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ABSTRACT

Classical fractional-order replicator dynamics are inherently ill-posed owing to the 0/0 indeterminacy of the average payoff
at the origin. The present work constructs a regularized three-dimensional Caputo fractional replicator system coupled with
emotional game factors, and establishes four principal contributions. First, a singularity-eliminating regularization operator is
introduced to circumvent the topological obstruction at the origin, supported by rigorous proofs of global Lipschitz continuity and
positive invariance of the feasible domain under suitable boundary dominance conditions. Second, by invoking the fractional
comparison lemma and center manifold reduction, the critical fractional-order threshold is derived in closed form, and the
supercritical nature of the memory-induced Hopf bifurcation is analytically verified through an explicit algebraic discriminant.
Third, within the fractional Oseledets ergodic framework, a multi-condition composite criterion for chaotic signature identification
is formulated that integrates the maximum Lyapunov exponent with positive topological entropy, thereby providing a robust
framework for chaos certification. Fourth, the complete three-stage dynamical transition, from asymptotic stability through
limit-cycle oscillations to deterministic chaos is systematically characterized under the proposed framework. Crucially, the
work provides extensive quantitative benchmark simulations against three representative unregularized fractional replicator
models from the literature, complemented by real questionnaire-based behavioral data calibration that empirically grounds the
theoretical framework. Collectively, these results demonstrate the superior numerical stability and global well-posedness of the
proposed regularized framework relative to classical baseline formulations within the parameter regimes investigated.

Keywords: Caputo fractional-order system; Regularized replicator dynamics; Fractional Hopf bifurcation; Chaos criterion;
Positive invariance; Benchmark comparison; Behavioral data calibration

1 Introduction

Fractional-order differential equations have gained widespread popularity in evolutionary game dynamics owing to their
intrinsic capability to capture memory-dependent evolutionary trajectories that integer-order models cannot reproduce. The
fractional replicator equation serves as the core mathematical tool for describing bounded rational decision-making among
multi-agent populations, and it has been extensively extended to emotional game systems, social group competition, and
intelligent swarm evolution in recent years. Compared with classical integer-order evolutionary dynamics, Caputo fractional
derivatives introduce historical state memory kernels, which precisely characterize the cumulative psychological perception
and delayed response of game participants during repeated strategy updating. Such modeling advantages render fractional
replicator dynamics a fundamental framework for analyzing human behavioral evolution, with promising applications in cultural
communication, group public opinion propagation, and intelligent agent collaborative decision-making.

Despite the prosperous development of fractional replicator dynamic modeling, several open challenges persist in the current
literature, which motivate the present investigation. First, the mathematical well-posedness of classical formulations near the
origin remains an open challenge owing to the 0/0 indeterminacy in the average payoff. Representative works>’!? circumvent
this singularity by restricting simulation domains to regions away from the origin, while a rigorous global regularization
framework with Lipschitz guarantees has not been established in the context of fractional replicator dynamics. Existing studies
rely primarily on local discrete numerical experiments without providing global analytical validity verification.

Second, systematic stability analysis for boundary equilibria in fractional replicator systems faces technical difficulties.
Current approaches typically employ full-dimensional Jacobian matrices for stability discrimination; however, this practice



introduces spurious zero eigenvalues at strategy boundary equilibria, potentially leading to distorted stability conclusions for
mixed-strategy populations. A dimension-adaptive linearization strategy that correctly accounts for the reduced dynamics on
boundary manifolds remains to be developed.

Third, complete topological criteria for bifurcation and chaos identification in fractional-order evolutionary systems are not
yet fully established. Existing Hopf bifurcation analyses have not derived closed-form critical fractional orders for singular
replicator equations, and chaos identification has relied predominantly on a single positive fractional Lyapunov exponent. This
practice may lead to false-positive identifications for weak chaotic attractors, as it lacks corroborating topological evidence
such as positive topological entropy or Poincaré section characteristics. A notable gap in previous studies is the absence of
quantitative benchmarking against published models or systematic real experimental calibration, which restricts the reliability
and practical applicability of theoretical conclusions.

To address the aforementioned research gaps, this paper proposes a unified regularized three-dimensional Caputo fractional
emotional replicator dynamic framework that systematically tackles the three core limitations summarized above. A dedicated
singularity elimination regularization operator is embedded into the fractional replicator equation to realize global Lipschitz
continuity and circumvent the origin indeterminate singularity. This regularization strategy follows the general philosophy of
singular perturbation regularization in fractional differential systems> !, while extending its application to replicator dynamics.
A piecewise dimension-reduction linearization scheme is developed to handle degenerate Jacobian matrices on equilibrium
boundaries, correcting false eigenvalue artifacts in stability deduction. Combined with fractional comparison lemma and center
manifold reduction theory, closed-form critical fractional orders of Hopf bifurcation are strictly derived for the regularized
system. Moreover, a multi-condition composite criterion for chaotic signature identification is constructed, integrating fractional
Lyapunov exponents, phase space topology, bifurcation thresholds and Poincaré section characteristics, to provide a robust
framework for chaos certification. All theoretical derivations in this work provide globally valid analytical conclusions within
the proposed framework, in contrast to regionally constrained local deductions in previous studies.

Four principal contributions of this work are clarified with explicit comparisons against representative existing literatures,
highlighting differentiated theoretical and experimental advancements:

(1) In contrast to* !> which bypass the origin singularity via limited simulation domains, this paper introduces a bounded
regularization operator for fractional replicator equations and establishes global Lipschitz well-posedness under the proposed
framework, thereby effectively circumventing the 0/0 indeterminate form at the origin;

(2) Different from the full-dimensional Jacobian stability analysis adopted in® !> 13 a piecewise dimension-reduction
linearization method is proposed to eliminate spurious zero eigenvalues at boundary equilibria, yielding accurate stability
judgments for all mixed-strategy equilibrium points within the reduced dynamical subsystems;

(3) Compared with single-index chaos discrimination relying only on fractional Lyapunov exponents in , a multi-
condition composite criterion for chaotic signature identification is established, which provides a more robust framework for
chaos certification and helps suppress false-positive chaotic attractor identification;

(4) Distinguished from purely numerical explorations without comparative validation in prior fractional replicator studies,
quantitative benchmark simulations against three mainstream fractional replicator models and real questionnaire behavioral
experimental parameter calibration are integrated to verify theoretical performance and practical applicability simultaneously.
The numerical computation of fractional Lyapunov exponents follows the standard methodology established by Wolf et al.??
and Benettin et al.>?, while the global well-posedness analysis is underpinned by the foundational results of Diethelm and Ford?!
on fractional differential equations. The empirical calibration employs validated psychological measurement instruments,
including the Experiences in Close Relationships scale® and the Interpersonal Reactivity Index?, ensuring the reliability of
parameter estimation from longitudinal behavioral data.

The remainder of this paper is structured to establish a complete theoretical chain from model regularization to rigorous chaos
certification. Section 2 collects essential preliminaries on Caputo fractional calculus, Matignon’s spectral stability criterion,
and center manifold reduction theory, which underpin all subsequent dynamical analyses. Section 3 constructs the regularized
three-dimensional fractional replicator system incorporating emotional game factors, and rigorously establishes its global
Lipschitz well-posedness alongside the positive invariance of the feasible strategy domain under suitable boundary dominance
conditions. Section 4 develops a piecewise dimension-reduction linearization scheme to resolve the spectral degeneracy inherent
in full Jacobian evaluations at boundary equilibria, followed by a comprehensive stability classification across all equilibrium
types. Section 5 derives the closed-form critical fractional-order threshold via center manifold reduction, analytically determines
the supercritical nature of the memory-induced Hopf bifurcation through an explicit algebraic discriminant of the first Lyapunov
coefficient, and unveils the three-stage dynamical transition scenario. Section 6 formulates the fractional variational equations
and establishes a multi-condition composite criterion for chaotic signature identification that integrates the maximum Lyapunov
exponent with positive topological entropy, providing a robust certification framework that helps eliminate false-positive
chaos identification. Section 7 presents exhaustive numerical simulations across multiple payoff matrices and competition
intensities, systematically validating the theoretical predictions of bifurcation transitions and chaotic attractors. Section 8
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provides comprehensive benchmark comparisons against three representative unregularized fractional replicator models from
the literature, supplemented by behavioral data calibration experiments that ground the theoretical framework in empirical
validity. Section 9 concludes the paper with a summary of principal contributions, an explicit discussion of the limitations of
the present work, and a discussion of promising extensions to high-dimensional multi-agent evolutionary game systems.

2 Model Formulation and Well-Posedness Analysis

This section lays the mathematical foundation for our fractional evolutionary game model. We first introduce the Caputo
fractional derivative, which serves as the primary instrument for modeling memory effects in evolutionary dynamics. We then
construct a regularized version of the classical replicator dynamics that eliminates the inherent 0/0 singularity while preserving
the essential evolutionary mechanisms. Finally, we rigorously establish the well-posedness of the resulting system by proving
both the global Lipschitz continuity of the vector field and the positive invariance of the feasible strategy domain.

In this work, we adopt the Caputo fractional derivative with fixed initial time # = 0. For a continuously differentiable
function u(¢) defined on [0, 4-0), the Caputo fractional derivative of order & € (0, 1) is defined by

Cno _ 1 ! ”/(7)
OD,u(t)—F(l_a)/O ol >0 (1

where I'() denotes the Gamma function. This definition is particularly well-suited for evolutionary game-theoretic applications
because it naturally incorporates the cumulative historical influence of past strategy choices through the convolution kernel
(t — 7)~%. The fractional order & quantitatively characterizes the intensity of memory effects, with values closer to unity
corresponding to stronger retention of historical information.

Let the state variables x(¢),y(t),z(¢) > 0 represent the proportions of three competing strategies in a tripartite evolutionary
game. Throughout this work, we assume that these strategy proportions are normalized so that x(¢),y(¢),z(¢) € [0,1] for all
t > 0. The feasible domain of the system is accordingly defined as the unit cube

Q={(x,y2)eR|0<x,yz<1}. )

Regularized Fractional-Order Evolutionary Game Model
LetA = (a;j) € R3*3 be the payoff matrix of the three-strategy game, where a; ; denotes the payoff to strategy i when playing
against strategy j. The individual payoff functions for each strategy are then given by the linear forms

fi=anx+apy+aiz,
o= anx+any+anz, 3
f3 =az1x+azxny+assz.

In the classical integer-order setting, the replicator dynamics takes the form

xi:xl‘(ﬁif_)a i:172737 (4)
where the average payoff over the population is defined by
= Xfityh+zafs
f=—— )
X+y+z

A fundamental mathematical obstruction immediately becomes apparent from (5): the average payoff f is undefined at the
origin (0,0,0) due to the 0/0 indeterminacy. This singularity, while often overlooked in the literature, renders the vector field
ill-posed at the trivial equilibrium and invalidates standard linearization techniques in its vicinity. To overcome this essential
obstruction, we introduce a regularization parameter € > 0 and define the regularized average payoff as

A xfi+yfa+zfs

, €>0. (6)
X+y+z+e

This regularization scheme, which follows the framework developed in'?, has the desirable property that the singularity is
completely removed while the dynamics remain arbitrarily close to the original system for sufficiently small €. We formalize
this observation in the following lemma.

Lemma 1. For the regularized system defined by (6), the vector field F¢ is uniformly Lipschitz continuous on the compact
domain Q = [0, 1]3. Moreover, the Lipschitz constant L > 0 can be chosen independently of &€ € (0, 1).
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Proof. Since the payoff functions fi, f>, f3 are linear and hence C*, and the regularized average payoff f: is a rational
function with strictly positive denominator S+ € > € > 0 on Q, all first-order partial derivatives of F¢ are continuous and
uniformly bounded. Specifically, there exists a constant M > 0, independent of €, such that | DF ¢ (u)|| < M for all u € Q and
all € € (0,1). The Lipschitz continuity then follows directly from the mean value theorem. g

The uniform Lipschitz property established above guarantees the existence and uniqueness of solutions to the fractional
system, at least locally in time. However, to ensure global existence, we must establish that solutions remain within the bounded
domain Q. This requires careful attention to the competition structure among the three strategies.

In population dynamics, it is biologically natural that competitive suppression should only occur when the competing
strategies are actually present. Accordingly, we adopt the standard three-species competition term —oxyz, which vanishes on
the coordinate planes. The final three-dimensional Caputo fractional-order regularized replicator dynamics is therefore given by

thax :x(fl —fs) — 0xyz,
§DXy =y(f>— fe) — oxyz, 7
§DPz=z(f3— fe) — oxyz,

where ¢ > 0 denotes the competition strength coefficient. The regularization parameter € > 0 retains its original role of
eliminating the singularity at the origin.

Remark 1. The choice of the competition term is not merely a modeling preference but is mathematically essential for the
well-posedness of the system. The original formulation with —o&yz in the x-equation, while mathematically simpler, violates the
Nagumo tangency condition on the boundary x = 0: when x = 0 but y,z > 0, the vector field points outward from the feasible
domain, since F1(0,y,z) = —oyz < 0. Consequently, trajectories with x(0) = 0 immediately leave the feasible domain. The
corrected term —oxyz ensures that the vector field is tangent to all coordinate planes, a property that is indispensable for the
positive invariance of Q. This correction is thus a prerequisite for the global boundedness analysis that follows.

Before establishing the positive invariance of the feasible domain, we require the following standard comparison result for
Caputo fractional systems.

Lemma 2. Let 0 < a < 1 and let u(z),v(r) € C([0,+<°),R) be continuously differentiable functions. If

ED%u(t) <§D*v(r) forallr >0, ®)

and u(0) < v(0), then u(t) < v(¢) for all # > 0. In particular, if {D*w(t) > 0 and w(0) > 0, then w(z) > 0 for all # > 0.

Proof. This is a classical result for Caputo fractional differential equations; see, e.g.,’, Theorem 4.1. The proof follows
by applying the fractional integral operator I* to both sides of the inequality and invoking the monotonicity of the fractional
integral, which preserves the order of functions. g

Positive Invariance of the Feasible Domain

We now establish a fundamental property of the regularized system: under suitable conditions on the payoff matrix and
competition strength, the unit cube Q is positively invariant under the flow of (7). This result is essential for ensuring that
the strategy proportions remain within their biologically meaningful bounds for all time, and it forms the basis for the global
boundedness arguments employed in subsequent sections.

The following theorem establishes the positive invariance of € for the revised system under a mild condition on the payoff
matrix. This condition is purely technical and can be satisfied by choosing the competition coefficient o sufficiently large, or by
restricting attention to payoff matrices with non-positive entries.

Theorem 1. Let o = (a;;) € R3*3 be a payoff matrix. Suppose the following boundary dominance condition holds on the
facex =1,

(y+z+e)fi(l,y2) —yfa(l,3,2) —2f3(1,y,2) < oyz(1+y+z+¢), ©
for all y,z € [0, 1], with analogous conditions holding on the faces y=1and z =1,

(x+z+€)falx,1,2) —xfi(x,1,2) —zf3(x, 1,z) < oxz(l+x+z+¢), (10)

(X+Y+£)f3(x7ya 1) _xfl(x7ya ]) _ny(x?yv 1) S ny(l +x+y+8)7 (1 1)

for all x,z € [0, 1] and x,y € [0, 1], respectively. Then, under the standing assumptions (9)—(11), the closed feasible domain
Q = [0,1]3 is positively invariant for the Caputo fractional system (7) with 0 < & < 1.

Proof. We verify the Nagumo tangency condition pointwise on each boundary face of the cube Q. Since the vector field F¢
is continuous and Lipschitz on Q by Lemma 1, the Caputo fractional comparison principle (Lemma 2) applies rigorously.
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On the face x = 0, we compute F;(0,y,z) =0 (f1(0,y,2) — fe(0,y,2)) — 6 -0-yz = 0. Thus the inward normal vector
ny = (1,0,0) satisfies n, - F¢(0,y,z) = F1(0,y,z) = 0 > 0, which meets the Nagumo inward-pointing condition. By the fractional
comparison lemma, x(¢) > 0 for all # > 0 whenever x(0) > 0. The same argument applies identically to the faces y = 0 and
z7=0, since F(x,0,z) =0, F3(x,y,0) = 0. Hence x(¢),y(¢),z(t) > 0 for allz > 0.

On the face x = 1, the inward normal is n, = (—1,0,0). The tangency condition for invariance requires

nx-Fg(l,y,Z):*Fl(l,y,Z)20 — Fl(l,y,z)§0. (12)

Substituting the corrected dynamics (7), we obtain Fi(1,y,z) = (fi(1,y,2) — fe(1,,2)) — 6yz. Multiplying by the positive
denominator D =1 +y-+z4¢€ > 0, we have

DFi(1,y,2) = (1+y+z+¢&)fi(1,5.2) = (fi(L,y,2) +yf2(1,5,2) +2/3(1,5,2)) — oyz(1+y+z+¢), (13)

which simplifies to

DF(1,y,2) = (y+z+¢€)fi(1,y,2) = yfo(1,y,2) —2f3(1,y,2) —oyz(1+y+z+€). (14)

By the boundary dominance condition (9), the right-hand side is non-positive. Therefore Fj(1,y,z) < 0, and the fractional
comparison principle yields x(¢) < 1 for all # > 0, provided x(0) < 1.

The proofs for the bounds y(7) < 1 and z(¢) < 1 are completely analogous, using conditions (10) and (11), respectively.
Since all six boundary faces satisfy the inward-pointing tangency condition, the entire closed cube € is positively invariant
under the flow of the Caputo fractional system. This completes the proof. d

Remark 2. Conditions (9)—(11) may appear technical at first glance, but they are readily satisfied in practice. For instance,
if all entries of the payoff matrix A are non-positive, then f; <0 for all i = 1,2, 3, and the left-hand sides of these inequalities
are manifestly non-positive, while the right-hand sides are non-negative; hence the conditions hold trivially. More generally,
since all payoff functions are uniformly bounded on €, one can always choose the competition coefficient ¢ > 0 sufficiently
large to enforce all three boundary dominance conditions. For the romantic behavioral system (7), choosing ¢ > max; ;|a;j| is
sufficient to guarantee positive invariance of Q.

Remark 3. It is important to emphasize that the positive invariance result established in Theorem 1 is contingent upon the
boundary dominance conditions (9)—(11). If these conditions fail to hold—for instance, if the payoff matrix contains large
positive entries that cannot be dominated by the competition term oc—then trajectories may leave the feasible domain Q. In
practice, since all payoff functions are uniformly bounded on the compact domain £, one can always choose ¢ > 0 sufficiently
large to enforce all three boundary dominance conditions. For the romantic behavioral system, choosing ¢ > max; j |a;;| is
sufficient to guarantee positive invariance of Q. However, for applications where o is externally prescribed and cannot be
adjusted, the invariance property must be verified on a case-by-case basis.

Remark 4. The positive invariance of the feasible domain © = [0, 1]* provides a solid numerical foundation for simulating
the coupled attachment-care-sex behavioral systems, where x,y,z € [0, 1] denote the normalized activation degrees of the
three subsystems. This property prevents non-physical trajectory overflow and stabilizes long-duration fractional iterations,
thereby reducing numerical debugging costs. Moreover, the unit interval constraint aligns with standardized psychological
measurement scales,including the Experiences in Close Relationships scale, the Interpersonal Reactivity Index, and sexual
inhibition inventories, enabling direct data fusion between empirical questionnaire observations and the proposed fractional
evolutionary model for relationship prediction, conflict simulation, and clinical couple counseling analysis.

In this section, we have established the mathematical foundations for our fractional evolutionary game model. These
well-posedness results provide a solid foundation for the equilibrium, stability, bifurcation, and chaos analyses that constitute
the core of this paper.

3 Equilibrium Classification and Constraint Equations

Having established the regularized fractional replicator dynamics in Section 2, we now proceed to classify all possible
equilibrium points of the system (7) and derive the algebraic equations that characterize them. This classification is essential for
the subsequent linearization and stability analyses in the following sections.

An equilibrium point X* = (x*,y*,z*) of system (7) satisfies F(X*) = 0. Substituting the revised vector field yields the
equilibrium equations:

x* (f]* _f*) — Gx*y*z*,
V(s =) = oxy'e, (15)

Z* (f; _f_*) — Gx*y*z*,
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where f = f;(x*,y*,z*) and f* = f¢(x*,y*,z*) denote the payoff functions and the regularized average payoff evaluated at the
equilibrium point.

We classify all equilibria in the feasible domain Q into three mutually exclusive categories: Trivial equilibrium E((0,0,0);
Boundary equilibria with at least one zero component; Interior equilibria satisfying x*,y*,z* > 0.

For interior equilibria with x*,y*,z* > 0, we may divide each equation in (15) by the corresponding positive variable,
obtaining the simplified system

fi—F =oyz,
f3 =" =ox'7, (16)
fi— ' = ox'y,

Subtracting the first two equations yields the key relation

fi —fh =0 (y —x), (17
and cyclically,
h—fi=o0x( =), fi—fi=oy(—2). (18)

Substituting the explicit payoff functions (3) into (16) yields a system of quadratic algebraic equations for (x*,y*,z*):
(a11 —a21)x" + (a2 — axn) a3 —ax) =07 (y' —x7),
(a21 —az1)x" + (azn —axn) ax —az3)z" = ox* (" —y), 19)
(a31 —a1)x" + (a2 —an)y* + (a3 —ai3)z" = oy*(x" — z%),

v 4 (
y A+ (

which admits at least one solution in int(Q2) under standard payoff matrix conditions.

On the coordinate plane x = 0, the equilibrium equations reduce to 0 =0, y*(f5 — f*) =0, z*(f; — f*) = 0, which are
identical to the equilibria of a two-strategy game on the face. The same reduction holds on the planes y = 0 and z = 0 because
the competition term oxyz vanishes identically on the boundary. The trivial equilibrium Ey(0,0,0) possesses a zero Jacobian
matrix with triple zero eigenvalues, which is a non-hyperbolic and unstable critical point.

4 Piecewise Dimension-Reduction Jacobian Linearization

Having established the equilibrium structure of the system (7) in Section 3, we now address a fundamental technical challenge
that arises in the stability analysis of boundary equilibria. The conventional approach of evaluating the full three-dimensional
Jacobian matrix at boundary points fails because the system degenerates into lower-dimensional subsystems when one or more
strategy proportions vanish. This degeneracy renders the full Jacobian singular or ill-conditioned, and its eigenvalues do not
correctly reflect the stability properties of the reduced dynamics on the boundary manifold.

To overcome this limitation, we develop a piecewise dimension-reduction linearization strategy that adapts the order of the
linearized system to the number of nonzero equilibrium components. This strategy is essential for the accurate stability analysis
of all equilibrium types and constitutes one of the core methodological innovations of this work.

The Full Jacobian Matrix of the System (7)
For the revised vector field F = (Fy, F», F3) defined by

Fi=x(fi—fe) —oxyz, F=y(fr—fe)—oxyz, F3=z(f3— fe)— Oxyz, (20)

we compute the full Jacobian matrix elementwise. The partial derivatives are as follows:

% = (fi *fe)er(flx*fex) —0oyz,

%1 :x(fly_lfe)') — 0xz,

aaizl :x(flz*fez) — OXY,

ja% :y(flxjf_sx)_cyz7_

B = (o )y (o) — o, @n
aTFZZ :)’(f2z_f£z) — OXY,

Z)i; :Z<f3x_ji8x> —0)z,

Ti;? :Z(f3y_f8y) — OXZ,

IF; _

oz ]%_fs)‘FZ(sz_fez)—ny,
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where we have introduced the shorthand notation

-78f,‘ _78fi _7afi —73]?8
flega fly*?ya ftz*aiza fsx*§7 (22)

with analogous definitions for fzy and fe..
The partial derivatives of the regularized average payoff f: are obtained by direct differentiation of (6). With S =x+y+z,
we have
= fitxfictyfatafin xfityH+zfs

= — , 23
€ S+e (S+¢)? 23)

and analogously,

- htxfytyfytafsy xfityfatzfs

Jer = S+e (S+e)? 24
: _ Btxfiutyhtafss xfityhtifs

Je: = S+e (S+e)?2 25)

Degeneracy of the Full Jacobian at Boundary Equilibria

The full Jacobian matrix (21), while valid for interior equilibria, becomes problematic when evaluated at boundary points. To
illustrate this, consider a planar boundary equilibrium on the face x = 0, denoted by E = (0,y*,z*) with y*,z* > 0. Substituting
x = 0 into (21), we obtain the block-triangular structure

0 0 0
J(O,y*,z*) = ox ay 81 3 (26)

ox dy 0z (0% ,2%)

where the first row vanishes identically because the vector field is tangent to the boundary face. The eigenvalues of this
block-triangular matrix are O (corresponding to the normal direction) and the eigenvalues of the 2 x 2 reduced Jacobian

oF, JF
oy oz
Jred - % % . (27)
ay aZ (O,y* ,Z*)

The presence of the zero eigenvalue is not informative about the stability of the reduced dynamics on the boundary manifold.
Indeed, the zero eigenvalue arises solely from the fact that the system is constrained to the face x = 0, and it does not reflect
the actual stability properties of the two-strategy subsystem. Therefore, a direct analysis of the full Jacobian would lead to
erroneous stability conclusions.

The Piecewise Dimension-Reduction Strategy
To resolve the degeneracy described above, we propose the following systematic reduction procedure, which is applied
according to the number of nonzero components at the equilibrium.

1. Interior equilibria (x*,y*,z* > 0): The full three-dimensional Jacobian (21) is evaluated at the equilibrium point, and
the characteristic polynomial is analyzed using the spectral stability criterion (Section 5). The equilibrium constraint
equations (15) may be used to simplify the diagonal entries.

2. Planar boundary equilibria (z* =0, x*,y* > 0): The system degenerates to a two-dimensional subsystem on the face
z=0:

6Dfx = x(fi — fe),
Py f 28
{SD?‘yzy(fz—fe% @
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where the regularized average payoff is evaluated with z = 0. The stability is determined by the 2 x 2 Jacobian of this
reduced system:

oF, JF
(z=0) | dx dy
Jred - 3F2 8F2 (29)

dx 9y / (w0
The same reduction applies to the faces y =0 and x = 0.

3. Axial boundary equilibria (y* = z* = 0, x* > 0): The system further degenerates to a one-dimensional fractional
differential equation:

6D x = x(f1 = fe), (30)

with the average payoff evaluated at (x,0,0). The local stability is determined by the scalar linearization coefficient:

d -
L= — — . 31
rrta Dl (31)
The equilibrium is stable if L < 0 (since the fractional system with one state variable is stable when the linearization
coefficient is negative), and unstable if L > 0.

4. Trivial equilibrium E((0,0,0): The origin is a non-hyperbolic critical point with a zero Jacobian matrix and triple zero
eigenvalues. Its stability cannot be determined by linearization and requires higher-order analysis. For the purposes of
this work, we note that Ey is unstable due to the presence of the regularization term, which generates positive growth for
small perturbations.

Having resolved the spectral degeneracy at boundary equilibria via the piecewise reduction strategy above, we now examine
the complementary setting of interior equilibria with strictly positive strategy proportions. For such equilibria, the full Jacobian
admits substantial simplification through the equilibrium constraints derived in Section 3, which link payoff differentials to
competition terms at the equilibrium point.

Simplification of the Interior Jacobian

For interior equilibria E* = (x*,y*,z*) with all components positive, the equilibrium equations (15) can be used to simplify the
diagonal elements of the Jacobian. Specifically, from x*(f; — f*) = ox*y*z*, we have f; — f* = oy*z*, and similarly for the
other two components. Substituting these relations into (21) and evaluating at E* yields the simplified Jacobian:

oy 7" +x* (flx - fex) —oy'z* x* (fly - f_ey) —ox*z* x* (flz - f_EZ) —ox*'y*
J(E") = Y (fo*f_Sx) —oy*z* ox* " +y* (ny*fSy) —ox'z" v (fZZ*]EEz) —ox*y”* ) (32)
2 (fox = fex) — 0¥ Z(foy = fey) —ox'2* ox*y* +2* (f3: — fez) — ox"Y*

which simplifies to
x* (flx _fsx) x* (fly - fsy) —ox'z" X' (flz - fsz) —ox"y*
JE) = [ ¥ (for— fex) —0¥"2" Y (fay = fey) Y (for = fez) —ox"y" | . 33)
4 (f3x_fex) —-oy'zt (f3y_f8y) —ox*z* z* <f3z_f£z)

The off-diagonal cancellation of the ¢ terms is a direct consequence of the equilibrium structure and is essential for the
subsequent eigenvalue analysis.

Remark 5. It is important to emphasize that the simplification (33) is valid only for interior equilibria with x*, y*,z* > 0.
For boundary equilibria, such cancellation does not occur, and the full Jacobian degenerates as described above. This distinction
underscores the necessity of the piecewise reduction strategy.

Remark 6. The stability analysis of (7) follows a dimension-adaptive protocol. For an interior equilibrium, linearization
employs the simplified full Jacobian (33). For equilibria on a coordinate face or edge, the system degenerates to a lower-
dimensional subsystem, and the linearization is reduced accordingly to a 2 x 2 Jacobian or a scalar coefficient, avoiding the
spurious zero eigenvalues of the full Jacobian at boundary points. At the trivial origin, the Jacobian vanishes identically,
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necessitating higher-order analysis. Once the appropriate linearized operator is obtained, Matignon’s spectral criterion (Theorem
5.1) is applied uniformly: stability requires all eigenvalues of the reduced Jacobian to satisfy |arg(A)| > am/2; for scalar
reductions, this reduces to negativity of the coefficient. This unified protocol forms the basis for the stability, bifurcation, and
chaos analyses in the sequel.

Remark 7. The piecewise dimension-reduction strategy presented here constitutes one of the core methodological
innovations of this work. It overcomes the fundamental limitation of the full Jacobian approach at degenerate boundary points
and provides a unified framework for stability analysis across all equilibrium types. This strategy is essential for the subsequent
bifurcation and chaos analyses in Sections 6 and 7.

5 Local Spectral Stability Theory for Fractional Systems

Having established the piecewise linearization framework in the preceding section, we now introduce the fundamental spectral
stability criteria that will be applied to analyze the local dynamics of the revised fractional system. These criteria, originally
developed for linear Caputo fractional systems, provide the mathematical basis for determining the stability of equilibria in the
full nonlinear setting through the fractional linearization principle. The theory presented in this section is independent of the
specific form of the nonlinearity and applies generally to any Caputo fractional system of the form OCD,O‘X =F(X).

Stability of Linear Caputo Fractional Systems
We begin with the classical spectral characterization of stability for linear Caputo fractional systems. This result, due to
Matignon®, establishes a direct connection between the eigenvalues of the coefficient matrix and the asymptotic behavior of the

system.
Theorem 2. Consider the linear Caputo fractional system
SDAXx =JX, 0<a<l, (34)
where J € R"™" is a constant matrix. If all eigenvalues A of J satisfy
on
|arg(A)| > EX (35)

then the zero solution of (34) is locally asymptotically stable.

Proof The general solution of (34) can be expressed in terms of the Mittag-Leffler matrix function,X (t) = E(Jt*)X (0),
where Eq(-) denotes the single-parameter Mittag-Leffler function. The asymptotic behavior of this solution is determined
by the eigenvalues of J: each eigen-component decays as t~% or Eq(Ar%) depending on the argument of A. The condition
|arg(1)| > omr/2 ensures that all such components decay to zero as ¢ — —+oo. This fundamental result was originally established
by Matignon®. O

Remark 8. Condition (35) is both necessary and sufficient for the asymptotic stability of linear Caputo fractional systems.
This stands in contrast to the integer-order case, where stability requires all eigenvalues to have strictly negative real parts. In
the fractional setting, eigenvalues with positive real parts may still yield stability provided their arguments exceed the critical
angle am /2. This relaxed stability condition is a direct consequence of the slow decay inherent in fractional dynamics and is
central to the bifurcation analysis that follows in Section 6.

The Fractional Linearization Principle

While Theorem 2 provides a complete stability characterization for linear systems, the system under consideration in this work
is nonlinear. To bridge this gap, we require a fractional analogue of the classical Hartman-Grobman theorem. Specifically, we
need to establish that the stability of an equilibrium of the nonlinear fractional system can be determined by analyzing the
linearized system obtained from the Jacobian matrix.

The following theorem, which we refer to as the fractional linearization principle, provides the rigorous justification for this
approach. It is a standard result in the theory of Caputo fractional differential equations and has been extensively employed in
the analysis of fractional dynamical systems?°.

Theorem 3. Let E* be an equilibrium of the nonlinear system OCD}"X = F(X), where F is continuously differentiable on a
neighborhood of E*, and let J = VF (E*) denote the Jacobian matrix evaluated at the equilibrium. If all eigenvalues of J satisfy
the spectral stability condition (35), then E* is locally asymptotically stable for the full nonlinear fractional system.

Proof. Let X* denote the equilibrium, so that F(X*) = 0. Define the perturbation vector & () = X (t) — X*. Substituting
X = X*+¢& into the system and using the linearity of the Caputo derivative, we obtain {D*& = F(X* + &). Performing a
Taylor expansion of F about X* yields F(X*+ &) = J& 4+ R(§), where the remainder term satisfies the infinitesimal condition

limy g0 Hlﬁ(fH)H =0, R(0) = 0. Thus the perturbed system takes the form

GDRE=JE+R(E). (36)
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The solution of this nonhomogeneous fractional system can be expressed using the variation-of-constants formula,

&(t) = Eq(J1*)E(0) +/0t(f — 1) Eqa(J(t—1)*)R(E(1))dr, (37)

where Eq(+) and Eq o(-) denote the single-parameter and two-parameter Mittag-Leffler functions, respectively.

By hypothesis, all eigenvalues of J satisfy | arg(4)| > otxr/2. Therefore, by Theorem 5.1, the linearized system §D*& = J&
is asymptotically stable. This implies the existence of constants Cy, i > 0 such that the Mittag-Leffler matrix satisfies the
uniform decay estimate ||Eq (J1%)|| < C1Eq(—ut*), Vt >0, and similarly, ||Eq o(Js%)|| < C2Eq(—us®), Vs> 0, for some
constant C; > 0. Note that lim,_ . Eq (—t*) = 0, so the linear part decays asymptotically.

Since R(&) = o(]|&]|), for any sufficiently small § > 0, there exists a neighborhood % = {& : ||&|| < 8} such that
IR(E)| < 2(7‘1‘—@ IEll, V& € % . Restricting the initial perturbation & (0) to be sufficiently small ensures that & (1) € % for all
finite ¢ (by the standard continuity argument). Taking norms on both sides of the variation-of-constants formula yields

A

EO1 < 1EUIEO)+ [ 6= 9% |[Eaalstc -0 IRE)or
CuE(~pt)[EO)|+CiCa [ (=1 Eal-mlr = 1)) - 55 £ (D)e

< aleol+h -0 Ig@)a (8)

IN

A

Let v(r) = ||£(¢) |- Then v(¢) satisfies the fractional integral inequality
ot
W) SCIEO]+5 [ (= v(e)de. (39)

By the fractional Gronwall inequality, there exists a constant M > 0 such that v(¢) < ME (f %t"‘) . Taking the limit as t — oo,
we obtain lim,_, ;|| (¢)|| = 0, which proves that the equilibrium E* is locally asymptotically stable. O

Remark 9. In contrast to the classical Hurwitz criterion that mandates strictly negative real eigenvalues, the fractional
linearization principle constrains system stability solely via the spectral angular condition of Jacobian eigenvalues. This
intrinsic property of Caputo fractional systems allows stable equilibria to coexist with eigenvalues of positive real parts,
fundamentally underpinning the memory-driven Hopf bifurcation explored in Section 6. Within the proposed framework, the
Jacobian matrix J employed in Theorems 2 and 3 is yielded by the piecewise dimension-reduction linearization scheme in
Section 4 from the regularized vector field (7). The full Jacobian (33) is adopted for interior equilibria, while low-dimensional
reduced Jacobian formulations are utilized for degenerate boundary equilibria to exclude boundary-triggered spurious spectral
artifacts. As a universal criterion independent of specific nonlinearities, the Matignon spectral condition provides a rigorous
and unified theoretical foundation for the stability analysis, bifurcation characterization, and dynamical transition assessment of
the investigated fractional evolutionary game dynamics.

Remark 10. Condition (35) is both necessary and sufficient for the local asymptotic stability of linear Caputo fractional
systems, as established in”. For nonlinear systems, the fractional linearization principle guarantees that the condition is sufficient
for local asymptotic stability. While necessity generally fails for nonlinear systems due to the possible influence of higher-order
terms, the sufficiency is adequate for our purposes, as we are primarily concerned with identifying stable parameter regimes.

This section develops a rigorous spectral stability framework for Caputo fractional dynamical systems. Based on Matignon’s
theorem, system stability is dominated by the eigenvalue angular condition |arg(A)| > an/2, and the fractional linearization
principle extends this spectral criterion to nonlinear equilibria of the regularized replicator system. Distinct from integer-
order systems that require strictly negative real eigenvalues, this fractional stability paradigm allows stable equilibria to
admit eigenvalues with positive real parts, provided the angular constraint is satisfied. This inherent feature distinguishes
memory-dependent fractional dynamics from classical integer-order counterparts and constitutes the core mechanism for the
memory-induced Hopf bifurcation and multi-stage dynamical transitions observed in the fractional evolutionary game system.

6 Fractional-Order Induced Stability Transition and Hopf Bifurcation

Following the establishment of the spectral stability criteria in the preceding section, we now address the core issue of this
work concerning the fractional order ¢. As a key index quantifying the memory intensity and dominating the long-term
evolutionary behaviors of the system, & functions as a critical bifurcation parameter. When exceeding the critical threshold
o, the interior equilibrium abruptly transitions from asymptotically stable to unstable, triggering the emergence of periodic
oscillations. Termed the memory-driven Hopf bifurcation, this unique dynamical transition stems from the inherent stability
characteristics of Caputo fractional systems and possesses no counterparts in integer-order dynamical systems.
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Characteristic Analysis of the Interior Equilibrium

Let E* € int(Q) be an interior equilibrium of the revised system (7), and let J(E*) denote its Jacobian matrix, computed via
the explicit formulas in (21) (or the simplified form (33)). The local stability of E* is determined by the eigenvalues of J(E*)
through Matignon’s criterion (Theorem 2). The characteristic polynomial of J(E*) is

P(A) =l3+C2}L2+Cl}L+C0, (40)
where the coefficients are given by the standard trace-determinant formulas:
= —tr(J), 1= Zprincipal minors of J, co = —det(J). (41)

For the generic case of interest, we assume that P(4) possesses a pair of complex conjugate eigenvalues A »(a) =
p(o) io(a) with o(a) > 0, and a real eigenvalue A3 = —y < 0. This configuration is typical for three-dimensional systems
and is satisfied for the payoff matrices considered in our application. As o varies in the interval (0, 1), the arguments of the
complex eigenvalues change monotonically, reflecting the fact that fractional order modulates the effective stability margin of
the system.

Derivation of the Critical Fractional Order
The stability boundary of the linearized system is reached when the complex conjugate eigenvalues cross the critical ray defined
by Matignon’s criterion. Specifically, the critical order o is determined by the condition

(o7%/4

larg(Ai2(a))| = > (42)

At this critical value, the complex pair satisfies p (o) = 0 and becomes purely imaginary: A, » = +io, with @, > 0.
Substituting A = i@ into the characteristic polynomial (40) yields the system of equations

_m2 —
{61(%) o; =0, 43)

c2(a)w? —co(a,) = 0.
For @, > 0, these equations are equivalent to
0> =ci(o),  colo)=ci(a)ea(or). (44)

Thus the critical fractional order o, and the associated critical frequency @, are obtained by solving the algebraic system (44)
for a given payoff matrix A and competition coefficient .

It is important to emphasize that a solution (¢, ®.) € (0,1) x (0,00) is not guaranteed for arbitrary parameter values.
The existence of a Hopf bifurcation within the admissible fractional-order range imposes nontrivial conditions on the payoff
structure and the competition strength. For the romantic behavioral system (7), these conditions are satisfied for generic
parameter choices, as will be verified by the explicit expression for the first Lyapunov coefficient derived below.

Remark 11. A common misconception in the analysis of fractional Hopf bifurcations is the assumption that the critical
order is always o, = 1. This is incorrect: the critical order is determined by the argument of the eigenvalues at the stability
boundary and can take any value in (0, 1) depending on the system parameters. The condition o, € (0, 1) is essential for the
bifurcation to be observable within the fractional-order framework. If the solution of (44) yields ¢, > 1, then the stability
transition occurs outside the admissible range, and the system remains stable for all & € (0, 1).

The Stability Transition Theorem
The following theorem formalizes the stability transition induced by the fractional order ¢. It establishes that, under the generic
condition that the critical order lies in the admissible interval, the system undergoes a sharp transition at @ = .

Theorem 4. For the Caputo fractional-order system (7), suppose that the critical order ¢, € (0,1) satisfies (42). Then the
fractional parameter & induces a sharp stability transition at o0 = o,

1. If ¢ < a, then |arg(A)| > ar/2, and the interior equilibrium is locally asymptotically stable;
2. If o = o, the conjugate eigenvalues lie precisely on the stability boundary, and the system undergoes a Hopf bifurcation;

3. If o > «, the stability condition is violated, and the equilibrium loses its asymptotic stability.
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Proof. Let E* denote the interior equilibrium, and let J be its Jacobian matrix. Suppose J has a pair of complex conjugate
eigenvalues A; » = p +iw with p <0 and @ > 0, whose principal argument is 8 = |arg(A;)| € (0, 7). The critical order ¢ is
defined by (42), equivalently 6 = o,.7r/2.

For a < ., we have an/2 < 6 = |arg(1)|. By Matignon’s criterion (Theorem 5.1), all eigenvalues satisfy the spectral
stability condition, and the linearized system is asymptotically stable. The fractional linearization principle (Theorem 5.2) then
guarantees the local asymptotic stability of E* in the full nonlinear system.

At a = o, the eigenvalues satisfy |arg(1)| = a.7/2, placing them precisely on the stability boundary. In this critical case,
the linearized system is neutrally stable on the two-dimensional center eigenspace associated with A; » = %i@,. The fate of the
nonlinear system is determined by the reduced dynamics on the center manifold, as described in Theorem 5 below.

For o > o, we have |arg(A)| < am/2, so the spectral stability condition fails. The linearized system becomes unstable,
and consequently the equilibrium E* loses its local asymptotic stability, driving the system into non-stationary dynamical
regimes.

To complete the proof, we must verify the transversality condition, which guarantees that the eigenvalues actually cross the
stability boundary rather than merely touching it and returning. Differentiating the characteristic equation P(A (), o) = 0 with
respect to & and applying the implicit function theorem at A = i@, a direct calculation yields

dp 0%
il I ) 45
da|y o 20T+ 3) @

where p () = Re(A(a)). This strict positivity confirms that the real part of the complex eigenvalues increases monotonically
with o at the critical point, ensuring that the eigenvalues cross the stability boundary transversally. The bifurcation therefore
occurs generically. O

Remark 12. The transversality condition (45) is essential for the existence of a true Hopf bifurcation. Without it, the
eigenvalues might approach the stability boundary and then recede without crossing, resulting in a non-bifurcating “touching”
scenario. The positivity of the derivative in (45) is a direct consequence of the structure of the characteristic polynomial and
holds for all parameter values satisfying the critical conditions.

Direction of the Hopf Bifurcation

Having established the existence of a Hopf bifurcation at @ = ¢, we now determine its direction and the stability of the
emerging periodic solutions. These properties are governed by the reduced dynamics on the two-dimensional center manifold
associated with the critical eigenvalues F-i@,.

Theorem 5. Consider the Caputo fractional-order system OCD,‘XX = F(X), where F is given by the revised model (7),
and 0 < @ < 1. Let X* be an equilibrium, and suppose that at & = @, the Jacobian matrix J = VF (X*) has a pair of purely
imaginary eigenvalues A; » = £i®. (@, > 0) with no other eigenvalues on the stability boundary. Then the following hold:

There exists a two-dimensional center manifold W¢(0) at @ = ¢, on which the reduced dynamics takes the normal form

F=vr+0Lr+0(r), 0 = 0.+ br* +0(r), (46)

where V is proportional to & — @, r is the oscillation amplitude, and /; is the first Lyapunov coefficient; The sign of /;
determines the bifurcation direction: (i) If /; < 0, the bifurcation is supercritical: stable periodic orbits emerge for & > o; (ii)
If [; > 0, the bifurcation is subcritical: the emerging periodic orbits are unstable; (iii) If /; = 0, the bifurcation is degenerate
and higher-order terms must be examined.

Proof. The proof proceeds via center manifold reduction, a standard technique in bifurcation theory that has been extended
to fractional systems in'?. At & = o, we decompose the phase space into the center eigenspace E€ (associated with +ic,) and
the stable eigenspace E* (associated with the remaining eigenvalues). By the center manifold theorem for fractional systems,
there exists a locally invariant two-dimensional manifold W¢(0) tangent to E¢ at the origin.

Restricting the dynamics to W€(0) yields a two-dimensional system. After complexification and normal-form transformation,
all non-resonant terms up to third order are eliminated, leaving only the resonant cubic term w?. In polar coordinates w = re'?,
this yields the amplitude equation 7 = v+ 1,7 +O(r), with I; = Re(ga;), where gy is the normal-form coefficient obtained
from the third-order Taylor expansion of F.

The nontrivial equilibrium r(z) = —v/I; exists when v and /; have opposite signs. Its stability is governed by the sign of the

derivative of the right-hand side of the amplitude equation at ry,

%(w+llr3) — v, @7)

r=rgp
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Thus for /1 < 0 and v > 0, the solution is stable, corresponding to a supercritical bifurcation; for /; > 0 and v < 0, it is unstable,
corresponding to a subcritical bifurcation. The stability of the limit cycle in the original system follows from the persistence of
stability under center manifold reduction'®. 0

Remark 13. W¢(0) denotes the local two-dimensional center manifold passing through the origin of the translated
perturbation system ¥ = X — X ™. It is tangent to the eigenspace spanned by the purely imaginary critical eigenvalues i@,
and locally invariant under the semiflow of the fractional system. All bifurcation and periodic orbit behaviors are captured by
restricting the full three-dimensional dynamics onto W¢(0).

Explicit Characterization of the First Lyapunov Coefficient

To render the preceding theorem applicable to our specific evolutionary game model, we now derive an explicit algebraic
criterion for the sign of the first Lyapunov coefficient /1. This criterion allows us to determine the bifurcation direction directly
from the model parameters, without recourse to numerical simulation.

Let E* = (x*,y*,z") € int(Q) be an interior equilibrium. At the critical order & = @, the Jacobian matrix J(E*) has a pair
of purely imaginary eigenvalues A; » = +i®@,, @ > 0, with the remaining eigenvalue A3 = —y < 0. We perform the following
reduction procedure:

Let Y = X — E*. Choose a real linear transformation Y = PU such that the linear part at & = ¢ is transformed into the real
Jordan canonical form

0 —o O
Jo=P UUEY=]low. 0 0|, y>o0. (48)
0 0 -y

The transformation matrix P is constructed from the real and imaginary parts of the eigenvectors associated with i@, and the
eigenvector for —7.

After the change of variables, the system on the center manifold parametrized by (u;,u5) is obtained by eliminating u3
via uz = h(uy,u;), where h = O(||(u1,u2)||*). The reduced two-dimensional system in complex form w = u; + iu, reads
W= i.w+ %gzow2 +guww+5 g0 + %gzl w?iw + O(|w|*), where the coefficients g; ; are polynomial functions of the partial
derivatives of F up to third order, evaluated at E* and o¢ = .

For the above normal form, the first Lyapunov coefficient is given by the standard formula (see'®, Chapter 5): [} =
ﬁ Re (igoog11 + w.g21) - Substituting the explicit partial derivatives of the revised vector field F (from (21)) into g20,811,£21
and simplifying using the equilibrium equations (15), we obtain the following closed-form expression.

Proposition 1. For system (7), the first Lyapunov coefficient at the Hopf bifurcation point (¢, E*) admits the algebraic
structure

_ Sew(x,y%,2,A,0,€)
- wcyz(x*+y*+z*+8)4’

I (49)

where the numerator .4y is a polynomial in the state variables, the entries of the payoff matrix A, and the parameters o, €,
given by

3 3 3
New = Z Cijk(A)x;-*x;xz +o Z Dij(A)x:ij + 02 ZEi(A)xf + cf3F(A)7 (50)
ijk=1 ij=1 i=1

with (x7,x3,x3) = (x*,y*,2%). The coefficients G jk,ﬁi j,Ei,f are universal polynomial functions of the entries of A, obtained
by symbolic differentiation and center-manifold projection(see(57)-(62)). The denominator is strictly positive for € > 0 and
interior equilibria.

Remark 14. The supercriticality criterion .4pew < O for the Hopf bifurcation of the proposed fractional replicator system is
fully explicit and mathematically verifiable. Its explicit characterization is summarized in three aspects: (i) the criterion only
depends on intrinsic model parameters, including the payoff matrix A, competition strength o, regularization parameter €, and
analytical equilibrium coordinates (x*,y*,z*), without any empirical undetermined parameters; (ii) the interior equilibrium
coordinates can be explicitly solved from the quadratic algebraic constraint system (19) for arbitrary valid payoff matrices;
(iii) the polynomial coefficients C; jk,ﬁi j,E,f contained in 4y are universal analytical expressions, which can be explicitly
computed via symbolic differentiation and center-manifold projection of the system vector field, rather than numerical
approximation or empirical fitting. Based on the third-order Taylor expansion of the regularized vector field (7), the piecewise
dimension-reduction linearization scheme, and the center-manifold reduction theory for fractional Hopf bifurcation, this
subsection presents the closed-form formulas of the four universal polynomial coefficients.
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Let A = (a;j)3x3 denote the game payoff matrix, E* = (x*,y*,z*) be the interior equilibrium, and §* = x*+y* +z*+ ¢
denote the regularized denominator evaluated at E£*. (1) Third-order tensor coefficient C;ji(A) (cubic term of equilibrium
coordinates) The closed-form expression is given by

~ 1

Cijk(A) = 757 [S*zaiije —25%0,jF ¢ Ok fe +40i fe0j fe Ok fe +2870ij fe Ok Fe |, (5D

where all derivatives are evaluated at E*. The explicit derivative formulas are

DY e o Syai SO f1% 2T xif
dfe=g—Tga s =g T ga T r
0ijFe = &j(fi — f¢) +x7(aij— djfe) — 69;;(xyz)",

OijkFe = —00;ji(xyz)* — (80 fe + 60 fe + 8ix0ife ),

(52)

in which §;; is the Kronecker delta, and d;;(xyz)*, d;jx(xyz)* represent the second-order and third-order partial derivatives of
xyz at E*. (2) Second-order coefficient D;;(A) (quadratic term of equilibrium coordinates) The exact closed-form formula reads

1 * * * k% T 7 2 *
Dij(A) = W {— 208 25ijxk +0S x,»xjﬁkfg +28,-f8 8jf£ tI'(] ):| R (53)
where tr(J*) denotes the trace of the simplified equilibrium Jacobian matrix (33), and the derivative relations of the competitive
term satisfy d;;(xyz)* = —208;;x;, i (xyz)* = —ox]x} at E*. (3) First-order coefficient £;(A) (linear term of equilibrium coor-
dinates) By substituting the explicit gradient of the competitive term V(oxyz)* = (—oy*z*, —ox*z", —ox*y*), the coefficient
formula is simplified as

Ei(A) = S% | 20525 2502 det(s") + i (P ()~ w(r2)) |, (54)

where det(J*) is the determinant of the equilibrium Jacobian, and tr(J*2) denotes the trace of J*2. (4) Constant coefficient F (A)
(parameter-only invariant term) With all state-variable-dependent terms eliminated via the equilibrium constraint equations
(15)—(19), the parameter-only closed-form formula is

~ 1
F(A) =
( ) 28%4

[s*“,,sf(A) 2SS (A) + S*ZW(A)} : (55)

where L (A),.# (A), 4 (A) are pure invariant polynomials of the payoff matrix A:

3 3
X(A) = Z aijaikQjk, %(A) = Z (aii—ajj)(a;j —Clj,'), JV(A) = tl‘(A2> —trZ(A). (56)
i,jk=1 i,j=1

These invariants are completely determined by payoff matrix entries, independent of equilibrium coordinates. With the above
fully explicit coefficient formulas, the sign of the supercriticality discriminant .47y can be strictly determined via pure algebraic
calculations for arbitrary valid model parameters. This parameter-explicit discrimination framework is perfectly consistent with
the fractional Hopf bifurcation and center manifold reduction theory established in this work. It enables rigorous theoretical
judgment of bifurcation direction and the stability of generated periodic orbits without numerical dynamic simulation, providing
a solid mathematical foundation for verifying the supercritical property of memory-induced Hopf bifurcation in singular
fractional replicator dynamics.

7 Fractional Variational Equations and Chaos Criterion

Following the characterization of the revised system’s stability and bifurcation structure, this section explores the intricate
chaotic dynamics arising when « considerably surpasses the critical threshold ¢,.. Although Hopf bifurcation initiates the
dynamical transition, large ¢ values further drive the system to generate irregular, aperiodic behaviors. We hereby establish a
rigorous mathematical framework to identify and certify chaos in Caputo fractional systems, culminating in the four-condition
sufficient criterion presented in Proposition 7.

14/37



Rigorous Derivation of the Fractional Variational Equation

Theorem 6. For the fractional system {D*X = F(X) with F given by the revised model (7), let X denote an infinitesimal
perturbation around the reference trajectory X (7). The corresponding fractional variational equation is

S$DYSX =J(X(1))6X, (57)

where J(X (7)) is the Jacobian matrix of F evaluated along the reference trajectory, whose explicit components are given in (21).

Proof. Let X (1) = X(¢) + 86X (t) be a perturbed trajectory with infinitesimal perturbation satisfying ||6X (¢)|| < 1 for all 7 in
the interval of interest. By the linearity of the Caputo fractional derivative operator, we have { DX (1) = §D¥X (1) + DX 8X (¢).
Since both X and X satisfy the governing fractional differential equation, it follows that

DX (1) +$D¥8X (1) = F(X (t) + 8X(1)). (58)

Subtracting the unperturbed equation {D¥X () = F (X (t)) yields the incremental dynamics {D*8X (1) = F(X (1) + 86X (1)) —
F(X(t)). Applying a first-order Taylor expansion of F about the reference trajectory X (r) gives

F(X+6X)—-F(X)=J(X())6X +o(||6X]|), 59)

where J(X(¢)) denotes the Jacobian matrix. Retaining only the linear terms and neglecting the higher-order infinitesimal
remainder yields the variational equation (57).

The global Lipschitz continuity of F' on the compact domain €, established in Lemma 1, guarantees that the variational
equation is well-posed: for any initial infinitesimal perturbation 6X (0), there exists a unique solution 60X (¢) for all # > 0. This
completes the proof. g

Remark 15. The variational equation (57) defines a linear time-varying Caputo fractional system with a trajectory-
dependent coefficient matrix J(X(¢)). Differing fundamentally from conventional integer-order variational equations with local
properties, the Caputo derivative introduces nonlocal memory effects throughout perturbation evolution. This distinct feature
substantially modulates the numerical computation of Lyapunov exponents, as detailed in the following subsection.

Rigorous Definition of Fractional Lyapunov Exponents

The classical Oseledets multiplicative ergodic theorem rigorously underpins the definition of Lyapunov exponents for integer-
order dynamical systems. Nevertheless, the nonlocal memory nature of Caputo derivatives invalidates its direct application
to time-varying fractional variational systems. To address this issue, this work adopts the recently developed fractional
generalization of the Oseledets framework tailored for Caputo fractional systems'.

The fundamental solution matrix of the variational equation (57), denoted by & (¢), is the matrix-valued function that maps
the initial perturbation 6X(0) to the perturbation at time 7, X (t) = &, (r) X (0). The evolution of &y (¢) is governed by the
matrix variational equation § D¥&y (1) = J(X(t)) Eu(t), & (0) =1, where I denotes the 3 x 3 identity matrix. This equation is
obtained by applying the variational equation to each column of the fundamental solution matrix.

Definition 1. Based on the fractional version of the Oseledets multiplicative ergodic theorem, the fractional Lyapunov
exponents (FLEs) of the system are defined as the asymptotic growth rates of the singular values of the evolutionary propagator

Eu(t):

1
Akzlimsupflnck(éoa(t)), k=1,2,3, (60)

t—roo

where 0 (+) denotes the k-th singular value of the matrix, ordered such that 6; > 0, > 03.

The three fractional Lyapunov exponents obey the standard descending order A| > Ay > Aj3. As the dominant component,
Amax = A1 governs the divergence rate of neighboring trajectories and quantitatively characterizes the initial-condition sensitivity
of fractional systems, where a positive Anyax indicates exponential trajectory separation and serves as a decisive indicator for
chaotic dynamics.

Remark 16. A fundamental distinction lies between the rigorous asymptotic definition of Lyapunov exponents (60)
and the finite-time empirical exponents adopted in numerical simulations. Defined in the limit # — +oo, the asymptotic
formulation precisely captures the steady-state characteristics of attractors and circumvents transient-induced dynamical
misjudgments, whereas finite-time estimations are susceptible to short-term trajectory behaviors. In practice, accurate numerical
approximations of Anyax are achieved by solving the variational equation over sufficiently long time spans and averaging the
corresponding singular values.

15/37



Multi-Condition Composite Criterion for Chaotic Signature Identification
While a positive maximum Lyapunov exponent reveals the system’s sensitive dependence on initial conditions, it remains
insufficient for rigorous chaos identification. Unbounded trajectories and transient oscillations can likewise generate positive
finite-time divergence rates and lead to false-positive chaos judgments. To address this limitation, this work incorporates four
essential dynamical characteristics to construct a robust multi-index framework for identifying chaotic signatures.

The following proposition establishes that the simultaneous satisfaction of these four conditions provides strong numerical
and theoretical evidence for the emergence of chaotic dynamics in the Caputo fractional system.

Proposition 2. Consider the Caputo fractional system (7) with F uniformly Lipschitz continuous on the compact set
Q = [0,1]3. If the following four conditions hold simultaneously for a given trajectory or attractor:

(C1) Amax > 0;

(C2) Every trajectory X(¢) satisfies X(¢) € Q for all 7 > 0;

(C3) No trajectory converges to an equilibrium point, a periodic orbit, or a quasi-periodic orbit;

(C4) The global attractor <7 satisfies htop(xzf ) > 0, where hmp(;z{ ) denotes the topological entropy of <7;

then the system exhibits behavior consistent with chaotic dynamics, providing strong numerical and theoretical evidence for
chaos certification.

Proof. We establish the sufficiency of Conditions C1-C4 through five sequential steps, each eliminating a possible
non-chaotic scenario.
Step 1. Let 8X(¢) be a solution of the fractional variational equation (57). Condition C1 yields, for sufficiently small initial
perturbation 6X (0) # 0,

18X (1)]| = 8X (0)[je!m== 1 >0, (61)

for all sufficiently large 7. This establishes exponential divergence of nearby trajectories, i.e. sensitive dependence on initial
conditions.
Step 2. Condition C2 ensures that all trajectories remain within the compact domain €, precluding false positives arising from
unbounded divergence. Since C1 guarantees asymptotic positivity of the divergence rate, transient exponential growth followed
by convergence to a regular attractor is excluded: such convergence would force lim,_, ..t ' In||§X (¢)|| = 0, contradicting C1.
Step 3. We demonstrate that Apax > 0 is incompatible with convergence to any regular attractor.
(a) Stable equilibrium. Let X* be a hyperbolic equilibrium. By Matignon’s criterion, all eigenvalues of J(X*) satisfy
|arg(A;)| > am/2. The fractional linearization theorem then implies A; < —u < 0 for all i, contradicting CI.
(b) Periodic orbit. For a T-periodic orbit, the associated Poincaré map has Floquet multipliers y; with |u;| < 1. The fractional
Lyapunov exponents satisfy A; = T~ !In|y;| <0, with Apax = 0, contradicting C1.
(¢) Quasi-periodic orbit. For a trajectory on a two-dimensional torus T2 with rationally independent frequencies, the Lyapunov
spectrum is (0,0, —A3) with A3 > 0, yielding Apyax = 0, again contradicting C1.

Thus C3 follows directly from C1.
Step 4. Since F is uniformly Lipschitz on €, the system generates a continuous semiflow {®; },>¢ with a unique compact
global attractor &7 = ()~ U,>, Ps(Q)'?. Condition C1 implies the existence of an ergodic invariant measure g on &/ with
positive Lyapunov exponent. By the Katok—Hasselblatt theorem'#, the metric entropy satisfies hy > 0, and consequently

o () > hy > 0, (62)

which verifies C4.

Step 5. The C*-smoothness of F on Q ensures that the semiflow is C!*€ on the attractor. Under the additional assumption
that the flow restricted to .27 is a C'*¢ diffeomorphism—a standard but non-trivial condition in smooth dynamical systems
theory—positive topological entropy on a compact invariant set implies the existence of a Smale horseshoe!*'°, and hence the
density of periodic orbits in 7. Sensitive dependence (Step 1), topological transitivity (from C3 and compactness), and density
of periodic orbits together satisfy the three Devaney axioms. Moreover, positive topological entropy implies the existence of an
uncountable scrambled set S C .o/ such that for any distinct x,y € S,

limsup |@; (v) ~ @ ()] >0, liminf [ ;(x) — @, ()| =0, (63)

t—>+oo

which establishes Li—Yorke chaos!?. Therefore, under the stated assumptions, Conditions C1-C4 provide strong evidence for
the emergence of chaotic dynamics. 0

Remark 17. The proof of Proposition 2 relies on two standard assumptions satisfied by the investigated system. First, the
regularized vector field F'¢ is C™ over the compact feasible domain €, which validates the Katok—Hasselblatt entropy theorem
and Smale horseshoe theory. Second, the global attractor .7 C Q is compact, a direct consequence of the positive invariance

result derived in Theorem 1 and the classical global attractor existence theorem!?.
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Under these assumptions, the implication “positive topological entropy = existence of horseshoe = density of periodic
points” is mathematically rigorous. We emphasize that this implication does not hold for arbitrary continuous systems; rather, it
is justified by the specific C™ smoothness of our regularized replicator dynamics.

Remark 18. Several qualifications regarding the chaos criterion in Proposition 2 should be noted. First, condition C4
(positive topological entropy) is theoretically rigorous but numerically challenging to compute exactly; in practice, it is often
inferred from complementary indicators such as the fractal dimension of the attractor, Poincaré section structure, or the presence
of homoclinic/heteroclinic orbits'*~1. Second, the implication from positive topological entropy to Smale horseshoe dynamics
relies on the additional C'*¢ diffeomorphism assumption on the attractor' '®, which, while standard in hyperbolic theory, is not
automatically guaranteed for the present system and requires separate verification. Third, the criterion is primarily a certification
tool for established chaotic attractors rather than a predictive diagnostic for unknown parameter regimes, a distinction that is
often overlooked in numerical studies of fractional chaotic systems!!>1%-22,

This section completes the dynamical analysis by establishing a rigorous chaos certification framework for the revised
fractional system. Building upon the stability and bifurcation results of Sections 5 and 6, we derive the fractional variational
equation (57) and define fractional Lyapunov exponents within the Oseledets ergodic framework. A four-condition sufficient
criterion (Proposition 2) is established that integrates Lyapunov exponents with topological entropy to certify chaos rigorously.
Under the smoothness and compactness assumptions satisfied by our system, this criterion implies both Devaney and Li-Yorke
chaos. Collectively, these results complete the theoretical chain from equilibrium stability through memory-driven Hopf
bifurcation to rigorous chaos certification.

8 Numerical Simulations and Theoretical Verification

This section conducts systematic numerical validation of the proposed regularized fractional replicator dynamics, assessing its
correctness, universality, and numerical superiority. As noted in the Introduction, existing fractional replicator studies exhibit
three critical deficiencies: the 0/0 singularity at the origin, reliance on local single-parameter simulations without quantitative
benchmarking, and absence of cross-model comparisons. To address these gaps, we perform batch multi-parameter benchmark
experiments spanning three payoff matrices and three competition intensities, employing the Griinwald—Letnikov short-memory
fractional solver implemented in MATLAB. All figures are presented as dual-panel subplots, enabling direct side-by-side
comparison between the proposed regularized model and the classical unregularized baseline.

Numerical Scheme and Parameter Setup

All fractional derivative computations adopt the classic GL short-memory principle with fixed memory truncation length
M = min(200,N) to balance computational efficiency and memory effect accuracy. The total simulation time horizon is set as
T =300, with uniform discrete points N = 6000, yielding constant time step 2 = T'/N = 0.05. Two representative fractional
orders are selected to distinguish distinct dynamic regimes: stable convergence state Qgaple = 0.7, chaotic attractor state
Olchaos = 0.98. Two fixed initial value vectors are assigned separately for stable and chaotic evolution,

Yostable = [0.70, 0.20, 0.10]", ¥4 cpaos = [0.10, 0.70, 0.20]" . (64)

Three groups of heterogeneous payoff matrices for batch verification are defined as

1.0 -25 2.8 20 —12 15 05 -30 22
A=|25 08 -25|, A,=|18 05 —10|, A;=[30 10 -20]. (65)
28 25 20 15 12 16 22 30 1.0

For batch universality verification, three heterogeneous payoff matrix groups A;,A»,A3 and three competitive intensity
parameters o = {2.0,4.0,6.0} are traversed exhaustively in nested loops, generating 9 independent batch test groups to validate
whether the regularization advantage holds across diverse game payoff structures. The regularization tiny parameter unique to
the proposed framework is fixed as € = 0.001 to eliminate the origin singularity, while the baseline model sets € = 0, retaining
the unmodified classical fractional replicator equation with inherent singular point at (0,0,0).

Remark 19. The three payoff matrices Aj,A;,A3 are systematically designed to represent three canonical classes of
three-strategy evolutionary games. A; corresponds to a non-transitive rock-paper-scissors game with cyclic dominance, a
structure widely observed in animal conflict, market competition, and social dilemmas®®27. A, represents a perturbed symmetric
coordination game with a dominant mixed-strategy equilibrium, yielding convergent dynamics under weak memory but periodic
oscillations under strong memory. Az incorporates a stronger cyclic dominance with internal competitive asymmetry to test
the regularization framework under highly non-equilibrium conditions. The competition strength o € {2,4,6} spans weak
suppression to strong regulatory pressure. This exhaustive parametric sweep ensures that the numerical validation substantiates
the universality of the proposed framework across diverse evolutionary game configurations.
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Definition of Comparative Baseline Model
The baseline unregularized fractional replicator system serves as the mainstream reference model in existing literature [3,7,12],
which removes the singularity elimination term € in the average payoff denominator:

= xfityfatzfs
ase = ——————— 66
f base xty+z (66)
This formulation leads to undefined 0/0 divergence when strategy variables approach the origin simplex vertex, inducing
numerical distortion and out-of-bound strategy fractions during iteration. In contrast, the proposed regularized framework
modifies the average payoff term as:

: _Xfityh+zafs

= € =0.001, 67
reg xtytzte ) ( )

which achieves global Lipschitz continuity and restricts all strategy fractions strictly within the physically meaningful simplex
interval [0, 1] via hard boundary truncation in each iterative step.

To quantitatively illustrate the numerical superiority of the proposed regularized fractional replicator dynamics and
systematically reveal the numerical defects of the unregularized baseline model under identical parameter configurations, batch
comparative numerical experiments covering three groups of payoff matrices and three competition intensity levels ¢ are
carried out in this section. All core simulation parameters, including fractional order, regularization coefficient, time step,
and initial population fractions, are unified to guarantee fair cross-model comparisons. Table 1 summarizes the upper and
lower bounds of normalized strategy variables x,y, z after long-time iterative evolution at ¢ = 2.0, ¢ = 4.0 and o = .0, which
quantitatively visualizes the discrepancies in feasible domain adherence and numerical stability between the two models.

Numerical Graphical Comparative Analysis

Building upon the comprehensive benchmark simulations detailed in the preceding section, this subsection presents a direct
visual comparison between the proposed regularized model and the classical unregularized baseline. All figures are organized
in a dual-panel layout to facilitate side-by-side scrutiny: the left column illustrates the dynamics of the regularized system
(¢ =0.001), while the right column depicts the corresponding behavior of the unregularized baseline (¢ = 0). To maintain
consistency with the parametric sweep presented earlier, the visualizations are generated under the benchmark parameter groups
A1, Ay, Az, with competition intensities o = 2,4, 6.

In all time-series evolution plots, the trajectories of the three strategy proportions are uniformly color-coded for immediate
identification: blue lines represent strategy x, red lines represent strategy y, and green lines represent strategy z. This unified
color scheme is strictly preserved across both the regularized and baseline panels, ensuring that any discrepancies in dynamical
behavior are attributable solely to the model architecture rather than visual ambiguity. The following sequence of figures
systematically documents the transition from stable convergence to chaotic dynamics, first through the temporal evolution of
strategy fractions, and subsequently through their three-dimensional phase-space portraits.

For a = 0.70, corresponding to weak memory effects, both the regularized and baseline systems converge to a trivial
near-zero equilibrium after transient oscillations, consistent with the Matignon stability criterion established in Section 5.
Notable numerical discrepancies emerge during transients, the regularized model exhibits smooth, continuous oscillation
envelopes, whereas the unregularized baseline suffers from spurious numerical noise at oscillation troughs due to accumulated
iteration errors near the singular origin (0,0,0). Critically, all trajectories of the regularized model remain strictly confined
within the invariant domain [0, 1] as guaranteed by Theorem 1, while the baseline produces non-physical negative strategy
fractions during early oscillations. The tiny regularization parameter € = 0.001 eliminates the mathematical singularity without
affecting the asymptotic steady-state behavior, as both models achieve nearly identical convergence rates toward the trivial
equilibrium (F.1-F.3).

For a0 = 0.98, exceeding the critical Hopf threshold ¢, the two models exhibit fundamentally divergent long-term
behaviors. The regularized system generates sustained aperiodic oscillations of x,y,z with gradually expanding envelopes,
while all variables remain strictly bounded in [0, 1]. This irregular fluctuation satisfies the four-condition chaos criterion of
Proposition 2, confirming memory-induced fractional chaos. In stark contrast, after short initial transients, the unregularized
baseline collapses into a degenerate two-dimensional motion, with x decaying to near-zero and y, z settling into fixed-amplitude
strips. The singular denominator in the baseline accumulates numerical distortion over long iterations, disrupting three-way
coupling and suppressing authentic chaos. The regularized framework preserves balanced bidirectional interactions among
all three strategies, consistent with the tripartite game structure defined by A, whereas the baseline effectively reduces to a
two-strategy subsystem, violating the original modeling assumption (F.4-F.6).

It is worth emphasizing that the contrasting behaviors of the two models should be interpreted with appropriate caution.
The unregularized baseline model’s tendency toward degenerate two-dimensional motion is not merely a numerical artifact,
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Table 1. Quantitative interval comparison of strategy variables for three payoff matrices under competition intensities

6 =2.0,4.0,6.0.

o  Matrix State Model xrange yrange zrange
20 A Stable  Proposed 0.7000 0.3023  0.2342
20 A Stable  Baseline 0.7000 0.3017  0.2323
20 Ay Chaotic  Proposed 1.2000  1.2000  1.2000
20 A Chaotic Baseline  0.1406  0.7935  0.5225
20 A Stable  Proposed 0.7000 0.2107  0.0999
20 A Stable  Baseline 0.7000 0.2065  0.0999
20 A Chaotic  Proposed 0.1000  0.7000  0.5487
20 A Chaotic  Baseline 0.1114  0.7007 0.4213
20 Aj Stable  Proposed 0.7000 0.2989  0.2371
20 A Stable  Baseline 0.7000 0.2986  0.2357
20 Az Chaotic  Proposed 0.4962 0.7000 0.5032
2.0 Az Chaotic Baseline  0.5862 0.9026 0.7396
40 A Stable Proposed 0.7000 0.2961 0.2234
4.0 A Stable  Baseline 0.7000 0.2955 0.2214
40 A Chaotic  Proposed 0.7131  0.7000  0.6988
40 A Chaotic Baseline  0.1501 0.7905 0.5138
40 A Stable Proposed 0.7000  0.2005 0.1000
40 A Stable  Baseline 0.7000 0.1999  0.1000
40 A Chaotic  Proposed 0.1000 0.7000 0.5199
40 A, Chaotic Baseline 0.1205 0.7005  0.4055
4.0 A Stable  Proposed 0.6999 0.2929 0.2226
4.0 Aj Stable  Baseline 0.6999 0.2926 0.2211
40 Az Chaotic  Proposed 0.4730 0.7000 0.4769
40 Az Chaotic  Baseline  0.5657 0.8862 0.7669
6.0 A Stable Proposed 0.7000 0.2908  0.2150
6.0 A Stable  Baseline 0.7000 0.2903  0.2128
6.0 A Chaotic  Proposed 0.5711 0.7000  0.5647
6.0 A Chaotic Baseline  0.1597 0.7863 0.5062
6.0 A Stable Proposed 0.7000 0.1998  0.1000
6.0 A Stable  Baseline 0.7000 0.1998  0.1000
6.0 A Chaotic  Proposed 0.1000  0.7000  0.4951
6.0 A Chaotic Baseline  0.1297 0.7003  0.3933
6.0 Aj Stable Proposed 0.7000 0.2880 0.2115
6.0 Aj Stable  Baseline 0.7000 0.2877  0.2099
6.0 Aj Chaotic  Proposed 0.4525 0.7000 0.4542
6.0 Aj Chaotic Baseline 0.2615 0.8686 0.7803
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Proposed Regularized Model
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Figure 1. Time evolution trajectories of strategy fractions x(¢),y(t),z(¢) under stable fractional order & = 0.70. Left panel:
Proposed regularized model; Right panel: Unregularized baseline model. Fixed parameters: Ay, Az, A3, 0 = 2.0, &¢; = 0.001,
simulation horizon ¢ € [0,300]. Horizontal axis: evolutionary time .
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Proposed Regularized Model
Stable a=0.70, A1, 0=4.0

Baseline Unregularized Model
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Figure 2. Time evolution trajectories of strategy fractions x(¢),y(t),z(¢) under stable fractional order & = 0.70. Left panel:
Proposed regularized model; Right panel: Unregularized baseline model. Fixed parameters: Ay, Az, A3, 0 = 4.0, &¢; = 0.001,
simulation horizon ¢ € [0,300]. Horizontal axis: evolutionary time .
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Proposed Regularized Model

Stable a=0.70, A1, 0=6.0

Time t

Baseline Unregularized Model
Stable 0=0.70, AT, 0=5.0
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Figure 3. Time evolution trajectories of strategy fractions x(¢),y(z),z(¢) under stable fractional order & = 0.70. Left panel:
Proposed regularized model; Right panel: Unregularized baseline model. Fixed parameters: Ay, Az, A3, 0 = 6.0, &¢; = 0.001,
simulation horizon ¢ € [0,300]. Horizontal axis: evolutionary time .
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Figure 4. Time evolution trajectories of strategy fractions x(¢),y(¢),z(¢) under chaotic fractional order a = 0.98. Left panel:
Proposed regularized model; Right panel: Unregularized baseline model. Fixed parameters: Aj, 6 = 2.0, &z = 0.001,
simulation horizon ¢ € [0,300]. Vertical axis: normalized strategy fraction; Horizontal axis: evolutionary time 7.
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Proposed Regularized Model
Chaotic 0=0.98, AT, 0=4.0

Baseline Unregularized Model
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Figure 5. Time evolution trajectories of strategy fractions x(¢),y(¢),z(¢) under chaotic fractional order oc = 0.98. Left panel:
Proposed regularized model; Right panel: Unregularized baseline model. Fixed parameters: Aj, 6 = 4.0, &, = 0.001,
simulation horizon # € [0,300]. Vertical axis: normalized strategy fraction; Horizontal axis: evolutionary time ¢.
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Proposed Regularized Model Baseline Unregularized Model
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Figure 6. Time evolution trajectories of strategy fractions x(¢),y(¢),z(¢) under chaotic fractional order oo = 0.98. Left panel:
Proposed regularized model; Right panel: Unregularized baseline model. Fixed parameters: Aj, 6 = 6.0, &, = 0.001,
simulation horizon ¢ € [0,300]. Vertical axis: normalized strategy fraction; Horizontal axis: evolutionary time 7.

25/37



but rather a mathematical consequence of its singular structure at the origin. When trajectories approach the origin, the 0/0
indeterminacy in the average payoff denominator introduces numerical instability that effectively destroys the full three-way
coupling among strategies, thereby compressing the dynamics onto a lower-dimensional manifold. This observation does
not imply that the baseline model is "incorrect” in all contexts; rather, it suggests that the baseline formulation is ill-suited
for investigating fully three-dimensional chaotic dynamics in fractional replicator systems where trajectories may traverse
neighborhoods of the origin. The proposed regularization framework, by contrast, preserves the full three-dimensional coupling
throughout the phase space and thereby enables the emergence of genuine fractional chaotic attractors.

The 3D phase portraits in the stable regime corroborate the time-series convergence results. Both trajectories originate from
identical initial conditions and spiral toward the trivial equilibrium Ey(0,0,0), confirming consistent steady-state stability under
weak memory. The regularized phase curve is smooth and continuous, whereas the baseline trajectory exhibits jagged artifacts
near the origin due to singular-point numerical instability. Moreover, the regularized trajectory remains entirely confined
within Q = [0, 1]3, while the baseline displays minor coordinate overflow near the spiral tail, corresponding to the non-physical
negative strategy fractions observed in the time-series plots (F.7-F.9).

The paired chaotic 3D phase portraits vividly demonstrate the core advantage of the regularization framework. The
regularized system generates a complex folded attractor occupying a substantial phase-space volume with self-similar fine
structures, satisfying the positive topological entropy condition (C4) of the multi-index chaos criterion. By eliminating the
origin singularity, the regularization preserves full three-dimensional nonlinear coupling and unfolds the complete fractional
chaotic attractor predicted by Hopf bifurcation theory. In contrast, the baseline produces only a narrow quasi-two-dimensional
manifold confined to a tiny local region, devoid of layered folding or dense invariant structures. The singularity-induced
numerical distortion destroys three-way coupling and compresses the dynamics into a degenerate low-dimensional motion that
cannot be classified as hyperbolic strange chaos. The regularized attractor faithfully reproduces the theoretical prediction of a
cascading transition from Hopf bifurcation to chaos for o > ¢, while the baseline’s degenerate manifold confirms that classical
unregularized formulations yield unreliable and incomplete chaotic analysis under strong-memory fractional orders (F.10-F.12).

All visual comparisons confirm that the singularity-regularized fractional emotional replicator system resolves core
mathematical flaws of existing unregularized literature while retaining all memory-dependent evolutionary characteristics
of fractional-order game dynamics, establishing a numerically stable, theoretically rigorous unified framework for stability,
bifurcation and chaos analysis of multi-agent bounded-rational evolutionary games.

Conclusion

This study has established a rigorous mathematical framework for singular fractional replicator dynamics through a regularized
three-dimensional Caputo fractional-order tripartite evolutionary game system. To contextualize our contributions, we first
delineate four critical limitations pervading existing fractional replicator studies.

First, regarding mathematical well-posedness, the classical formulation® !> suffers from an inherent 0/0 indeterminacy at
the origin, rendering the vector field ill-posed. Subsequent works’-!! have circumvented this singularity via restricted numerical
domains or ad hoc truncation, yet none have furnished rigorous global regularization with Lipschitz guarantees. The present
work fills this void by introducing a parameterized regularization operator that establishes, for the first time in this context,
global Lipschitz continuity and, under suitable boundary dominance conditions, positive invariance of the feasible domain.

Second, concerning boundary stability, existing analyses’ !> '8 uniformly employ full-dimensional Jacobian matrices, which
introduce spurious zero eigenvalues at boundary equilibria due to vector field degeneracy. Our piecewise dimension-reduction
linearization scheme adapts the linearization order to the number of nonzero equilibrium components, thereby eliminating
spectral artifacts and ensuring accurate stability classification across all equilibrium types.

Third, prior chaos identification!!-1%-22 has relied exclusively on a single positive fractional Lyapunov exponent, a practice
prone to high false-positive rates. Our multi-condition composite criterion for chaotic signature identification integrates the
maximum Lyapunov exponent with positive topological entropy, boundedness, and exclusion of regular attractors, establishing
a robust chaos certification standard tailored for fractional replicator dynamics.

Fourth, and most critically, all previous investigations>7-% 11:12.15.18,19.22 haye depended solely on independent numerical
simulations, devoid of quantitative benchmarking or empirical calibration. The present work addresses this deficiency through
comprehensive benchmark simulations against three representative unregularized models, supplemented by real questionnaire-
based behavioral data calibration.

The core theoretical innovations are fourfold. First, a parameterized regularization strategy reconstructs the average payoff
function, with rigorous proofs of global uniform Lipschitz continuity and uniform convergence to the singular system as € — 0.
Second, a modified —oxyz competition term satisfying the Nagumo tangency condition establishes positive invariance of
Q = [0,1]3 via the Caputo fractional comparison lemma, subject to the boundary dominance conditions specified in Theorem 1.
Third, a piecewise dimension-reduction Jacobian linearization resolves spectral degeneracy at boundary equilibria; integrating
Matignon’s stability theory”, we analytically derive the critical fractional order a and unveil a three-stage transition mechanism:
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Figure 7. 3D phase space trajectories under stable fractional order & = 0.70. Left panel: Proposed regularized model; Right
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panel: Unregularized baseline model. Fixed parameters: Ay, 0 = 2.0, &z = 0.001.



Figure 8. 3D phase space trajectories under stable fractional order & = 0.70. Left panel: Proposed regularized model; Right
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panel: Unregularized baseline model. Fixed parameters: Ay, 0 = 4.0, &z = 0.001.
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Figure 9. 3D phase space trajectories under stable fractional order & = 0.70. Left panel: Proposed regularized model; Right
panel: Unregularized baseline model. Fixed parameters: Aj, 0 = 6.0, &z = 0.001. Coordinate axes: x,y,z denote normalized
strategy fractions within feasible simplex cube Q = [0, 1]3.
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Figure 10. 3D chaotic attractor phase portraits under chaotic fractional order o = 0.98. Left panel: Proposed regularized
model; Right panel: Unregularized baseline model. Fixed parameters: Ay, ¢ = 2.0, &g = 0.001.
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Figure 11. 3D chaotic attractor phase portraits under chaotic fractional order o = 0.98. Left panel: Proposed regularized
model; Right panel: Unregularized baseline model. Fixed parameters: Ay, 0 = 4.0, &g = 0.001.
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Figure 12. 3D chaotic attractor phase portraits under chaotic fractional order o = 0.98. Left panel: Proposed regularized
model; Right panel: Unregularized baseline model. Fixed parameters: Ay, ¢ = 6.0, &g = 0.001.
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asymptotic stability for o < ¢, supercritical Hopf bifurcation at o = ¢, and deterministic chaos for @ > o.. Fourth, within
the fractional Oseledets ergodic framework?®, a multi-condition composite criterion for chaotic signature identification is
established, providing a robust certification framework that helps eliminate false-positive chaos identification.

Extensive benchmark simulations against three representative unregularized fractional replicator models demonstrate that,
within the parameter regimes investigated (comprising three payoff matrix structures and three competition intensities), the
proposed regularized framework exhibits superior numerical stability, strict trajectory confinement, and full preservation of three-
dimensional coupling dynamics under strong-memory regimes. The unregularized baselines, by contrast, exhibit numerical
distortion and degenerate low-dimensional motion under these same parameter settings. It should be acknowledged, however,
that the comparative advantage of the regularization framework has been demonstrated for a specific class of three-strategy
games; the extent to which these advantages generalize to broader classes of payoff matrices and higher-dimensional game
structures remains an open question that warrants further investigation. Beyond numerical benchmarks, real questionnaire-based
behavioral data are incorporated to calibrate the fractional order ¢ and competition strength o using the Experiences in Close
Relationships scale® and the Interpersonal Reactivity Index?, establishing a direct empirical link between the theoretical
model and bounded rational decision-making observations.

Discussion and Limitations
While the proposed framework addresses several fundamental limitations of classical formulations, several limitations of the
present study should be acknowledged openly, as they point to promising directions for future research.

Limitation 1: Choice of the regularization parameter. The regularization parameter € = 0.001 used in numerical
simulations is chosen heuristically to balance singularity elimination with dynamical fidelity. Although the Lipschitz continuity
result holds for any fixed € > 0, and the dynamics converge to the singular limit as € — 07, the practical question of how to
select € adaptively in data-driven applications—particularly when payoff matrices and competition strengths are estimated from
empirical observations—remains unresolved. An adaptive regularization strategy that tunes € based on trajectory proximity to
the origin would be a valuable extension.

Limitation 2: Verifiability of the chaos criterion. The multi-condition chaos certification framework in Proposition 2,
while theoretically rigorous, relies on condition C4 (positive topological entropy), which is challenging to compute exactly
from numerical trajectory data. In practice, positive topological entropy is often inferred indirectly from fractal dimension
estimates, Poincaré section complexity, or the presence of homoclinic tangles'4'%. Consequently, the proposed criterion is
more appropriately characterized as a certification tool for validating chaotic behavior in established attractors, rather than a
predictive diagnostic for identifying chaos in unexplored parameter regimes. Future work could investigate efficient numerical
algorithms for approximating topological entropy in fractional systems.

Limitation 3: Scope of the game-theoretic model. The present analysis is restricted to three-strategy evolutionary
games. While this captures the essential features of cyclic dominance and bounded rational decision-making, many real-world
multi-agent systems involve more than three strategies or multiple interacting populations. The extension of the regularization
framework to n-player fractional replicator dynamics (n > 3) introduces significant theoretical and computational challenges,
including the proliferation of boundary equilibria, the complexity of center manifold reduction in higher dimensions, and the
increased cost of numerical integration?’-?. These challenges are beyond the scope of the current work and represent a natural
direction for future investigation.

Limitation 4: Empirical calibration scope. The behavioral data calibration using the Experiences in Close Relationships
scale® and the Interpersonal Reactivity Index?° provides an initial empirical grounding for the theoretical framework. However,
the sample size and demographic diversity of the questionnaire data are limited. The quantitative relationships between
psychological scale scores and the fractional order o or competition strength ¢ should be interpreted as preliminary estimates
rather than definitive population-level parameters. Larger-scale longitudinal studies with diverse participant populations are
needed to establish the external validity and generalizability of the calibrated parameters.

Future directions. Beyond addressing the limitations above, several promising extensions merit investigation. First,
the regularization framework could be generalized to replicator dynamics with state-dependent memory kernels, where the
fractional order ¢ varies with the evolutionary state. Second, the incorporation of time delays in the payoff functions would
introduce additional complexity to the bifurcation analysis and may yield new dynamical phenomena. Third, the application of
the proposed framework to empirical data from other domains—such as cultural evolution, opinion dynamics, or ecological
competition—would further demonstrate its practical utility. Fourth, the development of efficient numerical algorithms
for fractional Lyapunov exponent computation and topological entropy estimation in high-dimensional systems remains an
important computational challenge.

In summary, this work presents a complete theoretical chain from model regularization and global well-posedness through
spectral stability to rigorous chaos certification for Caputo fractional replicator dynamics, accompanied by systematic benchmark
comparisons and behavioral data calibration. By addressing the long-standing singularity issue, correcting boundary stability
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degeneracy, and establishing a multi-condition chaos certification framework, this study advances both the mathematical
rigor and practical applicability of fractional evolutionary game theory. The combination of theoretical completeness and
empirical grounding presented herein positions this work as a robust foundation for future investigations in memory-dependent
multi-agent evolutionary dynamics.
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Nomenclature
Greek Symbols
Symbol Definition
a Order of the Caputo fractional derivative, quantifying memory intensity (dimensionless)
Q Critical fractional order at which memory-induced Hopf bifurcation occurs
Olgtable Fractional order for stable regime, set to 0.70 in numerical simulations
Olchaos Fractional order for chaotic regime, set to 0.98 in numerical simulations
€ Regularization parameter eliminating the 0/0 singularity in average payoff
c Competition strength coefficient among the three strategies
A Eigenvalue of the Jacobian matrix
M2 Complex conjugate eigenvalues p i@
A Real eigenvalue, A3 = —y < 0
o] Angular frequency of oscillations (rad-s~ 1)
W, Critical frequency at the Hopf bifurcation point
p Real part of the complex conjugate eigenvalues
Y Magnitude of the negative real eigenvalue (A3 = —y < 0)
v Bifurcation parameter proportional to & — ¢ in the amplitude equation
0 Principal argument of a complex eigenvalue (6 = |arg(1)|)
n Arbitrarily small positive constant in asymptotic estimates
u Decay rate constant in Mittag-Leffler stability estimates
Q Feasible strategy domain, the unit cube [0, 1]3
() Gamma function appearing in the Caputo derivative definition
oX Infinitesimal perturbation vector around a reference trajectory
Ay k-th fractional Lyapunov exponent (k = 1,2,3)
Amax Maximum fractional Lyapunov exponent, A
New Numerator polynomial in the closed-form expression of /; (supercriticality discriminant)
ZL(A), #(A),#(A) | Invariant polynomials of the payoff matrix A for F(A)
hiop (<) Topological entropy of the global attractor ./
dimgy Hausdorff dimension of the attractor
Fractional Operators and Functions

Symbol Definition

OCDf‘ Caputo fractional derivative of order o with initial time t = 0

I¢ Riemann-Liouville fractional integral operator of order o

Eq(:) Single-parameter Mittag-Leffler function

Egal:) Two-parameter Mittag-Leffler function

Eu(t) Fundamental solution matrix of the fractional variational equation
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State Variables and Payoffs

Symbol Definition
x(t), y(1), z(¢) Proportions of the three competing strategies in the population
X(1) State vector (x,y,z)” of the dynamical system
S Sum of strategy proportions, S =x+y+z
t Time variable
f1, 2, f3 Individual expected payoff functions for strategies 1, 2, 3
f Classical average payoff of the population (singular at origin)
fe Regularized average payoff with denominator S+ €
Foase Baseline unregularized average payoff with denominator S (singular)
freg Regularized average payoff, identical to f;
A = (a;j) 3 x 3 payoff matrix of the three-strategy evolutionary game
ajj Entry of the payoff matrix: payoff to strategy i against strategy j
A1,A2,A3 Three representative payoff matrices for benchmark simulations
Dynamical System Quantities
Symbol Definition
Fe Regularized vector field of the fractional replicator dynamics
J Jacobian matrix of the vector field F¢
Jred Reduced Jacobian matrix for boundary (planar) equilibria
P(A) Characteristic polynomial of the Jacobian matrix
co, C1,C) Coefficients of the cubic characteristic polynomial
tr(J) Trace of the Jacobian matrix
det(J) Determinant of the Jacobian matrix
I First Lyapunov coefficient determining Hopf bifurcation direction
Cijk (A) Third-order tensor coefficient (cubic term of equilibrium coordinates) in ey
D;;(A) Second-order coefficient (quadratic term) in A ey
Ei A) First-order coefficient (linear term) in Aew
F(A Constant coefficient (parameter-only invariant) in ey
E* = (x*,y*,z") Interior equilibrium point of the system
Ey Trivial equilibrium at the origin (0,0,0)
we(0) Two-dimensional center manifold at the Hopf bifurcation point
o Global attractor of the fractional system semiflow
b, Continuous semiflow generated by the fractional system
10 k-th singular value of a matrix (descending order)
Numerical Simulation Parameters
Symbol Definition
T Total simulation time horizon, set to 300
N Number of discrete time points, set to 6000
h Time step size, h =T /N = 0.05
M Memory truncation length in GL scheme, M = min (200, N)
Yo, stable Initial condition [0.70,0.20,0.10]7 for stable regime
Y0 chaos Initial condition [0.10,0.70,0.20]7 for chaotic regime
Abbreviations
Abbreviation Full Name
FLE Fractional Lyapunov Exponent
ODE Ordinary Differential Equation
FDE Fractional Differential Equation
GL Griinwald-Letnikov (numerical approximation scheme)
PECE Predictor—Evaluate—Corrector—Evaluate numerical algorithm
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