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Abstract 

This paper presents a study on multivariable optimization of burst pressure in laminated 
composite cylindrical pressure vessels subjected to internal pressure. The stress analysis is 
based on the membrane theory of shells, and the burst pressure is estimated by the Ʊrst-ply 
failure method. The Ʊber angle and individual layer thickness are considered as design 
variables in the optimization process. The sensitivities of the burst pressure with respect to 
the design variables are calculated analytically based on the Tsai–Hill and Tsai–Wu failure 
criteria. The optimal Ʊber angles, laminate thickness distributions, and the corresponding 
maximum burst pressure are determined for various symmetric and antisymmetric layups 
and subsequently compared. Furthermore, the through-thickness stress distributions 
corresponding to the optimum designs are evaluated and contrasted with those of non-
optimal conƱgurations. The results show that a signiƱcant improvement in the burst 
pressure of composite pressure vessels can be achieved through the appropriate selection 
of Ʊber orientation and layer thickness distribution. 

Keywords: burst pressure; composite pressure vessel; sensitivity analysis; design variables; 
failure criterion. 

 

1. Introduction 

Composite materials are extensively used in the manufacturing of pressure vessels 
designed for the storage and transportation of industrial gases at elevated pressures. The 
excellent strength-to-weight ratio of composite pressure vessels enables signiƱcant weight 
reduction while maintaining the safety requirements associated with high-pressure gas 
containment. Burst pressure is the maximum internal pressure that a pressure vessel can 
withstand before the material strength is exceeded and structural integrity is lost. In 
laminated composite vessels, burst pressure depends on Ʊber orientation (winding angle), 



number and thickness of layers, stacking sequence and material properties of Ʊbers and 
matrix. Since the failure of a pressure vessel can have severe safety and economic 
consequences, ensuring structural integrity is a critical aspect of their design, material 
selection, and manufacturing processes. Consequently, the analysis and optimization of 
pressure vessels have attracted considerable attention from researchers and engineers over 
the past several decades. 

Regassa et al. [1] used Ʊnite element analysis for stress and damage analysis of a composite 
overwrapped pressure vessel with a 4-mm-thick aluminum liner . Shen et al. [2] used a Ʊnite 
element model, developed in ANSYS to investigate the buckling behavior of Ʊlament-wound 
carbon-Ʊber-reinforced composite cylindrical shells subjected to external pressure under 
various boundary conditions. Das et al. [3] examined the inƲuence of stacking sequence on 
the mechanical and thermomechanical properties of hybrid composites reinforced with 
both natural and synthetic Ʊbers. Through dynamic mechanical analysis (DMA) and 
scanning electron microscopy (SEM), they demonstrated that the quantity and placement of 
glass Ʊber layers signiƱcantly aƯect the overall performance of hybrid laminates. Iwasaki et 
al. [4] proposed an iterative optimization methodology for composite pressure vessels with 
thin-walled elliptical heads based on a FE model of the vessel. Using Classical Laminate 
Theory (CLT) in conjunction with the Tsai–Wu failure criterion, they identiƱed optimal 
stacking sequences that reduced the required laminate thickness while maximizing 
structural strength. 

Neto et al. [5] investigated the burst behavior of composite pressure vessels subjected to 
internal pressure using the Tsai–Wu failure criterion, whereas the polymeric liner, consisting 
of a blend of high-density and low-density polyethylene, was analyzed based on the von 
Mises yield criterion. Chang [6] studied the Ʊrst-ply failure strength of symmetrically 
laminated composite pressure vessels with diƯerent materials, geometrical conƱgurations, 
and laminate thicknesses under uniform internal pressure. Wang et al. [7] proposed a 
progressive damage model for the failure analysis of aluminum/carbon-Ʊber/epoxy 
composite pressure vessels. They used Ʊnite element simulation in ABAQUS software for 
their analysis and compared their results with experimental data. RaƱee and Torabi [8] 
employed the Ʊrst-ply failure (FPF) analysis  based on various failure criteria to predict the 
burst pressure of composite pressure vessels by considering the eƯect of manufacturing 
uncertainties. Adali et al. [9]  employed the membrane theory of shells to optimize the 
critical pressure of composite cylindrical vessels subjected to various loading conditions 
using the golden section method. Their work showed the eƯectiveness of optimization 
techniques in enhancing the load-carrying capability of composite pressure vessels. A 
similar approach was used by Chao et al. [10] to Ʊnd the optimum Ʊber angle in 
symmetrically laminated cylinders. Azeem et al. [11] investigated the inƲuence of Ʊber 



winding angles on the hoop stress distribution in Type IV composite pressure vessels using 
Ʊnite element analysis and compared the performance of various winding conƱgurations. 

Islam et al. [12] investigated the stress behavior and burst performance of composite 
pressure vessels using Ʊnite element analysis, examining diƯerent Ʊber types and layup 
sequences to develop an optimal CPV conƱguration. Kang et al. [13] presented a hybrid 
optimization method for optimizing the winding angle and Ʊber volume fraction of a 
composite cylinder subjected to internal pressure, based on the Tsai–Wu failure criterion. 
The structural behavior of the cylinder was modeled using three-dimensional (3D) elasticity 
theory and the local sensitivities of the design variables were evaluated using the Ʊnite 
diƯerence method. an analytical approach was presented by Matos et.al [14] to determine 
the optimum layup angle for maximizing the critical buckling pressure of  thin composite 
cylinders that are subjected to external hydrostatic pressure. Onder et al. [15] studied the 
burst failure of Ʊlament-wound composite pressure vessels using analytical solution based 
on Lekhnitskii’s theory, Ʊnite element, and experimental approaches. The burst pressure 
was evaluated for diƯerent winding angles and laminate conƱgurations based on the Tsai–
Wu, maximum stress, and maximum strain failure criteria. Their results indicated that a 
winding angle of 55° provides the highest burst pressure, while elevated temperatures 
reduce the vessel strength. Park and Sakai [16] developed a mathematical 3D elasticity 
solution for composite cylinders to optimize the  Ʊber orientation through a global search 
algorithm that maximizes burst pressure under combined pressure, axial, and torsional 
loading conditions. Their results demonstrate the strong inƲuence of stacking sequence and 
loading conditions on the burst performance of composite pressure vessels. A genetic 
algorithm-based optimization approach was presented in [17] for the design of composite 
cylinders under external hydrostatic pressure. Finite element analysis and the Tsai–Wu 
failure criterion was used to evaluate buckling and Ʊrst-ply failure, respectively. The Ʊber 
orientations and laminate stacking sequence were optimized to maximize the allowable 
design pressure. The deformation and stress analysis of a thick composite cylinder 
reinforced with multi-angle Ʊlament winding under axial loading and internal/external 
pressure were performed by Xing et al. [18] using both analytical and Ʊnite element 
approaches. The results show the capability of multi-angle Ʊlament-wound pressure vessels 
to withstand higher pressures. Zhang et al. [19] proposed an analytical approach for burst 
pressure prediction and reliability analysis of composite overwrapped cylinders using the 
AFOSM method, where the layer thicknesses, spiral winding layer angles, and the internal 
pressure were considered as random variables. an analytical approach for the design and 
performance assessment of composite pressure vessels under combined internal pressure, 
axial loading, rotational eƯects, and hygrothermal environments was presented in [20]. 
Using classical lamination theory and several failure criteria, the authors evaluated optimum 



winding angles, burst pressure, and maximum rotational speed. Mian et. al. [21] used Ʊnite 
element modeling  for the design of lightweight composite pressure vessels. Based on 
Classical Lamination Theory and the Tsai–Wu failure criterion, the eƯects of material type, 
Ʊber orientation, and laminate stacking sequence on vessel performance were investigated. 
Liang et al.[22] adopted an eƯicient optimization method for the stacking sequence design 
of composite pressure vessels by joint application of Ʊnite element analysis (FEA), artiƱcial 
neural networks (ANN), and genetic algorithms (GA). This method reduces the high 
computational cost of traditional optimization procedures by replacing repeated Ʊnite 
element evaluations with a trained neural network model. Santos et al. [23] used several 
machine-learning algorithms to predict the burst pressure of Ʊlament-wound composite 
pressure vessels and considered the eƯect of various process parameters such as Ʊber 
tension, winding speed, liner pressure, Ʊber volume fraction, winding time and curing 
pressure on the burst pressure. 

In previous studies concerning design and optimization of composite pressure vessels, all 
layers of the laminated composite were typically assumed to have equal and constant 
thickness, and the inƲuence of thickness distribution on the burst pressure,  as well as its 
optimization potential, has received limited attention. In this paper, multivariable 
optimization of burst pressure in cylindrical composite vessels is attempted, in which the 
Ʊber angle and layer thickness are considered as design variables. Based on the Tsai–Hill 
and Tsai–Wu failure criteria, analytical sensitivity expressions for the burst pressure with 
respect to the design variables are derived. From the sensitivity analysis, the optimum 
conƱguration and the corresponding maximum burst pressure are calculated for various 
stacking sequences and are compared. The obtained results show that the pressure-
carrying capacity of composite pressure vessels can be increased signiƱcantly by 
appropriate selection of Ʊber angles and laminate thickness distributions. 

 

2. Problem formulation 

2.1. Calculation of cylinder’s burst pressure 

 In a thin-walled cylinder under internal pressure, the stress components according to the 
membrane theory of shells are given as: 𝜎ఏ = ℎݎ݌ ,   𝜎௅ =  2ℎ (1)ݎ݌

Where 𝜎ఏ  and 𝜎௅  are the hoop and axial stress components, respectively, ݌ is the internal 
pressure, ݎ is the radius of the cylinder and ݐ is the wall thickness. As a result, any element 
of cylinder wall is subjected to a biaxial state of stress (Figure 1). 



 

Figure 1. Axial and hoop stresses in a cylindrical vessel 

 

Figure 2. local and global coordinates of an angle lamina 

The cylinder wall is composed of several orthotropic laminae stacked at different fiber 
orientations to form a laminate. The local (1-2) and global (x-y) coordinates which are used 
for analysis of a lamina, are shown in Figure 2. For an orthotropic lamina subjected to a 
plane-stress condition, the stress–strain relation in the local coordinates is given by [24]: 

[ 𝜎1𝜎2߬12] = [  
11ܧ   − 21ߥ12ߥ 21ܧ12ߥ − 21ܧ12ߥ0 21ߥ12ߥ − 11ܧ 21ߥ12ߥ − 21ߥ12ߥ 00 0   [12ܩ

  [  (2) [12ߛ1߳2߳

The stress–strain relation in the global coordinate system is obtained through 
transformation as: 

[ 𝜎௫𝜎௬߬௫௬] = [ܳ11̅̅ ̅̅ ̅ ܳ12̅̅ ̅̅ ̅ ܳ16̅̅ ̅̅ ̅ܳ12̅̅ ̅̅ ̅ ܳ22̅̅ ̅̅ ̅ ܳ26̅̅ ̅̅ ̅ܳ16̅̅ ̅̅ ̅ ܳ26̅̅ ̅̅ ̅ ܳ1661̅̅ ̅̅ ̅̅ ̅] [ ߳௫߳௬ߛ௫௬] (3) 

Where [ܳపఫ̅̅ ̅̅ ] is the reduced transformed stiffness matrix and is calculated as: [ܳపఫ̅̅ ̅̅ ] = [ܶ]−1[ܳ][ܴ][ܶ][ܴ]−1 (4) 



Where [ܴ] = [1 0 00 1 00 0 2] and the transformation matrix [ܶ] is deƱned as: 

[ܶ] = [ ܿ2 2ݏ 2ݏܿݏ2 ܿ2 ܿݏ−ܿݏ2− ܿݏ ܿ2 − [2ݏ , ܿ = cos(ߠ) , ݏ = sin(ߠ) (5) 

 The strain components are represented as: 

[ ߳௫߳௬ߛ௫௬] =
[  
   
ݕ0߲ݑ߲ݕ0߲ݒ߲ݔ0߲ݑ߲  + ݔ0߲ݒ߲ ]  

   
 − ݖ

[  
   
  [ݕ߲ݔ0߲ݓ22߲2ݕݔ߲ 0ݓ2߲2ݔ߲ 0ݓ2߲ 

   
 
 (4) 

Where 0ݒ , 0ݑ  and 0ݓ are displacements of a point on the midplane. Eq. (4) can be rewritten 
as: 

[ ߳௫߳௬ߛ௫௬] = [ ߳௫0߳௬0ߛ௫௬0] − ݖ [  ௫௬] (5)ߢ௬ߢ௫ߢ

Where ߢ௫,  .௫௬  represent the bending and twisting curvatures of the laminateߢ ௬ andߢ
Accordingly, the stress–strain relation in the global coordinate system can be expressed as: 

[ 𝜎௫𝜎௬߬௫௬] = [ܳపఫ̅̅ ̅̅ ] [ ߳௫0߳௬0ߛ௫௬0] − పఫ̅̅ܳ]ݖ ̅̅ ] [  ௫௬] (6)ߢ௬ߢ௫ߢ

The force and moment resultants are deƱned as: 

[ ௫ܰܰ௬௫ܰ௬] = ∫ [ 𝜎௫𝜎௬߬௫௬] ℎ/2ݖ݀
−ℎ/2 ,   [ [௫௬ܯ௬ܯ௫ܯ = ∫ [ 𝜎௫𝜎௬߬௫௬] ℎ/2ݖ݀ݖ

−ℎ/2  (7) 

Now, by substituting Eq. (6) in (7), the force and moment resultants can be written in the 
following matrix form: [ܰܯ] = ܣ] ܤܤ [ܦ ߢ0߳] ] (8) 

The extensional, bending-extension coupling and bending stiƯness matrices are deƱned as 

[ܣ] = ∑[ܳపఫ̅̅ ̅̅ ]௞(ℎ௞ − ℎ௞−1); ௡
௞=1 [ܤ] = 12 ∑[ܳపఫ̅̅ ̅̅ ]௞(ℎ௞2 − ℎ௞−12 )௡

௞=1 ; [ܦ]  = 13 ∑[ܳపఫ̅̅ ̅̅ ]௞(ℎ௞3 − ℎ௞−13 )௡
௞=1  (9) 

Where ℎ௞  and ℎ௞−1 represent the ݖ coordinates of the upper and lower surfaces of the k-th 
lamina, respectively (see Figure 3). 



 

Figure 3. Coordinate of top and bottom surface of each lamina 

Once the external loads acting on the laminate, namely the in-plane force (N) and moment 
(M) vectors, are speciƱed, the mid-plane strains and curvature components can be 
determined from Eq. (8) as follows: 

ߢ0߳] ] = ܣ] ܤܤ 1−[ܦ  (10) [ܯܰ]

After obtaining the mid-plane strains and curvatures, the corresponding strain and stress 
distributions throughout the laminate thickness can be calculated from Eqs. (5) and (6), 
respectively. Afterwards, various failure criteria may be applied to estimate the burst 
pressure of the composite vessel. In this paper, both the Tsai-Hill and Tsai-Wu failure criteria 
are employed to predict and optimize the burst pressure of the composite cylinder. The Tsai-
Hill theory is based on the distortion energy failure theory of von Mises for isotropic materials 
as applied to anisotropic materials. Based on this theory, the lamina will not fail if the 
following relation holds [10]: 

(𝜎1ܵ1் )2 − ( 𝜎1𝜎2(ܵ1் )2) + (𝜎2ܵ2் )2 + (߬12ܵ12)2 < 1 (11) 

Where 𝜎1, 𝜎2 and ߬12 denote the stress components in local coordinate of the lamina, while ܵ1் , ܵ2்  and ܵ12 are the tensile and shear strengths of the lamina. 

On the other hand, the Tsai–Wu criterion provides a more general failure theory by 
accounting for the interaction between diƯerent stress components. According to this 
criterion, a lamina is considered safe if the following condition is satisƱed: 1ܪ𝜎1 + 2𝜎2ܪ + 11𝜎12ܪ + 22𝜎22ܪ + 66߬122ܪ + 12𝜎1𝜎2ܪ2 < 1 (12) 

Where the strength parameters are given as: 

1ܪ = 1ܵ1் − 1ܵ1஼ ; 11ܪ  = 11்ܵ 1ܵ஼ ; 2ܪ  = 1ܵ2் − 1ܵ2஼ ; 22ܪ  = 1ܵ2் ܵ2஼ ; 66ܪ  = 1ܵ122 ; 12ܪ =  (13) 22ܪ11ܪ√12−



 To apply these criteria, the stress components must be Ʊrst transformed from the global to 
the local coordinate of each lamina. This transformation is performed as follows: 

[ 𝜎1𝜎2߬12] = [ܶ] [ 𝜎௫𝜎௬߬௫௬] (14) 

Where the transformation matrix was deƱned in Eq. (5).  

 

2.2. Sensitivity of burst pressure with respect to Ʊber angle 

In this section, the analytical procedure for determining the sensitivity of burst pressure 
with respect to the Ʊber angle is described in detail for both failure criteria. 

According to the Tsai-Hill criterion, the burst pressure can be calculated as: 

௖௥2݌ ((𝜎1ܵ1் )2 − ( 𝜎1𝜎2(ܵ1் )2) + (𝜎2ܵ2் )2 + (߬12ܵ12)2) = 1 (15) 

From which ݌௖௥ = ܤ  Where ,ܤ/1√ = (ఙ1ௌ1೅)2 − ( ఙ1ఙ2(ௌ1೅)2) + (ఙ2ௌ2೅)2 + (ఛ12ௌ12)2. To analyze the sensitivity 

of burst pressure with respect to Ʊber angle, the value of డ௉೎ೝడఏ  is calculated from Eq. (15) as: 

߲ ௖ܲ௥߲ߠ = 2ܤܤ√12− (2𝜎1 ߲𝜎1߲1்ܵߠ 2 − (𝜎1 ߲𝜎2߲ߠ + 𝜎2 ߲𝜎1߲ߠ )ܵ1் 2 + 2𝜎2 ߲𝜎2߲2்ܵߠ 2 + 2߬12 122ܵߠ12߲߲߬ ) (16) 

The derivative of stress components in local coordinate can be calculated as: ߲[𝜎12]߲ߠ = ߠ߲[ܶ]߲ [𝜎௫௬] + [ܶ] ߲[𝜎௫௬]߲ߠ  
(17) 

Where [𝜎12] = [𝜎1, 𝜎2, ߬12]் and [𝜎௫௬] = [𝜎௫, 𝜎௬, ߬௫௬]் represent the stress components in local 
and global coordinates, respectively. The value of  ߲[𝜎௫௬]/߲ߠ appearing in Eq. (17) is 
calculated as: ߲[𝜎௫௬]߲ߠ = ߲[ܳపఫ̅̅ ̅̅ ߠ߲[ [߳௫௬] + [ܳపఫ̅̅ ̅̅ ] ߲[߳௫௬]߲ߠ  (18) 

Where [߳௫௬] = [߳௫, ߳௬, ߳௫௬]். Next, we should compute the derivative of strains with respect to 

Ʊber angle. To do this, we start with the relation [ܰܯ] = ܣ] ܤܤ [ܦ ߢ0߳] ] as was obtained in Eq. (8) 

and diƯerentiate it w.r.t ߠ. The external loads applied to the composite vessel are constant 
and consequently, ߲[ܰ,ܯ]்/߲ߠ = 0, which results:  



߲ ܣ] ܤܤ ߠ߲[ܦ ߢ0߳] ] + ܣ] ܤܤ ߲[ܦ ߢ0߳] ߠ߲[ = 0 
(19) 

From which the derivative of strains are computed as: ߲ ߢ0߳] ߠ߲[ = − ܣ] ܤܤ 1−[ܦ ߲ ܣ] ܤܤ ߠ߲[ܦ ߢ0߳] ] (20) 

Eq. (20) can be written as a function of force and moment vector as: ߲ ߢ0߳] ߠ߲[ = − ܣ] ܤܤ 1−[ܦ ߲ ܣ] ܤܤ ߠ߲[ܦ ܣ] ܤܤ 1−[ܦ  (21) [ܯܰ]

Where we have used the following expression for computing the derivative of the inverse of 
a matrix: 

߲ ܣ] ܤܤ ߠ1߲−[ܦ = − ܣ] ܤܤ 1−[ܦ ߲ ܣ] ܤܤ ߠ߲[ܦ ܣ] ܤܤ 1−[ܦ
 

(22) 

 According to the deƱnition of ܣ,  matrices in Eq. (9), the value of ܦ and ܤ
డ[஺ ஻஻ ஽]డఏ  can be 

obtained as: 

ߠ߲[ܣ]߲ = ∑ ߲[ పܳఫ̅̅ ̅̅ ߠ߲[ (ℎ௞ − ℎ௞−1)௡
௞=1 ; ߠ߲[ܤ]߲   = 12 ∑ ߲[ పܳఫ̅̅ ̅̅ ߠ߲[ (ℎ௞2 − ℎ௞−12 )௡

௞=1 ; ߠ߲[ܦ]߲   = 13 ∑ ߲[ పܳఫ̅̅ ̅̅ ߠ߲[ (ℎ௞3 − ℎ௞−13 )௡
௞=1  (23) 

Where 
డ[ொഢണ̅̅ ̅̅ ]డఏ  is obtained by diƯerentiating Eq. (4) as: ߲[ܳపఫ̅̅ ̅̅ ߠ߲[ = ߠ1߲−[ܶ]߲ [ܳ][ܴ][ܶ][ܴ]−1 + [ܶ]−1[ܳ][ܴ] ߠ߲[ܶ]߲ [ܴ]−1 (24) 

In the case of Tsai-Wu theory,  the burst pressure can be calculated as: 

௖ܲ௥(1ܪ𝜎1 + (2𝜎2ܪ + ௖ܲ௥2 11𝜎12ܪ) + 22𝜎22ܪ + 66߬122ܪ + (12𝜎1𝜎2ܪ2 = 1 (25) 

Eq. (25) can be written as a quadratic function of ݌௖௥  in the following form: ܽ ௖ܲ௥2 + ܾ ௖ܲ௥ − 1 = 0 (26) 

Where  ܽ = 11𝜎12ܪ + 22𝜎22ܪ + 66߬122ܪ + ܾ    ,12𝜎1𝜎2ܪ2 = 1𝜎1ܪ + 2𝜎2ܪ +  (27) 6߬12ܪ

This quadratic equation yields a negative and a positive root, and the positive root is taken 
as the burst pressure. To calculate the sensitivity in this case, equation (26) must be 
diƯerentiated as: 



ߠ߲߲ܽ ௖ܲ௥2 + 2ܽ ௖ܲ௥ ߲ ௖ܲ௥߲ߠ + ߠ߲ܾ߲ ௖ܲ௥ + ܾ ߲ ௖ܲ௥߲ߠ = 0. (28) 

Solving the above equation for డ௉೎ೝడఏ   results in: 

߲ ௖ܲ௥߲ߠ = − ௖ܲ௥ ߠ߲߲ܽ) ௖ܲ௥ + 2ܽ(ߠ߲ܾ߲ ௖ܲ௥ + ܾ  (29) 

 

2.3. Sensitivity of burst pressure with respect to layer thickness 

A similar procedure is used to calculate the variation of burst pressure with respect to the 

thickness of the i-th layer, ݐ௜. In this case, the terms డ(.)డఏ   appearing in Eqs. (16) and (29) must 

be replaced by డ(.)డ௧೔ . Since the transformation matrix [ܶ] and the reduced transformed 

stiffness matrix  [ܳపఫ̅̅ ̅̅ ] are independent of ݐ௜, only the derivatives of the laminate stiƯness 
matrices A, B, and D with respect to ݐ௜need to be evaluated as follows: ߲[ܣ]߲ݐ௜ = ∑[ܳపఫ̅̅ ̅̅ ](߲ℎ௞߲ݐ௜ − ߲ℎ௞−1߲ݐ௜ )௡

௞=1 ௜ݐ߲[ܤ]߲   ; = ∑[ܳపఫ̅̅ ̅̅ ](ℎ௞ ߲ℎ௞߲ݐ௜ − ℎ௞−1 ߲ℎ௞−1߲ݐ௜ )௡
௞=1 ௜ݐ߲[ܦ]߲  = ∑[ܳపఫ̅̅ ̅̅ ](ℎ௞2 ߲ℎ௞߲ݐ௜ − ℎ௞−12 ߲ℎ௞−1߲ݐ௜ )௡
௞=1  

(30) 

Where ℎ௞ = − ℎ2 + ∑ ,  ௞ݐ ݇ = 1,2, … , ݊௞−1௜=1  represents the coordinate of top surface of layer ݇. 

To facilitate the numerical calculation of the derivatives  డℎೖడ௧೔   in programming, a simple 

Jacobian matrix is deƱned as: 

ܬ =
[  
   
   
 ߲ℎ1߲1ݐ ߲ℎ1߲2ݐ ߲ℎ1߲3ݐ … ߲ℎ1߲ݐ௞߲ℎ2߲1ݐ ߲ℎ2߲2ݐ ߲ℎ2߲3߲ݐℎ3߲1߲ݐℎ௞+1߲1ݐ ߲ℎ௞+1߲ݐ௞ ]  

   
   
 
 (31) 

Following the same procedure as was described in Eq. (20), the derivatives of the mid-plane 
strains and curvatures can be expressed as: 



߲ ߢ0߳] ௜ݐ߲[ = ܣ]− ܤܤ 1−[ܦ ߲ ܣ] ܤܤ ௜ݐ߲[ܦ ߢ0߳] ] (32) 

since [߳] = [߳0] −  the variation of strain components at top and bottom ,(see Eq. (5)) , [ߢ]ݖ
surface of each layer is computed as: ߲[߳]௞߲ݐ௜ = ௜ݐ߲[0߳]߲ − ௞ݖ ௜ݐ߲[ߢ]߲ − ௜ݐ௞߲ݖ߲  (33) [ߢ]

Note that at the top and bottom surfaces of composite layers, we have ݖ௞ = ℎ௞, where the 

value of ℎ௞  was deƱned as ℎ௞ = − ℎ2 + ∑ ,  ௞ݐ ݇ = 1,2, … , ݊௞−1௜=1 . Now the variation of global 

stress components for each layer can be calculated as: 

[𝜎௫௬]௞ = [ܳపఫ̅̅ ̅̅ ]௞[߳௫௬]௞ → ߲[𝜎௫௬]௞߲ݐ௜ = [ܳపఫ̅̅ ̅̅ ]௞ ߲[߳]௞߲ݐ௜  (34) 

And finally, the variation of local stress components is calculated as: ߲[𝜎12]௞߲ݐ௜ = [ܶ] ߲[𝜎௫௬]௞߲ݐ௜  (35) 

 

2.4. Optimization procedure 

A cylindrical pressure vessel with closed ends subjected to an internal pressure ݌ is 
considered. The objective is to determine the Ʊber angle ߠ and the layer thicknesses ݐ௜ , ݅ =1,2, . . , ݊, (see Figure 3) which maximizes the burst pressure of the composite cylinder against 
a failure criterion. The burst pressure is calculated according to the First-Ply Failure (FPF) 
method. In this approach, the critical pressure corresponding to each surface of every 
lamina is evaluated based on the selected failure criterion. The burst pressure of the 
composite vessel is then deƱned as the minimum of these critical pressures, representing 

the pressure at which the Ʊrst ply fails, i.e. ( )min k

cr cr
k

P P= . The design optimization problem is 

deƱned as: 

mܲax =ௗ௘௙ max ௖ܲ௥(ܺ) = max min௞ ௖௥(௞)݌ 
∑  :݋ݐ ݐ݆ܾܿ݁ݑݏ ௞ݐ = ℎ௡

௞=1
 (36) 

Where  ܺ = ,ߠ] ,1ݐ ,2ݐ … ,  ௡]் is the vector of design variables and ℎ is the total wall thicknessݐ
of the vessel and is assumed to be constant. A gradient-based optimization procedure is 
implemented in MATLAB for Ʊnding the optimum value of burst pressure by utilizing the 
sensitivities of the objective function with respect to the design variables, which were 



calculated at the previous section. We start with an initial guess of design variables. Then, 
structural analysis is Ʊrst performed to evaluate the objective function. Next, sensitivity 
analysis is carried out to determine the derivatives of the objective function with respect to 
the design variables, which show the rate and direction of change of the response due to 
small variations in the design parameters. This procedure is continued until a convergence 
criterion is satisƱed. 

3. Results and discussion 

This section presents numerical results for optimization of burst pressure in composite 
cylindrical vessels for various stacking sequences and two composite materials. The 
optimal design variables and the corresponding maximum burst pressures are determined 
using two failure criteria, namely the Tsai–Hill and Tsai–Wu theories. 

3.1. Validation study 

To verify the validity of the proposed solution procedure and the accuracy of the 
calculations, the results are compared with those reported by Adali et.al. [9], where the burst 
pressure of a composite cylinder with four- and six-layer symmetric laminates is presented 
in Figure 4. As can be seen, the predicted critical pressures are in good agreement with the 
reference results, demonstrating the accuracy and reliability of the proposed approach for 
analyzing composite cylinders. The laminate which was used in this validation study is made  
of T300/5208  graphite/ epoxy,  the  elastic  constants  of  which  are: 1ܧ = ,ܽܲܩ  142 2ܧ = ,ܽܲܩ 10.8 12ܩ  = ,ܽܲܩ  5.49 12ݒ = 0.3. The strength values are  ܺ௧ = ,ܽܲܯ 1568 ܺ௖ = ,ܽܲܯ  1341 ௧ܻ  = ,ܽܲܯ  57 ܻܿ = ,ܽܲܯ  212 ܵ =   .ܽܲܯ  80

 

Figure 4. Comparison of burst pressure of symmetric composite cylinders with the results of Ref. [9]. 



 

3.2. Optimization of Ʊber angle  

Based on the sensitivity analysis developed in the previous sections, the results for 
optimization of the Ʊber angle to achieve maximum burst pressure are presented in Table 1 
for various stacking sequences. In this analysis, the layer thicknesses are assumed to be 
uniform and given by ݐ௜ = ℎ/݊, where ℎ is total thickness and ݊ is the number of layers. Two 
types of composite laminates, namely Glass/epoxy and Graphite/epoxy, are considered in 
this study. The mechanical properties of these laminates are summarized in Table 2. 

 

Table 1. Optimum Ʊber angle and the corresponding burst pressure of a composite cylinder. 

Material graphite-epoxy Glass-epoxy 

Failure criterion Tsai-Hill Tsai-Wu Tsai-Hill Tsai-Wu 

Lay-up ߠ௢௣௧°  ௖ܲ௥ °௢௣௧ߠ (ܽ݌ܯ)   ௖ܲ௥ °௢௣௧ߠ (ܽ݌ܯ)   ௖ܲ௥ °௢௣௧ߠ (ܽ݌ܯ)   ௖ܲ௥  2.09 90.00 1.90 90.00 8.01 90.00 7.47 90.00 [ߠ−/0/ߠ] 2.29 81.18 2.02 81.18 8.05 68.49 7.50 68.49 [ߠ/ߠ−/0/ߠ−/ߠ] 2.21 90.00 1.96 90.00 6.48 62.71 6.35 61.46 [ߠ−/ߠ/0/ߠ−/ߠ] ௦ 53.20 6.87 54.06 6.99 54.14 1.94 54.63 2.13[ߠ/ߠ−/ߠ] ௔௦ 53.16 6.57 54.02 6.60 54.19 1.84 54.68 1.98[ߠ/ߠ−/ߠ] ௦ 53.42 8.68 54.20 8.92 53.69 2.37 54.22 2.72[ߠ−/ߠ] ௔௦ 52.99 5.38 53.85 5.32 54.84 1.60 55.35 1.68[ߠ−/ߠ] 2.13 54.63 1.94 54.14 6.99 54.06 6.87 53.20 [ߠ/ߠ−/ߠ] 1.32 90.00 1.24 90.00 1.82 54.37 1.90 53.67 [ߠ−/ߠ] 1.32 90.00 1.24 90.00 1.63 90.00 1.60 90.00 [ߠ] (ܽ݌ܯ) 

 

Table 2. Mechanical properties of Glass/epoxy and Graphite/epoxy laminates [24]. 

Property 
Laminate 

Glass/epoxy Graphite/epoxy 1்ܵ 7.17 4.14 (ܽ݌ܩ)12ܩ 0.28 0.26 12ߥ 10.38 8.27 (ܽ݌ܩ)2ܧ 181 38.6 (ܽ݌ܩ)1ܧ 2்ܵ 1500 1062 (ܽ݌ܯ)  68 72 (ܽ݌ܯ)1ܵ2 40 31 (ܽ݌ܯ)

 

The results presented in Table 1 show that, for both materials considered, the burst pressure 
predicted by the Tsai–Wu criterion is generally higher than that predicted by the Tsai–Hill 
criterion. The only exceptions are [ߠ−/ߠ] and [ߠ−/ߠ]௔௦ layups in the graphite/epoxy composite. 
The maximum relative diƯerence between the predictions of the two criteria is 7.22% for 
graphite/epoxy and 14.7% for glass/epoxy. For both materials, the highest burst pressure is 
obtained with [ߠ−/ߠ]௦  layup conƱguration.  



The variation of burst pressure with Ʊber angle, as predicted by the Tsai–Hill criterion, is 
shown in Figure 5 for several composite layups. A similar variation happens in the case of 
Tsai-Wu criterion. This Figure clearly shows the eƯect of stacking sequence on the behavior 
of composite laminate when the Ʊber angle changes. As can be seen; by using an 
appropriate stacking sequence and Ʊber angle, the burst pressure of the cylinder can be 
improved signiƱcantly. For the graphite/epoxy composite, the burst pressure exhibits greater 
sensitivity to variations in Ʊber angle, particularly near the optimum angle, where the rate of 
change is much higher. 

 
a) Graphite/epoxy 

 
b) Glass/epoxy 

Figure 5: Variation of burst pressure with Ʊber angle based on Tsai-Hill criterion for several 
composite layups. 



 

The burst pressure of a composite cylinder is governed by the stress distribution through the 
thickness of the laminate. Based on this stress distribution and an appropriate failure 
criterion, the critical pressure corresponding to each lamina surface can be determined. 
According to the First-Ply Failure (FPF) theory, the burst pressure is deƱned as the minimum 
of these critical pressures, indicating that failure occurs as soon as the Ʊrst ply reaches its 
failure limit. Figure 6 illustrates the variation of the critical pressure predicted by the Tsai–Hill 
criterion through the laminate thickness for diƯerent stacking sequences. A similar trend is 
observed when the Tsai–Wu failure criterion is used. 

 
a) [ߠ−/ߠ]  

b) [ߠ/ߠ−/ߠ] 

 
c) [ߠ−/ߠ]௔௦ 

 
d) [ߠ−/ߠ]௦ 



 
e) [ߠ/ߠ−/ߠ]௔௦ 

 
f) [ߠ/ߠ−/ߠ]௦ 

Figure 6. Variation of critical pressure along the laminate thickness at the optimum Ʊber angle 
based on the Tsai–Hill criterion for graphite–epoxy composite. 

 

According to Figure 6, failure initiates at the top and bottom surfaces of the composite for all 
layups. Among all the layups considered, the four-layer symmetric laminate ([ߠ−/ߠ]௦) 
exhibits a distinct behavior, in which the critical pressure is constant through the thickness 
This implies that all layers reach the burst pressure simultaneously and fail at the same time. 
Such behavior is considered ideal, as the full load-carrying capacity of the composite is 
eƯectively utilized. This observation is consistent with the results reported in Table 1, where 
this layup achieves the maximum burst pressure for both failure criteria and both materials 
considered. 

 

3.3. Optimization of Ʊber angle and layer thickness 

In this section, a multivariable optimization problem is investigated in which the Ʊber angle 
and layer thicknesses are considered as design variables. The optimization problem is 
solved by employing analytical sensitivity expressions relating the change of burst pressure 
with respect to the design variables. The results of this study are presented in Tables 3-6 for 
both failure criteria and for graphite/epoxy and glass/epoxy laminates. According to these 
Tables, for some stacking sequences (shown in bold), there is not a unique solution for 
thickness distribution. In these cases, there are several optimum thickness distributions 
that achieve the same maximum burst pressure, meaning that the optimization algorithm 
Ʊnds a local extremum and converges to diƯerent solutions depending on the initial guess 
of the design variables. To better illustrate this behavior, the variation of burst pressure with 
changing the thickness distribution at the optimum Ʊber angle is shown in Figure 7 for 
various stacking sequences. In this Figure, the red dots represent the maximum and 



minimum burst pressures, while the black dot indicates the burst pressure corresponding to 
the case for which the thickness of all layers is equal. This Figure clearly demonstrates the 
presence of multiple peak points for some stacking sequences. This Ʊgure also indicates—
based on the relative positions of the black and red dots—that, for some stacking 
sequences, optimizing the layer thickness distribution can lead to a signiƱcant increase in 
burst pressure. 

 

Table 3: Optimum Ʊber angle and ply-thickness distribution for maximizing the burst pressure of the 
Graphite/Epoxy composite cylinder (Tsai-Hill criterion). 

Lay-up ߠ௢௣௧° ௢௣௧ ௖ܲ௥(௜/ℎݐ)   ௔௦ 53.42[ߠ−/ߠ] 8.6815 0.25    0.50    0.25 53.42 [ߠ/ߠ−/ߠ] 1.8990 0.5   0.5 53.67 [ߠ−/ߠ] 1.5989 1 90.00 [ߠ] (ܽ݌ܯ) 
0.1652    0.3734    0.3348    0.1266 

0.2487    0.4975    0.2513    0.0025 
 ௦ 53.42[ߠ−/ߠ] 8.6815

0.2500    0.2500    0.2500    0.2500 

0.2500    0.3472    0.1528    0.2500 
 ௔௦ 53.41[ߠ/ߠ−/ߠ] 8.6815

0.1113    0.2274    0.0998    0.1267    0.2889    0.1459 

0.1617    0.3658    0.1350    0.0061    0.2033    0.1281 
 ௦ 53.42[ߠ/ߠ−/ߠ] 8.6814

0.0778    0.1535    0.1243    0.1243    0.3465    0.1737 

0.1164    0.2994    0.1665    0.1665    0.2006    0.0506 
 7.5047 0.3462    0.3076    0.3462 90.00 [ߠ−/0/ߠ] 7.5047 0.2    0.2    0.2    0.2    0.2 68.49 [ߠ/ߠ−/0/ߠ−/ߠ] 7.5047 0.1446    0.3040    0.1028    0.3040    0.1446 61.46 [ߠ−/ߠ/0/ߠ−/ߠ] 8.6815

 

Table 4: Optimum Ʊber angle and ply-thickness distribution for maximizing the burst pressure of the 
Graphite/Epoxy composite cylinder (Tsai-Wu criterion). 

Lay-up ߠ௢௣௧° ௢௣௧(௜/ℎݐ)   ௖ܲ௥  ௔௦ 54.20[ߠ−/ߠ] 8.9229 0.25    0.50    0.25 54.19 [ߠ/ߠ−/ߠ] 1.8209 0.5   0.5 54.37 [ߠ−/ߠ] 1.6265 1 90.00 [ߠ] (ܽ݌ܯ) 
0.0977    0.3107    0.4023    0.1893 

0.1370    0.3444    0.3630    0.1556 
 ௦ 54.20[ߠ−/ߠ] 8.9229

0.2500    0.2500    0.2500    0.2500 

0.2500    0.3256    0.1744    0.2500 
 ௔௦ 54.20[ߠ/ߠ−/ߠ] 8.9229

0.1627    0.3701    0.3357    0.0888    0.0017    0.0411 

0.1272    0.2152    0.1685    0.2192    0.2043    0.0656 
 ௦ 54.20[ߠ/ߠ−/ߠ] 8.9229

0.1457    0.3174    0.1428    0.1428    0.1826    0.0686 

0.1380    0.3446    0.1801    0.1801    0.1554    0.0017 
 90.00 [ߠ−/ߠ/0/ߠ−/ߠ] 8.9229

0.1700    0.1761    0.3076    0.2044    0.1418 

 0.3129    0.0333    0.3077    0.3430    0.0032 
 90.00 [ߠ/ߠ−/0/ߠ−/ߠ] 8.0533

0.3439    0.0020    0.3081    0.0020    0.3439 

0.3397    0.0065    0.3076    0.3442    0.0020 
 8.0458 0.3430    0.3139    0.3430 90.00 [ߠ−/0/ߠ] 8.0527



Table 5: Optimum Ʊber angle and ply-thickness distribution for maximizing the burst pressure of the 
Glass/Epoxy composite cylinder (Tsai-Hill criterion) 

Lay-up ߠ௢௣௧° ௢௣௧(௜/ℎݐ)   ௖ܲ௥  ௔௦[ߠ−/ߠ] 2.3743 0.25    0.50    0.25 53.69 [ߠ/ߠ−/ߠ] 1.2389 0.5   0.5 90.00 [ߠ−/ߠ] 1.2389 1 90.00 [ߠ] (ܽ݌ܯ) 
53.69 

0.2487    0.4975    0.2513    0.0025 

 ௦[ߠ−/ߠ] 2.3743 0.1471    0.3542    0.3529    0.1458
53.69 

0.2500    0.2500    0.2500    0.2500 

 ௔௦[ߠ/ߠ−/ߠ] 2.3743 0.2500    0.2143    0.2857    0.2500
53.68 

 0.2255    0.4553    0.2729    0.0019    0.0017    0.0429 

 ௦[ߠ/ߠ−/ߠ] 2.3743 0.1961    0.4098    0.0421    0.0017    0.2618    0.0885
53.68 

0.0028    0.2506    0.2477    0.2478    0.2494    0.0017 

 [ߠ−/ߠ/0/ߠ−/ߠ] 2.3743 0.0018    0.1947    0.2032    0.2032    0.3053    0.0917
90.00 

0.1809    0.2097    0.2202    0.0025    0.3868 

 2.0200 0.3906    0.2188    0.3906 90.00 [ߠ−/0/ߠ] 2.0200 0.2013    0.2013    0.1949    0.2013    0.2012 80.08 [ߠ/ߠ−/0/ߠ−/ߠ] 2.0189 0.1710    0.2196    0.2188    0.0020    0.3886

 

 

Table 6: Optimum Ʊber angle and ply-thickness distribution for maximizing the burst pressure of the 
Glass/Epoxy composite cylinder (Tsai-Wu criterion) 

Lay-up ߠ௢௣௧° ௢௣௧(௜/ℎݐ)   ௖ܲ௥  ௔௦[ߠ−/ߠ] 2.7233 0.25    0.50    0.25 54.22 [ߠ/ߠ−/ߠ] 1.3216 0.5   0.5 90.00 [ߠ−/ߠ] 1.3216 1 90.00 [ߠ] (ܽ݌ܯ) 
54.22 

0.1298    0.3376    0.3702    0.1624 

 ௦[ߠ−/ߠ] 2.7233 0.2487    0.4975    0.2513    0.0025
54.22 

0.2500    0.2500    0.2500    0.2500 

௔௦[ߠ/ߠ−/ߠ] 2.7233 0.2500    0.2050    0.2950    0.2500  
54.19 

0.2343    0.4687    0.0017    0.0017    0.2641    0.0296 

 ௦[ߠ/ߠ−/ߠ] 2.7233 0.1488    0.2826    0.1488    0.1272    0.2024    0.0902
54.22 

0.0792    0.1306    0.1156    0.1156    0.3694    0.1896 

 [ߠ−/ߠ/0/ߠ−/ߠ] 2.7233 0.0087    0.2536    0.2448    0.2448    0.2464    0.0017 
90.00 

0.1152    0.2754    0.2189    0.2767    0.1138 

 [ߠ/ߠ−/0/ߠ−/ߠ] 2.2873 0.0024    0.3878    0.2196    0.0028    0.3875
90.00 

0.1245    0.2661    0.2188    0.1900    0.2006 

 2.2874 0.3906    0.2188    0.3906 90.00 [ߠ−/0/ߠ] 2.2875 0.3878    0.0028    0.2188    0.3793    0.0113
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Figure 7: Variation of burst pressure with thickness distribution predicted by Tsai-Hill criterion for 
graphite/epoxy laminate. 

 

The results presented in Tables 3–6 show that there is a maximum burst pressure for every 
stacking sequence that can be achieved by selecting appropriate Ʊber angle and layer 
thickness distribution. According to Tables 3-6, the maximum attainable burst pressure 
predicted by Tsai- Hill and Tsai-Wu criteria is 8.6815 Mpa and 8.9229 Mpa, respectively for 
graphite/epoxy laminate. These values are 2.3743 Mpa and 2.7233 Mpa for glass/epoxy 
laminate. In the case of laminates containing a 0° layer, the attainable maximum burst 
pressure in the optimized conƱguration decreases slightly, since this layer cannot adapt 
itself for best performance.  

 

 



 

4. Conclusions 

This paper investigates optimization of burst pressure in composite cylinders subjected to 
internal pressure. The Ʊber angle and thickness of layers are considered as design variables 
and analytical expression for sensitivity of burst pressure with respect to these variables are 
derived. based on the sensitivity analysis and a gradient-based optimization procedure, the 
optimum design variables are determined for various stacking sequences to maximize the 
burst pressure predicted by the Tsai–Hill and Tsai–Wu failure criteria. The obtained results 
indicate that the burst pressure can be signiƱcantly enhanced by appropriate selection of 
Ʊber angle and thickness distribution. Among the stacking sequences considered, the [ߠ−  /ߠ]௦  layup shows the best performance and achieves the highest burst pressure, when 
only the Ʊber angle is optimized. The stress distribution through the laminate thickness 
reveals that, for this layup, all layers reach failure simultaneously, indicating an eƯicient 
utilization of the material capacity. When Ʊber angle and layer thickness are considered as 
design variables, the results show that the performance of the material can be further 
improved by choosing the optimum thickness distribution. The results show that each 
stacking sequence possesses a maximum attainable burst pressure, which can be achieved 
through a suitable combination of Ʊber angle and layer thickness distribution. 
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