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Abstract

Long-range electrostatic and polarization interactions play an essential role in
molecular and condensed-phase systems but remain challenging for machine-
learning interatomic potentials based on local atomic environments. Although
SO(3)-equivariant neural potentials can learn rich representations of local geom-
etry, atoms or molecular fragments separated by more than the real-space cutoff
do not communicate directly. We introduce EquiEwald, a neural interatomic
potential that extends Ewald summation to operate directly on SO(3)-equivariant
tensor features rather than scalar, charge-like information. This allows reciprocal-
space communication to preserve orientation-dependent information across arbi-
trary distances while maintaining rotational symmetry. Across periodic and
aperiodic benchmarks, EquiEwald captures long-range electrostatic behavior con-
sistent with ab initio reference data and consistently improves energy and force
accuracy, data efficiency, and long-range extrapolation. These results establish
EquiEwald as a physically motivated framework for incorporating long-range
interactions in machine-learning interatomic potentials.

Keywords: Machine Learning Interatomic Potentials, Long Range Dependence,
Graph Neural Network



1 Introduction

Molecular dynamics (MD) simulations are widely used to investigate atomistic pro-
cesses in chemical, materials, and biological systems [1-5]. Despite decades of progress,
achieving quantum-level accuracy at the spatial and temporal scales required for
realistic materials and molecular systems remains a central challenge. Quantum-
mechanical methods such as density functional theory (DFT) deliver reliable energies
and forces [6], but their steep computational cost restricts system sizes and timescales.
Classical force fields, while efficient, often lack the transferability and predictive fidelity
needed for complex chemistries [7]. Machine-learning interatomic potentials (MLIPs)
provide an intermediate approach by learning high-dimensional potential-energy sur-
faces from ab initio reference data [8-11]. They can substantially reduce the cost
of energy and force evaluations while retaining reference-level accuracy within the
configurational domain represented by the training data [12].

Within this landscape, SO(3)-equivariant graph neural networks, including
NequlP [13], Allegro [14], and MACE [15], have emerged as state-of-the-art short-range
MLIPs. By explicitly encoding rotational and translational symmetries, these models
can improve data efficiency and robustness across chemical space. Many widely used
equivariant MLIPs construct atomic representations from neighborhoods defined by
a finite real-space cutoff. Unless information is propagated through sufficiently many
layers or supplemented by a global pathway, fragments separated beyond the effec-
tive receptive field cannot communicate directly [16-18]. This assumption becomes
limiting in systems where important contributions arise from long-range electrostatics
which decay slowly and may exhibit pronounced anisotropy [19-21]. As a result, even
highly expressive equivariant architectures can struggle when long-range interactions
depend on the spatial arrangement and relative orientation of distant parts of the sys-
tem [16, 22-24]. The underlying issue is a mismatch between the nonlocal nature of
these interactions and architectures that exchange information mainly within finite
real-space neighborhoods.

Efforts to incorporate long-range interactions into MLIPs have continued for years.
Early work extended short-range models with empirical electrostatics and dispersion
baselines, which enforce the correct asymptotic behavior but are typically system-
dependent and hard to obtain for complex, heterogeneous environments [25, 26]. A
more general line of work learns intermediate physical surrogates, most commonly
effective partial charges or electronic proxies such as Wannier-center-based representa-
tions, and then evaluates long-range electrostatics explicitly [27-31]. These approaches
are easier to interpret and can capture polarization effects, but they often require
additional supervision and remain sensitive to the non-uniqueness of charge partition-
ing. Message-passing models [13, 32, 33] extend the receptive field by stacking local
convolutions, yet truly nonlocal couplings, such as interactions between fragments
separated beyond the cutoff, are still difficult to capture. Inspired by Ewald sum-
mation, more recent work models long-range effects in Fourier space by aggregating
global interactions through Fourier components with learnable frequency filters [34—
36]. These methods replace real-space distance truncation with low-frequency global
communication and provide an effective augmentation to local message-passing archi-
tectures. However, these frameworks encode reciprocal space signals using scalar



structure factors or latent charge-like variables, which average over angular informa-
tion and can limit the description of directional electrostatics, multipolar correlations,
and anisotropic polarization. LODE methods [24, 37] provide a complementary strat-
egy by using local descriptors to parameterize Coulomb and more general 1/rP
far-field interactions. This formulation preserves analytic asymptotic behavior and
enables the incorporation of physically motivated long-range terms within equivariant
frameworks. However, because the long-range contributions are introduced through
predefined functional forms, these approaches can be less flexible in capturing com-
plex environment-dependent electronic correlations, and they do not fully integrate
long-range interactions into a unified end-to-end learning architecture.

Here, we introduce EquiEwald, a unified SO(3)-equivariant neural interatomic
potential that embeds Ewald summation within an irreducible representation frame-
work [38]. EquiEwald replaces the conventional locality assumption with a degree-
resolved Fourier space pathway that enables long-range interactions to be represented
at the tensorial level. By propagating degree-resolved SO(3)-equivariant latent features
through Fourier space, EquiEwald couples spatially separated atomic environments
while retaining the angular information encoded by different irreducible-representation
channels. Specifically, EquiEwald computes irreducible representation-resolved struc-
ture factors, applies learned k-space filters under both periodic and aperiodic boundary
conditions, and maps spectral signals back to atomic space through an equivari-
ant inverse transform, yielding a unified treatment of real-space and reciprocal
space physics within a single differentiable architecture. Across a suite of demand-
ing benchmarks, we show that this representation-level integration of reciprocal space
information leads to improved accuracy, data efficiency, and transferability in systems
governed by nonlocal interactions. EquiEwald provides a physically structured, equiv-
ariant framework for learning long-range interactions directly from ab initio data,
addressing a fundamental representational limitation of locality-based MLIPs.

2 Results

2.1 Preliminaries

Machine-learning interatomic potentials (MLIPs) learn a mapping from an atomic
structure to its total energy F, with atomic forces obtained as

F, = -V, E. (1)

In the absence of external fields, the total energy is invariant under global trans-
lations and rotations, as well as permutations of atoms of the same species, while
the predicted forces transform covariantly under rotations. Modern neural potentials
incorporate these symmetries into their architectures to improve physical consistency
and generalization [13, 14].

In this work, atomic features are organized into irreducible representations of SO(3)
indexed by the spherical degree £ [39, 40]. The ¢ = 0 features are rotationally invariant
scalars, whereas features with £ > 0 retain orientation-dependent information and
transform equivariantly under global rotations. This degree-resolved representation
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Fig. 1. Overview. a, The model architecture of EquiEwald. b, The EquiEwald
long-range block takes node features and wave-vector inputs, applies an SO(3) linear
map and gating, then decomposes degree-¢ irreducible representation into real/imag
branches with k-space filters driven by (k,r;); an inverse Fourier transform and an
MLP return real-space updates per degree. Outputs across degrees are concatenated
and gated, then fused with normalized local features to yield a rotationally equivari-
ant long-range interaction update.
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provides the basis for propagating both scalar and directional information through the
model.

EquiEwald extends this representation to Fourier space communication. It pro-
cesses each irreducible degree separately through Fourier aggregation, frequency-
domain filtering, and inverse accumulation, while preserving the corresponding SO(3)
transformation properties. The complete mathematical formulation and equivariance
analysis are provided in the Methods and Supplementary Information.

2.2 Overall structure of EquiEwald

EquiEwald is a neural framework for learning interatomic potentials that unifies
short-range geometric modeling with long-range physical interactions in a single,
rotation-equivariant architecture. As shown in Fig. 1(a), it consists of two representa-
tion pathways: a short-range encoder that captures local atomic environments using a
local graph message passing backbone, and a long-range spectral encoder that intro-
duces nonlocal information via message passing in Fourier space. Both components
operate on the same atom-wise input and their outputs are fused through a residual
update to form the final atomic representation used for energy and force prediction.



A central feature of EquiEwald, illustrated in Fig. 1(b), is that non-scalar fea-
tures are not reduced to invariant summaries before Fourier space communication.
Instead, each degree is propagated with the same channel operation across its m com-
ponents. The Fourier phase is a scalar under simultaneous rotation of positions and
wave vectors, so this construction can retain orientation-dependent nonlocal informa-
tion without changing the transformation type of the feature. By embedding a Fourier
space communication structure into the representation space, EquiEwald provides a
unified framework of short-range and long-range physics effects.

2.3 Experimental results

The effectiveness of EquiEwald was systematically evaluated on both aperiodic and
periodic systems, including charged dimers, biomolecular dynamics, molten ionic sys-
tems, and periodic catalytic interfaces. For the main results, we adopted the eSCN
framework [41] as our primary method. For periodic systems, we additionally included
EquiformerV2 [42] as another baseline. Aperiodic benchmarks included molecular
dimer [36], and AIMD-Chig [43], while periodic systems were assessed using molten
NaCl [44] and the OC20 dataset [45]. For the OC20 dataset, we additionally evaluated
EquiEwald using the EquiformerV2 [42] backbone.

Molecular Dimers. We evaluate the EquiEwald blocks on selected dimer systems
formed from charged (C), polar (P), and apolar (A) molecules at intermolecular sepa-
rations of approximately 5-15 A. In Fig. 2, the representative molecular conformations
are shown in the top row, and the corresponding binding energy curves are reported
for four dimer classes: CC, CA, CP, and PP. The middle row shows the results of the
short-range eSCN base model, while the bottom row shows the eSCN with long-range
EquiEwald blocks. For each system, solid curves denote training samples and dashed
curves denote test samples, with reference energies shown in blue and model predic-
tions in red. The short-range model shows clear deviations from the reference binding
curves, particularly for the CC and CP systems, where the predicted curves flatten
and fail to reproduce the long-range decay. In contrast, the long-range model closely
follows the reference curves over both the training and testing distances. Quantita-
tively, the total energy MAE is reduced from 363.89 to 9.41 meV for CC, from 4.49 to
2.29 meV for CA, from 140.61 to 13.92 meV for CP, and from 5.61 to 1.91 meV for PP.
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Fig. 2: Benchmark comparison between short-range and long-range models
on molecular dimer systems. Comparison of the binding energy curves for the
eSCN baseline and eSCN + EquiEwald across four dimer classes: charged-charged
(CC), charged-apolar (CA), charged-polar (CP), and polar-polar (PP). The top row
shows conformations of the four dimer systems. The middle row presents the binding
energy curves predicted by the short-range eSCN model, while the bottom row presents
the corresponding results from the long-range eSCN + EquiEwald model. The binding
energy is defined as the potential energy difference between the dimer and its isolated
monomers. Each panel reports the energy MAE of the corresponding model.

AIMD-Chig. Derived from ab initio molecular dynamics of the protein Chignolin,
AIMD-Chig poses challenges due to its flexible backbone, complex conformational
dynamics, and long-range intramolecular interactions that are important for main-
taining structural stability. As shown in Table 1, the baseline eSCN model yields a
test energy MAE of 193.9 meV and a force MAE of 23.1 meV/ A. Incorporating scalar
EwaldMP improves both energy and force predictions, reducing the errors to 132.8
meV and 20.3 meV/ A, respectively. In contrast, LES gives a force MAE of 22.7 meV/ A
with almost unchanged energy error compared with the eSCN baseline, while SOG-Net
achieves a lower force MAE than eSCN but does not improve the energy prediction
on this dataset. With EquiEwald, the errors are further reduced to 109.0 meV and
18.1 meV/ A, corresponding to improvements of 44% and 21% over the eSCN baseline,
respectively. These results suggest that reciprocal space information with angular res-
olution provides additional representational capacity for modeling collective motions
and long-range electrostatics in biomolecular systems.

We further evaluate whether thermodynamic properties predicted by explicitly
modeling long-range interactions are consistent with experimental observations using
the fast-folding protein Chignolin. From the simulation trajectories, 100,000 confor-
mational snapshots were uniformly sampled and analyzed using the ) score, which
measures the fraction of native contacts relative to the reference folded structure. The



Table 1: Performance comparison of different long-range interaction
modeling approaches on the AIMD-Chig dataset. The baseline eSCN
model is compared with methods incorporating scalar EwaldMP, LES,
SOG-Net, and the proposed EquiEwald method. Mean Absolute Errors
(MAE) for energy and atomic forces are reported in meV and meV /A,
respectively, while the folding free-energy difference (AG) is reported in
meV to maintain consistency with thermodynamic conventions.

Model Test Energy (MAE)  Test Force (MAE) AG (MAE)
eSCN [41] 193.9 23.1 49.9
eSCN+EwaldMP [35] 132.8 20.3 37.7
eSCN-+LES [36] 193.8 22.7 39.9
eSCN+SOG-Net, [46] 205.9 22.8 38.6
eSCN + EquiEwald 109.0 18.1 29.1

model-predicted potential energies were then used to reconstruct the energy landscape
and estimate thermodynamic quantities, including the folding free-energy difference
(AG), using the computational protocols exactly as described in [47]. Compared to the
baseline eSCN model, which relies solely on local message passing, incorporating the
EquiEwald reciprocal space module substantially improves the accuracy of energy pre-
dictions relevant to free-energy estimation. Specifically, the prediction error is reduced
from 49.9 meV for eSCN to 29.1 meV for eSCN + EquiEwald, corresponding to an
approximate 41.7% relative reduction. This improvement demonstrates that explicitly
modeling long-range electrostatic interactions leads to more accurate thermodynamic
estimates. In contrast, purely local representations struggle to capture the collective
intramolecular interactions that stabilize folded conformations in Chignolin.

Molten NaCl. Molten sodium chloride is an ionic liquid in which Coulomb interac-
tions extend well beyond typical local cutoffs. We evaluate EquiEwald on a molten
NaCl benchmark containing 1,014 structures, each with 64 Na and 64 Cl atoms, using
an 80%/20% train—validation split. Energy errors are normalized per atom, whereas
force errors are reported for atomic force components in meV/ A. Table 2 compares
EquiEwald with the local eSCN baseline [41] and the EwaldMP [35], LES [36], and
SOG-Net [46] long-range extensions.

The local eSCN model gives the largest errors, with an energy RMSE of
1.459 meV /atom and a force RMSE of 48.621 meV/A. All four long-range extensions
lower the energy and force errors, consistent with the importance of nonlocal interac-
tions in molten NaCl. eSCN+4LES gives the lowest force MAE, 9.494 meV/A. eSCN
+ EquiEwald gives the lowest energy RMSE, energy MAE, and force RMSE, while
its force MAE is the second lowest. Relative to eSCN, EquiEwald reduces the energy
RMSE from 1.459 to 0.372 meV/atom (74.5%) and the force RMSE from 48.621 to
14.054 meV/A (71.1%).

0OC20. We further evaluate EquiEwald on the OC20 structure to energy and forces
(S2EF) task, which contains catalyst surface—adsorbate structures in periodic simula-
tion cells. As shown in Table 3, adding EquiEwald improves both backbones. Because



Table 2: Energy and force errors on molten NaCl. Energy errors are reported
in meV /atom, and force-component errors are reported in meV/A. RMSE
and MAE denote root-mean-square error and mean absolute error, respec-
tively. The best result for each metric is shown in bold.

Model Energy RMSE  Energy MAE  Force RMSE  Force MAE
(meV/atom) (meV/atom) (meV/A) (meV/A)
eSCN [41] 1.459 1.212 48.621 37.859
eSCN+EwaldMP [35] 0.474 0.387 22.607 16.614
eSCN+LES [36] 0.569 0.496 15.174 9.494
eSCN+SOG-Net [46] 0.514 0.432 19.855 14.310
eSCN + EquiEwald 0.372 0.321 14.054 10.528

Table 3: Mean absolute errors (MAE) of energy and force. Results
are reported on the evaluation splits for OC20. Energy errors are
reported in meV, and force errors are in meV/ A. Our method is
highlighted in bold.

Model Energy MAE (meV)  Force MAE (meV A—1)
eSCN [41] 347.0 24.7
eSCN + EquiEwald 321.2 24.1
EquiformerV2 [42] 541.0 46.4
EquiformerV2+EquiEwald 453.0 38.4

training on OC20 needs substantial computational cost, we limit OC20 evaluation to
eSCN and EquiformerV2, comparing each model with and without the EquiEwald
module. For eSCN, EquiEwald reduces the energy MAE from 347.0 to 321.2 meV.
The force MAE decreases from 24.7 to 24.1 meV/ A. EquiEwald yields a more pro-
nounced improvement in energy prediction than in force prediction, which is consistent
with the analysis reported in EwaldMP [35]. For a Fourier component with wave vec-
tor k, differentiation with respect to an atomic coordinate introduces a factor of ik,
such that the magnitude of the corresponding force contribution is weighted by |/k||.
Consequently, the low-frequencies retained by the reciprocal-space branch contribute
less strongly to the energy gradient than higher-frequencies. The magnitude of the
improvement also depends on the backbone employed. We incorporated EquiEwald
into EquiformerV2 and observed better improvements in both energy and force pre-
diction: the energy MAFE decreased from 541.0 to 453.0 meV, while the force MAE
decreased from 46.4 to 38.4 meV/A.

2.4 Computational efficiency

We evaluated the computational cost by measuring the average inference time per
structure on the OC20 evaluation dataset. All measurements were performed on
NVIDIA GeForce RTX 4090 GPUs using the same inference settings. The baseline
eSCN model requires 2.8 ms per structure, while eSCN + EquiEwald takes 4.8 ms.



The eSCN 4 EwaldMP variant requires 4.4 ms per structure. Thus, introducing long-
range Fourier space communication increases the inference time by approximately
2.0 ms relative to the short-range baseline, while retaining millisecond-level inference
efficiency.

The additional cost primarily arises from the forward and inverse Fourier accumu-
lations. Let N, denote the number of atoms and Ny the number of sampled Fourier
modes. Suppressing the fixed feature dimensions, the computational complexity of
the EquiEwald update is O(N,4Ng). The local message-passing backbone scales as
O(N,n), where 7 is the average number of neighbors within the real-space cutoff.
The resulting complexity of the combined model is therefore

O(N&tﬁ—‘rN&tNk) (2)

For fixed real-space and Fourier space sampling settings, both n and Nj remain
bounded, giving approximately linear scaling with the number of atoms. EquiEwald
therefore enables global communication without constructing an explicit fully con-
nected atom-pair graph, which would incur O(N2) complexity.

3 Discussion

In this work, we introduced EquiEwald, an SO(3)-equivariant neural interatomic
potential that augments local message passing with degree-resolved Fourier space
communication. The construction retains the nonlocal structure factor factorization
of EwaldMP while extending the Fourier space branch from invariant scalar embed-
dings to features spanning multiple irreducible degrees. Across the molecular-dimer,
AIMD-Chig, molten NaCl, and OC20 benchmarks, EquiEwald improves energy and
force prediction relative to the corresponding local backbone. The dimer results addi-
tionally show improved extrapolation to fragment separations beyond the local cutoff.
These observations support the value of propagating orientation-dependent latent
information through a global low-frequency pathway.

A key implication of this work is that incorporating long-range interactions
into neural potentials is not only a problem of extending spatial receptive fields,
but also a problem of preserving the geometric structure of learned representa-
tions during nonlocal communication. Classical Ewald summation decomposes slowly
decaying interactions into real-space and Fourier space contributions, where the recip-
rocal component captures global spatial correlations through Fourier representations.
EquiEwald extends this principle from scalar physical quantities to learned equivariant
features by constructing degree-resolved structure factors and propagating each irre-
ducible representation through Fourier space. This enables long-range communication
while retaining angular information associated with higher-order SO(3) features, pro-
viding a learned analogue of multipolar representations used in traditional electrostatic
models.

A central advantage of EquiEwald is that higher-degree information generated by
the local equivariant encoder remains available during long-range communication. In
scalar EwaldMP, the Fourier space pathway aggregates invariant channels and there-
fore communicates global information without retaining an explicit degree-resolved



transformation structure. EquiEwald instead constructs structure factor embeddings
separately for each degree ¢ and applies channel operations consistently across the cor-
responding m components. The ¢ = 0 channels communicate invariant information,
whereas the ¢ > 0 channels allow the long-range update to remain sensitive to the
relative orientation of spatially separated environments. In this way, the model can
distinguish nonlocal configurations that may have similar scalar summaries but differ
in their directional organization.

The magnitude of improvement also reflects the physical characteristics of different
systems. EquiEwald provides the gains for systems where long-range electrostat-
ics strongly influence the energy landscape, where local cutoff-based representations
cannot directly capture slowly decaying interactions. For complex biomolecular sys-
tems such as Chignolin, the improvement in energy prediction and thermodynamic
estimation suggests that Fourier space features contribute to modeling collective
intramolecular interactions beyond pairwise local environments.

This combination of local equivariant encoding and degree-resolved global commu-
nication provides a general framework for neural potentials in systems where important
correlations extend beyond conventional real-space cutoffs. One limitation of the cur-
rent implementation concerns aperiodic systems. As detailed in Methods section, the
reciprocal lattice co-rotates with the cell and atomic coordinates in periodic systems,
preserving the intended SO(3) transformation properties. In aperiodic systems, how-
ever, Fourier space is represented by a finite Cartesian grid that is not closed under
arbitrary three-dimensional rotations. The resulting implementation therefore provides
a resolution-dependent approximation to the continuous SO(3)-equivariant opera-
tor. Future work could quantify and reduce this discretization error using adaptive,
higher-resolution, or rotation-compatible Fourier-space sampling schemes.

4 Methods

4.1 Model implementations

Short-range Encoder. To encode local short-range information, we use equivariant
neural networks whose initial scalar features x? are embeddings of the atomic number
z;. Relative displacement directions are expanded in spherical harmonics. The degree ¢
indexes angular frequency, and m = —/, ..., £ indexes the components that mix under
rotations. Increasing £, increases the angular bandwidth of the representation; the
body order represented by the network also depends on the number and form of
its interaction layers and cannot be identified with ¢ alone. Equivariant operations
iteratively update the atom features to produce the local representation. Details of the

eSCN [41] and EquiformerV2 [42] backbones are provided in Supplementary Section 3.

Long-range Encoder. The EquiEwald block extends Ewald message passing
(EwaldMP) [35] from scalar atom embeddings to features organized according to irre-
ducible representations of SO(3). In the original EwaldMP formulation, Fourier space
communication is performed using invariant scalar features. EquiEwald retains this
global Fourier space communication mechanism but applies it separately to feature
blocks of each irreducible degree ¢, in a manner consistent with their corresponding

10



rotation transformation laws. This allows non-scalar information generated by the
equivariant local encoder to participate directly in long-range communication without
first being reduced to scalar summaries. By preserving the transformation structure
of these features throughout Fourier space communication, EquiEwald broadens the
symmetry representation space available for modeling nonlocal correlations.

EquiEwald follows the Fourier space communication mechanism of EwaldMP, but
applies it to each equivariant feature degree separately. The operation consists of
three steps: (i) summarize atom-wise features into Fourier space global descriptors,
(ii) apply a learnable frequency filter, and (iii) map the filtered Fourier space features
back to atom real space. This construction provides a global communication pathway
in addition to cutoff-limited real-space message passing, allowing each atom to receive
information from the entire structure through a finite set of sampled Fourier cutoff.
We first recall the scalar construction used in EwaldMP [35]. A generic long-range
message can be written as a convolution interaction

mﬁr = Z CI)lr(ri — I‘j) h]‘, (3)

JES

where mi’ denotes the long-range message received by atom i, S is the set of atoms
in the structure or in the periodic supercell, j indexes a source atom, r;,r; € R3 are
atomic positions, h; € RY is the scalar embedding of atom j with C' channels, and
' is a slowly varying long-range kernel. At this stage, both the atomic embeddings
and the messages are real-valued. Instead of truncating this interaction in real space,
EwaldMP represents the long-range kernel with a finite set of Fourier frequencies
controlled by a frequency cutoff,

O (r; —rj) = Z exp(ik’ (r; — rj)):I;lr(k), (4)
ke
_ where k € R3 is a Fourier wave vector, K is the finite set of sampled wave vectors,
' (k) is the learnable frequency filter at frequency k, and i = \/—1 is the imaginary
unit. The complex exponential introduces the complex-valued Fourier representation.
More explicitly, the forward Fourier accumulation produces the structure factor

s(k) = Zexp( —ik'r;)h; € C“. (5)
JjES

Thus, although the input embeddings h; are real-valued, s(k) is generally complex-
valued because of the Fourier phase. After frequency filtering, the message is mapped
back to atom real space by

m!" = Re Z exp(ikTri)@r(k) s(k) € RC. (6)
kel

The forward accumulation therefore maps real-valued atom features to complex-valued
structure factor in Fourier space, whereas the inverse accumulation returns a real-
valued atom-wise message. In implementation, the same operation is evaluated using
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separate cosine and sine components rather than explicit complex-valued tensors. The
EwaldMP formulation cannot be applied to non-scalar equivariant features directly.
For ¢ > 0, the 2¢ + 1 feature components mix under rotation, so treating them as
independent scalar channels or filtering them arbitrarily would generally break the
corresponding SO(3) transformation law. EquiEwald addresses this issue by preserv-
ing the degree-wise feature structure and sharing the channel operation across all m
components within each degree /.

EquiEwald keeps this EwaldMP factorization but replaces scalar embeddings
with irreducible SO(3) tensor features in long-range block. At layer ¢, the atom
representation is decomposed into spherical harmonic degrees

X0 = [x®

,m

}K ¢ 6R(2Z+1)XC’ gzoa"'agma)ﬁ (7)

m——
where t is the layer index, XZ(-Z) is the degree-{ feature of atom i, £,y is the maximum
spherical harmonic degree, m = —/, ..., ¢ indexes the 2¢ + 1 coordinates within the
degree-¢ irreducible representation, and C' is the number of channels per degree, so
that each component XE% € R is a real C-channel vector. Under a rotation R €
SO(3), these m components rotate into one another through the Wigner D-matrix
DW(R). The ¢ = 0 block carries invariant scalar information, whereas £ > 0 blocks
carry orientation-aware latent features. These higher-degree channels allow the learned
long-range message itself to retain directional information.
For each degree £ and component m, EquiEwald first computes a degree-resolved
structure factor,
sg’% = Z wa (ka,rj) exp( — ik;rrj>X§-’em, (8)
j€Ss
where sﬁf)m is the complex-valued structure factor for degree ¢, component m, and
Fourier frequency index «; {ka}gil are the retained Fourier frequencies; and Ny
is the number of retained frequencies. The atom features xgi)n are real-valued, and
the complex-valuedness of the structure factor arises solely from the Fourier phase
exp(fi klrj). The scalar factor wa (k, r) denotes the sampling window associated with
the chosen frequency discretization, where the subscript A refers to the reciprocal-
grid resolution such as Ak in aperiodic systems. It equals one for periodic reciprocal
lattice sampling and becomes a voxel-averaging window for aperiodic Cartesian grids.

The structure factors are then filtered in Fourier space,
50 = Welka)s{),, (9)
where §£f)m is the filtered structure factor and Wy (k,) € RE*C is the learnable degree-

{ channel filter at Fourier frequency k.. The filtered signal is then mapped back to
atom real space by the inverse Fourier accumulation

Ny
Mg% = Re Z wa (ka, ;) exp (i klri)"s'(of%. (10)

a=1
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Here Mge,)n € RY is the atom-space long-range message for atom i, degree £, and
component m, and Re takes the real part of the complex Fourier sum.

This operator is SO(3)-equivariant by construction. Under a global rotation R,
positions and reciprocal vectors co-rotate as r; — Rr; and k., — RK,, while degree-{
features transform as xz(-e) — D) (R)xl(-e). The Fourier phase is invariant because

(Rko) " (Rr;) = k. 1. (11)

Here R is an arbitrary three-dimensional rotation matrix. Moreover, W, (k,,) acts only
on channel dimensions and is shared across all m components within a fixed degree.
It therefore commutes with the Wigner-D®) action. Consequently, both s((f ) and MZ(.E)
transform as degree-¢ features. Although the notation above uses complex exponen-
tials, the implementation uses real cosine and sine accumulations; with symmetric
reciprocal sampling and real filters, the final messages are real-valued. These conditions
hold for the periodic implementation under a rigid co-rotation of the cell and atomic
coordinates. A fixed finite Cartesian grid used for aperiodic structures is not closed
under arbitrary rotations and therefore yields an approximate, resolution-dependent
realization of the continuous equivariant operator. We will give more explanations in
the following section.

Periodic systems. For periodic systems, the frequency set in Eq. (8) is determined by
the supercell. Let (a;,a2,a3) € R3 be the supercell lattice vectors and (by, bs, b3) the
corresponding reciprocal lattice vectors satisfying bya; = 27md;;. With V' = a;(az x ag),
the reciprocal lattice vectors are

b1 = 27”(112 X 3.3), b2 = 2%(&3 X al), b3 = QVTr(al X a2). (12)

Here a; are the supercell lattice vectors, b; are the reciprocal lattice vectors, d;; is the
Kronecker delta, and V is the supercell volume.

Following EwaldMP, we truncate Fourier frequency sampling by an index box
rather than selecting all reciprocal lattice frequencies inside a fixed cutoff volume,
which keeps the number of sampled frequencies fixed across structures. We consider
integer triples

(ng,ny,ny) €L ={=Ng,...,Ng} x {=Ny,...,Ny} x {—N,,...,N.}, (13)

and form reciprocal vectors
K, nyn. = Nabi +nyba +n.bs. (14)
Here Z is the integer index box, (14, ny, n) is one frequency grid index, and N, N, N,

control the number of frequencies along the three reciprocal-basis directions. The
vector ky,, ,n, . 18 the reciprocal lattice frequency associated with this index triple. The

resulting set is enumerated as {k,}2*,. Because the structure factors are evaluated
directly on reciprocal lattice frequencies, no voxel window is required and wa (k,r) = 1.
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This construction is compatible with rotations of the full periodic structure. If the
cell is rotated by R, then a; — Ra,; and the reciprocal basis satisfies b; — Rb; because
(Rb;)"(Ra;) = b, a;. Therefore each reciprocal vector co-rotates with the atoms and
the phase remains unchanged.

In our periodic branch, the frequency filter is a k-independent channel mixer. In
our implementation this mixer is shared across degrees:

50, — W0,

a,m

, WPPC e ROXC (15)
where WPP€ is the periodic branch channel-mixing matrix. Equivariance requires that,
for each fixed ¢, the same channel operation be applied to all m components. We
parameterize WPP® in a bottleneck form

prc = Wudeowna Wdown S RC¢><C7 Wup S RCXCL- (16)
Here Wyown maps C' channels to a bottleneck dimension C|, and Wy, maps the
bottleneck representation back to C' channels. The bottleneck dimension C| reduces
the parameter count relative to a full C'x C' matrix while retaining a learnable channel-
mixing operation in the Fourier space branch.
Aperiodic systems. For aperiodic systems, no reciprocal lattice is specified by
boundary conditions. Following EwaldMP [35], we therefore regard the structure fac-
tor as a function over Fourier space and approximate it by a finite set of coefficients
on a cutoff domain. Given a discretization parameter Ak and a frequency cutoff ki ax,
we define
In={n€Z: |Akn| < kmax}, {ka}2ty ={Akn:neZn}. (17
Here Ak controls the Fourier space discretization, kpyax defines the cutoff domain, and
Ny = |Za] is the number of frequency vectors used in the approximation.
The corresponding structure factor coefficients are computed analogously to the
periodic case, except that the reciprocal lattice frequencies are replaced by the
discretized Fourier space frequencies:

s,(fy)m = ngzzn exp(—iklrj) . (18)
J

More generally, this can be interpreted as projecting the continuous Fourier space
structure factor onto a finite set of basis functions, as in the aperiodic formula-
tion of EwaldMP. When a voxel-basis discretization is used, the exponential phase
is multiplied by the Fourier transform of the voxel window; we absorb this optional
discretization factor into the definition of the coefficient computation.

The aperiodic branch uses a frequency-dependent diagonal channel filter rather
than a single frequency-independent mixer. Each frequency vector is embedded
through a radial basis 1(||ka||) and passed through a bottleneck network to produce
channel-wise filter coefficients,

fa - Wup (Wdown ¢(||ka||)) S Rca (19)
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where 1(||kq||) € R is a fixed radial embedding, and W gown € RO X% and Wy, €
RE*CL are learnable projections. The filter applied to the structure factor channels is

Wé(ka) = diag(fa)' (20)

For equivariance, this channel-wise operation is applied identically to all m components
within a fixed degree ¢. Since 9 (||ks||) depends only on the chosen Fourier space
discretization, these radial embeddings can be precomputed and reused.

The Fourier space domain defined by ||k|| < kmax is rotationally invariant. However
its finite Cartesian sampling is only approximately compatible with arbitrary three-
dimensional rotations, because a rotated wave vector does not necessarily coincide
exactly with another sampled point. Consequently, the aperiodic implementation is
approximately SO(3)-equivariant, with a resolution-dependent error introduced by
the Fourier space discretization. The degree-wise feature operations remain consistent
with the corresponding irreducible transformation laws.

Atom-wise long-range update. After the filtered structure factors are mapped
back to atomic positions, the Fourier-space branch produces real-valued long-range
messages
MV eRC,  m=—L,... L
We collect these components into the degree-£ feature block
Mgé),t _ [M(é),t]g

i,m Im=—~{"

We first apply a degree-specific channel map,

U =AM, A e ROXC (21)
where 7 is a fixed normalization factor. The same matrix A, is applied to every m
component within degree ¢, as required for SO(3) equivariance.

For ¢ > 0, the projected messages are modulated by channel-wise gates computed
from the scalar feature block of the current atomic representation:

gge),t _ U(Wge)x(o),t) € RC, WEJZ) c REXC. (22)

)

The resulting long-range update is

, Ul t=0,
XEwald,(Z),t _ { % (23)

i,m ggl),t ® U(Z),t (>0,

i,m

where ® denotes channel-wise multiplication. For each ¢ > 0, the same invariant gate
is applied to all m components.
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Information fusion. At interaction layer ¢, the running representation, local update,
and long-range reciprocal update are fused by a normalized residual sum,

1 . )
Xt-+1 _ (Xi + X}ocalﬂf + Xf)wald,t) ) (24)

' V3

Local,t
1

Here x! is the input representation at layer ¢, x
update, x?wald’t is the reciprocal space long-range update, and 1/ V/3 keeps the resid-
ual variance approximately normalized when summing three branches. The reciprocal
update scales as O(N, Ny ), where N, is the number of atoms and Ny is the num-
ber of retained Fourier frequencies. This gives every atom access to global structural

information at linear cost in the number of atoms for fixed frequency resolution.

is the local message-passing

4.2 Training settings

The model is optimized using a loss with energy FE and atom-wise forces F;:
1N
L=Ag||[EP — B + Ap == ) ||FPd — Fref| 25
el I+ F3N;” i i |l (25)

where || - ||; denotes the mean absolute error (MAE), EP™ and E*! are the predicted
and reference total energies per configuration, FY red pref ¢ R3 are the predicted and
reference forces on atom ¢, N is the number of atoms in the configuration, and the
factor 1/(3N) averages the force MAE over all 3N Cartesian components. Ag, Ap > 0
are scalar weights balancing the two objectives.

The training settings on the OC20 periodic systems dataset are as follows: a cutoff
radius of 6.0Ais used to construct local neighborhood graphs. For Fourier space set-
tings, we followed [35]. In Fourier space, the number of included frequencies along the
three lattice directions is adjusted to account for the average anisotropy of the super-
cell. Observing that the average reciprocal space supercell on OC20 is approximately
three times narrower along the surface normal (z-direction) than along the x and y
directions, we set 1, 1, and 3 for each direction. In the loss function, the weighting
coefficients for energy and forces are set to A\p = 1 and A\p = 100. On the Molten
NaCl dataset, we use a cutoff radius of 5.29,Aand likewise set the numbers of Fourier
frequencies along the three lattice directions to 1, 1, and 3. The energy and force loss
weights are also set to Ag = 1 and Arp = 100, respectively. For aperiodic systems, the
following settings are employed. The spherical harmonic degree is set to £.x = 3, and
the Ewald-based long-range module uses a frequency cutoff of 0.6A™, a voxel resolu-
tion of 0.2A-!, and 128-dimensional Gaussian radial-basis functions to parameterize
the frequency-domain filters. The loss-function weighting between energy and forces is
fixed at Ap = 1 and A\p = 100. Additional experimental hyperparameters are provided
in Supplementary Tables S1-S5.
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Data availability

The datasets used in this work are available at Code Ocean.

Code availability

The source code for reproducing the findings in this paper is available at Code Ocean.
It is licensed under the Apache License 2.0, which allows users to use, modify, and
distribute the code freely, provided that proper attribution is given to the original
authors. This open source approach improves the reproducibility of our results and
facilitates further research in this area.
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