier exceeded the performance of GIN 224 

and GCN. Similar results were observed for the METABRIC cohort (Fig. 3g).  225 

Cross-cohort settings apply models trained on one cohort directly to the other, which is 226 

challenging due to severe batch effects from site-specific biases7. SpaOT demonstrated 227 

strong predictive performance and transferability across cohorts, while GNN-based 228 

methods exhibited limited generalization and remain impractical. When trained on 229 

METABRIC and tested on Jackson, SpaOT with LR classifier achieved an AUPR of 0.66 230 



and an AUROC of 0.73  (Fig. 3h). Conversely, training on Jackson and testing on 231 

METABRIC achieved an AUPR of 0.73 and an AUROC of 0.69 (Fig. 3i). In comparison, 232 

GIN achieved remarkably lower performance in the corresponding settings 233 

(AUPR/AUROC: 0.48 / 0.67  and 0.40 / 0.59 , respectively), while GCN showed similar 234 

results in limited cross-cohort transferability. 235 

 236 

SpaOT faithfully aligns 2D tissue sections in 3D reconstruction 237 

Reconstructing 3D tissue architecture by aligning consecutive adjacent 2D tissue sections 238 

has emerged as a powerful approach for studying tissue organization. We evaluated 239 

SpaOT using affine (rigid) transformations derived from OT transport plans on a dataset 240 

of 40 coronal half-mouse brain slices spanning the entire anterior-posterior axis32,33. 241 

SpaOT consistently outperformed competitive methods in nearest-neighbor label 242 

accuracy, centroid distance, and expression cosine similarity (Supplementary Fig. 2a, 243 

b). The resulting 3D reconstruction faithfully preserved the global spatial organization of 244 

major brain regions annotated by the Allen Brain Atlas34 (Supplementary Fig. 2c).  Key 245 

anatomical structures, including the isocortex, striatum, and thalamus, were 246 

reconstructed in positions consistent with their known neuroanatomical locations and 247 

marker gene expression patterns. Specifically, Rasgrf2 expression localized to the 248 

exterior cortical regions, Gpr88 was enriched more anteriorly toward the olfactory bulb 249 

region, and Rora was concentrated in posterior regions toward the cerebellum, 250 

recapitulating established spatial organization. 251 

We further evaluated SpaOT on a MERFISH dataset comprising 12 mouse hypothalamic 252 

preoptic area slices with known z-axis ordering32,35. SpaOT produced substantially more 253 

accurate adjacent-slice alignments than competing methods. (Supplementary Fig. 3).  254 

 255 

SpaOT accurately integrates spatial transcriptomics across multi-resolution 256 

platforms  257 

Different spatial transcriptomics technologies offer complementary advantages in 258 

resolution and throughput, making cross-platform integration essential for comprehensive 259 

tissue characterization. We evaluated SpaOT on a colorectal cancer (CRC) study36 by 260 

aligning two adjacent tissue sections from the same donor (Sample P2 CRC) profiled 261 

using Visium and Xenium, respectively. Bidirectional mappings (Visium-to-Xenium and 262 

Xenium-to-Visium) were performed using identical parameter settings. Hull ratio, cell 263 

conflict, and Moran’s I37 were used to assess the alignment quality (Fig. 4a).   264 

The resulting SpaOT mappings were spatially coherent, approximately parallel, and 265 

uniformly distributed between the Xenium and Visium sections (Fig. 4b). To assess 266 



biological fidelity in spatial autocorrelation, we compared Moran’s I of reconstructed 267 

genes with those observed in the target datasets (Fig. 4c). In the Xenium-to-Visium 268 

mapping task, SpaOT achieved 0.71, substantially outperforming moscot (0.27). Notably, 269 

this correlation slightly exceeded the intrinsic agreement between the original Xenium and 270 

Visium datasets ( 0.69 ), despite technical differences between the two platforms. 271 

Meanwhile, reconstructed genes remained highly consistent with the source Xenium 272 

sample with a Pearson correlation of 0.94, indicating that SpaOT preserves source spatial 273 

structure while accurately recovering target spatial organization. A similar pattern was 274 

observed for the Visium-to-Xenium reconstruction task, where SpaOT achieved a 275 

Pearson correlation of 0.69 with the target Xenium sample on Moran’s I, compared with 276 0.49 for moscot, while maintaining near-perfect agreement with the source Visium sample 277 

(correlation = 0.99).  278 

We noticed that a subset of cells exhibited unusually low transcript counts or excessively 279 

high gene/UMI counts in the original dataset (Supplementary Fig. 4). Filtering with extra 280 

quality control further improved SpaOT performance, increasing Moran’s I correlation for 281 

bidirectional mappings (Fig. 4d, 4e). 282 

To leverage the single-cell resolution of Xenium and transcriptome-wide coverage of 283 

Visium, Visium-to-Xenium mapping characterized the spatial expression patterns of 284 

SPP1 gene identified in the original study36. Differential expression analysis38 between 285 

SPP1-enriched (top 20%) and SPP1-depleted (bottom 20%) regions revealed enriched 286 

pathways39 related to VEGF, TP53, WNT, and PPARA-associated lipid metabolism, 287 

indicating enhanced angiogenesis, proliferation, migration, and metabolic rewiring (Fig. 288 

4f). Consistently, Gene Ontology40 (GO) analysis highlighted biological processes such 289 

as DNA replication, chromosome segregation, and nuclear division, suggesting increased 290 

proliferative and tumor-promoting activities in SPP1-enriched regions (Fig. 4g).  291 

We further assessed whether the mapping preserved spatial patterns using CRC-292 

associated marker genes (Fig. 4h). For FABP2, a gene associated with CRC 293 

progression41, SpaOT accurately preserved the spatial expression landscape while 294 

adapting it to the lower-resolution Visium domain. In contrast, moscot oversmoothed local 295 

spatial features and failed to recover the expression tail in the lower-left tissue region. 296 

Similarly, for PIGR, a gene linked to mucosal immunity and tumor microenvironment 297 

remodeling42, SpaOT faithfully transferred the expression pattern from Visium to the 298 

higher-resolution Xenium tissue architecture, whereas moscot lost several fine-scale 299 

spatial features (Fig. 4i).   300 

 301 



 302 



Figure 4 | SpaOT performance on integrating spatial transcriptomics across different technology 303 
platforms. a, Schematic illustration of quantitative criteria for benchmarking alignment quality. Cell conflict 304 
quantifies how inconsistently each Visium spot is mapped across Xenium cells, whereas hull ratio measures 305 
how dispersed each Xenium cell is mapped to Visium spots. Accurate alignments are characterized by low 306 
cell conflict and low hull ratio values. b, Cross-platform alignment between Xenium and Visium spatial 307 
transcriptomics data from adjacent CRC tissue sections. Grey lines denote transport correspondences 308 
generated by SpaOT and moscot between Xenium cells and Visium spots. c, Line plots of spatial 309 
autocorrelation (Moran's I values) across 408 shared genes in bidirectional reconstruction tasks. Left: 310 
Xenium-to-Visium mapping. Dark grey, light grey, orange, and blue represent the reference Visium data, 311 
reference Xenium data, SpaOT-mapped Visium (transported from Xenium), and moscot-mapped Visium 312 
(transported from Xenium), respectively. Right: Visium-to-Xenium mapping. Dark grey, light grey, orange, 313 
and blue represent the reference Xenium data, reference Visium data, SpaOT-mapped Xenium 314 
(transported from Visium), and moscot-mapped Xenium (transported from Visium), respectively. d, Line 315 
plots of spatial autocorrelation (Moran’s I values) across 408 shared genes in bidirectional reconstruction 316 
tasks after quality-control filtering. e, Pearson correlation of Moran's I values for genes shared between the 317 
reference and mapped datasets. Left: Bars show the correlation between the reference Visium and (i) 318 
reference Xenium, (ii) moscot-mapped Visium (transported from Xenium), (iii) SpaOT-mapped Visium 319 
(transported from Xenium), and (iv) QC-filtered SpaOT-mapped Visium. Right: Bars show the correlation 320 
between the reference Xenium and (i) reference Visium, (ii) moscot-mapped Xenium (transported from 321 
Visium), (iii) SpaOT-mapped Xenium (transported from Visium), and (iv) QC-filtered SpaOT-mapped 322 
Xenium. f, Pathway enrichment analysis with Reactome pathways and g, Gene Ontology enrichment 323 
analysis of SPP1-associated genes on a SpaOT-mapped Xenium sample. h, Spatial expression patterns 324 
of the CRC-associated marker gene FABP2 in the Xenium-to-Visium mapping task. Expression distributions 325 
reconstructed by moscot and SpaOT are shown alongside the original Xenium and Visium measurements. 326 
i, Spatial expression patterns of the immune-associated marker gene PIGR in the Visium-to-Xenium 327 
mapping task. Expression distributions reconstructed by moscot and SpaOT are shown alongside the 328 
original Visium and Xenium measurements. CRC: colorectal cancer, CC: cell conflict, HR: hull ratio. 329 

 330 

SpaOT robustly integrates spatial omics in multiple modalities 331 

Next, we evaluated SpaOT on a spatial multi-omics mouse cerebellum dataset43 332 

comprising spatial transcriptomics, spatial metabolomics, spatial proteomics 333 

reconstructed from adjacent tissue sections, and histological images corresponding to the 334 

transcriptomic section. Because these modalities measure distinct molecular entities with 335 

no overlapping features44, SpaOT employs a two-stage mapping strategy based on 336 

Canonical Correlation Analysis (CCA)45 to build anchors bridging the modalities 337 

(Supplementary Fig. 5a).  338 

All the modalities were mapped to spatial transcriptomics, providing the highest quality, 339 

resolution, and molecular coverage (Fig. 5a). Across all mapping tasks, SpaOT 340 

consistently outperformed moscot and PASTE2 in preserving spatial patterns and 341 

biological identities (Fig. 5b, 5c).  342 



 343 

Figure 5 | Performance of SpaOT integrating spatial transcriptomics with spatial proteomics, 344 
metabolomics, and histological imaging. a, Schematic overview of cross-modal integration in the mouse 345 
cerebellum dataset. Spatial transcriptomics (MAGIC-seq) was used as the anchor modality for alignment 346 
with spatial proteomics (PLATO), spatial metabolomics (MALDI-MSI), and histology imaging. 347 
b, Reconstruction results for cross-modal mapping tasks, including RNA-proteomics (top), RNA-metabolite 348 
(middle), and RNA-image (bottom) integration. Ground-truth RNA-defined tissue clusters (column 1) are 349 
compared with reconstructed cluster assignments generated by SpaOT (column 2), moscot (column 3), 350 
and PASTE2 (column 4). c, Spider plot of cross-modal cell type mapping accuracy across proteomics-to-351 
transcriptomics, metabolomics-to-transcriptomics, and image-to-transcriptomics mapping tasks by SpaOT, 352 
moscot, and PASTE2. d, Cross-modal biological consistency analysis based on known co-localized 353 
molecular features. Heatmaps show Spearman correlations between genes, SpaOT-mapped proteins, and 354 
SpaOT-mapped metabolites across cerebellar tissue regions. e, Evaluation of spatial autocorrelation 355 
preservation using Moran’s I in metabolomics-to-transcriptomics reconstruction. Bar plots show Moran’s I 356 



for four colocalized gene-metabolite pairs in the original transcriptomics and metabolomics datasets, as 357 
well as for metabolites reconstructed and mapped onto the transcriptomics spatial coordinates by SpaOT, 358 
moscot, and PASTE2. 359 

To evaluate biological consistency, we examined molecular features reported to be 360 

spatially co-localized in the original study43. The gene Mbp, protein marker CLD11, and 361 

metabolite 845.68 m/z were all enriched within fiber tracts, while three additional groups 362 

of co-localized genes, proteins, and metabolites were enriched within the granular layer, 363 

lateral recess, and molecular layer. Integrating information across modalities produced 364 

clearer and more spatially distinct enrichment patterns than any individual modality alone 365 

(Supplementary Fig. 5b). 366 

Cross-modal molecular consistency was further quantified by computing Spearman 367 

correlations between transcriptomic profiles and mapped proteins and metabolites at 368 

each spatial location (Fig. 5d). The observed correspondence between molecular signals 369 

and anatomical regions was highly consistent with known biological relationships reported 370 

in the original study. 371 

Specifically, SpaOT and PASTE2 largely preserved spatial characteristics across 372 

modalities in the metabolomics-to-transcriptomics mapping task (Fig. 5e), while moscot 373 

suggested reduced sensitivity to modality-specific spatial variation by consistently 374 

producing elevated Moran’s I values. Together, these results demonstrate that SpaOT 375 

faithfully captures biologically meaningful cross-modal spatial relationships and enables 376 

robust integration of heterogeneous spatial omics modalities, even in the absence of 377 

direct feature overlap. 378 

 379 

SpaOT enables comprehensive spatial characterization of kidney research through 380 

Xenium and Visium HD integration  381 

Chronic kidney disease (CKD) is a leading public health challenge affecting more than 382 

850 million people worldwide46. We integrated Xenium and Visium HD spatial 383 

transcriptomics data from adjacent sections of four kidney biopsy samples from a CKD 384 

patient. We focused on glomeruli, the specialized capillary structures responsible for 385 

blood filtration and key pathological sites in CKD progression (Fig. 6a). With expert 386 

nephropathology annotation, 40 glomeruli were identified with sclerosis grades in severity.  387 

In this cross-platform alignment task, SpaOT produced coherent, approximately parallel, 388 

and spatially localized correspondences between the Visium HD and Xenium sections 389 

(Fig. 6b). Quantitative evaluation using cell conflict and hull ratio confirmed better 390 

alignment quality of SpaOT across all biopsy samples (Fig. 6c, d).  Similar performance 391 

was observed when restricted to glomerular regions (Supplementary Fig. 6a). The 392 

differences were further evident in aligned H&E images (Fig. 6e), where SpaOT 393 



predominantly mapped each Visium HD spot to a localized group of single cells in Xenium. 394 

Besides the whole-sample mapping, SpaOT accurately preserved glomerular structure 395 

while minimizing assignments outside the target glomerular region. SpaOT outperformed 396 

moscot in both mapping directions across most glomeruli (Fig. 6f, 6g).  397 

Integrating Xenium with Visium HD data in glomerular regions, SpaOT enables whole-398 

transcriptome analysis at in-situ single-cell resolution through Visium HD-to-Xenium 399 

mapping. In spatial signaling analysis with COMMOT47, the original Xenium or Visium HD 400 

data alone identified less abundant active signaling pathways. In contrast, SpaOT-401 

integrated Xenium data revealed a substantially richer set of significant pathways 402 

associated with glomerular function and disease (Supplementary Fig. 6b, c).  403 

We specifically examined PDGF signaling in spatial space (Fig. 6h). Compared to a 404 

healthy reference glomerulus, strong PDGF-mediated communication between 405 

endothelial and mesangial (stromal) cells extended from the glomerular hilum toward the 406 

glomerular tuft in a severe sclerosis glomerulus. These observations are consistent with 407 

the known role of PDGF signaling in mesangial cell proliferation, extracellular matrix 408 

remodeling, and progression of glomerulosclerosis during CKD48. 409 

Likewise, CellChat49 detected far more ligand-receptor interactions following SpaOT 410 

integration than in the original Xenium data alone (Supplementary Fig. 6d). These 411 

interactions included key PDGF and VEGF signaling pathways implicated in mesangial 412 

activation, endothelial dysfunction, fibrosis, and tissue remodeling during CKD 413 

progression. 414 

Together, cell-cell communication analyses revealed distinct communication landscapes 415 

between healthy and sclerotic glomeruli (Supplementary Fig. 6e). Diseased glomeruli 416 

displayed enhanced endothelial-mesangial (stromal) signaling associated with mesangial 417 

activation, extracellular matrix remodeling, and glomerulosclerosis, whereas healthy 418 

glomeruli maintained stronger and more diverse epithelial-immune and epithelial-stromal 419 

interactions. These results demonstrate that SpaOT preserves biologically meaningful 420 

cellular interactions and facilitates spatial communication analyses that provide new 421 

insights into complex kidney pathology. 422 

 423 



 424 
Figure 6 | Integration of Xenium and Visium HD spatial transcriptomics in chronic kidney disease 425 
by SpaOT. a, A representative example (sample 2) of adjacent kidney biopsy sections profiled by Xenium 426 
(light blue) and Visium HD (dark blue). Glomerular regions are highlighted in yellow. On the right is the 427 
aligned result by SpaOT using Affine Transformation. b, Comparison of cross-platform mappings generated 428 
by SpaOT and moscot between Visium HD and Xenium sections. Straight lines in grey denote transport 429 
correspondences. Quantitative comparison of hull ratio (c) and cell conflict (d) for SpaOT and Moscot 430 



across four kidney biopsy samples.  e, Representative comparison example of Visium HD-Xenium mapping 431 
from SpaOT and moscot visualized on aligned H&E images. f, Scatter plot of the relative performance 432 
differences of glomerulus mapping accuracy between SpaOT and moscot. The x-axis represents the 433 
performance improvement of SpaOT over moscot in Xenium-to-Visium HD mapping, whereas the y-axis 434 
represents the improvement in the reverse Visium HD-to-Xenium direction. Samples located in the first 435 
quadrant (up-right) indicate cases where SpaOT outperforms moscot mapping in both directions. g, One 436 
representative glomerulus mapping from Visium HD to Xenium with the overlaid histological images (Top: 437 
SpaOT, Bottom: moscot). h, Spatial signaling analysis of PDGF pathway activity within healthy (Top) and 438 
diseased (Bottom) glomerular regions on SpaOT-integrated data using COMMOT. Left, inferred signaling 439 
vector fields overlaid on glomerular cellular organization with annotated cell types. Right, corresponding 440 
histological regions from healthy and severely sclerotic glomeruli.  441 

 442 

DISCUSSION 443 

Integrating spatial omics across samples, platforms, and modalities remains challenging 444 

because of heterogeneity in molecular measurements, spatial resolution, cell composition, 445 

and noise characteristics. Defining a distance metric to faithfully measure sample-level 446 

discrepancy is the cornerstone of data integration. A metric on a space requires (i) non-447 

negativity, (ii) identity of indiscernibles, (iii) symmetry, and (iv) triangle inequality50, 448 

providing a mathematically consistent notion of similarity. However, many existing 449 

unbalanced OT methods such as FUGW51 rely on KL divergence penalties and lack 450 

theoretical grounds in satisfying metric properties, potentially leading to distorted distance 451 

relationships. Consequently, downstream analyses such as clustering, prototype 452 

estimation, hierarchical comparison, and disease trajectory analysis lack rigorous 453 

geometric foundations. A central contribution of SpaOT is introducing the first semi-metric 454 

formulation for FPGW, a true metric under the total variation formulation (for -=1, 455 

Theorem 1 in Methods), enabling transport cost to function as a biologically meaningful 456 

sample distance for spatial omics. Although not a strict metric, SpaOT's semi-metric 457 

theoretically satisfies the first three criteria of a metric, but with a relaxed triangle 458 

inequality (Supplementary Fig. 1b). Our results demonstrate that the SpaOT-derived 459 

distance landscape faithfully reflects underlying biological dissimilarity, enabling robust 460 

biological comparisons ranging from disease stratification to multi-omics integration. 461 

The semi-metric property of SpaOT represents both a theoretical and practical advance. 462 

Across colorectal and breast cancer cohorts, SpaOT-derived distances combined with 463 

lightweight ML classifiers consistently outperformed computationally heavy GNN 464 

approaches, which endure the information loss from pooling operations for compressing 465 

cell-level low-dimensional embeddings52. As a result, SpaOT’s formulation preserves 466 

fine-grained cellular neighborhood organization and cell-cell proximity patterns that are 467 

often diluted during representation learning53,54. These semi-metric advantages were 468 

particularly pronounced in distinguishing CRC subtypes and exhibited strong cross-cohort 469 



generalization in translational breast cancer studies, where SpaOT-derived distances are 470 

less sensitive to cohort-specific technical variation and batch effects. 471 

Another distinctive feature of semi-metric is its ability to compute stable barycenters as 472 

mathematically meaningful representative tissues. We found that aggregating TMA cores 473 

into region-level and patient-level barycenters improved disease stratification 474 

performance, indicating they effectively reduce local noise while preserving biologically 475 

meaningful spatial and molecular signals. Specifically, barycenters provide interpretable 476 

prototypes that capture characteristic tissue organization, offering a principled framework 477 

for comparing phenotypes across multiple biological scales. 478 

Beyond pairwise sample alignment, SpaOT demonstrated robust performance in 479 

reconstructing 3D tissue architectures from consecutive spatial transcriptomics sections. 480 

Because OT-based formulations are inherently invariant to global translation and rotation 481 

transformations (proof in Supplementary Note D), SpaOT avoids many of the alignment 482 

artifacts observed in representation-based approaches.  483 

Given its formulation, SpaOT enables flexible and robust integration across spatial 484 

platforms and modalities, and supports downstream analyses such as differential 485 

expression, pathway enrichment, and cell-cell communication inference. In addition, 486 

SpaOT automatically determines the optimal amount of the transport mass, minimizing 487 

the need for prior knowledge of the mapping proportion, which is required by PASTE217.  488 

SpaOT still has several limitations. First, cross-modal integration currently relies on 489 

shared representations derived using auxiliary approaches such as CCA. The quality of 490 

these representations depends on the extent of biological correspondence between 491 

modalities and may be suboptimal when cross-modality correlations are weak. Second, 492 

SpaOT currently serves as a descriptive framework for measuring similarity and 493 

performing integration. Extending SpaOT into a generative framework55 could enable 494 

synthesis of intermediate tissue states while preserving spatial interpretability. Finally, the 495 

computation efficiency of SpaOT in large-scale studies will require further algorithmic 496 

optimization (Supplementary Fig. 7), including GPU acceleration, approximation 497 

schemes, and distributed computing. 498 

More broadly, SpaOT suggests that mathematically consistent distance geometry, rather 499 

than alignment alone, may provide a general foundation for spatial multi-omics analysis. 500 

We anticipate that semi-metric OT will support not only integration but also atlas 501 

construction, disease progression modeling, foundation-model training, and spatial 502 

representation learning. 503 

 504 

 505 



METHODS 506 

High-level overview of SpaOT 507 

We formulate spatial omics integration as an unbalanced optimal transport (OT) problem 508 

that maps mass from a source sample to a target sample, where source and target are 509 

arbitrary spatial omics samples. We first model a spatial omics sample as a metric-510 

measure space (mm-space) in the context of measure theory, then introduce the Fused 511 

Partial Gromov-Wasserstein problem (FPGW) to preserve semi-metric characteristics in 512 

the OT framework. Next, we specialize the theoretical FPGW to a computationally 513 

practical discrete setting and propose two solvers: a Frank-Wolfe algorithm and a 514 

Sinkhorn algorithm. 515 

Modeling a spatial-omics sample as an mm-space 516 

A spatial-omics sample (e.g., spatial transcriptomics, spatial proteomics, spatial 517 

metabolomics) with .  units (cells, spots, or pixels) is modeled as an mm-space / =518 (2, 4! , 5), where 2 is a compact set, e.g., 2 = {8"}"#$%  are the spatial units, each carrying 519 

a feature vector :" ∈ ℝ& (= features per unit) from molecular profiles. Depending on the 520 

modality, the features are gene expression within spatial transcriptomics, protein 521 

abundance in spatial proteomics, metabolite intensity in spatial metabolomics, and RGB 522 

values in images. 4! is the structural distance between units, by default the Euclidean 523 

distance between spatial coordinates in the spatial omics sample. 5 ∈ ℳ'(2), where 524 ℳ'(2)  denotes the set of all finite positive Radon measures on 2 . By default, 5 =525 ∑ @"A(!%
"#$  where A( is the Dirac Measure centered at 8, 0 < @" < ∞,∀E. When ∑ @"" = 1, 526 5 is a probability measure. The goal of SpaOT is to partially map the mass from the source 527 

sample/  to the target sample F , where the target sample F = (G, 4) , H)  is defined 528 

analogously.  529 

From optimal transport to fused partial Gromov-Wasserstein 530 

SpaOT’s objective builds on a chain of classical transport problems, including optimal 531 

transport (OT) and its partial relaxation, Gromov-Wasserstein (GW), and their fused 532 

combination (FGW), which we introduce in turn before reaching the unbalanced, partial 533 

setting that defines the proposed FPGW. The details of the Optimal Transport problem’s 534 

background are in Supplementary Notes A, B. 535 

Classical optimal transport. Given a feature cost I: 2 × G → ℝ'  that scores how 536 

expensive it is to match a source unit 8 to a target unit M (by default I(8, M) =∥ 8 − M ∥*), 537 

OT finds the coupling of minimal total cost 14,15: 538 PQ(5, H) = min
+∈-(/,1)

∫ I
!×)

(8, M) 4W(8, M)	                                               (1) 539 

where 5 ∈ Y(2)  and H ∈ Y(G)  are probability measures and Y(⋅)  denotes the set of 540 

probability measures. The search space is the set of all couplings between 5 and H, 541 



[(5, H) = {W ∈ Y(2 × G):	W$ = 5,	W* = H}																																																									(2)                                              542 

Here, W$, W* are the first and second marginals of the joint measure W. OT thus moves all 543 

of the source mass onto all of the target mass with the coupling. Importantly, classical OT 544 

requires equal total mass |5| = |H|. When 2 = G and I(8, M) =∥ 8 − M ∥&, PQ$/& is the =-545 

Wasserstein distance, a metric on Y(2). 546 

Partial optimal transport (POT)56. More practically, when the total mass of the two 547 

measures is not equal, there is no coupling exists in [(5, H). We define |]| = ](2) = ∫4] 548 

as the total mass of a positive measure ]. POT relaxes the equal-mass constraint of 549 

classical OT by transporting only the mass as is worthwhile and leaving the rest mass 550 

unmatched, searching over the sub-couplings: 551 [5(5, H) : = {W ∈ ℳ'(2 × G):	W$ ≤ 5,	W* ≤ H}                                           (3) 552 

where W$ ≤ 5 means W$(_) ≤ 5(_) for every Borel set _, so part of each marginal may 553 

stay unmatched. POT then prices the unmatched mass linearly56-58: 554 

`PQ6(5, H) = inf
+∈-"(/,1)

b I
!×)

(8, M) 4W(8, M) + d(|5 − W$| + |H − W*|)																					(4) 555 

The weight d > 0 controls the penalty for leaving mass unmatched. A match is rejected 556 

whenever its transport cost exceeds 2d , making it more economical to leave the 557 

corresponding mass unmatched. The sub-couplings [5(5, H) and this linear penalty are 558 

exactly the ingredients that FPGW carries over to the fused problem below. 559 

Gromov-Wasserstein (GW). When two samples reside in different spaces with no 560 

meaningful cross-domain feature cost, e.g., samples in different omics modalities, 561 

classical OT is not directly applicable. GW instead compares two samples through their 562 

internal geometry, matching correspondences that minimize discrepancies between 563 

pairwise distances measured within each sample59. We define 8′ as another unit adjacent 564 

to 8 within the same sample 2, and M′ as another unit adjacent to M within the same 565 

sample G. With a structural loss g:ℝ × ℝ → ℝ (by default g(r$, r*) = |r$ − r*|*) and an 566 

exponent i ≥ 1, 567 kl(/, F) = min
+∈-(/,1)

∬gn4!7(8, 8′),  4)7(M, M′)o 4W(8, M) 4W(8′, M′)              (5) 568 

The quadratic (pairwise) term penalizes correspondences (8, 8′) and (M, M′) whenever the 569 

source distance 4!(8, 8′)  differs from the target distance 4)(M, M′) . As a result, GW 570 

preserves the relational structure of the data rather than their absolute positions. With 571 g(r$, r*) = |r$ − r*|8 , kl$/8  is a metric on mm-spaces, up to measure-preserving 572 

isometry. 573 

Fused Gromov-Wasserstein (FGW). Spatial omics units carry both a feature (molecular 574 

profile) and a position (spatial structure). FGW60 fuses them by adding the OT feature 575 



term (Eq. (1)) and the GW structure term (Eq. (5)) under a single transport plan, with 576 

weights p$, p* to balance the intensities of both terms. p$, p* ≥ 0, p$ + p* = 1: 577 

!"#(%, ') = min
!∈#(%,')

-) ∫ /(0, 1) 34(0, 1)56666766668
*+	-./0

+-1∬;<32/ (0, 03), 34/(1, y3)> 34(0, 1) 34(0′, 13)56666666666666766666666666668				(6)
56	-./0

	 578 

with I, 4! , 4) metrics and g(r$, r*) = |r$ − r*|8, FGW is a semi-metric on mm-spaces, 579 

and a metric when - = 1 60. 580 

Fused unbalanced GW (FUGW). GW and FGW share OT’s equal-mass requirement, 581 

since they both search over the full couplings [(5, H) and transport every unit. The fused 582 

unbalanced GW (FUGW) of Thual et al.51 lifts this restriction by replacing the hard 583 

marginal constraints with q-divergence penalties51: 584 

!B"#7(%, ') = inf
!∈ℳ!(2×4)

 -)E/(0, 1)  34 + -1F;(32/ , 34/)  34(0, 1)34(03, 13) 585 

+G HI:"<4)⊗1   ∥   K⊗1> + I:#<41⊗1   ∥   L⊗1>M																												(7)	 586 

where r9#
, r9$

 are q-divergences and the search now ranges over all positive 587 

measures ℳ'(2 × G), and 5⊗* is the product measure defined by 45⊗*(8, 8′) =588 45(8) 45(8′). 589 

Fused partial GW (FPGW). Practical spatial-omics samples differ in cell/spot counts and 590 

resolution, and contain diverse types of outliers, so forcing a full match misroutes mass 591 

onto noise. Our FPGW is the special case of FUGW in which both q-divergences are 592 

taken to be the total-variation distance. This choice imposes a linear penalty on 593 

unmatched mass, such that a unit of mass is matched whenever the transport cost is 594 

below its threshold and left unmatched otherwise, thereby directly controlling how much 595 

of the sample is transported. Reusing the feature cost I and structural loss g, the FPGW 596 

is defined as  597 

!O"#7(%, ') = inf
!∈ℳ!(2×4)

 -)∫ /(0, 1) 34(0, 1) + -1∬;<32(0, 03), 34(1, 13)> 34(0, 1) 34(03, 13) 598 

+G<∥ K⊗1 − 4)⊗1 ∥+< +∥ L⊗1 − 41⊗1 ∥+<>																														(8) 599 

Here ∥⋅∥;<  is the total-variation (TV) norm, where for a signed Radon measure s 600 

,	‖s‖;< = |s'| + |s=| and (s', s=) are positive Radon measures obtained by the Hahn-601 

Jordan decomposition of s, i.e., s = s' − s=.   602 

Exactly as POT reduces to sub-couplings, we found that computing FPGW in Eq. (8) can 603 

be simplified by restricting all of ℳ'(2 × G) to the sub-couplings [5(5, H), as Proposition 604 

1. 605 

Proposition 1 (Reduction of FPGW to sub-couplings). If I(8, M) ≥ 0 for all 606 8, M and g(4!7 , 4)7) ≥ 0, then Eq. (8) is equivalent to 607 



!O"#7(%, ') = min
!∈#$(%,')

-)E/(0, 1)  34(0, 1)608 

+-1F;H32/ <0, 0′>, 34/ 	<1, 1′>M  34(0, 1) 34<0′, 1′> 609 

+G(|K|1 + |L|1 − 2|4|1).																																																																																								(9) 610 

With Eq. (9), the search reduces to the sub-couplings [5(5, H), and the two TV penalties 611 

collapse to the closed-form term d(|5|* + |H|* − 2|W|*). Full Proof and detailed discussion 612 

in Supplementary Notes C. We further prove FPGW theoretically admits a minimizer in 613 

Proposition 2. 614 

Proposition 2 (Existence of a minimizer). For mm-spaces /, F with 2, G 615 

compact, the FPGW problem in Eq. (8) (equivalently Eq. (9)) admits a 616 

minimizer; that is, the infimum is attained. 617 

Since there exists a minimizer, the solvers discussed at the end of this section are well-618 

posed for computing. The proof is in Supplementary Notes C. 619 

Finally, like OT, GW, and FGW, the FPGW objective behaves like a distance. 620 

Theorem 1 (Semi-metric property of FPGW). Take I(8, M) =∥ 8 − M ∥8, 621 g(r$, r*) = |r$ − r*|8, and p*, d > 0. Then the (mass-normalized) FPGW is a 622 

semi-metric on mm-spaces, up to measure-preserving isometry; when - = 1 it 623 

is a metric. 624 

FPGW is symmetric, non-negative, and vanishes exactly between equivalent spaces, and 625 

for - = 1 it satisfies the triangle inequality, the properties that FUGW with a KL penalty is 626 

not known to have. The full proofs are in Supplementary Notes C-D. 627 

Furthermore, an equivalent mass-constrained formulation (FMPGW), in which the penalty 628 d plays the role of the Lagrange multiplier of the transported-mass constraint, is also 629 

developed, and we further discuss how FPGW relates to existing transport problems 630 

(Gromov-Wasserstein, classical OT, and fused GW) in Supplementary Notes K. 631 

 632 

Frank-Wolfe Solver 633 

For solving the problem of FPGW, we work in the discrete setting throughout with 5 =634 ∑ @"%
"#$ A(!  and H = ∑ u>?

>#$ A@% , @ ∈ ℝ'
% , u ∈ ℝ'

? . We define a transport plan as a non-635 

negative matrix W ∈ ℝ'
%×?, and the sub-coupling condition becomes a row/column-sum 636 

constraint, 637 [5(@, u) = {W ∈ ℝ'
%×?: 	Wv? ≤ @,	WAv% ≤ u}																												(10)				                                     638 

To facilitate computational purposes in a discrete setting, the two cost terms in Eq. (8) 639 

can be written as matrix/tensor expressions: The feature-cost matrix I = wIn8" , M>ox ∈640 



ℝ%×? turns the OT term ∫I(8, M)4W(8, M) into the Frobenius inner product ⟨I, W⟩ : = ∑",>641 I"> W"> . Similarly, from the intra-sample distance matrices I! = [4!7 (8" , 8"B)] ∈ ℝ%×%  and 642 I) = w4)7nM> , M>Box ∈ ℝ?×? , we form the structure tensor }",>,"&,>& = w4!7 (8" , 8"&) −643 4)7nM> , M>&ox*,	} ∈ ℝ%×?×%×?, which stores all pairwise loss values within the source (E and 644 E′) and target (~ and ~′), so the GW term W⊗*(g) becomes the quadratic form ∑",>,"B,>B645 }",>,"B,>B W",>W"B,>B. Then the FPGW problem in Eq. (9) converts to a more computationally 646 

friendly version Eq. (11)   647 �`kl6(/, F) = min
+∈-"(&,8)

p$⟨I, W⟩ + p*⟨(} − 2d p*⁄ ) ∘ W, W⟩�����������������������
ℒ',)*$+/-$

+ d(|5|* + |H|*)���������
DEFGHIFH

													(11) 648 

The additive constant dp*(|@|* + |u|*) can be dropped for it does not influence the results 649 

of the transport plan. So solving Eq. (9) leads to a quadratic program, where } − 2d 650 

subtracts 2d from each entry of } (folding the −2d|W|* penalty into the structure term), 651 

and [} ∘ W]"> = ∑ }",>,"&,>&W"&,>&"&,>& 	is the tensor product contraction of } against W, which 652 

is the quantity that drives the gradient calculation below. The objective is non-convex but 653 

quadratic, and we use the Frank-Wolfe scheme61 as a conditional-gradient solver. 654 

Gradient and direction step. At iteration � − 1 , the gradient of ℒ ≔ ℒJ,K=*6  at the 655 

current plan W(L=$) is 656 ∇nW(L=$)o = p$ I + p* (} +}A − 4d p*⁄ ) ∘ W(L=$)                   (12) 657 

where the cross-term doubles because W appears on both sides of the quadratic form 658 ⟨} ∘ W, W⟩ , and the tensor transpose }",>,"&,>&
A : = }"&,>&,",>  captures the other-side 659 

contraction. Instead of solving the original objective Eq. (11), Frank-Wolfe algorithm 660 

solves the first order Taylor expansion: 661 W(L)B = arg min
+∈-"(&,8)

�∇ℒnW(L=$)o,  W�                             (13) 662 

which can be converted to a POT problem and thus can be solved exactly by a linear 663 

program or approximately by entropic (Sinkhorn) iterations (Supplementary Notes I). 664 

Line search algorithm. We then choose the optimal step size �∗ ∈ [0,1], 665 

α∗ ≔ arg min
N∈[P,$]

ℒJ,K=*6 R$⁄ �(1 − α)γ(L=$) + αγ(L)′�                      (14) 666 

The term α∗ is given by the following:  667 

�∗ = �1 if � ≤ 0, 	� + � ≤ 0,0 if � ≤ 0, 	� + � > 0,clip(−� 2�⁄ , [0,1]) if � > 0,  668 

where AW = W(L)B − W(L=$) , � = p*⟨(} − 2d p*⁄ ) ∘ AW, AW⟩ , and � = �∇ℒnW(L=$)o, AW�  to 669 

reuse the gradient.	Clip	is the function that clip(8, [�, �]) = min(max(8, �) , �).  670 



Formally, we have Frank-Wolfe algorithm for FPGW as follows: 671 

Algorithm 1: Frank-Wolfe Algorithm for FPGW  

Input: I ∈ �%×?, I! ∈ �%×%, I) ∈ �?×?, = ∈ �'%, - ∈ �'?, ω* ∈ [0,1], λ/ω* ≥ 0 

Output: γ(T"%UV) 
for k=1, 2, … do 

    Compute gradient: k(L) ← ω$I + ω*(} +}A − 4λ/ω*) ∘ γ(L) 
       Solve partial-OT direction:  γ(L)B ← arg min

W∈X"(p,q)
�k(L), γ�

Y

 

      Line search:  Compute α(L) ∈ [0,1] from the closed-form �∗ above. 

   Update plan:  γ(L'$) ← n1 − α(L)oγ(L) + α(L)γ(L)& 
if convergence, break 

end for 

return γ(T"%UV) ← γ(L) 

 

  

 672 

Complexity analysis.  673 

Computation of gradient. A naive contraction } ∘ W costs time complexity of  (.*¡*), 674 

when the structural loss g factorizes62 as  675 g(i$, i*) = q$(i$) + q*(i*) − ℎ$(i$)ℎ*(i*), 676 

e.g. g = |i$ − i*|* with q$(i) = q*(i) = i*, ℎ$(i) = 2i, ℎ*(i) = i. This complexity can be 677 

reduced to  (.* +¡*) via 678 } ∘ W = q$(I!) W$v?A + v%W*Aq*(I)) − ℎ$(I!) W ℎ*(I))              (15) 679 

This reduced complexity allows the solver to scale to large-scale samples at the atlas 680 

level, where the gradient term ∇ℒ in Eq. (12) can be solved in quadratic time.   681 

Complexity of each FW iteration. Because the line search step has a closed-form 682 

solution and the gradient term can be computed in quadratic time, in each Frank-Wolfe 683 

iteration, the computation is dominated by the Partial OT step in Eq. (13). In particular, 684 

the time complexity is  n(. + ¡).¡o with a linear-programming Solver, or   �$
Z
	ln(. +685 ¡) .¡� with a Sinkhorn OT solver.  686 

Number of iteration steps of FW algorithm. To analyze the required iteration numbers 687 

of convergence, in particular, convergence is measured by the Frank-Wolfe gap61:  688 



£L = max+∈-"(&,8)�∇ℒnW(L)o, W(L) − W� ≥ 0 689 

which is zero exactly at a stationary plan as Theorem 2. The detailed derivations of the 690 

gradient, line search, and the rate below are in Supplementary Sections F-H. 691 

Theorem 2 (Convergence of the Frank-Wolfe solver). For the quadratic loss 692 g(r$, r*) = |r$ − r*|*, the minimal Frank-Wolfe gap of Algorithm 1 after ¤ 693 

iterations satisfies 694 

min
$5L5[

£L 	 ≤ 	max{2g$, 	4p* min(|@|, |u|)* .¡ max(2(I!)* + 2(I))*, 	2d p*⁄ )}√¤ , 695 

where g$ is the initial sub-optimality. Hence the rate is Pn1/√¤o, i.e., at most 696 P(1/¦*) iterations reach an ¦-stationary plan. 697 

To clarify, all of the analysis in this paper uses the Frank-Wolfe solver. 698 

 699 

Sinkhorn Solver 700 

Another popular solver for the Gromov-Wasserstein problem is the Sinkhorn algorithm63. 701 

This GPU-friendly solver adds entropic regularization with weight ¦ > 0  and relative 702 

entropy §(¨  ∥  _) = ∫ log(4¨ 4_)⁄  4¨ for any positive Radon measures A and B. Using 703 

the Sinkhorn solver, we define FPGW in Eq. (9) as 704 �`kl\%]7^&"_(/, F) ≔ min
W∈X"(`,a)

ℒ(W) + ϵ§nγ⊗* ∥ (µ⊗ ν)⊗*o (16) 705 

ℒ(W) = p$⟨I, W⟩ + p*�g(4!7 , 4)7), W⊗*� + d(|5|* + |H|* − 2|W|*). 706 

Because the structure term is not jointly convex, directly optimizing the objective is 707 

challenging. To obtain a tractable optimization problem, we introduce an auxiliary 708 

transport plan ® and relax the problem into a bilinear form involving two plans W, ®. This 709 

yields a lower-bound formulation denoted LB-FPGW6 (lower bound of Fused Partial 710 

Gromov Wasserstein), which provides a lower bound on FPGW entropic: 711 g_ − �`klb(2, G) 	= min
W,c∈X"(`,a)

ℱ(γ, π) + ϵ§nπ⊗ γ ∥ (µ⊗ ν)⊗*o (17) 712 

ℱ(W, π) ≔ ω$ ·4(8, M), γ + π2 ¸ + ω*⟨g(4!7 , 4)7), γ ⊗ π⟩ + λ(|µ|* + |ν|* − 2|γ||π|) 713 

The resulting objective is optimized efficiently by alternating updates of W	and	®. For fixed 714 ®, each subproblem is an entropic partial OT problem (proof in Supplementary Section 715 

I) which can be defined as: 716 min
+∈-"(/,1)

∫ ºd  4W + d|®|(|5| + |H| − 2|W|) + ¦|®| §(W  ∥  5 ⊗ H)                (18) 717 

ºd(8, M) = 1 2⁄ p$ 4(8, M) + p* [g(4!7 , 4)7) ∘ ®](8, M) + ¦ §(®  ∥  5 ⊗ H). 718 



Given these fundamental results, we can present the Sinkhorn algorithm for FPGW as 719 

Algorithm 2. 720 

 721 

Algorithm 2: Sinkhorn Algorithm for FPGW  

Input:	I ∈ �%×?, I! ∈ �%×%, I) ∈ �?×?, = ∈ �'%, - ∈ �'?, p* ∈ [0,1], d ≥ 0	
Output:	γ	
for	k=1,	2,	…	do	

					π ← γ	
					Solve	the	Sinkhorn	partial	OT	problem:	

									γ ← min
W∈X"(`,a)

∫ ºc(8, M)4γ!×)
+ λ|π|(|µ| + |ν| − 2|γ|) + ϵ|π|§(γ ∥ µ⊗ ν)	

								Rescale	® ← »|W| |®|⁄ ®	

							Fix	γ	and	solve	the	similar	Sinkhorn	partial	OT	problem:	

				π ← min
c∈X"(`,a)

∫ ºW(8, M)4π!×)
+ λ|γ|(|µ| + |ν| − 2|π|) + ϵ|W|§(π ∥ µ⊗ ν)	

Rescale	γ ← »|π|/|γ|W	
	

Break	if	π ≈ γ	
end	for 

 

  

 722 

FPGW barycenter 723 

For a total number of ¤ omics samples, /L = (2L , =L , IL), � = 1,…	, ¤, represents ¤ mm-724 

spaces, where 2L ∈ ℝ%.×e is the feature matrix, =L ∈ ℝ'
%. is the mass distribution, and 725 IL ∈ ℝ%.×%. is the structural matrix. Given weights ¾L ≥ 0 satisfying ∑ ¾L[

L#$ = 1, a target 726 

mass profile = ∈ ℝ'
% , and a penalty parameter dL , the FPGW barycenter is the 727 

representative mm-space / = (2, @, I), where the feature matrix 2 ∈ ℝ%×e and structure 728 

matrix I ∈ ℝ%×%, that minimizes the weighted FPGW discrepancy as Eq. (19) 729 

min
%,'

	%&(
)

(*+

 ()*+,,-!
(-, -() = 	min

%,'
	 min
.!∈0"(2,2

!)
	% 12+

(34(5, 5(), 6(7 + 24
(39(:, :(), (6()⊗47 	+ ;( <=>(=4 + |>|4 − 2=6(=4BC

)

(*+

	(19) 730 

where r(2, 2L) = w∥ 8" − 8>L ∥*x . Fixing the transport plans (i.e., {WL}L#$[ ) makes the 731 

objective convex in the barycenter variables (I, 2), whereas we can update the transport 732 



plans via FPGW solvers (Frank-Wolfe or Sinkhorn) by fixing (I, 2) . Therefore, we 733 

optimize it using an alternating minimization procedure that iteratively updates (I, 2) and 734 

the transport plans. 735 

The feature update uses the barycentric projection of each sample onto the barycenter 736 

support, 737 

8¿"L = À 1W$L[E]ÁW",>L
>

 8>L if W$L[E] > 0,
8" if W$L[E] = 0,

   738 

 739 

and the optimal feature 2 is obtained by  740 

2 = [8$, ⋯ 8%]A, 8" = ∑ ¾LW$L[E]	8¿"L[
L=$∑ ¾LW$L[E][
L#$

, ∀E ∈ [1: .], ÄEÅℎ 00 = 0. 741 

In addition, the structure update has the closed form (for g(x, y) = |x − y|*) 742 

I = ∑ ¾LL  WL  IL  (WL)A∑ ¾LL  W$L  nW$LoA . 743 

 744 

Algorithm 3: FPGW Barycenter  

Input: mm-spaces {(2L , =L , IL)}L#$[ , weights ¾L, target mass =, penalties dL, np$
L , p*

Lo. 
Output: barycenter / = (2, =, I). 
Initialize feature matrix 2 and structure matrix I. 

for Å = 1,2, … do 

    For each �: update WL by solving �`kl6.
(/, /L) with Algorithm 1 or 2. 

    Update structure I via the closed-form structure update above. 

    Update features 2 via the barycentric-projection update above. 

If converged, break. 

end for 

return / = (2, @, I). 

 

  

 745 



The derivation of updates in the general loss case and the optimality proof of the feature 746 

update was given in Supplementary Section J. SpaOT uses Algorithm 3 to compute 747 

cluster centroids in the OT-based �-means framework and the representative samples in 748 

the disease-stratification analyses. 749 

Noise simulation and benchmarking  750 

To evaluate SpaOT’s robustness against noise, synthetic crescent-shaped point clouds 751 

were generated from a two-dimensional two-moons distribution using the implementation 752 

provided in scikit-learn64. To increase variability in both node features and structural 753 

complexity, additional vertically shifted replicas were generated for both the source and 754 

target moons. One-hot encodings of two distinct node labels were used as node features. 755 

Both outlier noise and structural noise were introduced in benchmarking. For outlier noise, 756 

a group of extra points (10%) under a Gaussian distribution was generated outside of the 757 

target point cloud. So the maximum error rate is bounded by 9.09% (10%/110%). For 758 

structural noise, the target moon geometry was progressively interpolated from its original 759 

crescent shape toward a full moon while preserving the layered node-feature 760 

arrangement. All simulations were conducted using fixed random seeds to ensure 761 

reproducibility. 762 

All benchmarked methods followed the same processing pipeline. For SpaOT, moscot, 763 

PASTE2, and PythonOT, pairwise Euclidean distances between spatial coordinates were 764 

used to characterize structural relationships. All remaining parameters were set to their 765 

default or recommended configurations, with detailed settings provided in the Parameter 766 

Settings section. For 3d-OT, we followed the official protocol in which the source and 767 

target moon datasets were first converted into graph representations using k-nearest-768 

neighbor connectivity and one-hot node features. Two graph encoders were 769 

independently trained on both source and target to learn latent geometric representations. 770 

Then the structural and feature information across graphs was aligned on the learnt 771 

representations. 772 

Simulation for Graph Clustering was followed by the synthetic dataset generation and 773 

benchmarking pipeline proposed by Vayer et al.65 Three graph categories containing one, 774 

two, or three communities were generated, and each category contains five graph 775 

instances according to a stochastic block model (SBM). Each graph instance consisted 776 

of 30-40 nodes, and node feature values as single-value vectors were randomly sampled. 777 

To assess the model robustness, outliers as 30% additional nodes were added to half of 778 

the graph instances in each category, where features were sampled from a shifted 779 

distribution (minimum value = 50) to separate them from the original nodes. Each outlier 780 

node was randomly connected to an existing node in the graph. Fixed random seeds 781 

were used for reproducibility. 782 



We benchmarked OT-derived transport cost as the distance for OT-based methods, 783 

including SpaOT, moscot, PASTE2, and PythonOT, in the graph clustering framework 784 

based on K-means algorithm. Given graphs {k$, … , k[} and the number of clusters ¤B, 785 

here ¤ = 15, ¤B = 3,	the clustering is iterated in two steps: (i) computing the discrepancy 786 

between each graph and the centroid and assigning each graph to its closest centroid, 787 

and (ii) updating each centroid as the corresponding barycenter of the graphs assigned 788 

to the cluster.  789 

Graph barycenters were employed for computing the cluster centroid. SpaOT used the 790 

proposed FPGW barycenter, while PythonOT used the standard FGW barycenter. As 791 

moscot and PASTE2 lack native barycenter implementations, moscot was paired with 792 

PythonOT's FGW barycenter with the balanced setting and PASTE2 with SpaOT's FPGW 793 

barycenter with the partial setting. 794 

To compute the discrepancies, each graph k = (Ç, È) is represented as an mm-space 795 / = �V, C, ∑ $

f/
δg0f

h#$ �, where I = [º(Ë" , Ë"&)] denotes the pairwise shortest-path distance 796 

matrix induced by È, and Ìi denotes the number of non-outlier nodes and is specified 797 

according to the experimental setup. 798 

The centroid update is defined through the corresponding FGW/FPGW barycenter 799 

formulation. 800 

min
i

Á 1ÍkL&Í
i.∈i

.&

rb.(k, kL), 801 

where rb. denotes the FGW or FPGW discrepancy depending on the method, and kL& 802 

denotes the set of graphs assigned to cluster �B . The two steps are repeated until 803 

convergence of the cluster assignments or centroids. 804 

Disease stratification in supervised learning 805 

Intra-dataset stratification. For each spatial omics dataset, we constructed mm-spaces 806 

and computed pairwise sample distances using SpaOT. The resulting SpaOT distance 807 

matrices between each cell or spot in the source and each cell or spot in the target were 808 

used as inputs to machine learning classifiers under a 5-times repeated 3-fold cross-809 

validation scheme. For GNN-based baselines, spatial graphs and GNN models were 810 

constructed following the established protocols27 using k-nearest-neighbor connectivity, 811 

with edge weights defined by spatial proximity and node features by molecular profiles. 812 

Graph-level predictions were obtained through the same protocol using GNN layers, 813 

pooling, and a classification head. The same cross-validation protocol was applied to all 814 

GNN models. 815 

Inter-dataset stratification. For spatial transcriptomics data across cohorts METABRIC 816 

and Jackson,  Principal Component Analysis (PCA)66 was applied for dimensionality 817 



reduction on the raw distance matrix between each sample, and only 27 shared proteomic 818 

markers were retained and aligned across cohorts. For SpaOT, models were trained 819 

using intra-dataset distance matrices from the training dataset and tested using inter-820 

dataset distance matrices between training and testing samples. For GNN baselines, 821 

spatial graphs were constructed as above, with models trained on one dataset and 822 

evaluated on an independent dataset. 823 

3D Tissue Reconstruction 824 

We first constructed metric measure spaces from the normalized molecular profiles and 825 

spatial structural information of each tissue section. SpaOT was then applied sequentially 826 

to adjacent sections to obtain transport plans that establish cross-section 827 

correspondences. Based on these transport plans, neighboring sections are aligned using 828 

affine (rigid) transformations, enabling reconstruction of the z-axis and generation of a 829 

three-dimensional tissue reconstruction. 830 

Given source and target spatial omics samples with spatial coordinates 2j and 2],  and 831 

an optimal transport plan W obtained from SpaOT, we estimate an affine transformation 832 

to align the target sample to the source sample. The transport-weighted source 833 

coordinates were used to compute a cross-covariance matrix, from which the optimal 834 

rotation matrix (�) is estimated via singular value decomposition (SVD) following the 835 

orthogonal Procrustes formulation. A translation vector (Å) is subsequently computed to 836 

align the centroids, yielding the transformed target coordinates 2]Î = �2] + Å  for the full 837 

target sample.  838 

Mapping between Same Omics and Different Technology 839 

For cross-technology mapping within the same omics modality (e.g., Xenium-Visium 840 

mapping), we identified shared anchors between datasets, such as shared molecular 841 

markers (e.g., genes) measured across platforms. In data integration, only the shared 842 

markers were retained and subsequently min-max normalized to be included in 843 

computing the OT term in Eq. (1). For the GW term in Eq. (5), pairwise spatial Euclidean 844 

distances were computed and min-max normalized between [0, 1].  845 

Mapping between Different Omics and Different Technology  846 

For cross-technology mapping across different omics modalities, we produced a shared 847 

representation using a two-stage mapping framework based on Canonical Correlation 848 

Analysis (CCA)45. 849 

In the first stage, SpaOT alignment was performed using only structural information. Intra-850 

modality feature distances were used to characterize the relational structure within each 851 

dataset, allowing SpaOT to infer an initial transport plan based purely on structural 852 

correspondence to establish soft correspondences between samples across modalities. 853 

Based on these correspondences, CCA was applied to project the two modalities into a 854 



shared latent representation space. Given molecular profile matrices 2 ∈ ℝ%×e# and G ∈855 ℝ?×e$  from two modalities, where ., ¡ are the number of units (e.g., cells, spots, or 856 

pixels) and 4$  and 4*  are the number of the molecular profiles measured in the two 857 

modalities, respectively. CCA identifies projection vectors Äk and Ä@ by solving: 858 

max
l1,l2

	 ºÏiin2Ä( , GÄ@o = max
l1,l2

	 Ä(
AΣ!)Ä@»Ä(

AΣ!!Ä(»Ä@
AΣ))Ä@

(20) 859 

where Σ!! and Σ)) denote the within-modality covariance matrices and Σ!) denotes the 860 

cross-modality covariance matrix. The learned canonical components define a shared 861 

latent representation for both modalities. 862 

In the second stage, these shared CCA embeddings were used as molecular profiles in 863 

the OT term, while spatial Euclidean distances between samples were used to define the 864 

GW term. The final SpaOT alignment was then performed on the resulting mm-spaces 865 

constructed from both the shared latent features and spatial structural information. 866 

Data and preprocessing 867 

Unless otherwise noted, molecular measurements were used as feature vectors (OT term) 868 

and pairwise spatial Euclidean distances were used to define the structural components 869 

(GW term) of the mm-space. 870 

Colorectal cancer (CODEX). The CRC dataset26 contains 140 CODEX images collected 871 

from 70 tissue regions across 35 patients, with two images acquired per region and two 872 

regions sampled per patient. Patients were categorized into two histopathological groups: 873 

Crohn’s-like reaction (CLR; n=17) and diffuse inflammatory infiltration(DII; n=18). Each 874 

sample contains measurements for 58 protein markers. 875 

Breast cancer (IMC). The Jackson dataset31 comprises 559 IMC images (114 grade 1, 876 

214 grade 2, and 231 grade 3), while the METABRIC dataset30 contains 500 images (50 877 

grade 1, 181 grade 2, and 269 grade 3). For disease stratification, grades 1 and 2 were 878 

grouped and compared against grade 3. Jackson and METABRIC datasets contained 34 879 

and 37 protein markers, respectively. For inter-dataset stratification, we kept the common 880 

27 protein markers as molecular profiles. 881 

Coronal mouse brain. We analyzed the adult mouse brain spatial transcriptomics 882 

dataset consisting of 75 coronal sections generated with Stereo-seq33, retaining 40 883 

sections after preprocessing32. The dataset contains 17,563 cells and 15,340 genes. 884 

SpaOT was applied to adjacent sections to infer inter-section correspondences and 885 

reconstruct the three-dimensional tissue architecture. Anatomical regions were 886 

subsequently annotated according to the Allen Brain Atlas (ABA)34. The reconstructed 887 

volumetric data were exported as surface meshes (.obj format) using 3D Slicer without 888 

smoothing. The resulting brain structures were visualized in Plotly67 and colored based 889 

on their ABA anatomical annotations. 890 



Mouse hypothalamic preoptic area (MERFISH). The MERFISH dataset comprises 12 891 

coronal sections of the female mouse hypothalamic preoptic area35. We reused the 892 

preprocessed data from Yu, et al.32, which contains 64,373 cells across the 12 sections 893 

and 155 gene features per section. 894 

Adjacent CRC (Visium-Xenium). We used paired Visium and Xenium sections from the 895 

same donor (10x Genomics P2 CRC dataset)36. Visium profiled 18,085 genes across 896 

4,269 spots, whereas Xenium measured 422 genes across 340,837 cells. Xenium cells 897 

were down sampled to 10,000 by random sampling, and the 408 genes shared across 898 

platforms were retained. Quality control removed low-quality spots/cells and potential 899 

doublets using platform-specific thresholds. 900 

Quality Control in Adjacent CRC. Low-quality cells/spots and potential doublets were 901 

filtered based on dataset-specific thresholds. For Visium data, spots with fewer than 5 902 

detected genes, more than 350 detected genes, fewer than 300 total counts, or more than 903 

12,000 total counts were removed. For Xenium data, cells with fewer than 5 detected 904 

genes, more than 250 detected genes, fewer than 10 total counts, or more than 750 total 905 

counts were excluded. The cutoff parameters are determined by manually checking the 906 

data distribution (Supplementary Fig. 4a, 4b). 907 

Mouse cerebellum multi-omics.  The mouse cerebellum dataset43 consists of four 908 

modalities: spatial transcriptomics, proteomics, metabolomics, and histology images 909 

paired with the transcriptomics data. Spatial transcriptomics data were generated using 910 

MAGIC-seq, while proteomics data were obtained using the parallel-flow projection and 911 

transfer learning across omics data (PLATO) framework. Metabolomics measurements 912 

were generated using matrix-assisted laser desorption ionization mass spectrometry 913 

imaging (MALDI-MSI). Histology images were spatially paired with the transcriptomics 914 

sections.  915 

To evaluate cross-modal spatial correspondence, we selected four representative co-916 

localized gene-protein-metabolite groups according to the original study. The first 917 

group, Mbp-CLD11-845.68 m/z, was enriched in the Fiber Tracts region. Three additional 918 

co-localized groups were analyzed: Ttr-CLIC6-811.56 m/z in the Lateral Recess, mt-Nd2-919 

GRM1-787.55 m/z in the Molecular Layer, and Chd9-FUBP1-909.57 m/z in the Granular 920 

Layer. These molecular groups were selected based on their concordant spatial 921 

enrichment patterns across transcriptomic, proteomic, and metabolomic modalities and 922 

were used to assess the preservation of cross-modal spatial organization. 923 

For mm-space construction in the multi-omics mapping task, in the modalities of spatial 924 

transcriptomics, proteomics, and metabolomics, molecular profiles were used as the OT 925 

term. For the histology image modality, a pre-trained DINOv3 model68 was used to extract 926 

pixel-level feature representations as the OT term, and pairwise pixel Euclidean distances 927 

were used to define the structural component. 928 



Chronic kidney disease (CKD). We used paired Visium HD and Xenium kidney biopsy 929 

sections from a donor with diabetic kidney disease. Visium HD data were available at 8 930 

μm, 16 μm, and segmented single-cell resolutions. Both Visium HD (segmented single-931 

cell resolutions) and Xenium datasets contain expert annotations of glomerular regions 932 

with sclerosis severity scores ranging from 0-3, corresponding to healthy, mild, moderate, 933 

and severe disease states, respectively. Individual biopsy regions were separated using 934 

DBSCAN on spatial coordinates from the four raw biopsy sections. Here, Visium HD 935 

provides full-transcriptome measurements at segmented single-cell resolution, whereas 936 

Xenium offers in-situ single-cell profiling of approximately 300 targeted genes, 295 of 937 

which overlap with Visium HD for cross-platform analysis. 938 

Label transfer in CKD. Because the kidney datasets lacked cell-type annotations, labels 939 

were transferred from a public scRNA-seq kidney reference dataset containing healthy, 940 

acute kidney injury, chronic kidney disease, and diabetes mellitus-resilient samples69. 941 

Annotation transfer was performed using Seurat's anchor-based label transfer workflow70. 942 

Briefly, shared features between the reference and query datasets were identified, low-943 

dimensional embeddings were constructed, and anchor-based mapping was used to 944 

assign probabilistic cell-type labels to Xenium cells. 945 

Evaluation criteria 946 

Nearest-Neighbor Label Accuracy. For each cell or spot in slice E, we identified its 947 

nearest neighbor in the aligned spatial coordinates of slice E + 1. The predicted label was 948 

assigned from the nearest neighbor, and accuracy was computed as the proportion of 949 

cells whose labels matched between the query cell and its nearest neighbor. We 950 

computed a bidirectional score by averaging the forward (E	 → E + 1) and reverse (E + 1	 →951 E) accuracies weighted by the number of cells in each slice. 952 

Centroid Distance. For each shared cell type, we computed the Euclidean distance 953 

between the corresponding spatial centroids in adjacent slices. Distances were averaged 954 

across cell types and normalized by the spatial extent of the slice pair to enable 955 

comparisons across datasets. 956 

Expression cosine similarity. To evaluate molecular continuity across adjacent slices, 957 

we first selected highly variable genes and normalized each cell's expression profile to 958 

unit length. For each cell, the cosine similarity between its expression profile and that of 959 

its nearest spatial neighbor in the adjacent slice was computed. The final score was 960 

obtained as the cell-count-weighted average of forward and reverse nearest-neighbor 961 

similarities, with higher values indicating greater transcriptomic consistency across 962 

aligned sections. 963 

Hull Ratio. To quantify the spatial compactness of Xenium-to-Visium mappings, we 964 

defined a hull ratio metric. For each Xenium cell ~, we identified all Visium spots E with 965 



transport mass ="> > Ñ (Ñ	 = 	0.01) and computed the convex hull §" of their coordinates. 966 

Hull ratio was quantified as 967 

§ÒÓÓ��ÅEÏ" = ¨(§")¨(i)  968 

where ¨(§")  denotes the area of the convex hull, ¨(i) is the area of a Visium spot 969 

footprint, and radius i  denotes mean nearest-neighbor spot distance. Higher values 970 

indicate more spatially dispersed mappings. 971 

Cell Conflict. To quantify the conflict of Visium-to-Xenium alignments, we defined a cell 972 

conflict score based on the spatial dispersion of Xenium cells contributing to each Visium 973 

spot. For spot E , let =">  denote the transport mass from Xenium cell ~  with spatial 974 

coordinate Ô>. We computed the weighted centroid 5" and weighted dispersion Õ"	: 975 

5" = 1¡"

Á=">
>

Ô> , 	 	 Õ"* = 1¡"

Á=">
>

|Ô> − 5"|*, 976 

Where ¡" = ∑ =">> . The cell conflict score was defined as 977 

IÖÓÓIÏ.qÓEºÅ" = Õ"i̅  978 

where i̅ is the mean nearest-neighbor distance between Xenium cells. Higher values 979 

indicate contributions from spatially distant cells and thus greater mapping conflict. 980 

Parameter Settings 981 

PythonOT. We used the function ot.gromov.fused_gromov_wasserstein with default 982 

settings in the analysis. Mm-spaces were constructed as in SpaOT, using molecular 983 

profiles as node attributes and pairwise Euclidean distances as the structural component. 984 

For graph clustering, cluster centroids were computed 985 

using ot.gromov.fgw_barycenters with default parameters. 986 

moscot. We used the AlignmentProblem module from moscot.problems.space in the 987 

analysis. Datasets were represented as AnnData objects containing molecular features, 988 

spatial coordinates, and sample annotations. Molecular features and spatial coordinates 989 

were used to define node attributes and geometric relationships, respectively, while 990 

sample labels specified source and target domains. Alignments were computed using the 991 

default moscot workflow and parameter settings. 992 

PASTE2. We used the partial_pairwise_align function with datasets represented as 993 

AnnData objects containing molecular features, spatial coordinates, and sample 994 

annotations. The partial transport parameter Ô was set to the ground-truth value when 995 

available; otherwise, Ô = 1.0 was used. All other parameters were kept at their default or 996 

recommended values. 997 



Logistic Regression (LR), MultiLayer Perceptron (MLP), and Random Forest (RF) 998 

classifiers were implemented using the scikit-learn package64. For each model, we 999 

defined a small parameter grid with commonly used hyperparameter settings and 1000 

performed lightweight hyperparameter tuning. 1001 

For the CRC and intra-dataset breast cancer stratification tasks, the pairwise distance 1002 

matrices were directly used as model inputs. For the breast cancer translational 1003 

stratification task, principal component analysis (PCA)66 implemented in scikit-learn was 1004 

first applied for dimensionality reduction prior to classification. After component selection, 1005 

35 principal components were retained when using METABRIC to predict Jackson, 1006 

whereas 60 principal components were retained for the reverse prediction task. To 1007 

confirm that the SpaOT pairwise distance matrices were not sensitive to the choice of 1008 

PCA dimensionality and to rule out potential bias from selecting a specific number of 1009 

principal components, we evaluated performance across a range of 10-80 principal 1010 

components. The results demonstrated consistent performance across this range for both 1011 

prediction tasks (Supplementary Fig. 8a, METABRIC to predict Jackson; 1012 

Supplementary Fig. 8b, Jackson to predict METABRIC). 1013 

Functional Analysis 1014 

Differential expression analysis between SPP1-enriched and SPP1-depleted samples 1015 

was performed using the rank_genes_groups function in Scanpy38 with the Wilcoxon 1016 

rank-sum test71. Genes with adjusted `	 < 	0.05  and |ÓÏ£�I| 	> 	0.3  were considered 1017 

differentially expressed. 1018 

Pathway enrichment analysis was performed using ReactomePA39 and Gene 1019 

Ontology enrichment analysis40 was performed using clusterProfiler on significant 1020 

DEGs ( �4~ÒÔÅÖ4	`	 < 	0.05 ) converted to Entrez Gene IDs. Significantly enriched 1021 

pathways were identified using a hypergeometric test with Benjamini–Hochberg 1022 

correction. 1023 

Cell-cell Communication Analysis 1024 

CellChat49 was applied to infer ligand-receptor-mediated cell-cell communication 1025 

networks using the “TriMean” function. All analyses were performed following the 1026 

standardized workflow recommended in the official CellChat tutorial. Subsequently, 1027 

significant ligand-receptor interaction pairs were extracted and compared between the 1028 

healthy and disease groups. Venn diagram analysis was then performed to identify 1029 

shared and condition-specific ligand-receptor interactions between the two groups. 1030 

COMMOT47 was applied following the official tutorial and recommended parameter 1031 

settings. Briefly, ligand-receptor pairs were first filtered to retain biologically relevant 1032 

interactions supported by the data. COMMOT was then used to infer pathway-level spatial 1033 

communication probabilities by integrating molecular expression profiles with spatial 1034 

proximity information. Finally, pathway-specific communication vector fields were 1035 



generated to visualize the inferred directions and spatial patterns of cell-cell signaling 1036 

across the tissue. 1037 
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reviewed manuscript. Source data are provided with this paper. 1053 

CODE AVAILABILITY 1054 

The source code of SpaOT is freely available at https://github.com/ShuangWang1/SpaOT. 1055 
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accessible at https://github.com/ShuangWang1/SpaOT_reproducibility. 1057 

ACKNOWLEDGEMENT 1058 

We thank the HuBMAP consortium for the kidney biopsy samples. We thank Professor 1059 

Guang Lin, Moses Cobb Stevens Professor in Mathematics, Mech Eng, Purdue University, 1060 

for supporting this work. The authors thank Dr. Rocio Martin (Florida State University) for 1061 

valuable discussions and Xinran Liu (Vanderbilt University) for assistance with code 1062 

testing. This work was supported by National Institute of Health grants R01DK138504 1063 

and R01LM015252 (to J.W.), U54DK134301 (to S.J.), and by NSF CAREER Award No. 1064 

2339898 (to S.K.).  1065 

CONTRIBUTIONS 1066 

S.W., Y.B., S.K., and J.W. designed the study. Y.B. conceived the FPGW framework. 1067 

Y.B., S.K., and H.D. developed the theoretical methodology, with Y.B., S.W., and S.K. 1068 

contributing to algorithm development and optimal transport methods. S.W., Y.B., and 1069 

H.T. developed the software. S.W., J.W., R.F., M.E., Y.C., A.S., S.J., P.D., and T.E. 1070 

collected, curated, and annotated the data. S.W. and J.W. performed the investigations, 1071 

analyses, and software testing, and developed the tutorials. S.W., Y.B., and J.W. wrote 1072 

https://github.com/bioinfo-biols/Flow2Spatial/tree/main/datasets
https://github.com/bioinfo-biols/Flow2Spatial/tree/main/datasets
https://github.com/ShuangWang1/SpaOT_reproducibility


the manuscript. X.Z. contributed to manuscript revision. All authors reviewed, edited, and 1073 

approved the final manuscript. 1074 

REFERENCES: 1075 

1 Coleman, K., Schroeder, A. & Li, M. Unlocking the power of spatial omics with AI. 1076 

Nature Methods 21, 1378–1381 (2024). https://doi.org/10.1038/s41592-024-02363-1077 

x 1078 

2 Ståhl, P. L. et al. Visualization and analysis of gene expression in tissue sections by 1079 

spatial transcriptomics. Science 353, 78–82 (2016). 1080 

https://doi.org/doi:10.1126/science.aaf2403 1081 

3 Method of the Year 2024: spatial proteomics. Nature Methods 21, 2195–2196 1082 

(2024). https://doi.org/10.1038/s41592-024-02565-3 1083 

4 Alexandrov, T. Spatial metabolomics: from a niche field towards a driver of 1084 

innovation. Nature Metabolism 5, 1443–1445 (2023). 1085 

https://doi.org/10.1038/s42255-023-00881-0 1086 

5 McEntire, K. D. et al. Understanding Drivers of Variation and Predicting Variability 1087 

Across Levels of Biological Organization. Integrative and Comparative Biology 61, 1088 

2119–2131 (2021). https://doi.org/10.1093/icb/icab160 1089 

6 Moses, L. & Pachter, L. Museum of spatial transcriptomics. Nature Methods 19, 1090 

534–546 (2022). https://doi.org/10.1038/s41592-022-01409-2 1091 

7 Tran, H. T. N. et al. A benchmark of batch-effect correction methods for single-cell 1092 

RNA sequencing data. Genome Biology 21, 12 (2020). 1093 

https://doi.org/10.1186/s13059-019-1850-9 1094 

8 Svensson, V. Droplet scRNA-seq is not zero-inflated. Nature Biotechnology 38, 147–1095 

150 (2020). https://doi.org/10.1038/s41587-019-0379-5 1096 

9 Long, Y. et al. Deciphering spatial domains from spatial multi-omics with 1097 

SpatialGlue. Nature Methods 21, 1658–1667 (2024). 1098 

https://doi.org/10.1038/s41592-024-02316-4 1099 

10 Coleman, K. et al. Resolving tissue complexity by multimodal spatial omics 1100 

modeling with MISO. Nature Methods 22, 530–538 (2025). 1101 

https://doi.org/10.1038/s41592-024-02574-2 1102 

11 Zhao, J. et al. Interpretable, flexible and spatially aware integration of multiple 1103 

spatial transcriptomics datasets from diverse sources. Nature Genetics 58, 1138–1104 

1150 (2026). https://doi.org/10.1038/s41588-026-02579-x 1105 

12 Lee, J. A. & Verleysen, M. Nonlinear Dimensionality Reduction.  (Springer, 2007). 1106 

13 de Bodt, C. et al. Low-dimensional embeddings of high-dimensional data. arXiv 1107 

arXiv:2508.15929 (2025).  1108 

14 Peyré, G. & Cuturi, M. Computational optimal transport. Foundations and Trends in 1109 

Machine Learning 11, 1–257 (2019). https://doi.org/10.1561/2200000073 1110 

15 Villani, C. Optimal Transport: Old and New. Vol. 338 (Springer, 2009). 1111 

16 Klein, D. et al. Mapping cells through time and space with moscot. Nature 638, 1112 

1065–1075 (2025). https://doi.org/10.1038/s41586-024-08453-2 1113 

https://doi.org/10.1038/s41592-024-02363-x
https://doi.org/10.1038/s41592-024-02363-x
https://doi.org/doi:10.1126/science.aaf2403
https://doi.org/10.1038/s41592-024-02565-3
https://doi.org/10.1038/s42255-023-00881-0
https://doi.org/10.1093/icb/icab160
https://doi.org/10.1038/s41592-022-01409-2
https://doi.org/10.1186/s13059-019-1850-9
https://doi.org/10.1038/s41587-019-0379-5
https://doi.org/10.1038/s41592-024-02316-4
https://doi.org/10.1038/s41592-024-02574-2
https://doi.org/10.1038/s41588-026-02579-x
https://doi.org/10.1561/2200000073
https://doi.org/10.1038/s41586-024-08453-2


17 Liu, X., Zeira, R. & Raphael, B. J. Partial alignment of multislice spatially resolved 1114 

transcriptomics data. Genome Research 33, 1124–1132  1115 

https://doi.org/10.1101/gr.277670.123 1116 

18 Dai, B. et al. 3d-OT: a deep geometry-aware framework for heterogeneous slices 1117 

alignment of spatial multi-omics. Nature Methods 23, 760–771 (2026). 1118 

https://doi.org/10.1038/s41592-026-03034-9 1119 

19 Gao, Z., Cao, K. & Wan, L. Graspot: a graph attention network for spatial 1120 

transcriptomics data integration with optimal transport. Bioinformatics 40, ii137–1121 

ii145 (2024). https://doi.org/10.1093/bioinformatics/btae394 1122 

20 Demetci, P., Santorella, R., Sandstede, B., Noble, W. S. & Singh, R. SCOT: Single-1123 

Cell Multi-Omics Alignment with Optimal Transport. Journal of Computational 1124 

Biology 29, 3–18 (2022). https://doi.org/10.1089/cmb.2020.0435 1125 

21 Bai, Y. et al. Partial Gromov-Wasserstein Metric. International Conference on 1126 

Learning Representations, 20003–20063 (2025). 1127 

22 Bai, Y. et al. Fused Partial Gromov-Wasserstein for Structured Objects    (2025). 1128 

23 Flamary, R. et al. POT: Python Optimal Transport. Journal of Machine Learning 1129 

Research 22, 1–8 (2021).  1130 

24 Flamary, R. et al. Optimal transport for structured data with application on graphs. 1131 

International Conference on Machine Learning, pages 6275–6284., PMLR, (2019). 1132 

25 Marco, C. & Arnaud, D.  Vol. 32   685–693 (PMLR). 1133 

26 Schürch, C. M. et al. Coordinated Cellular Neighborhoods Orchestrate Antitumoral 1134 

Immunity at the Colorectal Cancer Invasive Front. Cell 182, 1341–1359.e1319 1135 

(2020). https://doi.org/10.1016/j.cell.2020.07.005 1136 

27 Ali, M., Richter, S., Ertürk, A., Fischer, D. S. & Theis, F. J. Graph neural networks 1137 

learn emergent tissue properties from spatial molecular profiles. Nature 1138 

Communications 16, 8419 (2025). https://doi.org/10.1038/s41467-025-63758-8 1139 

28 Xu, K., Hu, W., Leskovec, J. & Jegelka, S. in International Conference on Learning 1140 

Representations (ICLR)    (New Orleans, LA, USA, 2019). 1141 

29 Kipf, T. N. & Welling, M. in International Conference on Learning Representations 1142 

(ICLR)    (2017). 1143 

30 Ali, H. R. et al. Imaging mass cytometry and multiplatform genomics define the 1144 

phenogenomic landscape of breast cancer. Nature Cancer 1, 163–175 (2020). 1145 

https://doi.org/10.1038/s43018-020-0026-6 1146 

31 Jackson, H. W. et al. The single-cell pathology landscape of breast cancer. Nature 1147 

578, 615–620 (2020). https://doi.org/10.1038/s41586-019-1876-x 1148 

32 Yu, Y. & Xie, Z. Spatial transcriptomic alignment, integration, and 3D reconstruction 1149 

by STAIR. Genome Biology 26, 427 (2025). https://doi.org/10.1186/s13059-025-1150 

03895-x 1151 

33 Ortiz, C. et al. Molecular atlas of the adult mouse brain. Science Advances 6, 1152 

eabb3446  https://doi.org/10.1126/sciadv.abb3446 1153 

34 Lein, E. S. et al. Genome-wide atlas of gene expression in the adult mouse brain. 1154 

Nature 445, 168–176 (2007). https://doi.org/10.1038/nature05453 1155 

https://doi.org/10.1101/gr.277670.123
https://doi.org/10.1038/s41592-026-03034-9
https://doi.org/10.1093/bioinformatics/btae394
https://doi.org/10.1089/cmb.2020.0435
https://doi.org/10.1016/j.cell.2020.07.005
https://doi.org/10.1038/s41467-025-63758-8
https://doi.org/10.1038/s43018-020-0026-6
https://doi.org/10.1038/s41586-019-1876-x
https://doi.org/10.1186/s13059-025-03895-x
https://doi.org/10.1186/s13059-025-03895-x
https://doi.org/10.1126/sciadv.abb3446
https://doi.org/10.1038/nature05453


35 Moffitt, J. R. et al. Molecular, spatial, and functional single-cell profiling of the 1156 

hypothalamic preoptic region. Science 362, eaau5324 (2018). 1157 

https://doi.org/10.1126/science.aau5324 1158 

36 Oliveira, M. F. d. et al. High-definition spatial transcriptomic profiling of immune cell 1159 

populations in colorectal cancer. Nature Genetics 57, 1512–1523 (2025). 1160 

https://doi.org/10.1038/s41588-025-02193-3 1161 

37 Moran, P. A. P. Notes on Continuous Stochastic Phenomena. Biometrika 37, 17–23 1162 

(1950). https://doi.org/10.2307/2332142 1163 

38 Wolf, F. A., Angerer, P. & Theis, F. J. SCANPY: large-scale single-cell gene 1164 

expression data analysis. Genome Biology 19, 15 (2018). 1165 

https://doi.org/10.1186/s13059-017-1382-0 1166 

39 Gillespie, M. et al. The Reactome pathway knowledgebase 2022. Nucleic Acids 1167 

Research 50, D687–D692 (2022). https://doi.org/10.1093/nar/gkab1028 1168 

40 The Gene Ontology, C. The Gene Ontology resource: enriching a GOld mine. Nucleic 1169 

Acids Research 49, D325–D334 (2021). https://doi.org/10.1093/nar/gkaa1113 1170 

41 Wu, L. et al. Fatty acid-binding proteins in cancers. International Journal of Surgery 1171 

111 (2025).  1172 

42 Liu, Y., Hu, Y. & Deng, L. The Underlying Roles of Exosome-Associated PIGR in Fatty 1173 

Acid Metabolism and Immune Signaling in Colorectal Cancer. Journal of Oncology 1174 

2022, 4675683 (2022). https://doi.org/https://doi.org/10.1155/2022/4675683 1175 

43 Hu, B. et al. High-resolution spatially resolved proteomics of complex tissues based 1176 

on microfluidics and transfer learning. Cell 188, 734–748.e722 (2025). 1177 

https://doi.org/10.1016/j.cell.2024.12.023 1178 

44 Deng, C. et al. Bridging unpaired single-cell multimodal data for integrative analyses 1179 

with SuperMap. Proceedings of the National Academy of Sciences 123, 1180 

e2505182123 (2026). https://doi.org/10.1073/pnas.2505182123 1181 

45 Hotelling, H. RELATIONS BETWEEN TWO SETS OF VARIATES. Biometrika 28, 321–1182 

377 (1936). https://doi.org/10.1093/biomet/28.3-4.321 1183 

46 Lake, B. B. et al. An atlas of healthy and injured cell states and niches in the human 1184 

kidney. Nature 619, 585–594 (2023). https://doi.org/10.1038/s41586-023-05769-3 1185 

47 Cang, Z. et al. Screening cell–cell communication in spatial transcriptomics via 1186 

collective optimal transport. Nature Methods 20, 218–228 (2023). 1187 

https://doi.org/10.1038/s41592-022-01728-4 1188 

48 Ostendorf, T., Boor, P., van Roeyen, C. R. C. & Floege, J. Platelet-derived growth 1189 

factors (PDGFs) in glomerular and tubulointerstitial fibrosis. Kidney International 1190 

Supplements 4, 65–69 (2014). 1191 

https://doi.org/https://doi.org/10.1038/kisup.2014.12 1192 

49 Jin, S. et al. Inference and analysis of cell-cell communication using CellChat. 1193 

Nature Communications 12, 1088 (2021). https://doi.org/10.1038/s41467-021-1194 

21246-9 1195 

50 Mémoli, F. Gromov–Wasserstein Distances and the Metric Approach to Object 1196 

Matching. Foundations of Computational Mathematics 11, 417–487 (2011). 1197 

https://doi.org/10.1007/s10208-011-9093-5 1198 

https://doi.org/10.1126/science.aau5324
https://doi.org/10.1038/s41588-025-02193-3
https://doi.org/10.2307/2332142
https://doi.org/10.1186/s13059-017-1382-0
https://doi.org/10.1093/nar/gkab1028
https://doi.org/10.1093/nar/gkaa1113
https://doi.org/https://doi.org/10.1155/2022/4675683
https://doi.org/10.1016/j.cell.2024.12.023
https://doi.org/10.1073/pnas.2505182123
https://doi.org/10.1093/biomet/28.3-4.321
https://doi.org/10.1038/s41586-023-05769-3
https://doi.org/10.1038/s41592-022-01728-4
https://doi.org/https://doi.org/10.1038/kisup.2014.12
https://doi.org/10.1038/s41467-021-21246-9
https://doi.org/10.1038/s41467-021-21246-9
https://doi.org/10.1007/s10208-011-9093-5


51 Thual, A. et al. Aligning individual brains with fused unbalanced Gromov 1199 

Wasserstein. Advances in neural information processing systems 35, 21792–21804 1200 

(2022).  1201 

52 Wang, Y. et al. Graph pooling in graph neural networks: methods and their 1202 

applications in omics studies. Artificial Intelligence Review 57, 294 (2024).  1203 

53 Ying, Z. et al.  Vol. 31   (Curran Associates, Inc., 2018). 1204 

54 Chen, D. et al.  Vol. 34   (AAAI Press, 2020). 1205 

55 Peng, Q., Zhou, P. & Li, T. stVCR: spatiotemporal dynamics of single cells. Nature 1206 

Methods 23, 542–553 (2026). https://doi.org/10.1038/s41592-026-03010-3 1207 

56 Figalli, A. The Optimal Partial Transport Problem. Archive for Rational Mechanics 1208 

and Analysis 195, 533–560 (2010). https://doi.org/10.1007/s00205-008-0212-7 1209 

57 Chizat, L., Peyre, G., Schmitzer, B. & Vialard, F.-X. Unbalanced Optimal Transport: 1210 

Dynamic and Kantorovich Formulations. Journal of Functional Analysis 274, 3090–1211 

3123 (2018). https://doi.org/10.1016/j.jfa.2017.12.015 1212 

58 Piccoli, B. & Rossi, F. Generalized Wasserstein Distance and Its Application to 1213 

Transport Equations with Source. Archive for Rational Mechanics and Analysis 211, 1214 

335–358 (2014). https://doi.org/10.1007/s00205-013-0669-5 1215 

59 Mémoli, F. Gromov–Wasserstein Distances and the Metric Approach to Object 1216 

Matching. Foundations of Computational Mathematics 11, 417–487 (2011). 1217 

https://doi.org/10.1007/s10208-011-9093-5 1218 

60 Vayer, T., Courty, N., Tavenard, R., Chapel, L. & Flamary, R. in Proceedings of 1219 

Machine Learning Research Vol. 97   6275–6284 (PMLR, 2019). 1220 

61 Frank, M. & Wolfe, P. An Algorithm for Quadratic Programming. Naval Research 1221 

Logistics Quarterly 3, 95–110 (1956).  1222 

62 Peyré, G., Cuturi, M. & Solomon, J. in Proceedings of the 33rd International 1223 

Conference on Machine Learning (ICML)    2664–2672 (2016). 1224 

63 Cuturi, M. & Doucet, A. in Proceedings of the 31st International Conference on 1225 

Machine Learning.2 edn (eds Eric P. Xing & Tony Jebara) 685–693 (PMLR). 1226 

64 Pedregosa, F. et al. Scikit-learn: Machine Learning in P ython. Journal of Machine 1227 

Learning Research 12, 2825––2830 (2011).  1228 

65 Vayer, T., Chapel, L., Flamary, R., Tavenard, R. & Courty, N. Fused Gromov-1229 

Wasserstein Distance for Structured Objects. Algorithms 13, 212 (2020). 1230 

https://doi.org/10.3390/a13090212 1231 

66 Pearson, K. On Lines and Planes of Closest Fit to Systems of Points in Space. The 1232 

London, Edinburgh, and Dublin Philosophical Magazine and Journal of Science 2, 1233 

559–572 (1901). https://doi.org/10.1080/14786440109462720 1234 

67 Sievert, C. Interactive Web-Based Data Visualization with R, plotly, and shiny.  1235 

(Chapman and Hall/CRC, 2020). 1236 

68 Siméoni, O. et al. DINOv3. (2025). 1237 

69 Lake, B. B. et al. Cellular and Spatial Drivers of Unresolved Injury and Functional 1238 

Decline in the Human Kidney. bioRxiv, 2025.2009.2026.678707 (2025). 1239 

https://doi.org/10.1101/2025.09.26.678707 1240 

70 Stuart, T. et al. Comprehensive Integration of Single-Cell Data. Cell 177, 1888–1902 1241 

(2019). https://doi.org/10.1016/j.cell.2019.05.031 1242 

https://doi.org/10.1038/s41592-026-03010-3
https://doi.org/10.1007/s00205-008-0212-7
https://doi.org/10.1016/j.jfa.2017.12.015
https://doi.org/10.1007/s00205-013-0669-5
https://doi.org/10.1007/s10208-011-9093-5
https://doi.org/10.3390/a13090212
https://doi.org/10.1080/14786440109462720
https://doi.org/10.1101/2025.09.26.678707
https://doi.org/10.1016/j.cell.2019.05.031


71 Wilcoxon, F. Individual Comparisons by Ranking Methods. Biometrics Bulletin 1, 1243 

80–83 (1945). https://doi.org/10.2307/3001968 1244 

 1245 

https://doi.org/10.2307/3001968


Supplementary Files

This is a list of supplementary files associated with this preprint. Click to download.

SupplementaryNotes.pdf

SupplementaryFig.pdf

https://assets-eu.researchsquare.com/files/rs-10505162/v1/845bcf6263b8e959e5d1a850.pdf
https://assets-eu.researchsquare.com/files/rs-10505162/v1/b9b6775fa10487e547f18b50.pdf

