Preprints are preliminary reports that have not undergone peer review.

6 Research Sq uare They should not be considered conclusive, used to inform clinical practice,

or referenced by the media as validated information.

Steady-state bifurcation and pattern formation in
an immune chemotaxis system with volume-filling
effects

Xiaoyan Gao

gaoxiaoyCl0SR163 .. com

Qinghai Minzu University
Yafei Yang

Qinghai Minzu University
Liangying Miao

Qinghai Minzu University

Research Article

Keywords: Immune system, Chemotaxis, Volume-filling, Steady-state bifurcation, Pattern
Posted Date: July 31st, 2026

DOI: https://doi.org/10.21203/rs.3.rs-10476589/v1

License: €© @ This work is licensed under a Creative Commons Attribution 4.0 International License.
Read Full License

Additional Declarations: No competing interests reported.


https://doi.org/10.21203/rs.3.rs-10476589/v1
https://doi.org/10.21203/rs.3.rs-10476589/v1
https://doi.org/10.21203/rs.3.rs-10476589/v1
https://creativecommons.org/licenses/by/4.0/

Steady-state bifurcation and pattern formation in an immune
chemotaxis system with volume-filling effects

Xiaoyan Gao*, Yafei Yang and Liangying Miao

Abstract. This paper studies a three-component reaction-diffusion-advection immune chemotaxis model
incorporating volume-filling effects, which accounts for spatial crowding and density limitation of im-
mune cells. The primary focus is on the existence, direction, and stability of nonconstant steady-
state solutions arising from steady-state bifurcation. We first derive the critical values of chemotactic
sensitivity that lead to the instability of the constant positive steady state. Then the existence of
nonconstant positive steady-state solutions bifurcating from the constant equilibrium by the Crandall-
Rabinowitz bifurcation theorem is established. Furthermore, the direction and local stability of the
bifurcation branches are investigated by analyzing the quadratic coefficients in the asymptotic expan-
sion. It is proved that the minimal bifurcation point determines the stability of the bifurcated solutions,
while other branches remain unstable. Numerical simulations are presented to verify the theoretical
conclusions and exhibit the spatial patterns generated by chemotaxis and volume-filling mechanism.
This work extends the classical immune chemotaxis model by incorporating the volume-filling mecha-
nism and reveals how cellular crowding affects the stability and pattern formation in immune dynamics,
enriching the mathematical theory of immune chemotaxis models.

Keywords: Immune system; Chemotaxis; Volume-filling; Steady-state bifurcation; Pattern.
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1. Introduction

Initially, chemotaxis often describes the directional movement of cells in response to external chemi-
cal stimuli, which could greatly influence the survival and evolution of cell [17,18]. Meanwhile, chemotaxis
is also very ubiquitous both in movement of natural species for food or avoiding enemies, and transmis-
sion or (prevention) control of disease [2,3,9] etc. The mathematical study of chemotaxis began with
the classical Keller-Segel model [17], which was originally proposed to describe the aggregation behavior
of cellular slime molds. Over the past few decades, this model and its variants have been extensively
developed to capture chemotactic phenomena in diverse biological contexts, including bacterial growth,
tumor invasion, neural development, and immune response [5,6,11,33,34,38].

In recent years, the researches on the immune system with chemotaxis have attracted many biologists
and mathematicians [10,12,14,15,25,30]. In the immune system, chemotaxis guides immune cells to sites of

infection, inflammation, or tissue damage, where they perform pathogen clearance, antigen presentation,
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and inflammatory regulation. Such directional movement is mediated by chemokines secreted by damaged
tissues or activated immune cells, which create concentration gradients that immune cells sense and follow.
When this process is dysregulated, it can lead to insufficient immune response, persistent infection,
hypersensitivity, allergic reactions, chronic inflammation, or even autoimmune diseases [1,13]. Given its
biological importance, the mathematical modeling and rigorous analysis of immune chemotaxis have
become an interdisciplinary field connecting applied mathematics, computational biology, and theoretical
immunology [23,24, 32].

In the field of mathematical immunology, considerable efforts have been made to model the inter-
actions among immune cells, chemokines, and antigens. In particular, Lee et al. [22] proposed the fol-
lowing three-component reaction-diffusion-advection system that describes the immune response driven
by chemotaxis, including the production and decay of immune cells, the secretion and degradation of

chemokines, and the persistence and elimination of antigens

up — diAu+ xV - (uVv) = a3 — bjuw — eyu, zeN,t>0,

v — do Av = bouw — e, reN,t>0,

wy — d3Aw = a3 — bsuw — ezw reNt>0, (1.1)
oyu = dyv = ¢, x €00t >0,

u(z,0) = uo(z),v(x,0) = vo(z), w(z,0) = wo(z), z €,

here Q@ C R™*(n = 1,2,3) is a bounded domain with smooth boundary 02 and v is the outward unit
normal vector on 9f). The variables u, v, w respectively denote the densities of immune cells, chemokines
and antigens. Since immune cells are produced in bone marrow and circulated throughout the body,
so the positive constant a; as source of u. The positive constant antigen source ag represents the per-
sistent infection. During the immune process, immune cells and antigens are consumed by regulation
and phagocytosis, which are denoted by byuw and bzuw, respectively. In addition, bouw indicates that
chemokines are secreted by immune cells according to the number of antigens. The chemosensitivity x > 0

of advection term contributes to the movement of immune cells toward the gradient of chemokines.

This model successfully captures the transition from stable immune regulation to unstable hyper-
sensitivity as chemotactic strength increases, and has become a benchmark model for theoretical studies.
Subsequently, many researchers have extended this model and investigated the global existence, bound-
edness, asymptotic behavior, and pattern formation of solutions [4, 20,29, 35-37,39-41]. For instance,
Zheng et al. [42] analyzed the global existence and boundedness of classical solutions for the quasilinear
reaction-diffusion-advection system based on the model (1.1), and proved the stability and instability of
the above system based on the spectral analysis, energy estimate and bootstrap technique. Moreover, some
numerical simulations are carried out to support the theoretical results and also find some new interesting
phenomena, such as complex spatial-temporal patterns. In addition, Shan and Zheng [26] considered the
immune cells of model (1.1) with general source function g(M) € C1([0,00)), they proved that if there
exist positive constants o and 0 such that sup,sq{g(s)+as} < oo and lim,_, inf{—%} = p € (g, 0],

then the solution of the system is global and uniformly bounded. Despite these advances, most existing
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studies assume a linear or weakly nonlinear chemotactic sensitivity, typically of the form xV - (uVv),
which does not account for the finite size of cells and the resulting excluded volume interactions.

Despite these advances, most existing models retain the linear chemotactic term and overlook a
key biological constraint: The volume-filling effect. In real biological systems, cells are physical objects
that cannot overlap or accumulate without bound. The volume-filling effect describes the limitation on
cell density due to spatial crowding, contact inhibition, and local volume exclusion. Mathematically, this
effect is often modeled by introducing a multiplicative factor such as u(1 — u) in the chemotactic flux,
which suppresses excessive aggregation and keeps cell density within a biologically reasonable range. At
present, the dynamic and bifurcation analysis of immune chemotaxis models with volume-filling effect
faces several questions have not been systematically addressed:

e Within linear stability analysis of homogeneous steady states, how does the volume-filling effect
alter the critical threshold of linear instability?

e By what mechanisms does the volume-filling effect govern nonconstant steady states arising from
steady-state bifurcation, covering bifurcation criteria at uniform equilibria, critical triggering parameters,
and persistence of heterogeneous spatial patterns?

o To what extent does the volume-filling effect reshape core bifurcation characteristics: local/global
classification, bifurcation type (transcritical, pitchfork), propagation direction of bifurcation branches, and
linear stability of spatially inhomogeneous bifurcated solutions?

The present paper aims to fill this gap by performing a rigorous analytical and numerical investiga-
tion of the following reaction-diffusion-advection system with volume-filling effect, posed on a bounded
domain Q C R™(n = 1,2, 3) with homogeneous Neumann boundary conditions

up — diAu~+ xV - (u(l —u)Vo) = a1 — bjuw — equ, x € Q,t >0,

v — doAv = bouw — esv, z e t>0,

wy — dz3Aw = az — bsuw — ezw e, t>0, (1.2)
o,u=9,v=09,w=0, x e INt>0,

u(z,0) = up(z),v(z,0) = vo(z), w(z,0) = we(x), x € .

The volume-filling effect is encoded in the factor u(1 — ) multiplying the chemotactic sensitivity.
This form guarantees that u remains bounded between 0 and 1 under suitable initial conditions, and it
introduces a nonlinear feedback that becomes particularly strong in high-density regions.

The remainder of this paper is structured as follows. Section 2 is devoted to the linear stability
analysis of the constant positive steady state. By deriving the characteristic equations and applying the
Routh-Hurwitz criterion, we identify the critical chemotactic coefficient xo that triggers instability. In
Section 3, we treat x as a bifurcation parameter and establish the existence of nonconstant positive
steady-state solutions via the Crandall-Rabinowitz bifurcation theorem. Under suitable non-degeneracy
conditions, a family of spatially inhomogeneous steady states bifurcating from the constant equilibrium
is obtained, and their explicit asymptotic expansions are provided. Section 4 focuses on the stability
and bifurcation direction of these nonconstant steady states. By analyzing the second- and third-order

coefficients in the Lyapunov-Schmidt reduction, we prove that the sign of the bifurcation branch curvature,
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and demonstrate that only the branch emanating from the minimal bifurcation point can be locally
asymptotically stable; all other bifurcating branches are unstable. Finally, numerical simulations are
presented to validate the analytical results and to visualize the emerging spatial patterns and biological
implications of the volume-filling effect on immune pattern formation are discussed. We make some

comments on our studies and propose some interesting problems for future studies in Section 5.

2. Stability of constant positive steady states

In this section, we discuss the influence of the chemotactic coefficient y in the model (1.2) on the
stability of the positive constant equilibrium point. Let 0 = p; < pg < -+- < p < --- be the eigenvalues
of —A on  with homogeneous Neumann boundary conditions, E(uy) the eigenspace of py, in H ().
Denote X the closure of [C1(Q)]3 in [H1(Q)]3, and let {¢y; : j = 1,--- ,dim E(u)} be an orthonormal
basis of E(uy), Xi; = {cor; : ¢ € R3}. Then

+oo dim B (uy)
X:@Xk, X, = EB Xj.
k=1 j=1

Let z = (u,v,w)T, the unique positive constant equilibrium z* = (u*,v*, w*) of model (1.2) is given

by
w = —e€1€3 — a3b1 + Cl1b3 + \/4€1€3a3b1 + (6163 - a3b1 + a1b3)2
o 2€1b3 ’
U* B bg (6163 + a3b1 + a1b3 — \/46163(13()1 + (6163 — 0,31)1 + a1b3)2)
a 2€2b1b3 ’
% —e1e3 + a3b1 — a1b3 + \/461630/3[)1 + (6163 — a3b1 =+ a1b3)2
o 263b1 '
The linearized system of the chemotaxis model (1.2) at z* is
z; = DAz + J,(z%)z, e, t>0,
0,z =0, x €0, t>0, (2.1)
z(z,0) > 0, T €,
where
—bw*—e; 0 —bu* B dy —xu*(1—wu*) 0
JZ(Z*) = bgw* —€9 b2u* 5 D = 0 d2 0
71)371)* 0 71)3’&* — €3 0 0 d3

The eigenvalue problem corresponding to the model (2.1) is

{ DAz + J,(z*)z = )z, x €,

0,z = 0, v €090, (22)

Furthermore, A is an eigenvalue of problem (2.2) if and only if for some k, A is an eigenvalue of the

following matrix

—dipp — bw* —ep  xu(1—u*)ug —bu*
L(x, k) = bow* —doji — €2 bou* (2.3)
71)31[)* 0 7d3ﬂk - bg’ll,* — €3

The characteristic polynomial corresponding to the matrix (2.3) is

T(N) = det{ A\ — L(x, k)} = A* + P(E)A\* + Q(x, k)A + R(x, k),
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where
P(k) =P, Q(x, k)= Q1 —bu™(1 —u")w" uxx,
R(x,k) = Ry — bou™ (1 — u")w™ (dspr + €3) kX
with
P :,uk(dl +dy + d3) + blw* + bgu* +e1+ey+e3 >0,
Q1 =pj(didy + dyds + dads) + uk((b?,’lt* + ez +e3)dy
+ (bgu* +biw* +eq + 63)d2 + (blw* +e1 + 62)d3)
+ byw*(ex + e3) + bzu*(e1 + e2) + erea + ezes + erez > 0,
Ry =pidydads + pij, ((bsu* + e3)didy + (byw* + e1)dads + exdyds)
+ Lk (62(b3u* =+ eg)dl =+ (el(bgu* + 63) + blegw*)dg + eg(blw* =+ el)dg)
+ blw*egeg + bgu*6162 + e1esez > 0.
Furthermore
=P1Q1 — R1 — bou*w* (1 — u*)(e1 + ez + byw* + bsu™ + (dy + da) i) prie X
where
PlQl — R1 = Cg,ui + CQ/J% + C1lk + P()QO — Ro
with

PyQo — Ry = (biw* +b3u™)Qo + (e1 + e2)(byw* ey + bzu™ey + e1es + exes + e1e3)
+ es(eses + ejea) + bsu*(eres + eaes + e%) + byw*(eses + eres + e%) >0,
c3 = (dy + dz)(dy + d3)(d2 + d3) > 0,
co = (dy +do + d3) ((bsu* + ez + e3)dy + (bsu* + biw* + ey + e3)dy + (brw* + €1 + e2)ds)
+ (byw™ + e1)d1(d2 + d3) + (bsu™ + e3)ds(dy + da) + eada(d; + d3) > 0,
c1 = (di + da + d3)Qo + ((bsu™ + e3)(biw* + bsu® + e1 + e3) + e2Py)dy
+ ((blw* + bsu™ + e3)(biw* + byu* + e3) + (bgu™ + ez)es + €1b1w*)d2
+ ((brw* + e1)(brw* + bsu* + ey + e3) + e2Py)d3 > 0.
Obviously, for all k¥ € N*, P(k) > 0. According to the Routh-Hurwitz criterion, z* is locally
asymptotically stable with respect to the model (1.2) if and only if
R(x,k) >0, P(k)Q(x,k)— R(x,k) > 0. (2.4)

* is unstable if and only if there exists some & € NT such that at least one of the

On the contrary, z
equations in (2.4) does not hold.

Suppose the condition

(H) ai(bs+ e3) < agbi + e1bs + ere3



6 X. Gao, Y. Yang and L. Miao

holds. Through calculation, we can obtain that R(x,k) > 0 if and only if x < x7, and P(k)Q(x, k) —
R(x,k) > 0 if and only if x < x/. Therefore, if x < xo, 2z* is locally stable; otherwise, z* is unstable.

Here
Ry
bou*w* (1 — w*)(dapr + e3)px’
_ PQ - Ry
bou*w*(1 — u*)(el + es + byw* + bgu* + (dy + dg),uk)uk'

Based on the above discussions, the following results can be obtained.

oS JHY S
Xo = min {Xxi, Xk} Xk
(2.5)

Xk

Theorem 2.1. Assume that all parameters in the model (1.2) are positive constants and that condition (H).
Then

(1) If x < xo, the positive equilibrium point z* is locally asymptotically stable;

(2) If x > xo, the positive equilibrium point z* is unstable,
where xo is defined in the equation (2.5).

Remark 2.1. For x =0, one has Ry > 0 and P1Q1 — R; > 0. Consequently, the positive equilibrium z*

remains stable under pure self-diffusion, this shows self-diffusion alone cannot trigger Turing instability.

To illustrate Theorem 2.1, we give some numerical examples. We use the upwind finite volume scheme
introduced in [7,21]. Since the model is simplified, it is not easy to find all the parameters estimated
from the experiments. The diffusion coefficients and decay/death rates are usually known (see [19,30] and
references therein). For example, the diffusion coefficient d; is estimated in a range of 1071t ~ 10~ "em? /h
(see [31]). In this work, we choose d; = 5 x 10~7cm?/h in the range. We choose domain length [=(half of
some integers)x 0.005m, which is relevant to contain a sufficient number of cells considering the size of

the cells.

Example 1. In the model (1.2), select Q = (0,5 x 10™%), and the parameters are
ay = 0.05,b1 = 5,61 = 0.1, bg = 0.4,62 = 0.1,
a3 =5x10"3 b3 =1,e5=4x 1076

di=5%x10"",dy =6 x 107%,ds =3 x 107°.
It can be calculated that the positive equilibrium point z* = (u*,v*, w*) = (0.25,0.0199,0.0199), and

xo = X 2~ 0.0009618. When x = 0, z* is always stable, as shown in Figure 1.

Figure 1. When x = 0, z* is always stable.
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According to Theorem 2.1, when 0.0001 = x < o, the equilibrium point z* is locally asymptotically

*

stable, as shown in Figure 2; when 0.00125 = x > xo, 2* is unstable, as shown in Figure 3.

Figure 2. When x = 0.0001 < xo, z* is locally asymptotically stable.

Figure 3. When x = 0.00125 > xo, z* is unstable.

Remark 2.2. When x = 0, immune cells lose directional chemotactic migration ability; the uniform cell
distribution corresponds to physiological steady-state immune surveillance with no inflammatory lesions.
Slightly elevated x below threshold only weak immune recruitment without tissue infiltration. Once x
crosses Xo, excessive directional migration breaks immune homeostasis, initiating focal inflammation,

which matches the onset of localized granulomas in infectious lesions such as tuberculosis.

3. Existence of nonconstant positive steady states

In this section, we take x as the bifurcation parameter and study the equilibrium bifurcation near
the equilibrium point z*, thereby proving the existence of non-constant steady-state solutions of model
(1.2). From Theorem 2.1, it can be seen that as the chemotactic coefficient x increases, the positive
equilibrium z* loses its stability at xo = min{xy, x}. If xo = x5 < X, R(x0, ko) = 0, then z* becomes
unstable via a steady-state bifurcation, leading to the emergence of spatial patterns.

For computational convenience, we consider the model in the one-dimensional interval (0, 1)

up = (dlu’ —xu(l — u)v’)/ + a1 — bjuw — equ, z € (0,1), t >0,

vy = dov” + bauw — e, z € (0,1), t >0,
wy = dsw” + az — byuw — ezw, xz € (0,1), t >0, (3.1)
u'(z,t) = (x,t) = w'(x,t) =0, x=0,1,t>0,

U(CE,O) = UO(IE),U((E,O) = UO(ZL'),’U)(it,O) = wo(l’), T € (O’Z)
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and the corresponding steady-state problem

(dlu/ —xu(l — u)v’)/ +a; —bjuw —equ=0, z€(0,]),

dov" 4+ bouw — eqv = 0, x € (0,1), (3.2)
dzw"” + a3 — bsuw — e3w = 0, x € (0,1), .
u'(z) =v'(x) = w'(x) =0, x=0,l,

where ’ denotes the derivative with respect to z, and all other parameters in model (3.1) are defined as
in model (1.2).

On the one-dimensional interval = (0,1) (I > 0), the eigenvalue problem

{ —w(2) = pw(x), 2 e(0,0),
w'(z) =0, x=0,1

has a sequence of simple eigenvalues

k 2
Nk:<T7T) 7k:071727"'7

with corresponding eigenfunctions

oot k=0,
WE\E) = cos (A72), k> 0.

Clearly, this set of eigenfunctions forms an orthonormal basis in L?(0,1).
Taking x as the bifurcation parameter, to apply the Crandall-Rabinowitz bifurcation theorem, we

introduce the following function spaces:
X ={z:z2¢€ H*0,0)|2'(0)=2'(I) =0}, Y=L*0,l).

Define the mapping F : X x X x X x RT — Y x Y x Y by
(dlu’ —xu(l— u)v’)/ +a; — bjuw — equ
F(u,v,w,x) = dav" + bauw — eqv
dsw"” + a3 — bsuw — esw
Then F(z*,x) = 0, and model (3.1) is equivalent to F(u,v,w,x) = 0. It is easy to verify that the linear
operators DyF, Dy ) F and Dy (y..w)F are continuous. For any fixed (u,v,w) € & x X x X, the
Fréchet derivative of F with respect to (u,v,w) at (4,9, w) is

D(u,v,w)]:(ﬂ, 'D, ’IIJ7 X)(u7 v, w)

dyu” — x(a(1 — a)’ +u(l — a)o" — auv’) — (b + e1)u — byaw (3.3)
= dav" + bawu — eqv + bytiw
dzw” — bgwu — (bst + ez)w
To obtain the existence of local bifurcation solutions, the following steps are required.
Step 1  Verify that for any fixed (u,v,w) € X x X x X, the operator Dy 4 ) F (4, 0, W, x)(u, v,w) :

XXX xX—=YxYxYisaFredholm operator of index zero. To this end, rewrite operator (3.3) as
D(u,v,w)f(ﬂa v, W, X)(ua v, w) = AO(Z)ZH + FQ(JZ, Z, Z/)v

where
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and
—x(u(l —a)’ — ﬂu@’)/ — x@'v' + 2xuu'v' — (b1w + e1)u — byuw
Fo, = bowu — exv + bauw
—bgwu — (bsu + e3)w

Obviously, all eigenvalues of A4y are positive, so operator (3.3) is strictly elliptic. By the second case
(N =1) of Remark 2.5 in [27], Aj satisfies the Agmon condition (see Definition 2.4 in [28]). Therefore,
D y,v,u)F (@, 0,0, x)(u,v,w) is a Fredholm operator of index zero (see Theorem 3.3 and Remark 3.4
in [27]).

Step 2 Verify that dimN(D(u’v,w)]—'(z*, x)) = 1, where N denotes the kernel.

To locate where local bifurcation occurs at (z*, x), we need to discuss when the implicit function

theorem fails for F, i.e., when the condition

N (Do) F (2%, X)) # {0} (3.4)

holds. To this end, set (@, v, w) = (u*,v*, w*) in operator (3.3); then
diu” — xu* (1 — u*)v" — (hhw* + e1)u — byu*w
D, F (2", x) (0,0, w) = dov” + baw*u — eav + bau*w
dsw” — bgw*u — (bzu* + ez)w
and its kernel consists of solutions of the problem
diu — xu (1 —u* )" — (hhw* + e1)u —bu*w =0, xz€

(0,1
dov”" + bow*u — eqv + bau*w = 0, z € (0,1),
(0,1

(3.5)
dzw” — bgw*u — (bgu* + e3z)w = 0, z € (0,1),
u'(z) = v (x) =w'(x) =0, x=0,l.
Now expand the solution (u,v,w) in terms of eigenfunctions:
- k N k - k
u(zx) = kzzotk cos %‘T, v(x) = kZ:OSk cos %ac’ w(x) = 2 T); COS %:r’ (3.6)

where ¢y, sg, T are constants to be determined. Then condition (3.4) is equivalent to the existence of at

least one k € NT such that (¢, sk, 7x) is nontrivial. Substituting (3.6) into problem (3.5) yields

—di(55)2 — (hyw* + e1)  xu*(1 —u*)(5F)? —biu” t 0
bow* —da(PE)? — ey bou* se |=101]. 37
—bzw* 0 —d3(57)? — (bsu* + e3) Tk 0

The case k = 0 is easily excluded. For any k € N7, if the coefficient matrix in (3.7) is singular, then
problem (3.5) has a nontrivial solution (¢, sg, 7k). Setting the determinant of the coefficient matrix to

Z€ero gives

Ry
X=X; =

. 3.8
bou*(1 — w*)w* (dspr + e3) (38)
In particular, when x = x?, ./\/'(D(u,v’w)f(z*, X,f)) = span{ (U, U, Wy)} is one-dimensional, and

k k k
U}, = COS %, U = Mj, cos %, Wy, = Ny, cos %, (3.9)
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where
b * d km\2
M, = ]377;0 (63+ 3(°F )) _ >0,
(62+d2( 7 ) )(bgu*+€3+d3(T) )
(3.10)
bsw*
Ny, = ikt <.

bsu +e3+ d3(T7r)
Step 3  Verify that (D(uv w)F(z* ))(ﬂk,ﬁk,ﬁ)kﬂx X5 o4 R(D(uv w)F (2 ,Xf)), where R de-
notes the range of the operator.

We argue by contradiction. Suppose the statement of Step 3 is false, then there exists a nontrivial

solution (u,v,w) satisfy

diu" — xPgu* (1 —u* )" — (hw* + er)u — bju*w = u* (1 — u*)(kT’T)2 cos M7z € (0,1),
dav” + baw*u — eov + bou*w = 0, x € (0,1), (3.11)
dzw” — bgw*u — (bzu* + ez)w =0, x € (0,1), '

u'(z) = v'(x) = w'(x) =0, 0,1.

Multiply the first three equations of (3.11) by cos “Z% k” and integrate by parts over (0,1), we obtain

—di (55)2 — (hyw* +e1)  xjut(l—u*)(5F)? —byu*
bgw* —dz(kTﬂ)Q — €2 bgu*
—bgw* 0 —dg(kTﬂ—)Q — (b3u* + 63)
l (3.12)
Jo weos B dx u*(km)?
X fol v COS k’;—xdx = %l
l km
Jo wcos “FEdx 0

From (3.8) the coefficient matrix in (3.12) is singular, which contradicts the assumption that (u, v, w) is
a nontrivial solution.

Based on the above discussion, we obtain the existence of non-constant positive solutions of model

(3.2) and steady-state bifurcation occurs at (z*, x) for each k € N*.

Theorem 3.1. Assume that

Xp X5 Vh#jENY and X # X, ¥ ke NY,

where x3 and xH are given by (2.5). Then for each k € N*, model (3.2) possesses spatially non-
homogeneous bifurcation solutions (u,v,w) € X x X x X emanating from (z*, x5 ). Moreover, for suffi-
ciently small 0 > 0, the bifurcation curve ' (s) = {(ug(s), v (s), wx(s), x5 (5)) : s € (—0,0)} near (z*, x3)

has the parametric representation

Xi(s) = x5 +0(s), s€(-0,0), (3.13)
and

(uk (s, z), v (s, @), wi(s,x)) = (u*,v*, W) + s(tg, Uk, Wg) + 0o(s), s € (—0,0), (3.14)
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where (Uy, U, Wy) are given by (3.9), and o(s) € Z lies in the closed complement of N'(Dy,v,u)F (1, 0,0, X)),
i.e.,
Z= {(u,v,w) EX XXX X‘/l(uak + vy, + wwy)dr = 0}. (3.15)
Furthermore, (uk(s,x),vk(s,x),wk(s,x),xk(s))ois a solution of model (3.2), and every nontrivial

solution near the bifurcation point (z*, x5 ) lies on the curve T'y(s), s € (—0,0).

Now, we present numerical simulations to verify that model (3.2) generates non-constant steady-

state solutions.

Example 2. The parameter sets are given in Table 1 introduced in [22]. In Figure 4, the initial condition
is z* + 0.0001 rand(1). From Theorem 2.1, if X > xo = X5 =~ 0.379, the positive equilibrium of (3.2) is
unstable. Moreover, we choose x = 0.5, after transient evolution, all three components converge to time-
independent stationary spatial patterns, by Theorem 3.1, model (3.2) produces a nonconstant steady-state
solution with spatial profile cos g_”—ﬁ near the positive equilibrium. Biologically, chemotazis amplifies minor
environmental disturbances and drives immune cells to form persistent inflammatory aggregates, where

immune cells and chemokines mutually reinforce each other to maintain stable spatial immune lesions.

Table 1. Parameter values used for numerical simulations.

Parameter Description Values
l domain length 0.01
dq 5 X 10_7
ds Diffusion coefficients 6 x 1078
ds 7.2 %1077
ay Source of immune cells 0.05
as Ezxternal source of antigen 5x 1073
b1 Self regulation strength 5

bo Chemokine secretion rate by u 4 x 107°
bs Rate of phagocyte 1

e1 Immune cell death 0.1

e Chemokine decay 0.01
es3 Antigen decay 4 %1076

Tmmune cell density u(z, 500) Tmmune cell u

™
045 -
™
0 -
Zoas ~
| 03 20
o0
o
0 “
— e
o
10?

[ = o 025 05
Space z 107 Space z

Figure 4. Space-time color map with initial conditions is chosen as z* + 0.0001 rand(1). We set I = 0.01
and x = 0.5.

Figure 5 demonstrates the critical requlatory role of chemotactic sensitivity x in shaping steady-
state immune spatial patterns, with all parameters consistent with Table 1. When x exceeds the bifurca-

tion threshold x5 = 0.379, the uniform immune distribution destabilizes and localized immune aggregates
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emerge spontaneously. Larger x produces more periodic, sharper spikes of immune cells u(x): Enhanced
chemotactic capacity enables immune cells to track chemokine gradients and form denser, more numer-
ous discrete infiltration foci, resembling separated inflammatory lesions in chronic tmmune disorders.
Notably, an intrinsic density-limiting mechanism caps the peak immune density near 1 irrespective of
X, avoiding excessive immune accumulation and pathological hyperinflammation. Antigen w(x) remains
uniformly low across the domain, confirming that immune pattern formation arises purely from chemo-
tactic migration instead of heterogeneous antigen distribution. The curves of v(x) are magnified 5 times
for clearer visualization (second row). Chemokine v(x) co-localizes with immune cell spikes, establishing

a positive feedback loop to sustain long-term stable immune plaques.

s Steady state with x =0.6 s Steady state with y =2 s Steady state with x =7 s Steady state with y =10
v(z) v(z) v(z) v(z)
w(z) w(z) w(z) w(x)
1 1 1 1
0.5 0.5 q 0.5F q 0.5
0 0 0 0
0 0.005 0.01 0 0.005 0.01 0 0.005 0.01 0 0.005 0.01
Space x Space z Space x Space z

(a) Steady-state profiles of u(z), v(z) and w(x)

x10*  x =06 x10™ X =2 x10* X =7 x10®  x=10
22 22 22 22
2 2 2 2
1.8 1.8 1.8 1.8
1.6 1.6 1.6 1.6
14 14 14 14
1.2F q 1.2 12 q 1.2
P~— | ~—— 1 /\/\/\ 1 \/\_/\/\/
08 ! 0.8 0.8 ! 0.8
0.6 0.6 0.6 0.6
0.4 0.4 0.4 0.4
0.2 0.2 0.2 0.2
0 0 0 0
0 0.005 0.01 0 0.005 0.01 0 0.005 0.01 0 0.005 0.01
Space z Space Space z Space =

(b) Magnified chemokine v(z) (5-fold amplification)

Figure 5. Nontrivial stationary solutions of system (3.2) over 2 = (0,0.01) when chemotactic sensitivity
x exceeds the critical bifurcation threshold Xég =~ 0.379. All parameters are consistent with Table 1,
except x = 0.6,2,7 and 10.

Figure 6 demonstrates the influence of spatial domain size I on immune cell spatial patterns with
fized x =1 > Xfo' Spatiotemporal contours (first row) and asymptotic steady profiles (second row) show
that small domains sustain only a single immune aggregate, whereas larger domains support multiple

periodic immune peaks. Biologically, the spatial extent of immune tissue determines the maximum number
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of self-organized inflammatory foci. Small tissue regions can only support a single immune aggregation

site. With enlarged tissue space, there is sufficient room to accommodate multiple separated immune

kol” , which demonstrates that the characteristic

infiltration foci. These patterns follow the spatial mode cos
spatial wavelength of immune aggregates is intrinsically constrained by the physical size of the immune
microenvironment. This reveals that tissue geometry acts as an important regulator controlling the quantity

and spatial arrangement of chronic inflammatory lesions.

Table 2. ko and Xso corresponding to I.

1 0.00; 0.006 0.02 0.03
%o 1 1 p; 7
X5 0.876 0409 0.375 0.370

L=0.006 L=002 L=0.03
50 50
w0 a0
- 3 )
£ &
200 200
10 100
A N AN ; M a B N
03 045 05 o 05 1 5 2 075 15
Space 102 Space 10? Space z

L=0.004 L=0.006 L=0.02 L=0.03

225 3
10

X 02 03 04 o ors 03 045 06 o 05 1 is 2 0 075 15 225 3
Space z «10? Space 102 Space w10 Space 2 10

Figure 6. Space-time color maps (first row) and stable steady states (second row) of the Immune cell
concentration 1n the case of [ = 0.004,0.005,0.02,0.03 respectively. In each case, we choose x = 1 is
bigger than ch = ming e n+ Xk The stable steady states have spatial profile cos kolmc

4. Stability of nonconstant positive steady states

In this subsection, we mainly discuss the stability and instability of the bifurcation branch zg(s, x)
of model (3.2) obtained from Theorem 3.1. First, we determine the direction of the bifurcation branch
' (s) for each bifurcation point x. It is easy to see that F is C* smooth, and by Theorem 1.8 of [8], the
bifurcation branch (u(s, ), vk(s,z), wk(s,z)) is C3 smooth, and
uk(5,7) = u* + 5 cos 52 1 26, (1) + 8365 (x) + o),
Uk(s,2) = v* 4 sNj, cos 222 + 21 (z) + s3na(z) + o(s3),

wy (s, ) = w* + sMy, cos k’l’—m + 82¢1(z) + s3Ca () + o(s?),
Xi (8) = X{ + sp1 + 5%p2 + o(s?),
where (&;,7;,¢;) € Z (2 is defined in (3.15)), and p;, i = 1,2 are constants. In (4.1), o(s®) is in the X

(4.1)

norm, and o(s?) is a constant.
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Before analyzing the stability of these bifurcation branches, we determine the sign of the coefficients
in the expansion of y7 (s). Substituting (4.1) into model (3.2) and collecting terms of order o(s?) yields
the linear system

d1&l — xpu* (1 —u*)¢y — (hw* + e1)é — biu*¢ = Fy, z € (0,1
donl + bow*&; — eany + bou*(y = —by N}, cos? @, z € (0,1),
d3¢i — byw*&y — (bsu* + e3)(1 = by Ny, cos? E7Z, € (0,1
&1 (x) = mi(z) = (i (x) =0,
where
km

Fy = (2u* — 1)x3 M, (T)Q cos

2kmx km kmx

2 k
— pru* (1 —u*) My (—) cos - + by N}, cos? %"T

l
Multiplying the first three equations of system (4.2) by cos k% and integrating over (0,1), we obtain

* % 2 2 l k
u (1 —w*) My (k) p1 = — (dl (lﬂ) + byw* +61>/ 3 cos L 4o
0

21 l l

2t k : k
—l—xfu*(l—u*)(k—ﬂ) /nlcosﬂdx—blu*/ g“u:osﬂdm,
l 0 l 0 l
1 l
B kmx km\2
bow /OflcosTdm—<d2(T) +62)/0

l l

km\2 k

—bzw* / & cos kﬂr—xdm‘ — (d3 (l) + bau* + 63) / (1 cos ﬂdw =0. (4.4)
0 l l 0 l

Moreover, since (£1,m1,¢1) € Z from (3.15), we have

k ! k
71 COS %xdm + bou* / (1 cos %xdx =0, (4.3)
0

and

l ! l
k k k
/ & cos Lxdx—&—Mk/ 7)1 COS ﬂdm—l—Nk/ G cosﬂdx =0, (4.5)
0 ! 0 ! 0 !
where My, Ny are given in (3.10). From equations (4.3)-(4.5) we deduce
2 !
bow*  — (dg (kT“) + 62) l;gu* Jo &1 cos k’;—””dx 0
1 ﬂ, _
—bsw* 0 - (dS (kTﬂ) + bzu* + 63) Jom cos Btdr | = 8 (4.6)
1 My, Ni fol ¢ cos M2 dy
Denote the coefficient matrix in (4.6) by B. Since M}, > 0, N}, < 0, the determinant of B satisfies
km\2 kw2
w8 (1) o) 05 e )
kw2 km\2
+ (dg( ;) + eg)Mkbgw* — (dQ(Tﬂ—) + 62)Nkb3w* > 0.
Consequently,
! 1 !
k k k
/ & cos %xdas = / 7)1 COS %xdx = / (1 cos %xdx =0. (4.7)
0 0 0

Then from (4.3) and (4.7) we obtain p; = 0.

Thus, we have the following Theorem.

Theorem 4.1. Under the assumptions of Theorem 3.1, for k # j, x5 # xf, if p1 = 0 and py # 0, then

the local bifurcation branch T'y(s) of system (3.2) at (z*,x3) is a transcritical bifurcation.
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Next, the sign of py determines the direction of the bifurcation branch I'y(s) (k € NT) turning at
x; and its stability. To this end, we need to study the o(s%) terms in system (3.2).
Since p; = 0, the o(s®) terms in system (3.2) yield the following system
di&y — xpu* (1 —u*)ng — (b5, + e1)ée — biu*(e = Fa, z € (0,1
damlf + baw* &y — eamy + byu* (o = —by cos K7L (G + £1Ny), x € (0,1),
3¢l — bsw* & — (bsu* + €*)(a = bs cos 2T ((y + &1 Ny), € (0,1
u'(z) = v (x) =w'(x) =0,

(4.8)

where

. kmx . km . kwx
5 :xf((l — 2u™) cos Tn'{ + (2u* — 1)7 sin T(Mkfi +n))

—2Mk(k77r)2(sink$) coskle—Mk(klﬂ-) cos]m—x(&—Zu & — (coskﬂ-Tx)Q))

km kmx
—pg( i ) Myu* (1—u*)cosT.

Multiplying the first equation of system (4 8) by cos &2 k” and integrating over (0,1), we obtain

pou* (km)? k:7r
7% (dl ( —|— 1 fg cos —da:
l
+/ ngcosk%xdzf— k:7r /ﬁldx
0
. k knx Xf kmy2 [t 2
+X U Cg cos— (T) &1 cos
0

Mixy, (km 2kmx X5 M, kj 2 !
+ 2(1)/Clcoslda§— 2( /Cldx.

Similarly, multiplying the second and third equations of system (4.8) by cos #7% k” and integrating, we get

bgw*/ fgcoslm—xdx—(dg(k—w) +62>/ ngcos@dx—l—bgu*/ (gcoslm—xdx:N (4.10)
0 l l 0 l 0 l

(4.9)

;mdm

and
1 l
k k2 k
—bzw* / & cos T g — (dg (—W) + bsu™ + 63) / (2 cos T g = P, (4.11)
0 l l 0 l

where
l

1
kmx kma\2
N = fbg/ G+ lek)(cos T) dz, P = b3/ @ +§1Nk)(cos T) dz.
0
Furthermore, since (§2,72,(2) € Z (Z defined in (3.15)), we have

l l 1
k k k
/ &5 cos %xdx—kMk/ 7)o COS %xdm—f—Nk/ (s cos %xdx =0. (4.12)
0 0 0

From (4.10)-(4.12) we obtain

l krx
baw*  —(do(55)2 + e2) bau” Jo & cos T N
bou* 0 (dg(Tﬂ) + b3u” + e3) fol npcos Erdy [ = | P (4.13)
1 M;, Ny, 0

fol (o cos B2 dy

By Cramer’s rule, solving system (4.13) gives

P ! knx P, P,
/fgcos—d :73;: /772(3 x :7)(2) /(2 m :7)2:, (4.14)
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where
N —(d2(E%)2 +e2) bou*
Pi=| P 0 —(ds(E5)? + bgu* +e3) |,
0 Mj, Ni
bow* N bou* bow* —(d2(5E)2 +e) N
Po=| bout P —(ds(55)* +bsu* +e3) |, Pa=| byu* 0 P |
1 0 Ny, 1 M, 0
and
bow*  —(do(ET)? + €) bou*
Po=| bou* 0 —(d3(E%)2 + bsu* + e3)
1 M, Ny

Integrating system (4.2) over (0,!) and using the Neumann boundary conditions together with p; = 0,
we get

—(byw* + e1) fé &dr — biu* fol mdxr = w,

bzw* fol fldﬂi — €2 fol 771d$ + bzu* fol Cldl‘ = —%,

—bzw* fé &1 — (b3u™ + e3) fé Grdo = baliul,

which is equivalent to

1 b1 Nl
—(blw* + 61) 0 —blu* fo gldz b2N .
bow* —eg bou* f(f mdx | = -5 | (4.15)
—baw* 0 —(bgu*+ by Nyl
3W (bsu* + e3) fol Cde A

Solving system (4.15) similarly yields

! 1
/ &dr = — / mdr = —— / (idx = @7 (4.16)
0 Qo

where
7})112\/;9[ 0 —bju* (blw =+ 61) 7[)112\/'” —biu*
Q) = _717212\@1 —e2 bou* , Qo = baw* —L]kal bau* )
7173]2\[’“[ 0 (b3u + 63) —b3’UJ* 71)3]2\[’“[ —(bgu* + 63)
and
* by N1
—(hiw* +er) 0 - —(biw* +e1) 0 —bu*
Qs = byw* —ey 25l | Q= byw* —ey byu*
—bsw* 0 bsfz\fkl —bzw* 0 —(b3u™ + e3)
Multiplying the first three equations of system (4.2) by cos <5< 2"” and integrating over (0,1), we obtain
(4d1(7”) + biw* +e1) 4)(5 *(1 fu*)(kT”)2 —bu*
bow™ (4d (Tﬂ) + 62) bou*
—bg’w* 0 (4d3(Tﬂ-) + b3u* + 63)
. N G (4.17)
Jo &1 cos FEdx (2u* — 1)y My, 5 + il
X fol 7)1 COS —lem de | = 77172{4\/,61

! 2% by N
Jo €1 cos 2L d 2
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Applying Cramer’s rule to system (4.17) gives

! 1
2kmx R 2k7rx Ra| 2k7ra: R
/ Sreos =y de = :R; / T eos T IRE / reo :RZI (4.18)
0 0
where
(2u — D) My G55 + Bl gy (1 — ) (5E)? —byu?
Rl - _bQ{Zkl <4d ( ) + 62) bgu* ,
N 0 —(4d3(57)2 + bgu” + e3)
4dy (B2 4 byw* +ep)  (2u* — 1)x7 My, (k”) + ball byt
—(4dr (% "
o= b’ s b 7
~bsw” . —(4ds(E2)2 4 bgu* + e3)
—(4dy (552 4 b 4 e1)  AxSur(1—u)(EE)?2 (2w — 1)x g M Em bl
Rs = baw* ~(4ds(57)2 + ) b ,
—bsw* 0 baiﬁcl
and
~(4di (*F)? + bw” +er) dxfut(1 - w)(FF)? —byu*
Ro = bow* —(4da(E2)2 + e9) bott*
_bgw* 0 (4d3(T7T) +b3U*+€3)

Note that p2 in (4.9) can be determined from (4.14), (4.16) and (4.18).
Summarizing the above analysis, we have the following result on the direction of the bifurcation

branch.

Theorem 4.2. For the bifurcation branch T'y(s) of system (3.2) at (z*,x7), it turns to the right if ps > 0
and to the left if po < 0.

Next, we discuss the stability of the bifurcation branch. In some cases, the sign of py determines the

stability of the branch. Specifically, for (u,v,w) € X x X x X, consider the eigenvalue problem
D(u,v,w)F(uk(sa $)7 vk(87 SL’), wk(57 il?), Xk(s)> (u7 v, ’U)) = O'(U, v, w) (419)

If the eigenvalue o is real and negative, then the branch is locally stable. At s = 0, 0(0) = 0 and the
kernel of Dy 4 ) F (2", x3) is spanned by {(1, My, Ny,) cos k%} The stability result is as follows.

Theorem 4.3. Assume the conditions of Theorem 3.1 hold, and let

Ti(s) = {(ur(s,2), vk (s, 2), wi(s, 2), X3 ()}
be the bifurcation branch (with expansions given by (3.13) and (53.14)). Then
(1) If xo = Xfo = ]?6111\111 Xp < ]?6111\111 XA, then when ps > 0, the bifurcation branch Tk, (s) emanating
from (z*, Xfﬂ) is asymptotically stable, and when ps < 0 it is unstable; for every k # ko, the bifurcation
branch Tx(s) near (z*, x5 ) is unstable.
(2) If xo = xf. = min xf < knenn X5, then for every k € NT, the bifurcation branch T'y(s) near

keNT
(z*,x3) is unstable.
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Proof The proof idea follows from Theorem 1.13 of [8] and Theorems 5.5-5.6 of [7].

We study the stability of (u, (s, ), vk, (s, ), wk, (s, ), x5, (5)). By Theorem 1.13 of [8], there exists
an interval I containing x5 (s) € I and a C! smooth function (x,s) : I x (=6,8) — (o(x),0(s)) with
o(0) = 0 and o(x7 (s)) = 0, such that o(s) is a simple eigenvalue of (4.19), and o(x) satisfies the same

property for the linearized operator at the trivial branch:

D(u,v,u)F (0", 0%, w™, x) (w0, w) = o(s)(u,v,w), (u,v,w) € X x X X X. (4.20)
Moreover, o(s) is the unique eigenvalue of the perturbed operator near the origin in the complex plane
that bifurcates from zero (and similarly for o(y)).

The eigenfunction corresponding to (4.20) can be expressed as (u(x,x), v(x, z), w(x, z)), which de-

pends smoothly on x and satisfies

krx kmx krx
(i, (5): ), 00, (), ), wixi, (), ) = ((cos =, My cos ==, Ny cos =)
and (u(x,z),v(x, ), w(x, z))—(cos B7L My cos E7Z N, cos ¥2%) € Z, uniquely determined, where My, Ny,
are given in (3.10) and Z is defined in (3.15).

From system (3.5), problem (4.20) is equivalent to
diu” — xu*(1 — u*)v"” — (byw* + e1)u — byu*w = ou, z € (0,1),

dav” + bow*u — eav + bou*w = o, x € (0,1), (4.21)
dsw” — bgw*u — (bsu* + e3)w = ow, z € (0,1),
u'(z) = v (x) =w'(x) =0, x=0,1.
Differentiating system (4.21) with respect to x and then setting y = Xf , we obtain
dy’ — xjo u* (1 —u*)o" —u* (1 —u) cos’ kﬂl” (biw* 4+ e1)t — byu*w = O'(Xko) cos kol”, xz € (0,1),
do?¥"" + bow* U — egV + bout = d(Xf )My, cos kol”, x € (0,1),
dzw" — bgw*u — (bsu* + e3)w = O(Xko)Nk cos kol”, x € (0,1),
W (z) =0 (x) = ' (x) =0, x=0,l,
(4.22)
where the dot denotes differentiation with respect to x evaluated at x = Xfo, ie., 1= aug;z = x5, , ete.
Multiplying each equation of system (4.22) by cos ko” and integrating over (0,1), we obtain
—dy (597)2 — (byw* +e1)  xj w1 —u*)(54E)? —biu*
baw* —ds (koﬂ) — e bou*
—bsw* 0 —dg,(OT’T)2 — (bsu* +e3)
Jo trcos “af2de L8, — bur (1 — w)(gm)?
| Hocosmzzas | - iy )
féu';cos kol”dx NT'JC.T(XEO)

From (3.8) the coefficient matrix on the left-hand side is invertible. Denoting its cofactors by Aj1 (j =

1,2,3), we have

Ay = (cz2(kOT7T)2 n ez) (dg(kol)z +byu* + eg) >0,
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Ay = byw* <d3<k0T7r)2 + 63) > 0,

k 2
Az = —bsw* (dg(oTTr) + 62) <0,
and since My, > 0, N < 0, we obtain
2
Allu*(l —u*)(kOT)

8
= 0-
7 (X, A1 + Ao My, + A13Ny, ”

By Theorem 1.16 of [8], for small s # 0, o(s) has the same sign as —sxf;(s)ﬁ(xfo), and for o(s) # 0,

s’ (S
L =90

=1.
s—0 O'(S)

19

Since p; = 0, we have sgn(o(0)) = —sgn(p2). Furthermore, by standard perturbation theory for eigenval-

ues [16], sgn(o(s)) = —sgn(pz) for s € (=4, 9).

Thus, if p > 0, then o(s) < 0, meaning that all eigenvalues of (4.19) have negative real parts; hence

the bifurcation branch T'y,(s) near (z*,xj ) is asymptotically stable. Conversely, if py < 0, then I'j,(s)

is unstable.

For the case k € NT with yo = mir}r i < Xf; or for k # ko when yg = miri Xf < x1, it follows
kEN keN

from the proof of Theorem 2.1 that the linearized operator (4.20) has an eigenvalue with positive real

part. By standard eigenvalue perturbation theory [16], for small s, the perturbed operator (4.19) also has

an eigenvalue o(s) with positive real part, so (ug(s, z), vg(s, x), wi(s, x), xx(s)) is unstable for s € (-6, 0).

This completes the proof.

A schematic bifurcation diagram for case (1) is shown in Figure 7.

XxXxX

Tkg ()

(a) p2>0

XxXxX

L

(b) p2 <0

Figure 7. Bifurcation diagram for Theorem 4.3(1): red solid line-stable, green dashed-unstable. As can
be seen from the figure, if 'y (s) turns right, it is stable near (z*, Xgo)’ see (a); if Ty, (s) turns left, it

is unstable near (z*, XEO), see (b). If k # ko, T'y(s) is always unstable near (z*,x%), see (a) and (b).

5. Discussions and Conclusion Remarks

O

This work establishes that the the volume-filling mechanism fundamentally reshapes the bifurcation

landscape of immune chemotaxis. The minimal chemotactic threshold emerges as a quantifiable biomarker

for the transition to stable chronic inflammation. Future work will incorporate dynamic drug interventions
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to explore whether lowering x below this critical value can force the regression of established inflammatory
aggregates.

(i) Volume-filling as an intrinsic anti-inflammatory constraint. The saturation factor w(1—u) in the
chemotactic flux rigorously enforces 0 < u < 1, independent of the magnitude of . Biologically, this term
represents contact inhibition and excluded volume effects among immune cells. Consequently, even when
X far exceeds the instability threshold, the peak density of immune cells is capped near 1 (see Figure 5),
preventing uncontrolled inflammatory expansion. Mathematically, this accounts for the confinement of
granulomas rather than their unlimited expansion. Common pathological examples for example include
tuberculosis and foreign body reactions, where physical clustering of macrophages and T cells generates
a self-restricting feedback loop to contain lesion spread.

(ii) Threshold Xgo distinguishes immune surveillance from chronic foci. Theorem 4.3 establishes
that only the minimal bifurcation point xj = min x; generates stable spatially heterogeneous steady
states. This defines a sharp immunological switch: below this threshold, the immune system maintains a
uniform, non-aggressive surveillance state; exceeding it triggers irreversible self-organization into stable,
localized inflammatory plaques. Therapeutically, this suggests that partial suppression of chemotactic
sensitivity (e.g., via CCR5/CXCR3 antagonists) below Xfo may suffice to destabilize established chronic
lesions, without abolishing beneficial chemotaxis entirely.

(iii) Tissue size dictates lesion multiplicity. Table 2 and Figure 6 demonstrate that the admissible
spatial mode kg scales linearly with the tissue length [ through p; = ( kT”)Q Small microenvironments
support only a single stable aggregate (kg = 1), whereas larger organs accommodate multiple periodic foci
(ko > 1). This provides a mathematical rationale for the clinical observation that large organs (e.g., liver)
frequently exhibit multi-focal necrosis, while small lymphoid tissues typically develop solitary germinal
centers. The specific mode number kg selected by the system is precisely the integer that minimizes the
critical chemotactic threshold Xf , linking the lesion count directly to the diffusion-to-response balance of

immune cells.
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