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Abstract

Defector-responsive switching from unconditional cooperation to Tit-for-Tat has
been proposed as a way to rescue cooperation in the repeated Prisoner’s Dilemma.
The response rule itself was presented by Pal and coauthors; here we study
analytical and finite-population consequences that were not characterized there.
We first compare constant switching with switching proportional to the frequency
of unconditional defectors. When maintaining the responsive mechanism reduces
the payoff of unconditional cooperators, we derive an exact break-even cost for
general benefit and cost parameters and give the conditions under which the
relevant boundary equilibria resist invasion by defectors. We then implement
a finite-population Moran process in which continuous switching intensities are
mapped to valid per-update probabilities and cooperation is measured for a fixed
period after rescue. Constant switching rapidly creates the retaliatory strategy
but continues to remove unconditional cooperators after defectors disappear.
Responsive switching can rescue more slowly at low intensity, but it shuts off after
rescue and therefore preserves unconditional cooperation. These results identify
a quantitative cost constraint and a finite-population tradeoff for an existing
feedback mechanism, while also clarifying the biological assumptions required to
interpret strategy switching as a phenotypic response.
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1 Introduction

The Prisoner’s Dilemma expresses a conflict between individual and collective benefit:
defection is individually favored in a single encounter, although mutual cooperation
yields the larger joint return. Repeated interaction can change the evolutionary out-
come because strategies may condition present behavior on earlier actions (Axelrod
and Hamilton 1981; Axelrod 1984; Nowak 2006). Tit-for-Tat (TFT), which cooperates
initially and then copies its opponent’s preceding action, can punish unconditional
defection while continuing to cooperate with unconditional cooperators (Nowak and
Sigmund 1992). Later work has shown that the repeated game supports a much broader
space of conditional and memory-dependent strategies (Stewart and Plotkin 2013).

Evolutionary game dynamics provide a natural framework for asking whether such
behavior can protect a population dominated by unconditional cooperation. Replica-
tor and selection-mutation equations describe the corresponding infinite-population
dynamics (Taylor and Jonker 1978; Hofbauer and Sigmund 1998; Hofbauer 1985;
Hadeler 1981; Page and Nowak 2002). Mutation can change both the number and sta-
bility of equilibria, including in multi-strategy and noisy social dilemmas (Antal et al.
2009; Chen et al. 2024). Finite-population formulations add demographic stochastic-
ity and distinguish invasion, extinction, and fixation events (Moran 1962; Nowak et al.
2004; Traulsen et al. 2006; Fudenberg and Imhof 2006). In repeated games specifi-
cally, mutation can reorganize cycles of cooperation and defection or promote diverse
cooperative communities (Imhof et al. 2005; Tkadlec et al. 2023).

Pal et al. (2025) studied a rescue mechanism with three strategies: unconditional
cooperation (ALLC), TFT, and unconditional defection (ALLD). In their principal
model, switching from ALLC to TFT occurs at a constant rate. TF'T can suppress an
ALLD invasion, but constant switching also continues after the invasion has ended.
Importantly for the present study, Pal et al. also considered switching proportional to
ALLD abundance in their electronic supplementary material, Figure S8. The feedback
rule used here is therefore not claimed as a new mechanism.

Our contribution is instead to characterize two consequences of that rule. First, we
add a payoff cost for maintaining a defector-responsive switching capability. We derive
the exact cost at which the cooperative boundary equilibrium matches its constant-
switching counterpart for arbitrary benefit b and cooperation cost ¢, and we state the
stability restrictions under which this comparison is meaningful. Second, we revise the
finite-population test. A continuous switching intensity is converted to a probability
rather than used directly as one, and “survival quality” is evaluated after a fixed post-
rescue horizon rather than at an absorbing ALLC state that does not exist under
constant one-way switching.

We use the phrase strategy switching rather than genetic mutation throughout.
The equations could describe mutation, learning, or reversible phenotypic change, but
the proposed dependence on current defector abundance requires sensing or informa-
tion about population state. Treating it as a phenotypic response is consequently the
least restrictive interpretation. State-dependent perturbations have a longer history in
evolutionary models (Bergin and Lipman 1996); the questions addressed here concern
this particular feedback within the three-strategy rescue model.



2 Model

2.1 Payoffs and deterministic dynamics

Let z, y, and z be the frequencies of ALLC, TFT, and ALLD, respectively, with
x +y+ 2z =1. We follow the payoff convention of Pal et al. (2025):

[ALLC TFT ALLD
ALLC|b—c b-c —c (1)
TFT |[b—c (b—¢)/2 0
ALLD| b 0 0

Writing ¢ = b — ¢ > 0, the expected payoffs are

fCZQ(x_Fy)*CZv fTZQ(I+y/2)7 J/p = bz, (2)

and f = xfc + yfr + z2fp. One-way switching from ALLC to TFT gives

t=ux(fc— f) — px,
g=y(fr — f)+ pa, (3)
Z = Z(fD — f)

We compare a constant rule, u = pg, with the defector-responsive rule p = pgz.

To represent the cost of maintaining the responsive capability, the payoff of ALLC
is reduced by k > 0. Thus, f¢ is replaced by fo — k in its replicator term and the
population mean becomes f, = f — kx. The switching flow remains pozz. This cost
represents readiness to sense and respond, not the energetic cost of an individual
switching event.

2.2 Finite-population process

The stochastic model is a frequency-dependent Moran birth-death process (Moran
1962; Nowak et al. 2004). It contains N = 100 individuals and begins with N — 1
ALLC and one ALLD. Payoffs are calculated against the other N — 1 individuals. At
each update, a parent is sampled with weight

F; = exp(wm;), w=1, (4)
where 7; is the expected game payoff, and a uniformly sampled individual is replaced.

Exponential mapping keeps fitness positive even when game payoffs are negative. If
the parent is ALLC, its offspring switches to TFT with probability

p(A) =1 —exp(=A), ()

where A = pp for constant switching and A = poz for responsive switching. Equation
(5) prevents intensities greater than one from being misused as probabilities.



A trial is rescued when ALLD first reaches extinction and fails when ALLD fixes.
A pre-rescue trial is capped at 100,000 updates. Rescued trials then continue for 50NV
updates, allowing us to measure the ALLC frequency after rescue even though constant
switching makes all-ALLC nonabsorbing. We use 1,000 independent trials for each
value of pg and report means with normal-approximation 95% confidence intervals.
No trial in the reported parameter sweep was censored.

3 Analytical Results

The boundary z = 0 permits a direct comparison of the two rules. It is also where their
difference is clearest: constant switching remains active, whereas defector-responsive
switching stops.

Proposition 1 Assume b > ¢ > 0 and write g =b — c.

1. Under constant switching, the nontrivial ALLC-TFT boundary equilibrium is

; /210 x /20
rp=1- 7; Yrp = 77 (6)

and exists for 0 < ug < q/2. Its transverse ALLD invasion exponent is

gr (o) :C*b\/%+ﬂo- (7)

2. Under defector-responsive switching with readiness cost k, the nontrivial boundary
equilibrium is
. 2k . 2k
szl—?, yR:?v (8)
and exists for 0 < k < q/2. It resists an infinitesimal ALLD invasion if

cq
k>b+d 9)

3. Whenever the two boundary equilibria are the relevant stable outcomes, their ALLC

frequencies are equal at
* qro

Foreq/(b+c¢) < k < k*(uo), the responsive equilibrium contains more ALLC than
the constant-switching equilibrium.

Proof. On z =0, let y = 1 — z. For constant switching, the ALLC equation reduces to

&= (gy2 - Mo) : (11)



which gives (6). At that equilibrium the mean payoff is ¢ — po, so the growth rate of
rare ALLD is b(1 — y}.) — (¢ — o), yielding (7).

For responsive switching, ppz = 0 on the boundary. Coexistence requires equality
of the cost-adjusted ALLC and TFT payoffs: ¢ — k = ¢(1 — y/2). This gives (8). The
growth rate of rare ALLD is

b(l?)(qk)cbzck, (12)

which is negative precisely under (9). Finally, equating (6) and (8) gives (10); the
strict comparison follows from the same expressions. ([l

For the numerical values b = 5 and ¢ = 1, (10) becomes k* = /29, while trans-
verse stability of the responsive boundary requires k > 2/3. At the break-even value
this condition holds when po > 2/9. The constant boundary is transversely stable
when gr(po) < 0 and exists through o = 2. These qualifications are essential: out-
side the joint boundary-stability regime, equating two boundary formulas does not
compare the attracting states reached from the interior.

4 Numerical Results

4.1 Infinite-population comparison and cost check

We integrated (3) from (z,y,z) = (1/3,1/3,1/3) to t = 800 with an eighth-order
adaptive solver, relative tolerance 2 x 10~'', and absolute tolerance 2 x 10~ !3. The
numerical implementation neither clips negative values nor renormalizes the state after
integration; every terminal state was checked against the simplex constraint.

Figure 1A shows that constant switching has a narrow favorable region and then
progressively removes ALLC as g increases. Responsive switching has a low-intensity
tradeoff but rises to a high-ALLC equilibrium over the plotted range. For example,
at ug = 0.5, the terminal ALLC frequencies are 0.500 under constant switching and
0.643 under responsive switching; at o = 1, they are 0.293 and 0.701, respectively.
At pug = 2, the constant-switching boundary reaches zero ALLC, while the responsive
trajectory has terminal ALLC frequency 0.738.

For the costly model, we evaluated (10) at 31 values of po from 0.45 to 1.95.
Figure 1B displays the predicted curve. The maximum absolute difference between the
numerically integrated costly-responsive ALLC equilibrium and its constant-switching
counterpart was 2.28 x 107!!. This numerical check supports the implementation,
while the result itself follows analytically from the proposition.

4.2 Finite-population tradeoff

Figure 2 separates three quantities that were previously conflated: whether ALLD
becomes extinct, the composition at that first extinction time, and composition after
a fixed post-rescue interval. At low intensity, constant switching rescues more reliably.
For example, at pg = 0.2, the estimated rescue probabilities are 0.999 for constant
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Fig. 1 Deterministic comparison for b = 5 and ¢ = 1. (A) Terminal ALLC frequency from an interior
initial condition under constant and defector-responsive switching. (B) Exact break-even readiness
cost from (10); markers show parameters checked by numerical integration

switching and 0.749 £ 0.027 for responsive switching (95% confidence interval half-
width). The responsive rule reacts weakly while the single invader has frequency 1/N,
explaining this delay.

The comparison reverses for post-rescue composition. At pg = 0.6, constant and
responsive rescue probabilities are 1.000 and 0.988 + 0.007, but their mean ALLC
frequencies after 50N further updates are 0.370 4+ 0.003 and 0.985 4+ 0.008. At ug =
1.4, both rescue probabilities are one to the displayed precision, whereas post-rescue
ALLC frequencies are 0.029 + 0.003 for constant switching and 1.000 to three decimal
places for responsive switching. Constant switching therefore buys rapid production
of TFT at the cost of continuing conversion after ALLD is gone. The responsive
rule increasingly combines high rescue probability with preservation of ALLC as its
intensity rises.
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Fig. 2 Finite-population results for N = 100 and 1,000 trials per point. Lines show sample means
and shading shows 95% confidence intervals. (A) Probability that ALLD reaches extinction before
fixation. (B) ALLC frequency when ALLD first reaches extinction. (C) ALLC frequency after 50N
additional updates



5 Discussion

The defector-proportional response is an appealing negative-feedback mechanism, but
it is not new to this paper: Pal et al. (2025) presented it in their Supplementary Figure
S8. The new analytical result here is the general break-even expression (10), together
with the existence and invasion conditions needed to interpret it. The threshold makes
the mechanism’s cost constraint explicit. It also shows that the special-case expression
V20 is a consequence of choosing b = 5 and ¢ = 1, rather than a parameter-free law.

The finite-population results refine the mechanism’s interpretation. Constant
switching can be more reliable when a defector is initially rare because it does not wait
for a strong population-level signal. Responsive switching, however, shuts off exactly
when z = 0 and consequently avoids continued conversion of ALLC after rescue.
Reporting both rescue probability and post-rescue composition exposes this tradeoff.
It would be misleading to report “ALLC fixation” under constant one-way switching,
because all-ALLC is not absorbing: the next ALLC offspring can switch to TFT.

Several limitations restrict biological interpretation. The payoff matrix is a deliber-
ately reduced representation of noisy repeated play, the switching direction is one-way,
and the response uses instantaneous global knowledge of z. The readiness cost k is
an abstract payoff penalty rather than a calibrated energetic measurement. The finite
model also assumes that payoff enters fitness exponentially and that the same rate-
to-probability mapping applies at every update. Thus, the results establish properties
of a mathematical feedback model, not evidence for a particular molecular, microbial,
or behavioral sensing mechanism. A biologically specific application would need local
or noisy detection, a mechanistic response timescale, and parameters tied to data.

6 Conclusion

For the three-strategy rescue model, defector-responsive switching trades slower acti-
vation at low invader abundance for much better preservation of unconditional
cooperation after rescue. In the deterministic costly model, the exact break-even readi-
ness cost is the square root of one half the product of net cooperative benefit and
constant switching intensity, subject to explicit boundary-stability conditions. Cor-
rectly converting rates to probabilities and measuring a finite post-rescue horizon
makes the same tradeoff visible in finite populations. These results narrow the claim
from proposing a mechanism to rigorously characterizing when an existing mechanism
is advantageous.
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