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The intrinsic hybridization of internal and external atomic degrees of freedom in a Kasevich–Chu
interferometer enables engineered motional fluctuations to serve as an independent metrological
resource while preserving standard-quantum-limit scaling. We develop a unified computational
framework, based on quantum and classical Fisher information, for arbitrary uncorrelated mo-
tional inputs under both ideal and Doppler-modified atom–light interactions; a hybrid numerical
integration scheme makes the highly oscillatory joint population–position calculation tractable. Ap-
plied to single-mode motional squeezed states, the framework predicts up to a twofold sensitivity
gain over the semiclassical limit for population measurement through an enlarged atomic coherence
length. Joint population–position measurement additionally exploits squeezing-induced reshaping
of the spatial interference fringes, yielding substantial gains over a broader parameter regime and
exceeding threefold in the quantum-enhancement-dominated regime. This enhancement remains
robust to Doppler-induced pulse imperfections under strong momentum broadening and finite spa-
tial resolution, while an optimal squeezing strength emerges from the competition between quantum
enhancement and Doppler-induced suppression. Our results establish external motional fluctuations
as a robust and underexplored single-particle resource for quantum-enhanced atom interferometry
and provide a basis for extensions to correlated many-body systems.

I. INTRODUCTION

Owing to their high sensitivity and stability [1–4],
the Kasevich–Chu (KC) atom interferometer, based on
matter-wave interference [5, 6], offers significant scientific
value and engineering advantages, with applications in
geophysics, mineral exploration, and inertial navigation
[7–11]. A promising route toward higher sensitivity is to
exploit many-body entanglement in ultracold atom inter-
ferometers, i.e., spin squeezing [12–14], squeezing of well-
separated momentum modes [15, 16] and beyond. Prop-
erly engineered entangled atomic ensembles provide sens-
ing capabilities beyond the standard quantum limit and,
in principle, allow sensitivities approaching the Heisen-
berg limit, δg ∝ 1/N . Typical implementations employ
one-axis or two-axis twisting Hamiltonians [12], realized
using optical cavities [17], spin-exchange interactions in
spinor Bose–Einstein condensates [2, 18, 19], or intercom-
ponent interactions in two-component condensates [20–
22]. Nevertheless, the preparation and readout of many-
body entangled states remain experimentally challenging
owing to their fragility against noise. Furthermore, the
sensitivity gains demonstrated to date remain relatively
limited compared with those of conventional uncorrelated
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cold-atom interferometers, which are broadly deployed on
various platforms worldwide.
Uncorrelated cold-atom ensembles are still widely

used, especially in mobile platforms where atomic phase
coherence is fragile, because they offer a practical trade-
off between achieving high sensitivity and maintain-
ing a large dynamical bandwidth [23]. According to
Fisher information theory, the sensitivity scales as δg ∝
1/(

√
Nk0(T/2)

2), corresponding to the standard quan-
tum limit. Common strategies for systematically en-
hancing the sensitivity [18, 24–29] include improving
the atomic phase coherence (e.g., suppressing vibration
noise), increasing effective recoil momentum ℏk0 and
interrogation time T , and enlarging the atom flux N .
Progress along these directions is currently constrained
by various experimental limitations.
However, most existing studies overlook a key feature

of a KC atom interferometer: unlike its optical counter-
parts [30, 31], its interferometric arms are formed through
the hybridization of the internal and external atomic de-
grees of freedom, analogous to spin–orbit coupling, which
plays a central role in many areas of condensed-matter
physics [32]. Consequently, in addition to using the in-
ternal degree of freedom to generate spin squeezing or
many-body entanglement, one may exploit quantum fluc-
tuations of the external motional degree of freedom as an
independent metrological resource already at the single-
particle level. Indeed, as indicated in Ref. [33], suit-
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ably engineered single-particle quadrature fluctuations
may enhance the sensitivity of a KC atom interferometer.
These external fluctuations encompass position and mo-
mentum fluctuations as well as their correlations, which
jointly influence the wave-packet overlap, spatial distri-
bution, and interference pattern.

Several routes are available for engineering such ex-
ternal fluctuations. For instance, when engineering spin
squeezing in two-component Bose–Einstein condensates
in a KC atom gravimeter, strong spin squeezing is
always accompanied by substantial momentum broad-
ening in the unavoidable free-expansion dynamics [22,
34, 35]. Moreover, such fluctuations can also be di-
rectly engineered by preparing motional squeezed states
(MSSs) [36]. At the single-particle level, single-mode
or two-mode MSSs can be readily generated experimen-
tally using frequency-jump modulation schemes [37–41],
and even truncated MSSs can be spontaneously induced
with the assistance of Bose–Einstein condensates [42].
MSSs have demonstrated broad significance across sev-
eral platforms, including Rydberg atoms [43, 44], trapped
ions [37, 40, 45], and photonic systems [46], where they
enable enhanced control over quantum fluctuations and
correlations. In quantum optics, the counterpart of a
MSS is a squeezed-vacuum state, which can be repre-
sented as a Perelomov SU(1,1) coherent state and plays a
central role in precision measurements of extremely weak
signals [30, 46, 47]. Interestingly, the collective breath-
ing dynamics of two-dimensional interacting Bose gases
share the same SU(1,1) dynamical symmetry, foreshad-
owing the many-body extension discussed below [48, 49].

To date, MSSs have received little attention in atom
interferometry [50, 51], particularly in KC atom gravime-
ters. Their use is hindered by a fundamental tension: the
same motional fluctuations that can enhance sensitivity
generally also broaden the momentum distribution, pro-
ducing velocity-dependent Doppler shifts and imperfect
beam-splitter and mirror operations [52, 53]. For spa-
tially resolved readout, both MSS and free expansion dy-
namics induce position–momentum correlations and re-
shape the interference fringes that carry additional in-
formation about the encoded parameter. Once the mo-
mentum dependence of the atom–light coupling is re-
tained, however, the corresponding Fisher-information
integrals become highly oscillatory and difficult to eval-
uate accurately and efficiently. A systematic treatment
that connects ideal and realistic atom–light interactions,
compares experimentally accessible readouts, and quan-
titatively resolves motional enhancement and Doppler-
induced degradation has therefore been lacking.

Here we develop a unified single-particle framework for
arbitrary uncorrelated motional input states that cov-
ers both ideal and Doppler-modified atom–light inter-
actions. In the ideal limit, the QFI and the CFIs as-
sociated with population and joint population–position
measurements admit analytical formulations. For non-
ideal interactions, which must be retained for strongly
momentum-broadened states, we derive a comprehensive

computational framework for evaluating the QFI and the
CFI of both readouts. In the most demanding case of spa-
tially resolved joint measurement, the highly oscillatory
integrals are rendered tractable by a hybrid scheme com-
bining domain decomposition, Gauss–Legendre quadra-
ture, and Levin-type quadrature [54, 55]. This uni-
fied description allows us to quantify, on the same foot-
ing, the sensitivity gain generated by motional squeez-
ing, the relative performance of the two measurement
protocols, their control-parameter optimization where
computationally feasible, and the degradation caused
by Doppler effects. Applied to single-mode MSSs, the
framework predicts a sensitivity gain of up to twofold
for population measurement and exceeding threefold for
joint population–position measurement in the quantum-
enhancement-dominated regime. The latter gain remains
robust under strong momentum broadening and finite
spatial detection resolution, while an optimal squeez-
ing strength emerges in the crossover between quan-
tum enhancement and Doppler-induced degradation. Al-
though the single-particle gains demonstrated here re-
main moderate and retain standard-quantum-limit scal-
ing, the framework provides a systematic basis for exten-
sions to correlated many-body inputs, where collective
quantum correlations may support substantially larger
gains.
The rest of this manuscript is organized as follows. In

Sec. II, we derive a unified computational framework for
the QFI and CFI of two commonly deployed measure-
ment protocols. In Sec. III, we use this framework to
analyze the sensitivity of a KC atom interferometer with
an MSS as input, demonstrate both the sensitivity en-
hancement from quantum quadrature fluctuations and
the corresponding Doppler-induced suppression caused
by large momentum broadening, and assess the experi-
mental feasibility. In Sec. IV, we present our conclusions
and outlook.

II. COMPUTATIONAL FRAMEWORK OF

QUANTUM AND CLASSICAL FISHER

INFORMATION

Thermal Doppler broadening is a well-known limita-
tion in conventional KC atom gravimeters. Here, how-
ever, the momentum broadening originates from deliber-
ately engineered quantum fluctuations of the input mo-
tional state rather than from thermal excitations. To
account explicitly for Doppler effects, we formulate the
KC unitary evolution in both the “Ideal” and “Doppler”
scenarios and establish a unified framework for evaluat-
ing the corresponding QFI and CFI. The “Ideal” scenario
assumes perfect light pulses, whereas the “Doppler” sce-
nario retains the momentum-dependent pulse imperfec-
tions induced by Doppler broadening. For the latter,
we employ our SU(2) Lie group formalism to derive a

generic unitary evolution operator ÛKC. It should be
noted that we do not address the problem of optimal
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measurements associated with MSSs here; the rationale
will be discussed later. Without loss of generality, the
input state of a KC atom interferometer can be written
as a product of an internal state |a⟩ and an external state
|Ψ0⟩, namely |a⟩|Ψ0⟩. The final state is then given by the

unitary evolution |Ψ(t)⟩ = ÛKC|a⟩|Ψ0⟩, where the grav-
itational acceleration g is encoded into the output state
via the Hamiltonian. Since in our case the transverse
motion does not affect the sensitivity, we restrict our
analysis to the direction along the linear gravitational
potential.

A. Quantum Fisher information

The QFI determines the quantum Cramér–Rao bound
(QCRB) [56] on the sensitivity. For N uncorrelated
particles, this bound is δg ≥ 1/

√

NFQ, where FQ =

4(⟨∂gΨ(t)|∂gΨ(t)⟩ − |⟨Ψ(t)|∂gΨ(t)⟩|2) denotes the single-
particle QFI. To isolate the role of Doppler effects, we
consider two scenarios, “Ideal” (denoted by S = I) and
“Doppler” (S = D), as introduced above. In both sce-
narios, the evolution operator can be written as follows,

ÛS
KC = V̂ S

3 Ûg(T2)V̂
S
2 Ûg(T1)V̂

S
1 ,

V̂ S
j = Û0Ũ

S
j Û

†
0 . (1)

Here Û0 = |a⟩⟨a| exp(−ik0ẑ/2) + |b⟩⟨b| exp(ik0ẑ/2) and

Û†
0 together describe the momentum transfer (ℏk0) from

the pulsed laser, while Ûg(T1,2) describes free fall and
expansion in the gravitational potential,

Ûg(T1,2) = Ûp(T1,2) exp(igĜ(T1,2)), (2)

Ĝ(T ) =
mT

ℏ
ẑ +

T 2

2ℏ
p̂, (3)

Ûp(T1,2) = exp(−iT1,2

ℏ

p̂2

2m ). T1 and T2 denote as the
first and second interrogation times, respectively, with
T1 + T2 = T throughout. For the conventional atom–
light interaction, the frequency shift associated with the
momentum broadening of the input state is negligible,
that is ∆pk0/m ≪ Ω. Then ŨI

j can be written as fol-
lows,

ŨI
j = cos(Ωτj/2)Î (4)

−i sin(Ωτj/2) ·
(

eiϕj |a⟩⟨b|+ e−iϕj |b⟩⟨a|
)

,

Ωτj = π/2 and π (Ω is the Rabi frequency) correspond to
the π/2 and π pulses, respectively. Here ϕj is the phase of
the jth pulsed laser, and |a⟩ and |b⟩ denote the two inter-
nal states. However, this evolution operator (Eq. 4) be-
comes inaccurate for input states with large momentum
broadening, i.e., ∆pk0/m ≳ Ω. According to our pre-
vious framework based on SU(2) Lie group theory [57],

the unitary operator ŨD
j describing the imperfect inter-

action between pulsed lasers and a two-level atom in the
“Doppler” scenario can be expressed as

ŨD
j (p̂) = ÛD

j (p̂−mgt), (5)

with

ÛD
j (p̂) =

(

Âj + iB̂j

)

|a⟩⟨a|+
(

Âj − iB̂j

)

|b⟩⟨b| (6)

−iĈj

(

exp(iϕj)|a⟩⟨b|+ exp(−iϕj)|b⟩⟨a|
)

,

Âj = cos(∆̂τj/2), B̂j = b̂0/∆̂ sin(∆̂τj/2) and Ĉj =

Ω/∆̂ sin(∆̂τj/2) with ∆̂ =

√

b̂20 +Ω2, b̂0 = k0p̂/m + δ0
with the initial detuning δ0. Here it is worth noting that
Eq. 5 is valid when the chirping of the pulsed-laser fre-
quency is δ(t) = δ0−k0gt, which exactly compensates for
the Doppler shift arising from the uniform acceleration of
atoms in a linear potential [58]. It is straightforward to
see that when the Rabi frequency Ω is much larger than
all other typical frequency scales, i.e., ∆pk0/m, Eq. (5)
reduces to Eq. (4).
In the “Ideal” scenario, the single-particle QFI FQ =

F I
Q can be written as follows [33],

F I
Q = k20

(T 2

2
− T 2

2

)2
+ 4Var

(

Ĝ(T )
)

, (7)

where Var(·) denotes the variance. Evidently, increasing
either term on the right-hand side of Eq. 7 increases the
QFI and therefore lowers the QCRB, ultimately enhanc-
ing the sensitivity of KC atom interferometry. However,
the first term originates from the phase coherence of the
two interference arms, while the second term stems from
the external quantum fluctuations of the input state. For
the “Doppler” scenario, the calculation of the QFI is
lengthy. We therefore display only the final result here;
details are provided in the Appendix A,

FD
Q = k20

(T 2

2
− T 2

2

)2
+ 4⟨Ψ0|Ĝ′′|Ψ0⟩+ 4Var(Ĝ′). (8)

Ĝ′ = d̂0,0 + mT
ℏ
ẑ, where both d̂0,0 and Ĝ′′ are opera-

tors defined in momentum space, also listed in the Ap-
pendix A. In the limit Ω → ∞, Ĝ′′ → 0 and Var(Ĝ′) →
Var
(

Ĝ(T )
)

, which coincides with the result in the “Ideal”

scenario, that is, limΩ→∞ FD
Q = F I

Q. When the quan-
tum fluctuations of the input state are neglected and
interrogation-time symmetry T1 = T2 = T/2 is imposed,
both Eq. 7 and Eq. 8 consistently output the semiclassi-
cal limit (SCL), FSCL = k20(T/2)

4 which determines the
standard quantum limit of a conventional symmetric KC
atom interferometer with negligible motional enhance-
ment,

δgSCL =
1√

NFSCL

. (9)

Comparing the QFIs in the “Doppler” and “Ideal” sce-
narios, two distinct features in the “Doppler” case are
summarized here and the details are also given in the
Appendix A. First, the external quantum fluctuations
(Ĝ′ and Ĝ′′) in the “Doppler” scenario depend on both
interrogation times T1 and T2, rather than the total time
T = T1+T2. Second, the QFI in Eq. 8 is weakly affected
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FIG. 1. (color online) Root fidelity F versus momentum
broadening σp for an input Gaussian wave packet ⟨p|Ψ0⟩ ∝
exp(−p2/(2σ2

p)). The solid red, green and blue lines corre-
spond to the interrogation-time ratio r = 0.495, 0.5 and 0.505,
respectively. Here δ0 = −Er, Ω = 20Er/ℏ, T = 200ℏ/Er,
ϕ1 − ϕ2 = π/4, ϕ2 − ϕ3 = −π/4.

by the gravitational acceleration g and by the phase dif-
ference of the pulsed lasers through a phase Θ̂ (defined
in momentum space),

Θ̂ = ϕ1 − ϕ2 +
k0T1
m

(p̂+
ℏk0
2

) +
gk0T

2
1

2
. (10)

While increasing the momentum broadening may in-
crease the QFI and thereby enhance the sensitivity
through Eq. 7 and Eq. 8, it also causes a fraction of
atoms to deviate from the main interference paths of a
KC atom interferometer [59]. As a result, the number
of atoms that actually participate in the KC interfer-
ometer is reduced, eventually weakening the sensitivity
gain brought by the increased momentum fluctuation. To
quantitatively characterize this phenomenon, we intro-
duce the root fidelity between two scenarios, defined as

F = |⟨Ψ0|⟨a|ÛI†
KCÛ

D
KC|a⟩|Ψ0⟩|, which quantifies the light-

pulse imperfections induced by Doppler broadening,

F = |⟨Ψ0|⟨a|e−i
k0ẑ

2 ŨI†
1 e−iβ̂1σz ŨI†

2 e−iβ̂2σz ŨI†
3

ÛD
3 e

iβ̂2σz ÛD
2 e

iβ̂1σz ÛD
1 e

i
k0ẑ

2 |a⟩|Ψ0⟩|, (11)

where β̂1 = gk0T
2
1 /4 + k0T1p̂/(2m) and β̂2 = gk0(T

2
1 +

2T1T2)/4 + k0T2p̂/(2m). For intuition, we show the evo-
lution of F versus momentum broadening σp in Fig. 1 us-
ing a standard Gaussian wave packet as input, ⟨p|Ψ0⟩ ∝
exp(−p2/(2σ2

p)). As shown, the root fidelity F decays
with increasing σp faster than an exponential trend while
the interrogation-time ratio r ≡ T1/T (used throughout
this work) only slightly modifies the decay.

B. Classical Fisher Information

ForN uncorrelated particles, the classical Cramér–Rao
bound of a chosen measurement protocol is given as

δgC =
1√
NFC

, (12)

and ultimately bounded by the QCRB δgC ≥ 1/
√

NFQ

when the measurement protocol is optimal. For clarity,
we quantify the sensitivity gain of a chosen measurement
under specified control parameters as

G =
δgSCL

δgC
=

√

FC

FSCL
. (13)

Accordingly, a larger CFI FC yields lower classical
Cramér–Rao bound and hence a higher sensitivity gain
for the chosen measurement protocol throughout this
work.
In the “Ideal” scenario, it has been pointed out in

the literature that applying a harmonic potential before
measurement to implement an appropriate phase-space
rotation can enable an optimal measurement [33, 57].
However, this scheme is difficult to generalize to the
“Doppler” scenario, namely to an input MSS with large
momentum broadening. Three main challenges arise
here: (i) Due to the finite momentum transfer of pulsed
lasers (ℏk0), a spin-dependent momentum kick is required
to eliminate the velocity difference between different in-
ternal states; this operation becomes difficult to imple-
ment in the presence of large momentum broadening. (ii)
Because of unavoidable free expansion, the spatial extent
of the atomic cloud can become too large to apply a suit-
able harmonic trapping potential prior to measurement.
(iii) The Doppler effect can, to some extent, degrade the
universality of the phase-space rotation operation [57].
Taking these facts into account, we do not address the
problem of optimal measurement for MSSs in this work.
Instead, we focus on two types of experimentally fea-
sible measurements: population measurement (denoted

by {Ŝz} throughout this work) and joint population–

position measurement ({ẑ, Ŝz}). We then explicitly ob-
tain the unified computational framework of CFI for ar-
bitrary momentum or position fluctuations, as presented
in the following two subsections.

1. Population measurement and classical Fisher

information

Population measurement is the most commonly em-
ployed readout scheme in practical atom interferometry.
Its performance can be quantified by the corresponding

CFI, F I,D
C ({Ŝz}) =

∑b
s=a(∂gPs)

2/Ps, where the infor-
mation on g is encoded in the probabilities Ps of |a⟩ and
|b⟩.
In the “Ideal” scenario, the probabilities can be written

analytically as Pa/b = (1±C cos(φ))/2 with φ = Φ−ϕf −
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ϕg, here Φ = ϕ1−2ϕ2+ϕ3, ϕf = Er(T2−T1)/ℏ and ϕg =
gk0

2 (T 2 − 2T 2
1 ) denote the total laser phase difference,

the phase shift from the momentum kicks of the pulsed
lasers, and the phase shift from the linear gravitational
potential, respectively. Here Er = ℏ2k20/(2m) denotes
the recoil energy induced by pulsed lasers. The CFI in
the “Ideal” scenario is therefore,

F I
C ({Ŝz}) =

k20(T
2 − 2T 2

1 )
2

4
C2, (14)

where the optimal phase difference ΦI({Ŝz}) = ϕf+ϕg+
π/2 is set, and the interference contrast is

C = ⟨Ψ0| exp(i
k0
m

(T2 − T1)p̂)|Ψ0⟩. (15)

The latter represents the wavefunction overlap between
the distinct interference arms.
In the “Doppler” scenario, although the expressions

for the probabilities Pa/b are lengthy, the CFI can still
be written explicitly as

FD
C ({Ŝz}) =

k20T
4

4

∑

s

(

Ms + r2Ns

)2

Ps
, (16)

here

Ps = ⟨Ψ0|K̂†
saK̂sa|Ψ0⟩,

Ms =
i

2
⟨Ψ0|K̂†

saK̂
′
sa − K̂ ′†

saK̂sa|Ψ0⟩,

Ns =
i

2
⟨Ψ0|K̂†

saK̂
′′
sa − K̂ ′′†

sa K̂sa|Ψ0⟩. (17)

and

K̂sa = e−i
k0ẑ

2 ⟨s|ÛD
3 e

iβ̂2σz ÛD
2 e

iβ̂1σz ÛD
1 |a⟩ei

k0ẑ

2 ,

K̂ ′
sa = e−i

k0ẑ

2 ⟨s|ÛD
3 e

iβ̂2σzσzÛ
D
2 e

iβ̂1σz ÛD
1 |a⟩ei

k0ẑ

2 ,

K̂ ′′
sa = e−i

k0ẑ

2 ⟨s|ÛD
3 e

iβ̂2σz [ÛD
2 , σz]e

iβ̂1σz ÛD
1 |a⟩ei

k0ẑ

2 ,

(18)

σz = [1, 0; 0,−1] is the third Pauli matrix. A simi-
lar equivalence can be proven in the limit Ω → ∞,
limΩ→∞ FD

C ({Ŝz}) = F I
C({Ŝz}).

2. Joint population–position measurement and classical

Fisher information

Compared with population measurement, joint
population–position measurement enables substantial
better performance and more possibilities in a KC
atom interferometer because it also uses information
contained in the spatial distribution. Such measure-
ments have been widely investigated in point-source
and phase-shear interferometry [60–63]. In phase-shear
interferometry, the interferometric phase is mapped onto

the spatial probability distribution, enabling simulta-
neous estimation of rotation and the gravitational-field
gradient through phase shear and interrogation-time
asymmetry in the transverse and longitudinal directions,
respectively. The single-particle CFI of joint population–
position measurement is evaluated from the probability
distribution Ps(z) with Ps(z) = |Ls(z)|2,

Ls(z) = ⟨z − z0|K̂saÛp(T )|Ψ0⟩. (19)

Here z0 = gT 2

2 + ℏk0T
2m represents the mean output posi-

tion due to free fall and the drift induced by momen-
tum kicks. By definition, the CFI can be written as

F I,D
C ({ẑ, Ŝz}) =

∑b
s=a

∫

dz
(∂gPs(z))

2

Ps(z)
, and simplified as

follows,

F I,D
C ({ẑ, Ŝz}) =

b
∑

s=a

∫

dz
k20T

4

4L∗
sLs

(Im(LsH
∗
s ))

2
, (20)

here

Hs(z) = ⟨z|
(

K̂ ′
sa −

2p̂

ℏk0
K̂sa + r2K̂ ′′

sa

)

Ûp(T )|Ψ0⟩. (21)

In the “Ideal” scenario, it can be proven that
limΩ→∞ FD

C ({ẑ, Ŝz}) = F I
C({ẑ, Ŝz}).

We emphasize that the two scenarios differ in their
dependence on the pulsed-laser phases. In the “Ideal”
scenario, both CFIs (Eq. 14 and Eq. 20) depend on the
total phase difference Φ = ϕ1 − 2ϕ2 + ϕ3, while in the
“Doppler” scenario, both CFIs (Eq. 16, Eq. 20) depend
separately on ψ12 = ϕ1 − ϕ2 and ψ23 = ϕ2 − ϕ3.

III. ENHANCED SENSITIVITY AND

DOPPLER-INDUCED SUPPRESSION OF

MOTIONAL SQUEEZED STATES

Assuming that the atoms are prepared in a one-
dimensional harmonic trapping potential, we take the
external input state |Ψ0⟩ to be an MSS, which can be
expressed by the squeezing operator acting on the vac-
uum state |0⟩ of a harmonic trapping potential, |Ψ0⟩ =
exp(ξâ†2/2 − ξ∗â2/2)|0⟩ [47, 51], ξ = β exp (iθ), here â
and â† are the annihilation and creation operators of a
harmonic potential, respectively. The MSS in momen-
tum space can be written as follows,

⟨p|Ψ0⟩ =
(1− |α|2)1/4
√

σp
√
π
√
1− α

e

(

− 1+α
2(1−α)

p2

σ2
p

)

, (22)

where α = tanh(β)eiθ is the parameter defined on the
Poincaré disk, |α| ≤ 1. As we will see in Sec. III B and
Appendix B, both nonzero Im(α) and free-expansion dy-
namics induce a nontrivial Gaussian wave packet of either
output (s = a or b) with position–momentum correla-
tions, which can be written as

⟨s|⟨p|Ψ(T )⟩ ∝ exp(−(iA+B)p2), (23)
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where A ∈ R and B > 0 (see Appendix B). Here the
quadratic momentum phase in Eq. 23 plays an essen-
tial role for position-based measurement. The squeezing
strength and angle in phase space are controlled by (β, θ).

σp =
√
mℏω, where ω is the frequency of the initial har-

monic trap and sets the initial momentum broadening.
The momentum and position uncertainties (broadenings)
of an MSS, ∆p and ∆z, can be written as follows,

∆p =
σp√
2

|1− α|
√

1− |α|2
, (24)

∆z =
ℏ√
2σp

|1 + α|
√

1− |α|2
, (25)

Correspondingly, the position-momentum uncertainty
product is ∆p(α)∆z(α) = ℏ|1 − α2|/(2(1 − |α|2)). Each
quadrature fluctuation is symmetric about the real axis
of α (Im(α) = 0), where the uncertainty product attains
its minimum value. Around α = 1, the position uncer-
tainty is strongly enhanced while the momentum uncer-
tainty is suppressed; the opposite behavior occurs around
α = −1. Therefore, the “Doppler” scenario is essential
near α = −1, whereas the “Ideal” scenario is sufficient
near α = 1. The tunable squeezing of MSSs enables us
to investigate the quantum external fluctuations of the
input state.
Before discussing the CFIs of two chosen measurement

protocols, it is useful to discuss the corresponding QFIs
in the two scenarios. In the “Ideal” scenario, the contri-
bution from the quantum fluctuations of the input MSS
can be calculated analytically,

8Var(Ĝ)

k20T
4

=
( σp
ℏk0

sin(θ/2) +
σT
σp

cos(θ/2)
)2
e2β

+
( σp
ℏk0

cos(θ/2)− σT
σp

sin(θ/2)
)2
e−2β . (26)

σT = 2m/(k0T ), where ℏ/σT quantifies the position un-
certainty of output atoms induced by the momentum
kicks in the freely falling frame. The QFI can clearly be
exponentially enhanced along an appropriate direction
on the Poincaré disk. For a fixed β, F I

Q in Eq. 7 achieves

the maximum and minimum when θ = (θc, θc + π),

Var(Ĝ(T ))
∣

∣

∣

Max

Min
=
k20T

4

2
e±2β

(

1 +

(

2

ωT

)2
)

, (27)

respectively. Here

θc = 2arctan

(

ωT

2

)

, (28)

In general, Var(Ĝ(T )) and therefore F I
Q in Eq. 7 exhibits

symmetry about Re(α) = 0 only when θc = π/2 for
ωT = 2. In the “Doppler” scenario, the expression of
FD
Q (Eq. 8) does not admit further analytical simplifica-

tion and therefore requires numerical evaluation, even for
a Gaussian input state (Eq. 22).
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FIG. 2. (color online) In the “Ideal” scenario, the global maxi-

mum CFI for population measurement (F I

C{Ŝz}, left axis) and

the corresponding optimal interrogation-time ratio rI({Ŝz})
(right axis) versus Γ in Eq. 29.

Because both the encoding scheme (input state) and
the decoding scheme (measurement protocol) are fixed
in our KC atom interferometer, maximizing the sensitiv-
ity gain is equivalent, through Eq. 13, to maximizing the
corresponding CFI over the control parameters, includ-
ing the interrogation-time ratio r = T1/T and the laser
phases ϕj [64–68]. Specifically, using the single-particle
QFI/CFI framework developed in Sec. II, we maximize
the corresponding CFI over the relevant control parame-
ters whenever direct optimization is computationally fea-
sible. For joint population–position measurement in the
“Doppler” scenario, we instead evaluate the CFI using
the control parameters optimized in the “Ideal” scenario,
as explained in Sec. III B. The corresponding QFIs are
then evaluated at the same control parameters, including
the interrogation-time ratio and laser-phase differences.
Using this framework, we compare the two measurement
protocols in both scenarios, optimize their control pa-
rameters whenever direct optimization is computation-
ally feasible, quantify the resulting sensitivity gains and
Doppler-induced degradation, and assess the effects of
finite spatial detection resolution.

A. Population measurement

In a KC atom interferometer with population measure-
ment, as seen in Eq. 14, the maximum sensitivity is gov-
erned by a competition between the gravitational phase
response associated with the space–time area difference

∆S = ℏk0

m |T 2

2 − T 2
2 | [69] and the interference contrast

which is exponentially affected by the timing-asymmetry
T1 ̸= T2 or equivalently interrogation-time ratio r ̸= 1/2.
The gravitational phase response favors an optimal ratio
around r = 0 or r = 1, whereas the interference contrast
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favors r ≈ 1/2. Therefore, the conventional ratio r = 1/2
is not always optimal for MSS inputs.
In the “Ideal” scenario, the CFI for population mea-

surement is determined by the contrast C = exp(−(1 −
2r)2Γ) for MSS (Eq. 15) with

Γ =
σ2
p

σ2
T

(

(

eβ sin(θ/2)
)2

+
(

e−β cos(θ/2)
)2
)

. (29)

In general, one can show that F I
C({Ŝz}) (Eq. 14) reaches

an extremum when

r = 2Γ(1− 2r)(1− 2r2), (30)

is satisfied. The solution that maximizes F I
C({Ŝz}) is

denoted by rI({Ŝz}). Two features are worth noting:

(i) both Γ and F I
C({Ŝz}) (Eq. 14) are symmetric about

Im(α) = 0; (ii) the symmetry about r = 1/2 is also
broken by phase coherence.
By numerically solving Eq. 30 and maximizing the

CFI, the evolutions of max(F I
C({Ŝz})) and rI({Ŝz}) ver-

sus Γ are shown simultaneously in Fig. 2. In the absence
of squeezing (β = 0 for any θ), Γ = σ2

p/σ
2
T which usually

satisfies Γ ≫ 1, so that an optimal ratio r ≈ 1/2 is cho-

sen with F I
C({Ŝz}) ≈ FSCL in a conventional setup. This

behavior prevails over most of the parameter space (β, θ)
(see the (blue, yellow) regime in Fig. 3 (a1,b1)) because
the interference contrast usually dominates the competi-
tion. However, around the θ = 0 sector, the dominant
factor is the phase coherence of two interference arms be-
cause position uncertainty (atomic coherence length) can
be exponentially enhanced while the momentum broad-
ening remains small as β increases [70]. Although the pa-

rameter regime in which max(F I
C({Ŝz})) becomes larger

than FSCL is very narrow, we find that by reducing Γ
to zero (or equivalently increasing the atomic coherence

length), the max(F I
C({Ŝz})) (the red solid line in Fig. 2

and the yellow regime in Fig. 3(a1)) can reach the global

maximum 4FSCL while rI({Ŝz}) → 0, as depicted in
Fig. 2.

In the “Doppler” scenario where Doppler effects are
fully taken into account, however, the maximum CFI
max(FD

C (Ŝz)), and hence the corresponding sensitivity
gain, is generally further reduced. As θ moves away from
θ = 0 and approaches θ = π for a fixed β, the CFI even-
tually falls significantly below FSCL. This degradation
arises because strong momentum fluctuations severely re-
duce the phase coherence of the two interference arms.
For the optimal interrogation-time ratio, we have numer-
ically checked that the difference between the optimal
ratios rI({Ŝz}) and rD({Ŝz}) is small (Fig. 3 (a2,b2)).
For QFI, we numerically find that the absolute magni-
tude of the QFI difference ∆FQ = FD

Q − F I
Q remains

bounded (Fig. 3 (b3)) even under strong Doppler broad-
ening, e.g. k0∆p/(mΩ) ≈ 0.4 when β = 4.0, θ = π
and σp/(ℏk0) = 0.1. However, around the regimes
θ = θc = π/2 (the deep blue regime in Fig. 3(a3)) where
F I
Q ≈ FSCL, the relative magnitude of the QFI difference

is large enough to be relevant, see Fig. 3 (a3,b3).
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FIG. 3. (color online) Evolution of the maximum FS

C ({Ŝz})
under population measurement ((a1,b1), log scale), the opti-

mal interrogation-time ratio rS({Ŝz}) (a2,b2) and the corre-
sponding QFI FS

Q (a3,b3) versus squeezing parameters (β, θ)
for the “Ideal” (S = I) and “Doppler” (S = D) scenar-
ios. The black dashed radial lines (concentric circles) corre-
spond to θ/π = (0, 0.3, 0.5, 0.7, 1.0, 1.3, 1.7, 2) (β = 3.6). Here
δ0 = −Er, Ω = 20Er/ℏ, ωT = 2, T = 200ℏ/Er.

B. Joint population–position measurement

In this subsection, we show that the sensitivity of a
KC atom interferometer under joint population–position
measurement is greatly enhanced by the quantum fluc-
tuations of the input MSS. More importantly, this en-
hancement remains robust over a sizable parameter re-
gion against strong Doppler effects even when imperfect
atom–light interactions are fully accounted for. Accord-
ing to Eq. 13, the CFI enhancement discussed below di-
rectly determines the corresponding sensitivity gain.

In the “Ideal” scenario, as in the previous subsection,
the atom–light interaction is perfect, the spatial distri-
bution of |s⟩ in the falling frame z0 can be expressed as
follows,

Pa/b(z) ∝ e
− z2s+4z2

4∆̃2
z

(

cosh
(zsz

∆̃2
z

)

± cos(k̃z + φ)
)

, (31)
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here zs = ℏk0(T1 − T2)/m denotes the spatial separation
between the two output squeezed Gaussian wave packets,
whose width is

∆̃z =

√

ℏ

mω̃

(

(ω̃T̃ )2 + 1
)

, (32)

and whose effective wave-number k̃ of the interference
pattern is

k̃ = k0
T1 − T2

T̃

(ω̃T̃ )2

1 + (ω̃T̃ )2
. (33)

In fact, the effect of the MSS can be attributed to the
effective modifications of the width ∆̃z and the wavenum-
ber k̃ as follows,

T̃ = T +
1

ω

2R sin(θ)

1 +R2 − 2R cos(θ)
, (34)

1

ω̃
=

1

ω

1−R2

1 +R2 − 2R cos θ
, (35)

R = tanh(β). For comparison, the case of β = 0

corresponds to ∆̃z =
√

ℏ
(

(ωT )2 + 1
)

/(mω) and k̃ =

k0
T1−T2

T
(ωT )2

1+(ωT )2 . Notably, Eq. 34 is asymmetric about

the real axis of Poincaré disk, Im(α) = 0. To be concrete,

both the width ∆̃z and the interference-pattern wave-
length 2π/k̃ in the lower half-plane of the Poincaré disk
(θ ∈ (π, 2π)) are smaller than those in the upper half-
plane (θ ∈ (0, π)), therefore, the sensitivity in the for-
mer region is generally larger than that in the latter, see
Fig. 4(a1). As a consequence of this asymmetry, the cor-

responding optimal ratio rI({ẑ, Ŝz}) (obtained by maxi-
mizing Eq. 20 in the “Ideal” scenario) is also asymmetric

about Im(α) = 0 (Fig. 4(a2)). Particularly, rI({ẑ, Ŝz})
in this case can exceed 1/2, unlike the case of population
measurement. In summary, both the maximum CFI and
the corresponding optimal interrogation-time ratio are
asymmetric with respect to Im(α) = 0; through Eq. 13,
the associated sensitivity gain inherits the same asym-
metry; these behaviors persist in the “Doppler” scenario.
Furthermore, compared with population measurement,

the sensitivity of joint population–position measurement
is greatly enhanced over a sizable regime under the
“Ideal” scenario, as depicted in Fig. 4(a1,a2,a3). How-
ever, this large enhancement strongly depends on the
angle θ and the amplitude β. Usually, the larger ωT
is, the smaller the area of parameter space in which
maxF I

C({ẑ, Ŝz}) ≫ FSCL, and the angle θmax that
maximizes the CFI at fixed β lies approximately along
θc + π, i.e., ωT = (0.32, 2.0, 12.5) corresponds to θmax ≊

(1.25, 1.7, 1.95)π. As we can see, the region in (β, θ) space
in which large sensitivity enhancement is observed usu-
ally includes not only large position uncertainty but also
momentum uncertainty (Fig. 4(a1)), the latter makes the
“Ideal” scenario inaccurate and calls for the “Doppler”
treatment. By analogy with thermal Doppler broadening

at finite temperature, a critical question arises: to what
extent does this large quantum enhancement survive in
the presence of strong Doppler-induced suppression?

However, the combination of Doppler effects and the
quadratic momentum phase of either output in Eq. 23
makes an accurate and efficient evaluation of Eq. 20 sub-
stantially more challenging [54, 55, 71] (see Appendix B
for details). As a comparison, Eq. 16 can be evalu-
ated readily even on a laptop because the quadratic
momentum phase is eliminated by spatial integration.
We denote the optimal control parameters for joint
population–position measurement in the “Doppler” sce-
nario by rD({ẑ, Ŝz}), ψD

12({ẑ, Ŝz}) and ψD
23({ẑ, Ŝz}). In

this work, to isolate and quantify the Doppler-induced
suppression with an MSS under joint population–position
measurement, we do not attempt to directly optimize
the corresponding control parameters in the “Doppler”
scenario. Instead, we adopt the optimal control param-
eters obtained in the “Ideal” scenario by globally opti-
mizing F I

C({ẑ, Ŝz}) (based on Eq. 31), namely, we as-

sume a priori rD({ẑ, Ŝz}) = rI({ẑ, Ŝz}), ψD
12({ẑ, Ŝz}) =

ΦI({ẑ, Ŝz}), and ψD
23({ẑ, Ŝz}) = 0. We finally obtain the

corresponding CFI (Eq. 20) numerically, using a hybrid
numerical integration scheme that combines the Gauss–
Legendre and Levin-type quadrature (Appendix B).

Panels in Fig. 4(b1,b3) show the corresponding

FD
C ({ẑ, Ŝz}) and FD

Q in the “Doppler” scenario. As we
can see, the competition between quantum enhancement
of MSS and Doppler-induced suppression roughly divides
the parameter space (β, θ) into three distinct regimes.
Here we take ωT = 2.0 (equivalently σp/ℏk0 = 0.1) as an
example. When 0.7π ≲ θ ≲ 1.2π, the Doppler-induced
suppression completely dominates, resulting in a similar
behavior between the two measurement protocols (both

max(FD
C ({Ŝz})) and max(FD

C ({ẑ, Ŝz})) are reduced far
below FSCL). By contrast, the MSS-induced quan-
tum enhancement greatly enlarges the regime in which
max(FD

C ({ẑ, Ŝz})) ≫ FSCL, approximately −0.6π ≲
θ ≲ 0.2π. This behavior is sharply distinct from
that found for population measurement (Fig. 3(b1)).
Furthermore, between these regimes, the competition
also induces an optimal squeezing parameter βD

opt where

max(FD
C ({ẑ, Ŝz})) reaches the maximum by varying β

and fixing θ, see the red solid lines in Fig. 4 (b1,b2,b3).
Here we show the optimal squeezing βD

opt as a function of
θ only in the upper half-plane. A quantitative compari-
son of the two measurement protocols in both scenarios
is provided in Supplemental Notes.

To illustrate the quantum enhancement of MSS and ro-
bustness against Doppler-induced suppression under this
measurement protocol, we present in Fig. 5 the maximum

F I,D
C ({ẑ, Ŝz}), the corresponding optimal interrogation-

time ratio rI({ẑ, Ŝz}), and the associated root fidelity F
(Eq. 11) for this measurement under both the “Ideal” and
“Doppler” scenarios. Specifically, we either fix β = 3.6
and scan the angle θ ∈ [0, 2π] (Fig. 5(a1,a2,a3)), or
fix θ = θmax (where θmax is defined as the angle at
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FIG. 4. (color online) Evolution of the maximum FS

C ({ẑ, Ŝz})
of joint population–position measurement ((a1,b1), log scale),

the optimal interrogation-time ratio rI({ẑ, Ŝz}) (a2), and the
corresponding QFI FS

Q (a3,b3) versus squeezing parameters
(β, θ) for the “Ideal” (S = I) and “Doppler” (S = D) scenar-

ios. In particular, rD({ẑ, Ŝz}) = rI({ẑ, Ŝz}) is assumed for
simplicity, as discussed in the main text. Panel (b2) shows the
optimal squeezing βD

opt (the red solid line in panels (b1,b2,b3))
versus θ (0 ≤ θ ≤ π is chosen) in the “Doppler” scenario.
The black dashed radial lines (concentric circles) correspond
to θ/π = (0, 0.3, 0.5, 0.7, 1.0, 1.3, 1.7, 2) (β = 3.6). Other pa-
rameters are the same as in Fig. 3.

which F I
C ({ẑ, Ŝz}) reaches the maximum for a fixed β)

and scan β ∈ [0, 4.2] (Fig. 5(b1,b2,b3)). Compared

with FSCL, the maximal CFI max(F I,D
C ({ẑ, Ŝz})) can

be enhanced by roughly one order of magnitude around
θ = θmax for large enough β (see the pentagrams in
Fig. 5), and the Doppler-induced suppression is weak
(Fig. 5 (a1,b1)). Although the CFI is only weakly re-
duced in this regime, Doppler effects noticeably decrease
the root fidelity (Eq. 11 and Fig. 5 (a3,b3)). This reduc-
tion may be important for practical implementations of
MSS-enhanced KC atom interferometers.

C. Finite spatial resolution and experimental

assessment

Experimentally, the spatial resolution of detection ∆SR

is finite, that is 0 < ∆SR <∞, because of the diffraction
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FIG. 5. (color online) Under the joint population–position

measurement, the maximum F I,D

C ({ẑ, Ŝz}) (a1, b1), the op-

timal interrogation-time ratio rI({ẑ, Ŝz}) (a2, b2), and the
root fidelity F (a3, b3) are shown as functions of the squeez-
ing parameters θ (with β = 3.6 fixed, panels (a1, a2, a3), see
the black dashed circles in Fig. 4) and β (with θ = θmax fixed,
panels (b1, b2, b3)). Here, the red, blue, and magenta dashed
curves (pentagram symbols) correspond to ωT = 0.32, 2.0,
and 12.5, respectively. In panels (a1,b1), the dashed (dotted)
lines denote the “Ideal” (“Doppler”) scenario. Other param-
eters are the same as in Fig. 3.

limit of detection light and classical noise. In this sense,
population measurement (joint population–position mea-
surement) can be understood as the ”bad resolution”
(”good resolution”) detection limit. Therefore, it is use-
ful to model the finite spatial resolution. Here we choose
β = 3.6, θ = 1.7π and ωT = 2.0 as a concrete example
(see the blue pentagrams in Fig. 5) to demonstrate the
evolution of CFIs as the finite spatial resolution ∆SR is
varied, as depicted in Fig. 6. It is worth noting here
that a similar assumption on the optimal control pa-
rameters is applied for the “Doppler” scenario as in the
last subsection. As we can see, the difference between
max(FD

C ({ẑ, Ŝz},∆SR)) and max(F I
C({ẑ, Ŝz},∆SR)) is fi-

nite when ∆SR ≈ 0, and they quickly converge and si-
multaneously decay to around FSCL as ∆SR is increased.
These behaviors are consistent with the previous results
observed in the last two subsections. Actually, both CFIs
in the “Ideal” and “Doppler” scenarios are rapidly en-
hanced when the detection light can resolve the interfer-



10

FIG. 6. (color online) The maximum CFIs in the “Ideal”

(max(F I

C ({ẑ, Ŝz},∆SR)), red solid line) and “Doppler”

(max(FD

C ({ẑ, Ŝz},∆SR)), blue solid line) scenarios versus fi-
nite spatial resolution ∆SR. The black filled squares (circles)
correspond to the maximum CFIs in the “Ideal” (“Doppler”)
scenario for both measurement protocols. The black dashed
line corresponds to FSCL, while the black dotted (dashed-
dotted) line denotes the case where spatial resolution ∆SR is

equivalent to 2π/k̃ (∆̃z). Here β = 3.6, θ = 1.7π and ωT = 2,
other parameters are the same as in Fig. 5. The inset shows
the corresponding interrogation-time ratio rI({ẑ, Ŝz}) of the
“Ideal” scenario versus ∆SR.

ence pattern of the output Gaussian wave packets, that
is ∆SR ≲ ∆̃z or ∆SR ≲ 2π/k̃ (see the black dotted or
dashed-dotted line in Fig. 6).

Finally, we provide a representative experimental es-
timate. To retain a CFI enhancement of approximately
fourfold or greater at finite spatial resolution, correspond-
ing to a sensitivity gain of approximately twofold or
greater, and to resolve the Doppler-induced suppression,
one must roughly resolve the interference pattern, that
is ∆SR ≲ 2π/k̃, whose characteristic wavelength is re-
duced by the input MSS. For an alkali-metal atom in-
terferometer, i.e., 87Rb, T = 200ℏ/Er ≈ 1.1 millisec-
ond. The wavelength of the detection beam is around
780 nanometers (nm), so the required spatial resolution

∆SR ≈ 2π/k̃ ≈ 0.25× 780 nm, which is challenging with
current technology [72]. For an alkali-earth-metal(-like)
atom interferometer [73], e.g., 88Sr, T = 200ℏ/Er ≈ 3.4
milliseconds. The wavelength of the detection beam is
around 460 nm, and ∆SR ≈ 2π/k̃ ≈ 0.6 × 460 nm,
so this requirement may become accessible with a high-
numerical-aperture imaging system.

IV. CONCLUSION AND OUTLOOK

In conclusion, we have developed a unified single-
particle framework for KC atom interferometers with ar-
bitrary uncorrelated motional input states and momen-
tum broadening. For ideal atom–light interactions, the
QFI and the CFIs associated with population and joint
population–position measurements admit analytical for-
mulations. For Doppler-modified interactions, we derive
a comprehensive computational framework for evaluating
the corresponding QFI and both CFIs using momentum-
dependent pulse operators. In the most demanding case
of joint population–position measurement, a hybrid nu-
merical integration scheme resolves the highly oscilla-
tory Fourier-type momentum integrals generated by the
interplay between motional position–momentum corre-
lations and nonlinear Doppler coupling. This ideal-to-
realistic framework enables the sensitivity enhancement
generated by motional squeezing, the performance of dif-
ferent measurement protocols, the optimization of ex-
perimentally relevant control parameters where feasible,
and Doppler-induced degradation to be assessed within
a common quantitative description.

Applied to single-mode motional squeezed states as in-
put, this framework reveals distinct metrological roles of
motional squeezing under the two measurement proto-
cols. For population measurement, increasing the atomic
coherence length through motional squeezing enables up
to a twofold sensitivity enhancement over the semiclassi-
cal limit within a narrow position-fluctuation-dominated
regime. For joint population–position measurement, the
MSS-induced reshaping of spatial interference fringes
provides access to additional quantum information en-
coded in the external degrees of freedom and leads to sub-
stantially larger sensitivity gains over a broader squeez-
ing regime. In particular, we identify three characteris-
tic regimes arising from the competition between quan-
tum enhancement and Doppler-induced suppression. In
the quantum-enhancement-dominated regime, the sensi-
tivity gain can exceed threefold, remains robust against
Doppler-induced suppression under strong momentum
broadening, and persists at finite spatial detection resolu-
tion. Besides the regime where Doppler-induced suppres-
sion dominates, an optimal squeezing strength emerges in
the crossover regime where the quantum enhancement
and Doppler-induced suppression become comparable.
The resulting sensitivity retains standard-quantum-limit
scaling, δg ∝ N−1/2, because no many-body entangle-
ment is introduced.

Several challenges remain within the present single-
particle setting. First, the CFI for joint population–
position measurement in the “Doppler” scenario is cur-
rently evaluated using control parameters optimized in
the “Ideal” scenario. Developing a more efficient algo-
rithm for the highly oscillatory integrals with station-
ary points would enable a fully self-consistent Doppler-
aware optimization of the interrogation time and laser
phases, and thereby determine the true global maxi-
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mum of the CFI in the full control-parameter space.
Second, large momentum broadening produces Doppler-
dependent beam-splitter and mirror imperfections, trans-
ferring part of the atomic population out of the in-
tended interferometric paths and eventually reducing the
effective number of atoms contributing to the interfer-
ence signal. This limitation may be mitigated through
shaped or modulated pulses [74], Floquet-engineered
atom optics [53], or multipath-interference protocols [59].
Third, a realistic implementation should account for
intermediate-state decoherence in Raman transitions,
residual thermal broadening, imperfect state prepara-
tion, detection noise, transverse atomic motion, and
residual atom–atom interactions during the interferomet-
ric sequence. In this respect, alkaline-earth(-like) plat-
forms [75] employing directly driven narrow optical tran-
sitions may offer advantages over Raman-based alkali-
metal implementations by avoiding decoherence associ-
ated with an intermediate excited state. The principal
single-particle predictions of this work could be tested in
free-space single-atom matter-wave interferometers [70].

Although the sensitivity gains demonstrated here re-
main moderate and retain standard-quantum-limit scal-
ing at the single-particle level, the present frame-
work provides a natural starting point for extensions
to correlated many-body systems. In particular, the
SU(1,1) structure shared by motional squeezed states
and certain collective dynamics, including those of two-
dimensional interacting Bose gases, suggests that the
same information-theoretic approach may be applica-
ble beyond uncorrelated inputs [76, 77]. More gen-
erally, combining collective motional correlations with
other quantum resources may enable substantially larger
metrological gains [78–80]. A systematic investigation of
such many-body extensions and their robustness under
realistic atom–light interactions is left for future work.
By quantitatively resolving the competition between

motional quantum enhancement and Doppler-induced
degradation, the present work establishes a benchmark
for the future design, control, and performance optimiza-
tion of atom interferometers based on motional squeezed
states [67, 68]. More broadly, our results identify quan-
tum fluctuations of the external motional degrees of free-
dom as a robust and largely underexplored resource for
quantum-enhanced matter-wave interferometry.
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Appendix A: Quantum Fisher information for

arbitrary momentum broadening

For the linear frequency chirp δ(t) = δ0−k0gt, the uni-
tary operators ŨI,D

j becomes independent of the gravi-
tational acceleration g in the freely falling frame. This
feature makes it possible to calculate the QFI even in the
presence of strong Doppler broadening. The symbolic
calculations are performed using Mathematica and the
package DiracQ [81], which enable us to collect, extract
and simplify the coefficients as introduced below. Ac-

cording to the definition of QFI,
FQ

4 = ⟨∂gΨ(t)|∂gΨ(t)⟩−
|⟨Ψ(t)|∂gΨ(t)⟩|2, the QFI for an arbitrary single-particle
input state |Ψ0⟩ (in the “Doppler” scenario) can be writ-
ten as follows,

FD
Q

4
= ⟨Ψ0|ĉ0 + ĉ1ẑ + ĉ2ẑ

2|Ψ0⟩

−|⟨Ψ0|d̂0 + d1ẑ|Ψ0⟩|2, (A1)
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where both c2 = d21 and d1 = mT/ℏ are constants, while

ĉ0, ĉ1 and d̂0 solely depend on the momentum operator.
These operators can be further expanded around g = 0
as follows,

ĉ0 =

2
∑

j=0

ĉ0,jg
j ,

ĉ1 =
1
∑

j=0

ĉ1,jg
j ,

d̂0 =

1
∑

j=0

d̂0,jg
j . (A2)

Using the following identities,

ĉ0,2 = d20,1,

ĉ0,1 = 2d̂0,0d0,1,

ĉ1,1 = 2d1d0,1, (A3)

the QFI in the “Doppler” scenario can be written as fol-
lows,

FD
Q

4
= ⟨Ψ0|ĉ0,0 + ĉ1,0ẑ + ĉ2ẑ

2|Ψ0⟩

−|⟨Ψ0|d̂0,0 + d1ẑ|Ψ0⟩|2. (A4)

To facilitate comparison with the “Ideal” scenario, it is
useful to rewrite the QFI by introducing Ĝ′ and Ĝ′′,

FD
Q = k20

(T 2

2
− T 2

2

)2

+4⟨Ψ0|Ĝ′′|Ψ0⟩+ 4Var(Ĝ′),

(A5)

here

Ĝ′ = d̂0,0 + d1ẑ, (A6)

and

Ĝ′′ = ĉ0,0 + ĉ1,0ẑ + c2ẑ
2 − Ĝ

′2 − k20
16

(

T 2 − 2T 2
2

)2
,

= ĉ0,0 − d̂20,0 − iℏd1∂pd̂0,0 −
k20
16

(

T 2 − 2T 2
2

)2
,

=

2
∑

j=4

4
∑

i=0

Ĝ′′
i,j−iT

i
1T

j−i
2 . (A7)

In the final equality, Ĝ′′ depends only on the momentum;
its explicit dependence on position operator ẑ has been
eliminated by using the identities in Eq. A3.

Compared with the diagonal terms of Ĝ′′, the off-
diagonal terms are usually negligible which has been nu-
merically verified. Therefore, Ĝ′′ can be approximated
as follow,

Ĝ′′ ≈
4
∑

i=0

Ĝ′′
i,4−iT

i
1T

4−i
2 , (A8)

with

Ĝ′′
0,4 = −k20

(

(
1

2
− Ĉ2

1 )(
1

2
− Ĉ2

2 )−
ζ̂

4

)2

, (A9)

Ĝ′′
1,3 =

k20
2

(

ζ̂ ′(Ĉ2
2 − 1

2
)− (Ĉ2

1 − 1

2
)ζ̂ +

1

2

)

, (A10)

Ĝ′′
2,2 =

k20
4

(

ζ̂ ′(Ĉ2
2 − 3

2
)− (Ĉ2

1 − 1

2
)ζ̂ − 1

2

)

, (A11)

Ĝ′′
3,1 = −k20(

1

2
− Ĉ2

1 )
2, (A12)

Ĝ′′
4,0 = −k

2
0

4
(
1

2
− Ĉ2

1 )
2, (A13)

ζ̂ = 4Ĉ1Ĉ2 Re((Â1 + iB̂1)(Â2 + iB̂2)e
iΘ̂) (Eq. 10), and

ζ̂ ′ = 4Ĉ2
1 (Ĉ

2
1 − 1). In the “Ideal” scenario (Ω → ∞),

Â1 = 1√
2
B̂1 = 0 Ĉ1 = 1√

2

Â2 = 0 B̂2 = 0 Ĉ2 = 1,

Â3 = 1√
2
B̂3 = 0 Ĉ3 = 1√

2

(A14)

so that Ĝ′′
i,4−i = 0 for i = 0, · · · , 4. Actually, Ĝ′′

i,j = 0
holds exactly in the “Ideal” scenario. A similar approxi-

mation for d̂0,0 can also be written as follows,

d̂0,0 =

1
∑

j=2

2
∑

i=0

d̃i,j−iT
i
1T

j−i
2

≈
2
∑

i=0

d̃i,2−iT
i
1T

2−i
2 , (A15)

here

d̃2,0 =
k0
2
(Ĉ2

1 +
p̂

ℏk0
),

d̃1,1 = k0(Ĉ
2
1 +

p̂

ℏk0
),

d̃0,2 =
p̂

2ℏ
+
k0
2

(

Ĉ2
1 + Ĉ2

2 − 2Ĉ2
1 Ĉ

2
2 +

ζ̂

2

)

. (A16)

As Ω → ∞, 2d̃2,0, 2d̃0,2 and d̃1,1 consistently approach

to k0(
1
2 +

p̂
ℏk0

), consequently, limΩ→∞ d̂0,0 = k0T
2

4 + T 2

2ℏ p̂.
That is,

lim
Ω→∞

Ĝ′′ = 0, (A17)

lim
Ω→∞

Ĝ′ = Ĝ+
k0T

2

4
, (A18)

which prove that the QFI in the “Doppler” scenario (FD
Q )

approach to the “Ideal” counterpart in the limit Ω → ∞,
as depicted in Fig. 7.

Appendix B: Numerical evaluation of FD

C ({ẑ, Ŝz})

In this appendix, we provide details of the numerical
evaluation of FD

C ({ẑ, Ŝz}) using a hybrid numerical in-
tegration scheme involving Gauss–Legendre and Levin-
type quadratures.
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FIG. 7. (color online) Doppler shifts of QFI difference ∆FQ =
FD

Q − F I

Q versus Rabi frequency Ω as ωT = 0.32 (a) and
ωT = 12.5 (b). Here we set the interrogation-time ratio r =
T1/T = 1/2 artificially. For the input MSS, θ = π is chosen
where the Doppler broadening is the largest and β = (0, 1, 3)
(dashed red, blue and magenta lines). Other parameters are
the same as in Fig. 3.

According to the definitions of K̂sa, K̂
′
sa, and K̂ ′′

sa,
both Ls(z) and Hs(z) can be transformed into a unified
form,

D(z) =

∫ ∞

−∞
dp
K(p)√
2πℏ

e−(iA+B)p2+ipz/ℏ (B1)

where A and B depend on the squeezing parameters
(β, θ) through

A =
T̃

2mℏ
, (B2)

and

B =
1

2mℏω̃
> 0. (B3)

The kernel K(p) can finally be expanded as follows,

K(p) =

N0
∑

j=1

aj,0aj,1(p)√
2πℏ

exp
(

ib̃jp+ icj∆̄(p)
)

, (B4)

where ∆̄(p) =
√
1 + P 2, P = k0

mΩp+ δ̄, δ̄ = δ0+Er/ℏ
Ω , and

b̃j = (bj+z/ℏ) depends on the position z. All coefficients
aj,0, bj and cj are independent of the momentum and
already obtained analytically, whereas aj,1(p) belongs to
the seven-function set as below,

(P ± ∆̄(p))l

∆̄3(p)
, for l = 0, 1, 2, 3. (B5)

The number N0 depends on the choice of K̂sa, K̂
′
sa or

K̂ ′′
sa. This integral defining D(z) exhibits three key fea-

tures: (i) a highly oscillatory factor, exp(−iAp2) where

the phase is quadratic in p; (ii) a momentum-dependent
nonlinear phase, exp(icj∆̄(p)); (iii) the analytic contin-
uation of aj,1(p) into the complex plane is multivalued
and spans multiple Riemann sheets. The second feature
(ii) precludes a closed-form evaluation based on stan-
dard Gaussian integral identities, while the third (iii)
renders analytic continuation into the complex plane pro-
hibitively complicated, preventing any straightforward
contour deformation to suppress the oscillatory term.
Moreover, due to the first feature (i), standard Fourier
transform techniques may become inefficient because pro-
hibitively fine momentum grids are required when |A| ≫
B.
To numerically obtain the CFI in Eq. 20 or equiva-

lently Eq. B1 especially for an MSS input of large mo-
mentum broadening, we employ a hybrid numerical in-
tegration scheme combining domain decomposition and
Levin-type quadrature [54, 55]. We first divide the
momentum integral at the point P = 0, which gives
p0 = −m(δ0 + Er/ℏ)/k0. Consequently,

D =

N0
∑

j=1

∫ p0

−∞
dpeiϕL(p)fL(p) +

∫ ∞

p0

dpeiϕR(p)fR(p),(B6)

and

fL(p) =
aj,0aj,1(p)√

2πℏ
e−Bp2

eicj(∆̄(p)+P ),

fR(p) =
aj,0aj,1(p)√

2πℏ
e−Bp2

eicj(∆̄(p)−P ). (B7)

In this formula, the kernels fL,R(p) are smooth functions
of p that do not contain any highly oscillatory term due
to limp→−∞ ∆̄(p)+P = 0 and limp→∞ ∆̄(p)−P = 0. By
contrast, the phases ϕL,R(p) are now at most quadratic
polynomials of the momentum p,

ϕL(p) = −cj δ̄ + (bj +
z

ℏ
− k0
mΩ

cj)p−Ap2,

ϕR(p) = +cj δ̄ + (bj +
z

ℏ
+

k0
mΩ

cj)p−Ap2. (B8)

Accordingly, two stationary points are defined as follows,
dϕL(p)

dp |p=pL,∗
= 0 and dϕR(p)

dp |p=pR,∗
= 0, with

pL,∗ =
bj +

z
ℏ
− k0

mΩcj

2A
, pR,∗ =

bj +
z
ℏ
+ k0

mΩcj

2A
. (B9)

The integral for D(z) (Eq. B1) can then be evaluated
within a unified numerical framework. Near a station-
ary point, the phase varies slowly and is locally domi-
nated by its quadratic expansion, allowing accurate eval-
uation by Gauss–Legendre quadrature. Away from sta-
tionary points, Levin-type quadrature efficiently handles
the rapid oscillations [71].
In the following, we briefly introduce the Levin-type

quadrature,

L =

∫ pu

pd

dpeiϕ(p)f(p), (B10)
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where the stationary point of the phase ϕ(p) is assumed
to lie outside the interval (pd, pu). This integral can be
obtained by

L = F (pu)e
iϕ(pu) − F (pd)e

iϕ(pd), (B11)

provided that the first-order differential equation for F (p)
is solved numerically [54],

dF (p)

dp
+ i

dϕ(p)

dp
F (p) = f(p). (B12)

The differential equation for F (p) can be solved numeri-
cally by expanding it in truncated Chebyshev polynomi-
als as follows,

F (p) =

M
∑

j=0

c̃jTj(x), (B13)

here p = pu+pd

2 + pu−pd

2 x and Tj(x) is the jth Chebyshev
polynomial of the first kind. Usually, Clenshaw–Curtis
nodes are chosen [82], xk = − cos(π k

N ), k = 0, · · · , N .

Therefore,

M
∑

j=0

c̃j

(

T ′
j(xk) + iϕ̃′(xk)Tj(xk)

)

=
pu − pd

2
f̃(xk),(B14)

here T ′
j(x) denotes the derivative of Tj(x) with respect

to x, ϕ̃′(x) ≡ dϕ(p)
dx , f̃(x) ≡ f(p). We choose N ≈ 3M

to balance numerical accuracy and computational cost.
Because the collocation system is overdetermined for
N > M , the coefficients c̃j are obtained by a least–
squares solution. Eq. B12 then yields the integral from
the endpoint values F (pd) and F (pu). In Fig. 8, we

present a benchmark of FD
C ({ẑ, Ŝz}) versus the trunca-

tion order of Chebyshev polynomials M and the trunca-
tion order of Gauss–Legendre quadrature n. As we can
see, FD

C ({ẑ, Ŝz}) saturates around M = 40, while the
result is essentially converged with respect to the Gauss–
Legendre order over the range shown. Throughout this
work, we evaluate the numerical integral of Eq. 20 with
M = 50 and n = 60.
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