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A

Notation and Abbreviations.

Abbreviations

OT: Optimal Transport problem; see (1).

POT: Partial Optimal Transport problem; see (3).

GW: Gromov—Wasserstein problem; see (6).

PGW:: Partial Gromov—Wasserstein problem; see (9).

M PGW: Mass-Constrained Partial Gromov—Wasserstein; see (10).

FW: Frank-Wolfe algorithm Frank et al. (1956).

EFUGW (X,Y): entropic fused unbalanced GW objective (cf. (81)).

EFPGW(X,Y): entropic fused partial GW objective (cf. (83)).

LB-FPGW,(X,Y): relaxed lower-bound formulation (cf. (84)).

EFMPGW (X,Y): entropic fused mass-constrained PGW (cf. (87)); LB-EFM PGW its re-

laxation.

c(z,y): feature cost; dx,dy: intra-space distances; |dx — dy |?: structural discrepancy.

Sets, Spaces, and Indices

R?: Euclidean space; R, : nonnegative reals.

X,Y ¢ R% non-empty, convex, compact sets (default setting).
X?2=X®2 =X x X.

[1:n]={1,...,n}.

r,p,q € [1,00): real exponents used in costs/metrics.

Vector, Norms and Basic Operators

| - ||I: Euclidean norm
|pe|: total mass of a measure p. That is |u| = p(€2), where p is defined on 2.

| - llov, || - [lTv: total variation norm. In particular, given a signed measure p = py — v_,
where positive measures (4, — are the unique Jordan measure decomposition of . Then

ellry = |p+ + 1ol
(A, B) = tr(A" B): Frobenius inner product.
1, Luxm, luxmxnxm: all-ones vector, matrix, and tensor.

1g: indicator of a measurable set E, 1p(z) = 1if z € E, else 0.

V: gradient.



Measures and Pushforwards

e M, (X): finite nonnegative Radon measures on X;

P2(X): probability measures on X with finite second moment.

|u| = w(X): total mass (TV-norm) of p.
e 1 < o: measure domination, i.e., u(B) < o(B) for all Borel B C X.

®2 — ;1 ® p: product measure.

°
o W) = (o, u) == [ ¢(x) du().

e Tyo: pushforward of o by measurable T: X Y, ie., Tyo(A) = o(T~1(4)).

Metric-Measure (mm) Spaces and Distance Matrices
o X=(X,dx,un),Y = (Y,dy,v): mm-spaces.
e For discrete X with X = {z;}7_,, define CX € R™*" by C’iXi, = d% (z;, zy); similarly oY.

e X ~Y: mm-space equivalence if they have equal total mass and GW}(X,Y) = 0.

Couplings and Partial Couplings
o I'(p,v) ={yeP(X xXY): 71 =p, 2=r}
e Discrete weights: p = [p{',....o0 1", a =g, @)’ [pl=2;p, p<p'ifp; <pjVj.
o U(p,q) = {y e RY™: v1, =p, v 1, = q}.
o c(p,v) i={yEM (X xY): m1 <p, 12 <v}
o I'<(p,q):= {7y €RY™: 71, <p, 7' 1 <}

® 7,71,72: joint and marginal measures; in discrete form vy € R™, v = 1, 12 = vl

n-

e T X XY X m: X XY =Y.

e T2:SXX XY = X xY, (s,2,y) — (z,y); similarly 7 1, 702 for other coordinate pairs.

Optimal Transport Problems

e ¢: X xY — R;: lower semicontinuous cost for (partial) OT.

o OT(p,v): classical OT; W, (u,v): p-Wasserstein distance; POTy(u, v): partial OT with pa-
rameter A\ > 0; see (1), (2), (3).

e L RxR—-R,D:RxR—R: GW loss and scalar distance.

o GWE(-,-): GW objective with loss L; quW,r: GW with L(a,b) = |a — b|?; see (6).

o PGW,(-,-): partial GW objective; see (9).

o C(y; A p,v) = ®%(L(d%,d%)) + A(|pl? + |v[* —2|7|*): PGW transport cost for v € I<(p, ).
o UGW(X,Y): unbalanced GW; FUGW,(X,Y): fused unbalanced GW.

o draw(X,Y): fused GW distance; d%PGW,A(X’ Y): fused partial GW distance.
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Discrete Tensorized Forms
e Discrete measure setting: 1= 3 i pidus,, v = Y7L, qjdy,.
o M € R™™MXnxXm with M; iw i = L(CX,,CY.,); M swaps index pairs: M, = My jr i
i,5,0 5" = i Y550 p pawrs: MM, s g = il

In default, L is L2 norm square, and we denote M = ||Cx — Cy ||?

For fused-partial formulations (with weight wy), we set X := \/wy and write

(M = 2X); . o o= M g jv — 2.

o Moy eR™™ with [M oyl =300 Mijijvir -

RHXTI’L

(-,-)p: Frobenius inner product on

Frank-Wolfe Optimization and Algorithmic Symbols
e L: objective functional for PGWj(-,-).
e a € [0,1]: line-search step size.

~W: initialization; y*) 'y(k),: transport plans before/after Step 1 in the k-th FW iteration.

Gom = wiC+ woM + MTovy, G =2Mo4: gradients in two FW variants.

a,b,c € R: coefficients defined in (59) (For FPGW, replace M by M — 2)\).

e MPGW, and F% (1, v): mass-constrained partial GW and its feasible set; see (10), (5).

Entropic / Sinkhorn Notation
e ¢ > 0: entropic regularization parameter.

e Dy(:||-): ¢-divergence; special cases below.

o H(u||v) = H(u|v)+ |v| — |p| with H(u|lv) = flog(%) dp when p < v, +00 otherwise.
p—vlrv =[v—pl ifp<v,
o Dpry(ul) = {1 =V =l =
+o0 otherwise.

o I'(u,v), T2 (pu,v): partial feasible sets (mass-unconstrained and mass-constrained with |y| =
p)-

o |7 =79(X xY), || =wX), |v|=v(Y): total mass.

o L(v): fused GW functional (feature + structure + penalties) used in EFUGW /EFPGW.

o cr(z,y) = gwid(z,y)+ws [L(d%, dy )or](z,y)+e H(r| u@v): m-conditioned cost (cf. Prop. 10).
[L(dx, dy)om|(z,y) = [y Lldx (2, 2), dy (y,4)) dr (2’ o).

K = exp(—c/e): Gibbs kernel for feature cost; elementwise exponential.

u € R, v € R}": Sinkhorn scaling vectors.



o ©, ©: elementwise (Hadamard) product and division.
e diag(a): diagonal matrix with vector a on the diagonal.
) Projgl’: Bregman (KL) projection onto constraint set C; (cf. Alg. 2).

e Ci={y20: <4}, Co={y=20: 1 <p}, C3={y=0: |[y| = p}: partial-marginal and
mass constraints.

e 792 (1 ®v)®2: product measures on (X x Y)2.

o 7,7 € My (XxY): current and updated couplings in alternating minimization; p € [0, min(|p|, |¢|)]
target mass.

e Stopping criteria: norms/duality gap on (u,v) or fixed-point tolerance on 7.

Graph-Specific Notation
e G = (V,E): graph with nodes V = {v1,...,vy} and edges E C V2.

e dy : V? — R: structural distance (default: shortest-path distance).

f:V — F: node feature map; F is the feature space.

o wl: F — SH: Weisfeiler Lehman feature map Vishwanathan et al. (2010) for discrete F; S
finite alphabet, H € N.

dr: feature-space metric. Default: Euclidean if F = R%; if F is discrete, Hamming on wl(F):

H
dr(f(v1), f(v2)) = Z Swl(f(v1))n # wi(f(v2))n)-

h=1

It is a lower semi-continuous function.

B Background of optimal transport problems

The Optimal Transport (OT) problems for u,v € P(Q), with transportation cost c(z,y) :
Q x Q0 — R, being a lower-semi continuous function is defined as:

OT(u,v) :== min (c), (1)
Y€ (11,v)

where  7(c) := /512 c(z,y) dy(z,y)

and where I'(u, ) denotes the set of all joint probability measures on 2 := Q x Q with marginals
W,V Le., yp i= Tgy = (1,72 i= Ty = v, where mq,my : 0% — Q are the canonical projections
mi(x,y) = x,m2(x,y) := y. A minimizer for (1) always exists Villani (2009, 2021) and when
c(x,y) = ||z —y||P, for p > 1, it defines a metric on P(2), which is referred to as the “p-Wasserstein
distance™

WP(u,v) = min / Iz — ylPdr(z, ). 2)
vel(wv) Jq2



The Partial Optimal Transport (POT) problem Chizat et al. (2018b); Figalli & Gigli (2010);
Piccoli & Rossi (2014) extends the OT problem to the set of Radon measures M, (2), i.e., non-
negative and finite measures. For A > 0 and p, v € M4 (Q2), the POT problem is defined as:

POT(pu,v;A) :=  inf o)+ A(ljp—ml+v— , 3
(1 v3 ) 7€M+(Qz)7( )+ Ak —ml + v —72l) (3)
where, in general, |o| denotes the total variation norm of a measure o, i.e., |o| := o(2). The

constraint v € M4 (22) in (3) can be further restricted to v € I'<(u, v):
Te(p,v) i={y € My(Q*): 71 < pyye < v},

denoting v, < p if for any Borel set B C Q, v1(B) < u(B) (respectively, for 72 < v) Figalli (2010).
Roughly speaking, the linear penalization indicates that if the classical transportation cost exceeds
2]\, it is better to create/destroy’ mass (see Bai et al. (2023b) for further details). In addition, the
above formulation has an equivalent form, to distinguish them, we call it “mass-constraint partial
optimal transport problem” (MPOT):

MOPT (u,v;p) = inf ~(c), (4)
YELL (1,v)

where the feasible set is defined as

alignT% (p,v) :=={y € P<(u,v) + |y| = p},  p € [0,min(|ul, [v])]. (5)

C Background:Gromov—Wasserstein Problems
C.1 Gromov—Wasserstein, unbalanced GW, and partial GW

We briefly recall three closely related formulations.

(1) Gromov—Wasserstein (GW). Given two probability mm-spaces X = (X,dx,u) and Y =
(Y,dy,v), and a nonnegative loss L, the GW objective is

GW(Xv Y) = inf ’Y®2 (L(er(v ')7 d?/(v )))7 (6)
el (pv)
where
() i={y € P(X xY): 71 = ps, 7 = v}. (7)

(2) Unbalanced GW (UGW). When masses may differ, unbalanced GW relaxes hard marginal
constraints by penalizing deviations via f-divergences. The unbalanced Gromov—Wasserstein (UGW)
problem is proposed by Séjourné et al. (2021); Chapel et al. (2020); Bai et al. (2024) and is defined
as

UGW\(X,Y) := inf L(d% ., d%), v + XDy, (722 || u®2) + Dy, (422 || v®2 8
A(X,Y) 'yeM},.r%XXY)< (dx,dy),Y%%) + AM(Dg, (177 || 1%%) + Dy, (457 || v®7)),  (8)

where Dy, , Dy, are f-divergences and can be distinct.



(3) Partial GW (PGW) and mass-constrained PGW (MPGW). An alternative relaxation
is to restrict to partial couplings v € I'<(p, v) (or impose a transported-mass constraint), in addition,
Dy is A total derivative. Two commonly used formulations are

PGW(X,Y) = inf y®*(L(dy,dy)) + A(|u®? =72 + V5% = 257)), 9)
vel <(p,v)
MPGW (X,Y) = inf ~®*(L(d%,d})). (10)
YELL (pv)

C.2 Related works: fused Gromov—Wasserstein problems

Fused Gromov—Wasserstein (FGW). When each point/node also has a feature cost C' across
spaces, fused GW combines a linear feature-matching term with the quadratic GW structure term
Titouan et al. (2019); Vayer et al. (2020):

FGW(X,Y) := inf wi(C,7) + wa(L(d%,d5),v*?2). (11)
YET (11,v)

Fused unbalanced GW (FUGW). When masses may differ, fused unbalanced GW relaxes
the marginal constraints by replacing them with f-divergence penalties. The fused-unbalanced
Gromov—Wasserstein (FUGW), proposed by Thual et al. (2022), is

FUGWAKY) = inf w1 (C) sl L, ), 152+ A (D (3 | 152) 4 Dy (052 || v5%).
YEML (X XY)
(12)

When the f-divergence terms Dy, , Dy, are KL divergences, Thual et al. (2022) propose a Sinkhorn
solver.

C.3 Fused partial GW (FPGW) and relation to FUGW

We define the fused-partial objectives used throughout this supplementary material. For conve-
nience, we set A := A/wa (when wa > 0).

FPGW)\(X,Y) = inf C @2(r(ds . dr A(|u®2 — B2 ®2 _ 92

A(XY) 'yeMin(XxY)wr)/( ) + w2 (L(dY, dy ) + (0% =2 v + VP2 =957 v ),

(13)

FMPGW,(X,Y) = inf wiy(C)+ way®*(L(d%,dy)) (14)
“/EF%(/'“V)

Theorem 1. We have the following:
(1) When C(z,y) > 0,ws > 0 and L(r1,r2) > 0, the problem (13) can be simplified as

FPGW,(X,Y) = GFin(f )ww(C) + woy 2 (L(dY, dy ) — 2X) + A(Jul® + [v]?). (15)
vEl<(p,v

(2) The problems (13), (15) and (14) admit a minimizer.

(3) When C(z,y) = ||z —yl|9, L(-1,2) = |1 — 2|7 and we, A > 0, (15) induces a semi-metric; for
q =1 it is a metric.

We now record a useful relation between FUGW and FPGW; this is equivalent to statement (1)
in Theorem 1.



Proposition 1. When Dy, , Dy, are total variation, then we have:

FUGW,(X,Y) = FPGW,(X,Y)

= inf  wi(C,7) +wa(L(d, dy ), v¥) + A(|lul? + [v]* = 2]v%).
vl < ()

Equivalently speaking, one can restrict the searching space from M (X xY) to T'<(u,v).

Proof. Choose v € M4 (X xY) and let 7y|x(-|z) denote the conditional measure of v given z € X.
Let 7' = vy x ([X) - (v1 A p). From the definition, we have 4/ < ~,v] < p. From Inequality (22) in
Bai et al. (2023c), we have

/®2>

wa(|ldx —dy [|”, 7 )+ A =i lrv +Hlv =5 llrv) < wellldx—dy [IP, Y2V +A([p— v+ v —2ll7v)-

Since C' > 0,7 <, we have (C,v') < (C,v). Therefore, we have

2
wi{C,Y) +walldx — dy [P,7'F%) + Al = llrv + v =22 lrv)
< wi{C,7) +wa(lldx — dy [P, 7*) + A(llp = mllrv + [lv = r2ll7v).

That is, based on v, we can construct 7’ such that 7] < u A ~v1,7 <~ and the 4/ admits smaller
cost. Based on the same process, based on 7/, we can construct 4" such that v/ < +', v < v. That
is v € T'<(p, v) and admits smaller cost than 4/. Therefore, we can restrict the searching space for
(12) in this case from M (X xY) to '<(X x Y). O

Remark 1. In Figure 1, we illustrate the transportation plans of various methods, including optimal
transport (OT), unbalanced optimal transport (UOT), partial optimal transport (POT), ... and
fused-Partial Gromov—Wasserstein (FPGW).

Due to the balanced mass setting, OT, GW, and fused GW match all points from the source
shape to the target shape. In contrast, the Sinkhorn entropic regularization in UOT, UGW, and
FUGW allows for mass splitting, resulting in a small amount of mass between the grey shape and
the pink points. PGW and fused PGW achieve the desired one-to-one matching, where the straight-
line segment in the source shape (red points) corresponds to the straight-line segment in the target
shape (grey points). However, since PGW does not account for the spatial location of points, there
is a 50% chance of obtaining “anti-identity” matching as demonstrated in Figure 1.

C.4 Existence of minimizers for fused PGW

In this section, we establish basic well-posedness properties for fused PGW.

Proposition 2. Given mm-spaces X = (X,dx,n),Y = (Y,dy,v), where X, Y are compact sets, the
fused-PGW problems (15) and (14) admit minimizers. That is, we can replace inf by min in the
formulations.

Note, this proposition is equivalent to the statement (2) in Theorem 1.
We first introduce the following statements:

Proposition 3. The set T'<(u,v) and T (1, v) are weakly compact, convex sets, where p € [0, min(|pul, [v])].

Proof. By Liu et al. (2023) Lemma B.1, we have I'< (i1, ) is a weakly compact set. By e.g. Caffarelli
& McCann (2010); Bai et al. (2023b), we have I'« (1, v) is convex.
It remains to show the compactness and convexity of the set I' (u, ).
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0T bew o | FGW .
uoT i uGw i FUGW
- . ! . .
POT : PGW E FPGW

Figure 1: In this toy example, we illustrate the relationships and differences between OT, Unbal-
anced OT, Partial OT, GW, Unbalanced GW, Partial GW, fused GW, fused unbalanced GW, and
Fused Partial GW. The source shape consists of the union of the pink and red points, and the target
shape is the grey shape. The objective is to establish a reasonable match between the two shapes.
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Pick v1,92 € T2 (u,v) and w € [0,1] and let v = (1 — w)y! + wy?. We have v € I'<(u,v) by
convexity. In addition,
(1 =)yt +wy?[ = (1= w)y + w2 p,

thus v € T2 (i, v).

Pick a sequence (7)., C I'2(p,v) C I'<(u,v). By compactness of I'<(p,v), there exists a
subsequence (7"#)?° , that converges weakly to v* € I'<(y,v). It remains to show v* € T (u,v).
Indeed, -

v = (Ixxy,7") (Ixxy,y"™) = lim [y"*|.
k—oo

= lim
k—o00
Since |y | > p for all k, we have |y*| > p. O

Lemma 1. Suppose X and Y are compact sets. Let Z = (X x Y) and dz((«',y'), (z%,4?)) =
dx(z', 2?) 4+ dy (y*,y?). Suppose ¢ : Z> — R is Lipschitz continuous and C : Z — R is bounded.
Then the following problem admits a minimizer:

inf (6,95 + (C.7). (16)

where M is a non-empty weakly compact set.

Proof. Pick a weakly convergent sequence (7")5%; C M with 4" Bt e M.
From Lemma C.3 in Bai et al. (2024), we have

(@, (v")?) = (6,7").

By weak convergence, (C,v™) — (C,~*). Hence the objective is lower semicontinuous along conver-
gent subsequences, and compactness yields existence of a minimizer. O

Proof of Proposition 2. From Lemma C.1 in Bai et al. (2024), the map ((z!,y'), (z%,9?)) — |d% (2!, 2?)—
d5-(y*,4?)|? is Lipschitz. In addition, C': X x Y is bounded. From Proposition 3, the feasible sets
are weakly compact. Applying Lemma 1 yields existence of a minimizer. O

D Metric property of Fused PGW

In this section, we discuss the proof of Theorem 1 (3). We will discuss the details in the following
subsections. The related conclusion can be treated as an extension of Theorem 6.3 in Titouan et al.
(2019) and Theorem 3.1 in Vayer et al. (2020).

D.1 Rotation/translation invariance

Proposition 4 (Rotation/translation invariance of FPGW). Assume X C R% and Y C R% are
embedded in Euclidean spaces. Let Tx : R% — R% and Ty : R% — R% be rigid motions of the
form

Tx(z) = Rxx +tx, Rx €R%*% RIRy=1I txeR%, (17)

Ty(y) == Ryy+ty, Ry e R"*% RIRy =1 ty cR%. (18)
Assume the cross-feature loss C(x,y) is rotation/translation invariant, i.e.,

C(Tx(z), Ty (y)) = Clz,y),  V(z,y) € X XY, (19)
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and that the intra-domain dissimilarities dx, dy are rotation/translation invariant. Define the trans-
formed spaces X = (T'x (X),dx, (Tx)#p) and Y = (Iy (Y),dy, (Ty)xv). Then

drpawa(X,Y) = dppawa(X, Y). (20)

Proof. Given any feasible coupling v € T'<(p, v), set 7 := (Tx xTy ). Then”y € T<((T'x)p, (Ty ) )
and |y| = |y|. By the assumed invariances of C' and of dx, dy, every term in the FPGW objective
evaluated at 7 equals the corresponding term evaluated at . Taking the infimum over couplings
yields the claim. O

Remark 2. The same argument applies to dpgw and to the fused unbalanced GW (FUGW): since
their objectives are built from the same rotation/translation invariant ingredients (the cross-feature
term C and the intra-domain dissimilarities dx,dy ), they are also invariant under rotations and
translations.

D.2 Background: Isometry, fused-GW semi-metric.

Given X = (X,dx, pn),Y = (Y,dy,v), we say X,Y are equivalent, noted X ~ Y if and only if:
There exists a mapping ¢ : X — Y such that

L] d)#p, =V
o dx(z,2') =dy(¢(z),p(2')), Vo, 2" € X.

Such a function ¢ is called measure preserving isometry.

In addition, in the formulation of fused-GW (15), we set d(z,y) = ||z — y||? and L(r1,r2) =
lr; — r2|?. The reduced formulation is called “fused-Gromov Wasserstein distance” Vayer et al.
(2020):

. xr — 1 T T
drew(X,Y) = inf / ol (') — @ (g, )0 (e gy (). (21)
YEL(1v) J (X xY)2 7]

and it defines a metric where the above equivalence relation induces the identity.
Inspired by this formulation, we introduce the Fused Partial GW metric:

dr (X,Y) := inf / w1 lz = yl* + wo|dx (z,2") — dy (y,9')|? + A (M + Wl _ 2) dy(z,y)dvy(z',y).
Frewa Vel (wn) Jix vy kY 7 ’ T P ’ ’
(22)

Remark 3. We adapt the convention % -0 = 1, thus the above formulation is well-defined. In

particular, when |y| = 0, i.e., 7y is zero measure, the above integration is defined by

||$ - qu / / |/‘|2 |V|2 .
wi———— Fwaldy (z,2") —dy(y, y)|" + A | T 5 + —5 — 2 | dy(z,y)dvy (2, y
/(M)Q - 5 (2, ') — di (9. 5/)| b+ (z,y)dv(a )
= Al + o) (23)
— 1im oI ) — () + 0 ('“' p I ) a1 )ar &),
N0 J(xxy2 ] T v RENETE ’ ’

Remark 4. By Proposition 2, the above problem admits a minimizer.

Next, we introduce the formal statement of Theorem 1 (2).
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Theorem 2. Define space for mm-spaces,
G={X=(X,dx,pu), X CR% X is compact;dx is a metric,; € M (X)}.
Then Fused PGW (22) defines a semi-metric in quotient space G/ ~. In particular:
1. dppawa(:,-) is non-negative and symmetric.
2. Suppose wa, X > 0, then dppewa(X,Y) =0 iff X ~ Y.
3. Ifws >0, for g > 1, we have
dppawA(X,Y) < 27 Y dppaw (X, Z) + dppawa (Y, Z)).

In particular, when q = 1, fused-PGW satisfies the triangle inequality.

D.3 Proof of the (1)(2) in Theorem 2

For statement (1), by definition, for each v € I'<(u, ), we have
[ el [ ) = d )l 2 0,
XY (XxY)?

Thus, drpawa(X,Y) > 0.
In addition,

drprawa(X,Y)
= inf /(x v willz = yl|? + waldx (z,2") = dy- (y, y")|9)Pdy(z, y)dvy (2,4 ) + M| pl* + |v]?
X

vel < (1,v)
= inf / willy — x|+ waldy- (y,y') — dx (z,2")|9)Pdy(y, 2)dy (Y, 2') + M| pl* + |v]?
Y€l < () J (v x X)2

= drpaw(Y,X).

And we prove the symmetric.

(24)

—2]1%)

—21%)

For statement (2), suppose a measure-preserving isometry ¢ : X — Y exists, then we have

il = Iv]. Let 5 = (id x 6)p, we have 5 € D(,v) C D (t,v). Thus 7] = [pu] = |v.
Furthermore,

dppaw (X, Y)
: /(x ¥y2 willz — y||? + wa|d (z,2") — d5 (v, ¥/)|%dy(z, y)dy (', y') + A(|u* + [v[* — 2]v]?)
X

= / wi o — p(@)||? +ws |d (2, 2) — dy (6(x), 6(2"))|? dp(w)dp(a’) + Al + [v]* = 2]7]?)
(X xY)?

0 0 0
=0.

For the other direction, suppose dppaw (X, Y) = 0. We have two cases:
Case 1: |u| = |v| = 0. We've done.
Case 2: |u| >0 or |v| > 0.

(25)

By the Proposition 2, a minimizer for problem (22) exists. Choose one minimizer, denoted as
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First, we claim |u| = |v| = |v*|.
Indeed, assume the above equation is not true. For convenience, we suppose |u| < |v|. Then
Iv] < |u| < |v|. We have

0= drpewa(X,Y) 2 A|ul® + [v? = 217" %) > Al = |v*]?) = 0, (26)

since A > 0. Thus we have a contradiction.
Since v* € I'<(p, v), we have v* € I'(u, v). Thus, we have

0 <drpew(X,Y)

xr — * *
</ ol T () — @5 ()7 d* ) (o)
(X><Y) ‘ |

_ ”x _qu dT AN d?’ \|q )\ |u|2 u o d * d x/ 1

- +OJ2’ X(l‘,.ﬁﬂ) Y(y7y)| + 2+ 2 2 ’Y(xvy) ’Y(‘Tay)
(X><Y) W ol

= drpew (X,Y)

= 0.

That is, dppew (X, Y) = 0. Since we > 0, by Proposition 5.2 in Vayer et al. (2020) or Theorem 6.4
in Titouan et al. (2019), there exists measure preserving isometry ¢ : X — Y and thus we have
X ~ Y and we complete the proof.

D.4 Proof of statement (3) in Theorem 2.

Choose mm-spaces S = (S,dg,0), X = (X,dx, 1), Y = (Y,dy,v). In this section, we will prove the
triangle inequality
drpaw (X, Y) < drpewa(S,X) + drpawa(S,Y).

First, introduce auxiliary points cog, co1, co2 and set

S =S5U{cy, 01,00},
X =X U{cy,d0, 02},
Y =Y U{cy, 01,0}
Define &, i, v as follows:
6 =0+ s, + |V]0s,,
fi = p+|0]0s, + [V|0s,, (27)
UV =v+10[0s, + 1|00, -

Next, we define dg : 52 5 RU{oo} as follows:

dg(s,s") if (s,s') € S2,
dS«(S,SI) — S(S S) 1 (S 5) (28)
o0 elsewhere.
Note, d¢(+,-) is not a rigorous metric in S since we allow dg = 00, dg,dy are defined similarly.
Then, we define the following mapping Ly : (RU {oo}) x (RU {o0}) — Ry:

\rl — I'2’q if r1,r9 < 00,
L (r1,r2) =  Mws if 11 = 0o, 9 < 00 or vice versa, (29)

0 if r{ =19 = o0;

14



and mapping D : R4 U {co; :i € [0: 2]} — R:

f)q<$ ) L Hx_qu ifxaye]Rd
Ul 0 elsewhere.

Finally, we define the following mappings:

T<(o,p) 29" =43 €T(6, ),

A= + (0 = M) ® b + 001 ® (10— 79") + V001,600 + [V]0505,6005

T<(o,v) 9% = 4% € I'(6,D),
’?02 = ’702 + (U - 7?2) ® 6600 + 5602 ® (V - 782) + ’7|5c§02,600 + |H|5<501,ob1;
Te(u,v) 3 4'2 = 412 € (i, 0),

A2 =12+ (= 1?) ® Oy + G0, @ (v — 73%) + [V[0500,501 + |Hl0500,500-

(30)

(31)

Remark 5. 1t is straightforward to verify that the above mappings are well-defined. In addition, we

can observe that, for each 79! € T'<(o, 11),7"? € T<(0,v),y'? € T<(p,v),
A ({So2} x X) = 47(S x {02}) = 0,
72 ({01} x ¥V) = 4P2(S x {%1}) = 0,
A2 ({00} x ¥V) = 4"2(X x {So0}) = 0.

Based on these concepts, we define the following fused-GW variant problem:

C

. - , 1. . . . .
dFGW,)\(ny) = inf /(X Y)2 WlfDq(ajvy) +WZLg\(dX(li’x/)vd{/(yvyl))d’)/(xay)dr)/(m/ay/)
X

Y€ET(,0)
where constant ¢ = |o| + |u| + |v|.

Proposition 5. For each v'2 € T'(u,v), construct 4*2 € T'(f1,7), we have:

||.’E — qu T r |:U’| ‘V‘
/(Xxy)z <w1w12‘ + w2 ‘dX(x,:c’) —dy (y, y/)‘q + A W + W _ d(y'2)®?

D(z, .
= [ (P vt o).y ) ) 5

Furthermore, we have:

drpawa(X,Y) = dpawa(X, Y).
Proof. We have:

:1:‘ J— q
/ Wi I 123/” 7d(,)/12)®2
(X xY)2 v

- / willz — g7
(XxY)
_ / D (, y)dq
(XxY)
Dr(z,y) . .
:/A W A(12 )d(712)®2
(X xY)2 1912

1 .
[ D)
(Xxy)2 €
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In addition, by Bai et al. (2024) Proposition D.3. We have

/<X 2l (@) — Ay, YAy + M|l + [v]? = 2]v'*)
X

— DI(d"- noar NYd(312)82.
L DA 90 50,9 )G (39)

Combining the above two equalities, we prove (35).

Now, we prove the second equality. Note, if we merge the three auxiliary points, i.e., co; =
coy = co3. The optimal value for the above problem (34) is unchanged.

As we merged the points co1, %02, %03, by Bai et al. Bai et al. (2023b), the mapping 72 ~— 4!2
defined in (31) is a bijection. Thus, by (35), we have v12 € I'<(u,v) is optimal in (22) iff 4'2 is
optimal in (34) and we complete the proof. O]

Lemma 2. Choose y°t € T< (o, 1),7*? € T<(o,v),7'2 € T<(i1,v) and construct 3°*,4°2 412, Then
there exists 4 € My (S x X xY') such that:

(m0.) %% = 4", (39)
(m0,2)4% = 4%, (40)
v(4;) =0,Vi =0,1,2 where A; = {co;} x X x Y. (41)

Proof. By gluing lemma (see Lemma 5.5 Santambrogio (2015)), there exists ¥ € ./\/l+(5' x X xY),
such that (39),(40) are satisfied. For the third property, we have:

4(Ao) < A4({oop} X X x Y) =6({oog}) =0 by definition (27) of ¢ ,
(A1) < 4({oor} x X x V) =4% ({1 x Y}) =0 by (33),
A(As) < A{o0s} x X x V) = 4% ({sop x X}) =0 by (32).
And we complete the proof. O
Now, we demonstrate the proof of triangle inequality for fused-PGW distance (22).

Proof of Theorem 2 (3). Note, by the Proposition 5, the triangle inequality for fused-PGW distance
(22) is equivalent to show

drawa(X,Y) < 27 Hdpawa(S, X) + drawa(S, Y)). (42)

Choose optimal transportation plans 7%, 492, 412 for fused PGW problems dp rewrA(S,X), drpawr (S, Y)
and dppew,r (X, Y) respectively. We construct the corresponding 4%, 4%%, 412, By the Proposition
5, 491,492 412 are optimal.

Choose ¥4 in lemma 2. We have:

drewa(X,Y)

Di(x,y R N
B /(X gy (C W oL (A (@), dy (g, )4 2 )52 )
X

D(x, A .
<[ P e s i)
(SxXXY)?2 c

- / DY y)di(s, ) + /  wIi(ny)di(s o) (s ).
(SxXxY) (SxXxY)?

A B
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To bound A, we consider the case D(x,y) > D(s,z) + D(s,y) for some (s,z,y) € S x X x Y.
By definition of D, we have s € {co; : 1 € [0: 2]}, € X,y € Y. That is, (s,z,y) € U?:o A;. By
lemma 2, we have ’AY(U?:O A;) = 0. That is, this case has a measure of 0.

Thus, we have

AS/ __wi(D(s,z) + D(s,9))?dy(s, 2, y)

SxX XY

<[ @D + 2D )i (s ny)
SxXxY

- / 12971 D (s, 2)dA (5, 2, y) + / 12972 D(s, y)dA (s, 2, )
SxXxY SxXxY

D D
= 2071 / w1 7(8’ x)d’ym(s, x) 42971 / w1 (5,9) di%% (s, y). (43)
SxX ¢ Sxy ¢
where the second inequality follows from the fact
(a+b)? <2971 +2972p9 Ya, b > 0. (44)

Now we bounde the term B. Proposition D.4 in Bai et al. (2024), we have
B[ Bl )+ () (s )5
(SxXxY)?
</ wy (207 L (s,2) + 297 L5 (5,9)) d (s, 2, )dA(s' ' o)
(SxXxY)?

=2q‘1/A waL§ (s, 2)dA" (s, 2)dA (s, 2) + 207 / waL§(s,y)dy? (s, y)di (s y).
(SxX)2 (SxY)2
(45)

where the second inequality holds from (44). Combining (43) and (45), we prove the inequality (42)
and we complete the proof. O

D.5 Future’s direction.

Note, the general version for (the p-th power of) fused-Gromov Wasserstein distance is defined by

By, (X, Y) = inf /(wlux —y|l? + |dx(z,2") — dy (y,y)|9)" dy®2. (46)
YET (1,v)

Inspired by the above formulation, we propose the following generalized fused-partial Gromov

Wasserstein distance:

a0 = [ (B o)~ a2+ - 2))
P el (1) kol ki el
)

The fused-PGW distance defined in (22) can be treated as a special case of this general formu-
lation by setting p = 1. In our conjecture, a similar (semi-)metric property proposed in Theorem
2 holds for the above general form. We leave the theoretical study of the metric property for our
future work.
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E Frank Wolf Algorithm for the Fused Mass-constraint Partial Gro-
mov Wasserstein problem

In discrete setting, the FMPGW problem (14) becomes the following:

FMPGW,(X,Y) = min wi(C,7) +wa(M o~,7) (48)
€72 (Pa)

Loy

where F% (p,Q) = {’Y € Rixm Dyl < pa’YTln < q, |'Y’ > p}> ¢ = [C(xivyj)]ie[l:n],je[lzm}7
M jir 50 = L(CX7 CY) = [L(Cz)i/a C]}',/j’)]i,ie[l:n],j,j/e[lzn]7 Moy = [<M[Z,_], E ']77>]i7j'

Similar to the Fused Gromov-Wasserstein problem, we propose the following Frank-Wolfe algo-
rithm as a solver: The above problem will be solved iteratively. In every iteration, say k, we will
adapt the following steps:

Step 1. Gradient computation.

Suppose 7¥~1) is the transportation plan in the previous iteration; it is straightforward to verify:
VLom () =wiC+wy((M+MT)on),

where MT = [My jr; ;i ieiim] jjrefim € R Next, we aim to find v € 2 (p,v) for the
following problem:

A= arg min (VLo (v* D), 4). (49)
YETL (1,v)

which is a mass-constraint partial OT problem.
Step 2. linear search algorithm. In this step, we aim to find the optimal step size alk) ¢
[0,1]. In particular,

o®) .= arg m[ion] Lom((1— )y 4y R,
agl0,1

Let 6y = v — ~(:=1) the above problem is essentially quadratic problem:

L((1- a)v(kfl) + av(k)’) = a? {(waM o v, 67)
—_——
+ a{wy (M + M"Y oy* D 4w C,67)
b

+ (waM o7V 4wy O, ) (50)
and o is given by
1 ifa<0,a+b<0,
at* =40 ifa<0,a+b>0 . (51)

clip(52,[0,1]), ifa>0

Then v®) = (1 — a*)y*=1) 4 o*yR),
In the next section, we provide a detailed introduction to the derivation of the FW algorithms.
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Algorithm 1 Frank-Wolfe Algorithm for FMPGW /FPGW

Input: C € R™™, CX e RV CY € R™*™ p e R, q € R, wy € [0,1], p € [0, min(|p], |q])]-
Output: ~/ial)
for k=1,2,...do

G < w1 C 4 wa(M + MT)o~®) // Compute gradient

B arg min,epe (pyq)<G(k),’y>F // Solve the POT problem.

Compute a® € [0,1] via (60) // Line Search
AE+D) (1 — ok k) 4 (B4 K) /) Update ~
if convergence, break

end for
,y(fznal) . ’}’(k)

F Gradient computation of FW algorithms

In this section, we provide a detailed discussion of the gradient computation in fused-MPGW and
fused-PGW.

F.1 Basics in Tensor product

In this section, we introduce some fundamental results for tensor computation. Suppose M €
R>*mxnxm \We define the Transportation of tensor, denoted as M ', as:

T
M =M,

BERE (52)

and we say M is symmetric if M = M.
It is straightforward to verify the following:

Proposition 6. Given tensor M € R™™X"X™M then we have:
o (MT)T =M.
T
o Moy =320 i My jriiiglijelinx[1:m]-

Proof. The first item follows from the definition of M ". For the second statement, pick (i, ;) € [1 :
n] x [1: m], we have

> " My jii i
7:/ ]'/

.
=Y M vy
,l:/ j/

= (M" o).
O
Therefore, we have:
Proposition 7. The gradient for Lo () in Fused-PGW (14) is given by:
VLom(y) =wiC +wa(Moy+ M o). (53)
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Similarly, the gradient for L, o5 in fused-PGW (15) is given by:

VL pr05(7) = w1C +wa((M —23) oy + (M —24) T 0 y). (54)

Proof. Pick (i,7) € [1:n] x [1: m], we have:

0
0ij

Lo ()

0

=3 > wiCigvig+ws Y Mijir iy
Vij

T, T,
7’7]72 7] 7’7]77/ 7]

=wiCi; + w2(§ M jir v g g+ E My jr i Vi Vit )

i1l i1l
7 7] 7 7‘7

Therefore, VLc s (7) = w1C + wa(M oy + M T o) and we complete the proof. The gradient for
Fused-PGW (15) can be derived similarly. O

At the end of this subsection, we discuss the computation of M oy and M.

In general, the computation cost for M o v is n?m?. However, if the cost function L satisfies:
L(r1,r2) = fi(r1) + fa(r2) — ha(r1)ha(ra), (55)
Moy = fillC)mly, + 1nyg f2(CY) = hi(CF)yha(CY), (56)

and the corresponding complexity is O(n? + m?) (see e.g. Peyré et al. (2016); Chapel et al.
(2020); Bai et al. (2024) for details.)
Therefore, we have the following:

Lemma 3. Suppose M = [L(dx (xi, xy), dy (y;,y5))], then we have:
(M D)ijar g = HUCH) ) + F20CY) ] 5) = m((CF)i)ha((CY) 1)
It directly implies:
Moy = fi((CF))nly + Lays f2((CV)T) = ha((CF) Nvha((CM)T).

Proof. We have:

ng,i/,j/ - Mi',j/,i,j
= fl(Ci)’ii) + f2(03¥,j) —h (Cz{i)hQ(Cﬁj )
= fl((CX)iT’,i) + f2((CY)jT/,j) - hl((CX);/r,i)h2((CY)jT/,j)~)
And we complete the proof. O
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F.2 Gradient in fused-MPGW.

As we discussed in previous section, after iteration k — 1, the gradient is given by VL(vy) = w1C +
wa(Movy+MToy), where M; j v i1 = (L(C’f;,, C’;jj,)) e R™*™XM - Furthermore, the computational
complexity for M o := [(M]i, j,:,:],7)] can be improved to be O(n? + m?).

Based on the gradient, we aim to solve the following to update the transportation plan in
iteration k:

fy(k)’ =arg min (w;C+wy(Mo ’Y(k_l) + MT’Y(k_l))a’Y>' (57)
'YGF%(P“V)

C
The above problem is essentially the partial OT problem, where the cost function is defined by C.

F.3 Gradient of Fused-PGW.

Similarly, after iteration k — 1, the gradient of cost L, ,, o5 in FPGW with respect to 7 is given by

VL) = wi1C +wa((M —24) oy* D 4 (M7 —24) 04 F71),
We aim to solve the following problem:

min  {(w1C + wa (M —2X) o yF 1 4 (M T —2X) 0 4 F1) 4)
vel < (1,v)

= nin (1€ wa(M o YD+ MT oy ) ) £ ARED |l + v] = 207]) = A V(] + [v]) -
yel <V

C constant

Note, if we ignore the constant term, the above problem is the partial OT problem and can be
solved by Bonneel et al. (2011) or Bai et al. (2023b).

G Line search algorithm

The line search for Fused-MPGW is defined as

min L£((1— a)y* D 4 ay®)), (58)
a€l0,1]

where £(7) = wi(C, ) + wo(M,7®2). Let vy = v¥)’ — (=1 The above problem is essentially a
quadratic problem with respect to a:

L((1 = a)y* 7V 4 ar®)

=LY% + ady)

= wi(C, (Y 7V + ady)) + wa(M o (Y* V) + ady), (v + ady))

= a®wy(M 0 6v,07) +a (woM o y* V) 4wy C,67) + (weM 0 57, vF V) + (weM 0 4*) 405, €, 7)),

TV
a b c

(59)
and o is given by

1 ifa<0,a+b<0,
a* =<0 ifa<0,a+b>0 . (60)
clip(52,[0,1]), ifa>0

Next, we simplify the term b in the above formula. We first introduce the following lemma:
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Lemma 4. Choose y',7? € R™™ M € RPXMXnXm e haye:
(Mon!,7%) = (MT 0?4, (61)
Proof. We have

(Mo 71,72> = ZZMi,j,i/,j"Vil/,j/'VZj

"j i/’j/
=22 My
ll’] 173

= (M7 0% 9. (62)
O

Therefore, the term b can be further simplified as

b=wi(C,57) +wa((M oy ¥ 5y) + (MT o4*1 5y))

= (1C+ Moy 4 MT oyt 5y). (63)

VLcm(v)

That is, we can directly adapt the gradient obtained before to compute b and improve the compu-
tation efficiency.

Remark 6. When we select quadratic cost, i.e., L(ry,r2) := |r1 —12|?, we can set fi(r1) = 12, fa(12) =
13, h1(r1) = 2r1, ho(re) = r2, then L(r1,r2) satisfies (55). Furthermore, suppose the problem is in
the balanced fused-GW setting, i.e., p = |u| = |v| = 1. We have:

a = wy(M o dv,67)

= wa(f1(CX) 571 1), + 167y f2(CY) = ha(CF)vha(CY), 67) (64)
el o

= 2wy (CX5~CY | 6).
Similarly,
b= (wo(M+MT")ory* D 400, 67)
= wi{C,67) + wo (M + MT) oy E1) 5y)

= w1(C, 67) + wa (M + MT) 0 5y,4*1)
= w1 (C, 67) — 2w (CXyCY 7y F7) — 20y (CF) To7(CY) T, 4% Y) + wafeox ov, 7 *7Y)
w2<c T.(CY)Ts ’y( 1)> (65)

where cox oy = fl(CX )pL) + 1" f2(CY). Thus, the above formulations recover the line search
algorithm (see algorithm 2) in Peyré et al. (2016).

Next, we discuss the line search step in fused-PGW (11).
Replacing M by M — 2\ in (59), the solution is obtained by (60).

H Convergence Analysis

As in Chapel et al. (2020), we will use the results from Lacoste-Julien (2016) on the convergence of
the Frank-Wolfe algorithm for non-convex objective functions.
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H.1 Fused-MPGW

Consider the minimization problems

min Lo (y) = wi(C,7) + wa(M ovy,7)
vETZ (p,q)

that corresponds to the discrete fused-PGW problem (15).
The objective functions

v = Ly (7) = wi(C, ) + w2 (M or,y),

is non-convex in general. However, the constraint set I'2 (p, q) are convex and compact on R"*™
(see Proposition 3.)
Consider the Frank-Wolfe gap of L¢ )/ at the approximation ’y(k) of the optimal plan ~:

g =_max (VL (y"),4® —)p. (66)
vel<(p,q)

It provided a good criterion to measure the distance to a stationary point at iteration k. Indeed, a
plan ’y(k) is a stationary transportation plan for the corresponding constrained optimization problem
in (66) if and only if g = 0. Moreover, g is always non-negative (g > 0).

From Theorem 1 in Lacoste-Julien (2016), after K iterations, we have the following upper bound
for the minimal Frank-Wolfe gap:

. _ max{2L, Lip- (diam(TZ (p,q)))?*}

(67)

where

Ly =L ’y(l) — min Ly

M( ) 7€l <(p,q) M( )
is the initial global sub-optimal bound for the initialization 7(1) of the algorithm; Lip is the Lipschitz
constant of function v — V.L;; and
diam(T<(p,a)) = sup [y —llr
7' €l < (V)

is the || - || diameter of I'<(p, q) in R™*"™.

The important thing to notice is that the constant max{2L;, Dy} does not depend on the
iteration step k. Thus, according to Theorem 1 in Lacoste-Julien (2016), the rate in gx is O(1/V K).
That is, the algorithm takes at most O(1/?) iterations to find an approximate stationary point
with a gap smaller than e.

Next, we will continue to simplify the upper bound (67). We first introduce the following
fundamental results:

Lemma 5. In the discrete setting, we have
diam(I'<(p, q)) < 2p. (68)
Proof. Choose v,7' € F% (p,q). We apply the property

(a—b)? < 2a* 4 2%, Va,beR. (69)

23



and obtain
n,m
Iy =1F = lig — il
i7j
n,m

< Z 2|75 2

1]

+ 2|%{,j|2

2

IN
)

2
n,m n,m
/
E g |+ E Y
,J 1,7

2(Iy1* + I'?) (70)
2(p” + p*) = 4p°,
and thus, we complete the proof. O

Lemma 6. The Lipschitz constant term in (67) can be bounded as follows:
Lip < wonm max(|M])2. (71)
In particular, when L(r1,r2) = |r1 — r2|? where p > 1, we have Lip < nm(2P~1CX + 2P~1CY)2,
Proof. Pick v,v" € T'<(p, q) we have,
IVLwM(Y) = VLo (V)
= [(@1C +wa(M oy + M 07)) = (wiC +ws(M oy + M oy
= 203(|M o (v =)IF + 231 M T o (v = 7)|%

_2w2Z(MO’V ) ”) +2W2Z({ = wL,j)Q

2 2
2 / /
=205 > | Y Mija (g =i y) | +2w3 E , E,M iging (Vi = Vi gr)
w3 \#.J’
2 2
2 / /
< 2wj Z Z | M jar i g = i o |+ 203 z z M i ol vir 7 — Vi o]
— \ 5~
2
n,m n,m
< 4w§ max (M g E |yir jr — J
A/—/ , ,
A 7] 7
B
For the second term, we have:
2
n,m [ nm
YD g =y
ij il 5’
n,m n,m
;o2
S Z nmz ”Yi’g" — /yi’,j’
,J i
2,2 12
<n m’lly = |F (72)
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For the first term, when L(rj,r3) = |r1 — r2|P, from the inequality (44), we have:
A = max M < max{2P~1(C¥*)P + 271 (CY)P)2,

where
max{2P~1(CX)P 4+ 2P71(CY)P} := max{ max 2p_1(0£~/)p + QP_I(C};/)Z’}.

i1 ,3,5"
Thus we obtain
max(2°~ 1 (CH)P + 201 (CV)P)nm|y — /||
v =~llr

and we complete the proof. O

= wonmmax(2P~H(CX)P 4 2771 (CY)P).

Lip <

Combined the above two lemmas, we derive the convergence rate of the Frank-Wolfe gap (66):

Proposition 8. When L(r1,r2) = |r1 —12|? in the PGW problem, the Frank-Wolfe gap of algorithm
1, defined in (66) at iteration k satisfies the following:

max {2L1, 4wrp? - nm(max{2(CX)? + Q(CY)Q})}
<

9k = NG

Proof. The proof directly follows from the upper bounds (68),(71) and the inequality (67). O

(73)

Remark 7. Note, if the cost function in PGW is defined by [r] — ra|P for some p # 2, it is straight-
forward to verify that the upper bound of g is obtained by replacing the term max((CX)2+(CY)?)
should be replaced by

max [2V7H((CY)P + (CY)P)].

0,554,
Remark 8. From the proposition (8), to achieve an e—accurate solution, the required number of
iterations is

2
max {2L1, 4pws - n?m? max({2(CX)? + 2(CY)2})}

€2

Remark 9. Note, when wo = 1, this convergence rate is constant to the convergence rate of the FW
algorithm for MPGW in Chapel et al. (2020). In addition, the convergence rate is independent of
C. The main reason is that the part wi(C,~) is linear with respect to . Thus, this part does not
contribute to the Lipschitz of the mapping v — V/(L).

H.2 Convergence of Fused-PGW

Similar to the above, in this subsection, we discuss the convergence rate for algorithm 2. Suppose
«v is a solution for the fused-PGW problem (15). In iteration k, we define the gap between ~ and
the approximation v*) and the Frank-Wolfe gap:

gk '= max <V£o M_gg(’Y(k))y’Y(k) — V) F- (74)
v€l<(p,q) ’
9K = DD Gk (75)

Thus, the convergence rate for the FW algorithm for the fused-PGW problem (15) can be
bounded by the following proposition:
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Proposition 9. When L(ri,r2) = |r1 — 12|? in the Fused-PGW problem, the Frank-Wolfe gap of
algorithm 1, (66) at iteration k satisfies the following:

max {2L1, 4wy min?(|p), |q|) - nm(max{2(C¥)? 4 2(CY)?, 25\})}

9K = T , (76)
where max(2(CX)2 +2(CY)2,2)) = max{max; ;s j i (2(C:X Z,) + 2(CY )2, 27}
From Theorem 1 in Lacoste-Julien (2016), we have:
gre < max{2ly, Lip \(/c;%am(F<(p7 D)} (77
where Lip is the Lipschitz constant of function v — V£ (with respect to Fubini norm).
By Bai et al. (2024),
diam(I'<(p, ¢)) < 2min(|p], |g]). (78)
Next, we bound the Lipschitz constant.
Lemma 7. The Lipschitz constant in (77) can be bounded as follows:
Lip < wynmmax | M — 2X2. (79)
When L(ri,r9) = |r1 — r2|P, we have:
Lip < wynm(max(2P~1(CX)2 4 2071 (CV)P, 20))2. (80)

Proof. We have:

1YL np030) = Ve nran (V)1
— i€ + wa((M —28) 0y + (M7 = 23) 07)) = (1€ + wa((M — 23) 07/ + (MT = 28) 07|13
— 203 (M = 23) 0 (y = )% + 23I(MT —23) 0 (v — 713

_2w22<[ M —2\)o(y - 7} ) +2w22<[ -2} (v—’v’)L7j>2

2y

9 2
= 2“2 Z Z .5, .7 2)‘)<7i’,j' - 72’,]") + 2w2 Z Z z] il 2)‘)<%'J, B %{'J')
il,]/ 7.7 7‘ ]
2 2
<2w3 Y A Mg — 2\ — Vil |+ 2w3 Z Z i — 2N Py — v |
g \i.j' i’
2
n,m
< 40 max(|M —23))2- Y Z [ir g = Vi g/
A z?]
B
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Term B can be bounded by (72). Thus, we obtain the upper bound (79). Furthermore, when
L(r1,re) = |r1 — r2|P, from inequality (44), we have:

max(|M — 2)|) < max(%x 21O, + max 20 H(CY)P 4 28) i= max (2P H(CX)PT 207 (CY )P, 20)

and we obtain the bound (80). O

Proof of Proposition 9. Combining Lemma 6, (78) and (77), we obtain the upper bound (73) and
complete the proof. O

I Sinkhon Algorithm for Fused Partial Gromov Wasserstein prob-
lem

For convenience, in this section we default to setting
R 2
L(d,dy) = |ldx — dy]|",

while all propositions, algorithms and proofs extend without loss of generality to a generic loss
function L(d%,dy ).

I.1 Sinkhorn Algorithm for FPGW metric

Given mm-spaces X = (X, dx, u), Y = (Y, dy, v), the general unbalanced Fused-Gromov Wasserstein
setting, the entropic problem is defined as the following:

i L(7) + eH (~®2 ® v)®? 81
el (v) + eH(™ || (@ v)7) (81)

L(7y) = w1 / d(z,y)dy + w2/ |dx — dy [Pdy®? + XDy (772 || 1%%) + Dy(15 || v*%))
XxY X2xYy?

where Dy is ¢p—divergence, H is the (negative) relative entropy

In(4& dp fp<v
| v) = @) .
+ elsewhere

In the Fused Partial GW setting, Dy becomes

p—viry =v—p| ifu<wv
Dprv( || v) o= {1 VIV =l = . (2)
+o0 elsewhere
Note, from the definition of (82), we can restrict the searching space for v to I'< (i, v):
EFPGW(X,Y):= min L(7)+eHH®? | (p®v)%?) (83)
’yEFS(M,I/)

L(7) = wile,y) +walldx — dy ? @ v%%) + Al + |v[* — 20
Problem (83) can be further relaxed as:

min  F(y, ) +eH(m @y | (uev)*?) (84)
’77WEFS(M7V)

+ 7
F(,m) 1= wild(z,y), To0) +wslldx — dy Py @ m) + Al + [l = 20 lx))
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It is clear F(v,v) = F(vy). Thus, (84) < (83), and we denote (84) as LB — FPGW,(X,Y) (lower
bound of Fused Partial Gromov Wasserstein). Essentially, the Sinkhorn algorithm aims to solve

LB — FPGW.

We first introduce the following fundamental proposition. Note, a similar version can be found

in (Séjourné et al., 2021, Proposition 4):
Proposition 10. Given a fired m € I'<(u,v), considering the problem:

min F(r,y) + eH(r @7 || (n@v)®?),
vel < (p,v)

it 15 equivalent to solve the following entropic optimal partial transport problem.:

min / ex(@,y)dy + |l + o] = 2]) + [ H(y || p©v)
vel< (V) Jx xy

where
1
cr(w,y) = §w1d(w, y) + walldx — dy|* om](z,y) + eH(m || p® v)

lldx — dy[? o 7)(, ) = / dx (z,2") — dy (y.o/)|dn(a’, o)
XxY

Proof. Fix m € I'<(p,v) in (84). Since 7,7 < p ® v, we have 7,y < u ® v, thus we have:

H(r @ || (p©v)*?)
/ dmdry
= In(—"%r
(XXY)2 dM@Vd/J,(X)V
dm

Ydpdry + (|ul[v])? = |||

dry )
= In dm| d —l—/ {/ In dvy| dm + v —|w
/XXY |:/)(><Y (du®y) :| 7 XxY LJXxY (du@)l/) v (|MH ’) | H’V’

— [ antiypev)+ [ ] wow) + (vl - el
XxXY XxY
— [rlHCy |1 v) + DI | 1@ ) + (o)) = ol o).
We obtain:
Flr,)+ ety x 7 | (1))

+
= w1 (d, %> + wy(ldx — dy|*, 7 @) + M Dprv (1 @ 71 || p®?) + Dpry (72 @ pa || v5?))
+eH(y x| (n®v)®?)
v+
= wi(d, T> +wy(ldx — dy >, 7@ 7) + A(|ul* + [v|* = 2[||7]) + eH (v x 7 || (p @ v)®?)

= %m(dﬂf) + Al + ) + el(pllv)? = |xllplll]

TV
constant

1
+ (Guid + woldx — dy[Pom + eH(r || p @ v),7) = 2\[ml|y]) + el H(y || p @ v)
where we use the fact (86) and

YleH (7 || p@v) = (eH (7 || p @ v), ).

(86)

If we ignore the constant part, the remaining part is exactly the entropic partial OT (up to a

constant A\|7|(|u| + |v])), and we complete the proof.
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Note, the partial OT problem (85) can be solved by the classical Sinkhorn algorithm. See e.g.
Chizat et al. (2018a); Bai (2024).

Algorithm 1: Sinkhorn Partial OT
Input :c,e, A\, p,q
Output: v
Initialize u = 1,,,v = 1y, K = e~%“pq"
for({=1,2,...do

u= min(KLv,e’\/e)
v = min(34-, eMe)

If (u,v) converge, break
v (uiKiju5)ig

I.2 Sinkhorn for the fused Mass-constraint Gromov Wasserstein problem.

Similar to the preious section, in the entropic regularziation setting, the fused mass-constraint
Gromov Wasserstein problem is defined as:

BFMPGW(E.Y) = _inf wafe) +wn(ldx —dy| %) + O | (new)®)  (87)
Ye <\

and it can be relaxed as

1
LB - EFMPGW(X,Y):= inf wile,=(y+ 7)) +waldx — dyl|,7®?)
v, mETY (pv) 2
F(y,m)
+eH(y @ || (p©v)®?) (88)

Note, since 3(y+ ) € T2 (u,v), and F(v,7) = F(7), thus, we have
LB - EFMPGW(X,Y) < EFMPGW(X,Y).
Similar to the previous section, we have the following property:

Proposition 11. Given a fized 7w € I‘pS (1, v), considering the problem:

i F(m, H ©2),
eain (m,7) +eH(m @y || (p@V)57)

it is equivalent to solving the following entropic optimal partial transport problem:

rm./ ex(a,y)dy + eH(y | p o) (89)
VETL () JX xy

where ¢, is defined in Proposition 10.

Proof. Similar to the proof in Proposition 10, given 7 € Fg (i, v), we have
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Algorithm 2 Sinkhorn Algorithm for FMPGW
Input: C € R™™, CX e RV, CY e R™*™ p e R? g € R™, wy € [0,1], p € [0, min(|pl, |q])].
Output: ~
for k=1,2,...do
T4y
Solve the Sinkhorn partial OT problem (89) via algorithm (2):

ve in [ cwy)dr+eof(y | ne )
Vel () J X xy

Fix v and solve the similar Sinkhorn partial OT problem (89) via algorithm (2):

T4 min / cy(z,y)dr + epH(m || p @ v)
Tell (nv) JX xy

Break if m =~ v

end for
Flmy) +eHy @ | (nov)®?)
+ 7
= wi{d, 157 +wn(ldx —dy Py @ m) + eH(y x 7 | (9 v)%?)
1
= wi(d,m) + el(lullv)? = Ixllullv]
con;gant
1
+ <§W1d+WQ|dX —dyPorteH(n || p@v),y) +e |n| Hiy | pov)
—~—
Cr =r
and we complete the proof. O

The Entropic partial OT problem (89) can be solved by the corresponded Sinkhorn algorithm
Benamou et al. (2015); Bai (2024), thus we can derive the Sinkhorn algorithm problem for the
relaxed fused-mass constraint Gromov Wasserstein problem:

where

Ci={yeRY™ 9 <q}
Co={yeRY"™:m <p}
C3={yeRY"™ : |v| = p}
. diag(min(Z, 1,))y
Projéi"(7) := min KL(3" || 7) = { ydiag(min(-75-, 1)
el ’yi
]

J Fused Partial Gromov Wasserstein Barycenter

k
In discrete setting, suppose we have K mm-spaces X¥ = (X* C RY dy,pu* == S0, pk k) for

k =1,...,K and a fixed pmf function p € R} where n € N. Note for each k € [1 : K], let
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Algorithm 2: Sinkhorn Mass-constraint Partial OT

Input :p,q,p,c
Output: v
Initialization
K = efc/equ
for i=1,2,3 do
L & luxm
7 Koy
Main loop
k=0 for [ =0,1,2,... do
for i=1,2,8 do
k+—k+1
Y Projft (v 0 ¢

5%5’@”“ -

Break if fy( ) converges

Cck = [dTXk(ﬂff,SUf;)]i,ile[l:nk] € R™*"" and let X% = [x’f,:z:flk]T € R™X4 we have (X%, pF, CF)
can represent the space XF. Thus, for convenience, we use the convention XF = (X kopk ,C’k) to
denote the corresponsded mm-space.

Then, given pmf function p € R’} where n € N, and 34,...8x > 0 with fo:l B = 1, the
fused-Gromov Wasserstein barycenter problem Titouan et al. (2019) is defined as:

min BiFGW (X, X?), where X = (X, p, 0), (90)
CER"X",XER"Xd

where we adapt notation FGWL(+,-) to simplify the notation FGW (-,-) since r has been incorpo-

rated into matrix C*.
Inspired by this work, we present the following fused Partial GW barycenter problems.

J.1 Fused-MPGW barycenter.

Choose values p1, pa, . . ., prc where py, € [0, min(|p|, |p¥|)] for each k. In addition, choose (w¥,wk) €
[0,1] for k& = 1,2,...K such that w} + w§ = 1,Vk. The fused mass-constrained Partial GW
barycenter problem is defined as:

K

min FMPGW, , (X,XF),
CeRnxn. X cRnxd ; ﬁkz L,py, ( )

= (X, x* K(L(C, CF)(+F)®%)) | 91
o, Zﬁk(wl )74+ w (L(C.CH (M) (91)
XER™ LK)

where X = (X,p,C), XF = (X*,pF,C*), and D(X, X¥) = [||z; — 3 k)12 liep: n],jG[l nk] € RTXTE,

Note that the above problem is convex with respect to (C,X ) when ~* is fixed for each k.
However, it is not convex with respect to fyk for each k. Similar to classical fused-GW, it can be
solved iteratively by updating (C, X) and (y*)&_, alternatively in each iteration.
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Step 1. Given (C, X), we update (v*)5_,. Note, when (C, X) is fixed, each optimal (v*)* is
given by

(4")" = arg o wi(D(X, X*),7%) + w3 (L(C,C), (v5)*2),
vRerZ (pp

which is a solution for the fused partial GW problem F'— M PGW (X, X’“).

Step 2. Given 7*, update (C, X).
Suppose 7* is given for each k, the objective function in (90) becomes:

K
DD o 2 B (DU X, 91 {4, ()%

CER"X",XGR”Xd

k k ®2
XrerﬁgldeBk (X, X") +w2(;§gmx Zﬂk (C,Cr), (%)®?).

A B

Problem B admits the solution (we refer Bai et al. (2024) Section M for details). In particular,
if L satisfies (55), fi1, h; are differentiable, then

(AN (e Brtha(CR)(2F) T
o= (1) ( S Bk ()T ) 52)

In particular, when L(rq,12) = |r1 — 2|2, the above formula becomes:

_ Zk ﬁk,ykzck( k:)T
Yok By ()T

J.2 Solving the subproblem A.

We first introduce the barycentric projection:
For each (X*,p*, ~*), the barycentric projection Bai et al. (2023a) is defined by

LN ok ko if kL] —
k= {0 2k vy ] =205k 1%3 >0, (93)
T; elsewhere.
Note, if |[v*| = |p|, ¥k, by Cuturi & Doucet (2014) ( Eq 8), the optimal X is given by
X=[z1,...20) 2 = Zk lﬂk%”x
et BrvEli]
In this subsection, we will extend the above result to the general case.
Proposition 12. Any matric X satisfies the following is a solution for problem A.
S Bk liled s
k . .
X =[z1,...,zp) oy = ==L 1L if Zﬂkvf[z] > 0. (94)
Ek 15171 [1] k=1

Note, for each i, we use convention 8 =0 if Zszl Biv¥li] = 0.
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Proof. Problem A can be written in terms of barycentric projection (93). In particular, let Dy, :=
{i 3,7 >0} and D = |;_, Dy. We have:

_ k2
—XérﬁgdeﬁkZ% (i — 2511%)

_ : Lk
_Xgﬁ?xdzzﬁm (=i — 2711%)

i=1 k=1
= Z min Zﬁwl (lz: = &711%).

For each i, we have two cases:
Case 1: Zszl 6;{}/{“ [i] > 0. Then the optimal z; is given by the weighted average vector:

ZkeD Bk% [Z]i"
>ieny, Bl

Case 2: Zszl BevF[i] = 0. The problem becomes

min 0,
z;ER4

and there is no requirement for x;. And we complete the proof.

O

Remark 10 In practice, the above formulation can be described by matrices. In particular, let
Xk =[2,... %7, we have
kyk
N ¥ X
XF = A ="
1

Then we have (94) becomes
_ Z£{=1 ﬂk’)’flg ©X

where ® denotes the element-wise multiplication; the notation % where A € R"*? B € R"™ denotes
the following

5= [A]:,1]/ By, . .. ,A[:,n]/Bn]T
and we use % = 0 if any element in the denominator is 0.

J.3 Fused-PGW barycenter

Similar to the previous subsection, we define and derive the solution for the fused-Partial GW
problem.
Given A1,... A g > 0,p € R, the fused partial GW barycenter problem is defined as:
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K

min FPGWy . (X, XF), where X = (X, p, C
CGR”X",XGR”Xd;ﬁk i b X.p,0)

K
i i k k k
= min min wi(D(X, X"),
CeRnxn7X€RnXd’Ykerg(ppk):ke[]_;[{]; 1< ( ) 7 >
+wh(L(C,CP), (¥9)72) + NP + Il — 217" P2). (95)

Similar to the fused MPGW barycenter problem, the above problem can be solved iteratively.
In each iteration, we have two steps:

Step 1. Given X, D, update v*. Note finding each 7* is essentially solving the fused-PGW
problem:

7= argyermigpk)w'f(D(X,X’“)m +W3(L(C,CM), (v¥2) + M ? + [ = 217" ?)
<\p,

And it can be solved by algorithm 1.
Step 2. Given v* : k € [1 : K], update C, X.
In this case, (95) becomes
wh min (L(C,C%) = 2X, (v%)®%) 4wi min (D(X, X*),+%). (96)

CxRnxmn X cRnxd

/

A B

Optimal C for subproblem A is (92) by |[Proposition M.2 Bai et al. (2024)]. Optimal X for
subproblem B is given by (94) by the Proposition 12.

K Relation between FGW, FPGW and FMPGW.

In this section, we briefly discuss the relation between FGW, Fused-PGW problem (15), and the
fused-MPGW (14).

First, we introduce the following “equivalent relation” between FPGW and FMPGW. It can be
treated as the generalization of Proposition L.1. in Bai et al. (2024) in the fused-PGW formulation.

Proposition 13. Given mm-spaces X = (X,dx,pn),Y = (Y,dy,v), r > 1,A > 0. Suppose v*
is a minimizer for FPGW problem FPGW(X,Y), then v* is also a minimizer for Fused-MPGW
problem FPGW,(X,Y) where p = |v*|.

Proof. Pick v € T, (11,v) C T<(p,v). Since v* is optimal for FPGW,(X,Y), we have:

wi(C, ") +w2(L, (7)) + Al + v = 207" )
< wi(C,7) + wa{L,v%%) + A(|uf® + V] = 21y ).

Combine it with the fact |y| = |v*| = p, we complete the proof. O
Next, we discuss the relation between FGW and FMPGW problems.

Proposition 14. Under the setting of Proposition 13, suppose |u| = |v|, then

FMPGW,(X,Y) = FGW,(X,Y).

34



Proof. In this case, l“pS (1, v) =T'(p,v) and we complete the proof. O

Similarly, in the extreme case, the FPGW problem can also recover the FGW problem. We first
introduce the following lemma:

Lemma 8. Suppose u,v are supported in compact set and |p|,|v| > 0. Let X = supp(p),Y =
supp(l/), and maXL(era dTY) = 1NaXy e Xy’ €Y L(d&(% :B/)a dry(yv y/))v max C := maXxXyc X ycy C(.’L’, y)
Suppose

1
2\ > w1 ——————— max(C) + wy max L(d', dy 97
i, o) ) e a4 e

there exists a solution, denoted as v*, for FPGW\(X,Y) such that

7| = min(pl, [v]). (98)
If we replace “>7 by “>" in the inequality (97), then every solution of FPGW (X, T) satisfies (98).

Proof. For convenience, we suppose |p| < |v|. Suppose (97) holds. Choose an optimal v € I'<(p, v/).
By lemma E.1. in Bai et al. (2024), there exists 7' € I'<(u, v) such that v <4/ with |y/| = ||, i.e.
Y =

We have:

/ w1 C(x, y)dy' +/ wa L(d, dy)dy'®* + A(|ul* + v — 271%)
XxY (XxY)2

- / w1 Oz, y)dy + / wo L(d , d5)dy®? + A(|pu® + [v]* — 2]9]%)
XxY (XxY)2

=/ wi1C(z,y)d(y —7) +/ wa L(d, dy) — 2Xd(7'®? — 4?)
XxY (XxY)2

< wy max(C)|[y — 4| + we(max(L(dY, dy)) — 2A)|7®? — y*?|

B < max(C)

o BO) L max(L(d ) m) W
Iy + 7] LA

B

A
<0, (99)

where (99) follows by the fact A <0, B > 0. Thus we have 4/ is optimal.
Now we suppose

1
2\ > w)——————— max(C) + wo max L(d’, d5/ ).
min(Jal, o)) ") (L d5)

We assume there exists an optimal vy such that |y| < |ul.
If we can find optimal v with |y| < |u|, then A < 0 and B > 0 and we have (99) < 0. That is,
~" admits a smaller cost. It is a contradiction since 7 is optimal, and we complete the proof. O

Remark 11. If min(|pl, |v|) = 0, I'<(p, v) = {0} where {0} is the zero measure. In this case, (98) is
automatically satisfied, and there is no requirement for \.

Based on this lemma, the FPGW can recover FGW in the extreme case:
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Proposition 15. Under the setting of Proposition 14, suppose A satisfies (97), then
FPGW,(X,Y) = FGW(X,Y).

Proof. By Lemma 8, there exists optimal v for FPGW,(X,Y) with |y| = |u| = |v|. By Proposition
13, we have v is optimal for FMPGW,(X,Y) where p = |u| = |v|. By Proposition 14, we have v is
optimal for FGW (X,Y). Thus, v and we complete the proof. O]

Remark 12 (Summary of relations between FPGW, FMPGW, FGW| and OT). Due to the inherent
non-convexity of Gromov—Wasserstein objectives, it is not rigorous to claim that FGW and FPGW
are fully equivalent. Nevertheless, the following informal relations help clarify their conceptual
connections:

Relation between A in FPGW and p in FMPGW. Both parameters control the amount of
transported mass. In the FPGW formulation, increasing A encourages more mass to be transported,
while in FMPGW, p directly specifies the transported mass fraction. Hence, A in FPGW can be
viewed as the Lagrange multiplier associated with the transported-mass constraint in FMPGW.

Relation between FPGW and FGW. When |u| = |v| and A is sufficiently large, FPGW
reduces to FGW. In this case, the partial-mass penalty vanishes, and the formulation coincides with
the standard fused Gromov—Wasserstein distance.

Relation between FPGW and OT. In the same setting where FPGW recovers FGW, by
choosing w; = 1 and wy = 0, FPGW simplifies to the classical Optimal Transport problem.

These relationships summarize how the proposed FPGW framework unifies and generalizes
several existing OT-based formulations.

K.1 Comparison for FPGW, FUGW, Sinkhorn and Frank-Wolfes

Remark 13 (FPGW vs. FUGW: Total Variation vs. KL Divergence).

(1) Theory. We show that FPGW admits a (semi-)metric, while the metric property of FUGW
remains unclear. In the graph classification experiments, we also do not observe an advantage of
FUGW over FPGW (see Appendix N).

(2) Algorithms. FPGW can be optimized by both a Frank-Wolfe (FW) solver and a Sinkhorn-
based solver, whereas FUGW can only be solved via the Sinkhorn algorithm.

(3) Computational aspects. The KL divergence used in FUGW is nonlinear, while the total
variation (TV) penalty used in FPGW is linear. We hypothesize that this difference contributes to
faster convergence for FPGW even under entropic regularization. For example, in graph classifica-
tion, FUGW (Sinkhorn) requires 100-400 seconds, whereas FPGW (Sinkhorn) completes in
7-40 seconds (see the updated PDF).

Remark 14 (FW vs. Sinkhorn: Transportation Cost vs. Partial Matching Plan).

(1) Transportation cost. When the downstream task requires the transportation cost itself
(e.g., as a kernel matrix in graph classification), the Frank-Wolfe (FW) algorithm provides more
accurate estimates. The Sinkhorn solver, on the other hand, requires a sufficiently large entropic
regularization weight to prevent numerical instability (NaN errors), which in turn biases the ob-
jective and blurs the transport cost. Therefore, we use FPGW (FW) in the graph classification
experiments, where it yields higher accuracy than FUGW (Sinkhorn) (see Table 4). For exam-
ple, on the Protein dataset, FPGW (FW) achieves approximately 69-72% accuracy, while FUGW
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(Sinkhorn) gives 68-70%. On the Synthetic dataset, FPGW (FW) attains 94-97% versus 45-60%
for FUGW (Sinkhorn).

(2) Partial matching plan. When the task requires identifying a partial matching plan (e.g.,
in graph matching problems), the objectives of GW, PGW, FGW, and FPGW are non-convex,
and the FW algorithm can converge to suboptimal local minima. In this case, introducing an
entropic regularization term improves the optimization landscape and enhances numerical stability.
Therefore, for partial matching tasks, we employ the Sinkhorn-based solver, which provides more
stable convergence and reliable partial correspondences.

K.2 Wall-clock Comparison Experiment

In this section, we present a wall-clock time comparison among FPGW, Sinkhorn-FPGW,
FMPGW (from PythonOT Flamary et al. (2021)), and Sinkhorn-FMPGW (from PythonOT).

Dataset. Given two empirical measures X = {x1,...,2,} C R? and Y = {y1,...,ym} C R?
with z; ~1.id. N (0, 2) and y; ~ ii.d. N(0, I2), we construct the distance matrices

Cx = [lz: — o ||*} =1, (100)
Cy = lyj — yyr |11 (101)

We test problem sizes n € {10, 100, 200, 400, 800, 1000, 2000, 5000, 10000}, and for each n, we choose
m uniformly at random from the interval [1.1n, 1.5n].

Experiment and parameter settings. For FPGW in Eq. 15, we test the cases A € {0.1,1,10}.
For FMPGW and Sinkhorn-FMPGW, the mass parameter is set to ||, where v is obtained from
FPGW (see Proposition 13).

Each experiment is repeated k = 3 times and we report the average wall-clock time. We set
wg = 0.5 and the Sinkhorn regularization parameter € = 0.1.

For the FW-based methods, the linear subproblem is solved by the C++ solver “emd” from
PythonOT, with a maximum number of iterations

max{1000, 100(n + m)}. (102)

This prevents non-convergence inside an FW iteration.
The Sinkhorn solvers for FPGW-Sinkhorn and FMPGW-Sinkhorn are implemented in NumPy,
with maximum iterations

max{200, 10(n+ m)}. (103)

The convergence tolerance for all methods is set to 1075,

Performance Analysis. The log-log wall-clock comparison is shown in Figure 2. FMPGW-
FW, FPGW-FW, and FPGW-Sinkhorn have similar computational cost, with FPGW-FW being
slightly faster than FMPGW-FW. Both FW algorithms are faster than FPGW-Sinkhorn because
they use a C++ linear programming solver.

Sinkhorn-FMPGW is extremely slow. When n > 2000, it requires about two days to solve a
single pair, while the other methods take only two to three hours. This is because the partial OT
Sinkhorn update in FMPGW-Sinkhorn follows the algorithm of Benamou et al. Benamou et al.
(2015), which needs six matrix operations per iteration, while FPGW-Sinkhorn requires only two
(see Chizat et al. Chizat et al. (2018a)).

In summary, although FPGW and FMPGW are theoretically related, in practice both the FW
and Sinkhorn solvers for FPGW are faster than those for FMPGW, with the difference being
especially large for the Sinkhorn variants.
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Performance Comparison (Lambda = 10.0)

—o— FW-FPC
] —— sinkhom-FPGW (o1

—e— FW-FMPGW (PythonOT)
—e— Sinkhom-FMPGW (PythonOT)

om-FPGW (o1
—e— FW-FMPGW (PythonOT)
—e— Sinkhom-FMPGW (PythonOT)

Time (seconds)

(a) A= 0.1 (b) A=1 () A= 10

Figure 2: We evaluate problem sizes n = 10,...,10* for FMPGW-FW (PythonOT), FPGW-
FW (ours), and FPGW-Sinkhorn (ours). The FMPGW-Sinkhorn (PythonOT) solver
becomes extremely slow when n > 2000; for example, it requires approximately two days to solve a
single pair, whereas the other methods finish within 2-8 hours. Therefore, for FMPGW-Sinkhorn
we report results only for n = 10, ..., 2000.
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