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Abstract

Background: The primary objective of this study is to examihe performance of
widely used sampling variance estimators in intdomal large-scale assessments
(ILSAs): Balanced Repeated ReplicatiBRR) andJackknife Repeated ReplicatidK2,
Half andFull variants). We also investigate the impactafy modification factors 10%,
30%, and50%) and evaluat®ootstrappingas an alternative variance estimator for
clustered sampling.

Methods: A Monte Carlo simulation mirroring the samplingsedgn of a TIMSS
Grade 4 population was conducted. Probability sesiplere repeatedly drawn under a
two-stage stratified cluster sampling design withaols as primary sampling units and
classes as secondary sampling units. The simulatioed school sample sizes (30, 50,
100, and 150 schools), considered scenarios withnoginbers of schools within explicit
strata, and examined different treatments of schoalresponse. For each scenario, 1,000
samples were drawn, and the performance of thenegi estimators was assessed by
comparing the estimated sampling errors with tine€'t sampling errors approximated

from the sampling distributions of the estimates.

Results: The results showed that, for smooth statistich ascmeansBRR without
Fay adjustmentJK2, andBootstrappingoroduced highly accurate variance estimates,
with JK2 showing the highest precision across conditions.iém-smooth statistics,
including percentilesBootstrappingandBRRoutperformedIK2 in both accuracy and
precision. ThelK2 HalfandFull variants performed virtually identically, suggestino
precision advantage of the computationally morenstveFull variant.Fay adjustments
did not improveJK2 performance, where®RRperformed better with lowdfay factors
(10% and 30%) than with the conventional 50% adjpestt. Under school non-response
scenarios, common approaches to variance stratdraction led to systematic over- or

underestimation of sampling variance.

Conclusions:Overall, the study provides empirical guidance lo@ @application of
replication-based variance estimators in ILSAs un@eying statistical conditions and
sampling designs.

Keywordslarge-scale assessments, complex sample designpliag variance estimators,
replication methods, Monte Carlo simulation



Introduction

International large-scale assessments in education (ILSAs) are essential for measuring
national trends in educational achievement globally (Hernandez-Torrano & Courtney, 2021).
In these studies, probability sampling serves as the foundation for estimating parameters that
characterize the distribution of student attributes and outcomes in a population of interest
(Author et al., 2021).

The sampling process in ILSAs is complex and can be summarized as a two-stage
stratified cluster sampling design (Author et al., 2021). In the first stage, séls®lang as
primary sampling units (PSU3)are sampled with probabilities proportional to size (PPS)
within explicit strata (Snijders & Bosker, 2011). In the second stage, students or classrooms
are typically selected using systematic random sampling (SRS) (see class sampling in TIMSS
[Siegel & Foy, 2024] and student sampling in PISA [OECD, 2024]). During data collection,
sampling units at both stages are subject to non-response, that is, schools and students may
decide not to participate in the survey (Author, 2024). In ILSAs, the combination of complex
sample design, weighting adjustments for nonresponding units, and potential poststratification
procedures directly impacts the level of error in statistical estimates (Kish, 1965; Mang et al.,
2024). Given this complexity, accurate and precise sampling variance estimation is crucial for
UHOLDEOH VWDWLVWLFDO LQIHUHQFH DV LW LV LQDSSURS|
assume simple random sampling under multistage stratified cluster designs (Rust & Rao,
1996; Rutkowski et al., 2010).

Several approaches have been proposed to address variance estimation in complex
sample surveys, including linearization techniques (Deville, 1999). However, replication
methodg also referred to as resampling techniguese among the most widely used
approaches in survey methodology (Valliant et al., 2018). Alth@agitstrappings popular
in survey and non-survey statistics more broadly (Valliant et al., 2Ba&nced Repeated
Replication(BRR) and pairedackknife Repeated ReplicatiQiK2) are the most frequently
employed methods for estimating sampling variance in ILSAs (Author, 2020). Variance
estimators vary both in methodology and in their application across studies, for example
)D\TV  BIBSA (OECD, 2024)JK2 Halfin ICILS (Schulz, 2020), andK2 Fullin
TIMSS (Fishbein et al., 2024).

Replication methods for variance estimation have been extensively analyzed both
theoretically (see Efron, 1982; Rust & Rao, 1996; Bruch et al., 2011; Valliant et al., 2018) and

through simulation-based comparisons in survey methodology (see Kovar, 1985; Kovar et al.,



1988; Judkins, 1990; Austin, 2024). Yet, previous literature has not thoroughly explored how
different variance estimators perform within the ILSA studies framedris. apparent gap
underscores the importance of investigating this issue to enhance understanding of and

improve ILSA survey methodology.

By focusing on two widely used estimatérBRRandJK2?2 the central aim of this
research is to provide insights into their performance across diverse conditions. For the
Jackknifefamily, we also compare thealf andFull methods. Additionally, we evaluate
Bootstrappingas an alternative variance estimator for clustered sampling in ILSAs. The study
further investigates the impact ofay factor onBRRandJK2 and its implications for
sampling variance estimation. Moreover, we explore the treatment of PSUs when generating
variance strata, particularly under school non-response scenarios and when an odd number of

PSUs exist within a given explicit stratum.

Theoretical Background
Variance Estimation in ILSAs

In ILSAs, uncertainty in the estimation of population parameters arising from the
complex sampling design is commonly quantified in terms of samplind' etlefined as the
square root of the sampling variance. (Kish, 1966)estimate sampling variance under the
complex multistage sampling designs used in ILSAs, replication-based methods are widely
employed (Rust & Rao, 1996; Valliant et al., 2018). Based on the systematic sampling order,
sampled schools serving as PSUs are paired into variance strata for variance estimation
(Gonzalez & Foy, 1996; Author et al., 2021). Using these variance strata, replicate weights
are generated and sampling variance is estimated from the variability of replicate estimates
around the full-sample estimate (Judkins, 1990; Choudhry & Valliant, 200d)sampling

error 5" is generally computed as

1 In ILSAs, achievement is reported using plausible values, and reportedrdtarmrs therefore combine
sampling and imputation error (Mislevy et al., 1992; Rutkowski et al., 2010plBgmvariance is estimated
separately for each plausible value and averaged to obtain the final sampli@enzalez, 2024); this study
only focuses on the sampling component of uncertainty.
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where Y, denotes the statistic of interest estimated using replicate wisigfithe
same statistic estimated using the total sampling weidlats the total number of replicate
weights, andGas a scaling factor conditional on the specific replication method employed in
the ILSA (Gonzalez, 2024). While replication methods vary in implementation, they share
this common principle and differ primarily in how replicate weights and scaling factors are
defined, including how variance strata are treated under non-response (Fishbein et al., 2024;
OECD, 2024).

Replication Methods

To account for the uncertainty induced by complex sampling design, replication
methods such &8RR JK2 andBootstrappinghave been developed (Bruch et al., 2611)
These methods systematically manipulate total final weights to generate a given number of
Somewhat different subsamples and somewhat different sampling weightt & Rao,
1996, p. 285), which in turn produce pseudo-estimates of the statistical parameter of interest.
The advantage of replication methods is their straightforward implementation, as they
systematically incorporate replicate weights that reflect multi-stage probabilistic sampling and
non-response calibration (Valliant et al., 2018). This makes them particularly well-suited for

assessments with a complex sampling design complex survey design, such as ILSAs.

In IEA studies JK28 is the most widely applied approach for stratified multistage
sampling designs (Wolter, 2007; Rust, 2013) and derives replicate weights by alternately
deleting and inflating paired PSUs within variance strata. In each variance stratum, one PSU
is retained with its weight doubled,» ; L U H ¢ while the other PSU is omitted by setting
its replication weight to zerd;s g L U H ¢ Here, « .denotes the estimation (full-sample)
weight for PSUs¢ and ™ « . denotes its replication weight. For all PSUs in the remaining
variance strata, the replication weight is unchanged, thasisL . TheHalf andFull
variants differ in the number of replicate weights generated and in the associated scaling
factor * (Author, 2020; Schulz, 2011, 2015; Fishbein et al., 2024), while using the same

2 Detailed historical developments, mathematical formulations, and technical implementatiéAsBRR
(including Fay variants), and Bootstrappthtpgether with their use in survey methodology and ILS/ase
provided in Author et al. (2025).

3 The original delete-one jackknifd{1) is designed for single-stage samples and generates replicates by
sequentially omitting individual observations. Because ILSAs employ stratified multcdtesger sampling,
variance estimation is instead based on the pdaekknife(JK2), which operates at the PSU level (Wolter,
2007).



sampling error equation (séguation 3. In theHalf method, the number of replicates equals
the number of variance strata (L , *) and the scaling factor is L U In theFull method,

the number of replicates is doubled (L U He*), and the scaling factor is L —3

BRR used primarily in OECD studies, constructs replicate weights using balanced

half-sample perturbations defined by a Hadamard matrix. The sampling error is computed
using ' M Q = P E Wlders the scaling factor i Léand R equals the number of replicate

weights (Judkins, 1990). To reduce instability arising from the exclusion of half the sample in
each replicateBRRis often implemented with Bay modification, which perturbs weights by
factors Bandt F Band introduces an additional adjustment to the scaling factor (Fay, 1984;
Dippo et al., 1984; Judkins, 1990). Whe&n L rthe method functions as teandard BRR

The perturbation factor oivr “Fay (B L r awas proposed by Fay (1984) and Dippo et al.

(1984). An additional scaling factd® LE 055,) 5 was suggestetlV R H QVeasdhhbie

estimate of the varianée -XGNLQV S

While Bootstrappings widely used in survey methodology more broadly (Efron,
1982; Rao & Wu, 1988; Beaumont & Emond, 2022), it is not commonly applied in ILSAs.

We summarize iTable 1the variance estimators that are used in major ILSAs.

[pls insertTable 1about here]

Differences in Building Variance Strata in ILSAs
Non-Response

A common assumption in the literature is that reggion methods perform
similarly under ideal conditions, such as large glnsizes and no complexities like non-
response (Valliant et al., 2018). However, when-nesponse occuisas is common in
ILSAs 2 differences in variance strata formation arise taat affect variance estimation.
Because PSUs are subject to non-response, an mmponethodological question
concerns how participating and non-participatingJB@re handled in the construction of

variance strata.

In ILSAs such as TIMSS (Siegel & Foy, 2024), PIR(E®Y & Almaskut, 2023),
and TALIS (OECD, 2020), variance strata are comséu based solely on participating

schools. Schools are sorted by the same samplingues used prior to sampling (e.qg.,



school size and implicit stratification variableahd non-responding schools are
excluded. Participating schools are then pairedisegally within each explicit stratum
following the original sampling order. Because aéjat sampled schools are more likely
to share similar characteristics, this re-pairitrgtegy reflects similarities induced by

implicit stratification (Gonzalez & Foy, 1996).

,Q FRQWUDVW 2(&'fV 3,68 2(&" RQVWVWUXFWYV YPULDQFI
at the time of sampling, prior to data collectidvihen non-response occurs, the original
variance strata are retained rather than redefii@dvariance stratum originally contains
two sampled schools and only one participatesjcat@d weights are generated solely
from the participating school. This approach pressithe original sampling structure and

avoids redefining variance strata based on padimp status.

The key distinction between these approachesiieghiether variance strata are
redefined after data collection (as in TIMSS, PIRBSd TALIS) or retained from the

original sampling design (as in PISA).

Odd number of PSUs in the explicit stratum

When an explicit stratum contains an odd numbesctibols, BRR and JK2 differ
in how the unpaired PSU is handled. In JK2, theai@mg unpaired school is subdivided
into paired sub-PSU units (e.qg., classes or sts)esat that each variance stratum contains
two units (Fishbein et al., 2024). In BRR, the unga school is combined with two
adjacent schools to form a triplet within the vada stratum (Mang et al., 2024).
Replicate weights are then generated using stredtweight perturbations derived from
the Hadamard matrix (OECD, 2024).

By dividing the unpaired orphan school into quasheols inJK2 or balancing
triplet contributions ilBRRthrough structured adjustment factors, both metranttiress

odd numbers of schools in explicit strata.

Current State of Research

Survey methodologists have debated the relative performadéaBRR and
Bootstrapping often reaching differing conclusions despite well-established theoretical
foundations (Sek&fron, 1982; Kovar, 1985; Kovar et al., 1988; Judkins, 1990; Rust & Rao,
1996; Bruch et al., 201)alliant et al., 2018Austin, 2024). As highlighted by Valliant et al.
(2018), replication methods rely on certain assumptions to provide unbiased and consistent

variance estimates. These assumptions typically require sufficiently large sample sizes, no
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extreme outliers in the analysis variable, and the ability to compute necessary derivatives for
nonlinear estimators. While specific conditions may vary, the fundamental principle is that
replication methods must align with the underlying sampling design and statistical properties
of the data (Judkins, 1990). In other words, the way replicates are formed should accurately
reflect the sampling methodology used to draw the sample from the population (i.e.,
stratification). Therefore, decisions regarding the construction of variance strata are crucial in

understanding the performance of replication methods in ILSAs.

According to Valliant et al. (2018), thkackknifeis theoretically equivalent to
linearization in large samples for linear estimates (see Krewski & Rao, 1981 for theoretical
conditions). This makes it particularly suitable for large sample surveys such as ILSAs.
Simulation studies by Kovar (1985) and Judkins (1990) showedklzagxhibits lower bias,
greater stability, and more precise confidence intervalsBRaR(with or withoutFay) in
high-variance populations. However, theoretical and empirical work has raised concerns
aboutJK2TV SHUIRUP D&edth bRisti€3 REQon (1982) demonstrated IKAL
produces unreliable variance estimates for statistics such as medians and quartiles, and Kovar,
Rao, and Wu (1988) confirmed that th€2 performs worse thaBRRfor non-smooth
statistics. They claim further that applyiRgy 1 Methodto BRRconsistently improves
variance estimation for non-smooth statistics relative to Bidfhandstandard BRR

A noted limitation oBRR however, is its reliance on theoriori calculation and
storage of replicate weights via the Hadamard matrix, whéi€2weights can be generated
systematically "on the fly." Another limitation 8RRis the occurrence of missing replicate
estimates in small domains because each replicate effectively excludes half of the variance
strata, increasing the likelihood that a domain is absent from a replicate. This issue is
addressed blfay's Methodwhich perturbs rather than completely deletes the weights,
thereby reducing the occurrence of missing replicates. Judkins (1990) charaétayized
50% Methodas a compromise between standdRRandJK2, although a 30% Fay factor,
representing a gentler perturbation of the weights, has been shown to provide more reliable
estimates for quantiles. Judkins (1990) also demonstrateBaiiatMethods equivalent to
standardBRRfor linear estimators. By contrast, the application of Fay factors withidiktBe
family remains largely unexplored. AlthoudK?2 is substantially less prone thBRRto
producing missing replicate estimates in small domains, such cases may still occur when the

omitted variance stratum contains all observations for the domain of interest.

While Bootstrappingshares general assumptions with other replication methods,



specialized approaches, such as those described by Rao and Wu (1988) and Beaumont and
Emond (2022), allow it to handle designs with multi-stage sampling, where the PSUs have
varying selection probabilities, such as PPS. Bbetstrapping particularlythe Rao-Wu-Yue-

Beaumontariant, is noted for its flexibility.

To date, research comparing the performance of different replication methods in
ILSAs is relatively sparse. Practical proof, for example, based on a comprehensive simulation
study, is missing. Existing research has been largely theoretical on comparisons, primarily
reported in technical documents such asTiSS 1995 Technical Report (Gonzalez & Foy,
1996)and PISA Technical Report (OECD, 2002). Rust (2013) provides a useful theoretical
overview of replication methods in ILSAS, but systematic empirical evaluations across

methods and conditions remain scarce.

The Current Study: Research Questions

Considering the diverse variance estimation metkemadgloyed across major
ILSAS, our research aims to conduct a compreherv@parative analysis to assess the
performance of sampling variance estimators aadogsse conditions in the context of
ILSAs. By examining widely used replication meth@ddBRR JK2 (Full andHalf
variants), andBootstrapping we investigate their performance in estimating samp
variance for both smooth and non-smooth statisiosh as means, medians, quatrtiles,
benchmark percentages, and correlations.

YXUWKHU VFKRODU\ertbrY 1$ DWW XH G DVWKLIRWY R ZHLIKWV
betterStability of the sampling variance estimator (see, for examjudkins [1990, p.225
Accordingly, we investigate wheth&ay factorsof 10% or 30% improve performance
relative to the commonly uséi% Fay factot. Although ) D\ V 0 His\typRaBy
applied toBRRto address missing replicates, this study alsonéxas the effect of
introducingFay factors(10%, 30%, and50%) to JK2 Half, particularly for non-smooth
statistics® In addition, we evaluate whether the increasedpdational effort required by

JK2 Fullyields gains in precision relative 82 Half.

4 A Fay factor can take any value between 0 and 1.

5 We also investigated the effect of introduckay factors (0% 30% and50%) to theJK2 Full method.
However, as the results were very similar to thos#kef Half, we opted not to report them here for the sake of
simplicity and clarity in presenting the findings of this report.

9



Our additional motivation in this research is t@emne the effects of varying
conditions of sample sizes and non-response. tetlsan odd number of PSUr a given
explicit stratum BRRaddresses this by collapsing variance strata amdifg triplets of
PSUs. Based on Valliant et al. (2018), we hypotteesiat such collapsing variance strata,
or adopting a one-PSU-per-variance-stratum appraaely leadBRRto overestimate
sampling variance, particularly in smaller sampl@enversely, Valliant et al. (2018) note
that pairing sub-PSU units (e.g., classes or stisjémstead of PSUs may lead to
underestimation of sampling variance; accordinglg,hypothesize thatk2 may

underestimate sampling variance in such scenarios.

$V H[SODLQHG-AHQVEREGVFAHRYHFWLRQ RQH FRPPRQ DSSI
PSUs in their original variance strat@r@Str) or to re-pair only participating PSUs.
Under theOrgStrapproachBRRtreats each participating PSU as a single PSUinvith
original variance stratum, so that only one PSUtgbutes to variance estimation within
that stratum. In contrast, under the standard BRRaach, participating PSUs are re-
paired into new variance strata, ensuring thaé¢astl two PSUs contribute to the

generation of replicate weights and, consequettlyhe variance estimation.

In ILSAs, JK2 has traditionally not been implemented using @rgStrapproach
because the method is not well suited to variatr@gascontaining a single PSU. For
completeness, we nevertheless incldd@ OrgStrvariants for both the Half and Full
methods to enable direct comparisons VBRR Following current ILSA practice, single-
PSU variance strata are handled by subdividing®®¥ into paired sub-PSU units,
including orphan PSUs resulting from an odd nundfeschools within an explicit
stratum. Because sub-PSU units within a schoofarerally more homogeneous than
PSUs across schools, this approach may underestsaaipling variance, particularly
under nonresponse when multiple single-PSU strataro Accordingly, results for the
JK2 OrgStrvariants should be interpreted with caution. TK& OrgStrimplementation
follows procedures used in TIMSS (Fishbein et2024), wherea8RR OrgStifollows
the approach used in PISA (OECD, 2024).

Specifically, we aim to address the following resbaquestions to compare the

replication methods:

1. AmongJK2 (Half and Full) BRR(with and without &ay factor), andBootstrapping
which method performs best for estimating sampliagance in smooth and non-

smooth statistics?

10



2. Does introducing &ay factor (i.e.,10%, 30% and50%) in JK2 andBRRimprove the
precision of sampling variance estimation?

3. How do the examined replication methods respondatging score distributions (two
score variables with ICCs of 25% and 50%), différeample sizes of PSUs, and
the introduction of non-response?

4. How does the handling of non-respGrL Q J 3(&& fOrgStror adjacent PSU
pairing) influence the performance of the replication noefthin estimating
sampling variance?

5. CanBootstrappingbe effectively applied to ILSA data for variancgimation?

Methods

Our study examined the performance of variancemedtirs under different
conditions for various types of statistics usingl@nte Carlo simulation in R (R Core
Team, 2022). Rather than generating and analyzinglated data in each replication, this
study created a large population-level datasetmRids population, 1,000 samples were
drawn for each condition using sampling methods momy employed in ILSA%

Simulated Population

We simulated a finite population of 5,000 schoaid 800,857 students to analyze
the performance of sampling variance estimdtorhis population is designed to reflect
the average population size observed in ILSAs, siscthe TIMSS Grade 4 population
(Siegel & Foy, 2024). The number of students inheschool is randomly assigned from a
uniform distribution in the interval [1, 200], ctéag variation in the measure of size
(MOS) used to sample schools. This results in ansgtrical distribution of student
enrollment with an average school having around stQ@ents. We summarized simulated

population characteristics ihable 2.

[pls insertTable 2about here]

6 Given our goal of comparing the performance of variance estimators iningampling error based on a
sampling distribution of 1,000 samples, we compare the average of the soptarof the sampling variances,
rather than the square root of the average sampling variance.

" The simulated population minimizes certainty schools, avoiding repeated seleatiem senples and
obviating the need for a finite population correction.

11



Two achievement scores were generated with intsaatarrelation coefficients
(ICCs) of 25% and 50% to represent average and Ieigs of school-level clusterifig
Achievement was simulated using a linear model wihool-level covariates and random
school effects, then rescaled to the TIMSS metriegn = 500, SD = 80). Students were
randomly assigned to classrooms (average class2£8, resulting in #1.0 classrooms
per school. A binary gender variable was also geteelr

Sampling Design and Weights

We implemented a two-stage sampling design that mirrors the standard sampling
process in TIMSS (Siegel & Foy, 2024). We summarize the characteristics of samples in our

simulation inTable 3.

[pls insertTable 3about here]

At the first stage, schools were selected using systematic PPS sampling with implicit
stratification by school size and explicit stratification by school type, following the standard

TIMSS procedures (Siegel & Foy, 2024). School sample sizes ranged from 30 to 150 schools.

To evaluate estimator performance under realistic field conditions, simulations were
conducted with and without school nonresponse. In the nonresponse condition, approximately
50% of sampled private schools did not participate, resulting in an overall school nonresponse
rate of 12%#3%. School weights, including nonresponse adjustments, were calculated
according to the standard TIMSS procedures (Siegel & Foy, 2024).

At the second stage, one or two classes were sampled within each selected school,
following the standard TIMSS design (Siegel & Foy, 2024). Final student weights were
constructed using the corresponding school and class weights, with no adjustment for student

nonresponse because student nonresponse was not simulated.

Variance Estimators and Replicate Weights

We evaluated the performance variance estimatdegjoazed into three main
replication methodsiK2, BRR andBootstrapping For theJackknifemethod, we
analyzedJK2 in bothFull andHalf variants. FOBRR we examinedRRwithout aFay

8 School-level ICC estimates for TIMSS 2023 Grade 4 mathematics are presefpgeiix Tables

Table Appendix A 1.
12



factor as well as Fay-adjust®RRvariants. Additionally, we explored tl&y factors of
10% (B L r4,s30% B L raand 50%B L r&ov JK2 HalfandBRRestimators. If &ay

factor is applied t@dK2 Half, the MSE is scaled b¥s Ls—fu whereas for BRR the

corresponding scaling factor ks= T

. In addition, we examined variants that retain
the original variance strata structuker§Str) under non-response, includiBiRR OrgSty
JK2 Half OrgStr andJK2 Full OrgStr ForBRR-basednethods, Hadamard matrices were
constructed with dimensiof equal to the smallest multiple of four greatemtloa equal

to the number of sampled schoosa

Also, we implemented a bootstrap variance estimtitored to the clustered
sampling structure of ILSAs. The bootstrap proceduses the same variance strata as the
JK2 design, treating paired schools as PSUs, and gesereplicate weights by randomly
inflating one PSU and deflating the other withircleaariance straturh.

TheTable 4 summarizes the variance estimators examined in this study, the
corresponding number of originally sampled scho&s\ariance strata& %, the number of
replicate weights 4), and the number of participating school8. As shown, the number of
replicate weights varies by methdavhich coincides with the number of variance strata for
JK2 HalfandBRR(includingFay variants), and which coincides with the number of sampled
or participating schools fatK2 Full andBootstrapping

[pls insertTable 4about here]

Estimated Parameters of Interest

The Horvitzhompson (HT) estimator was used to estimate population parameters of
interest (Horvitz & Thompson, 1952; Mang et al., 2021). The analyses included both smooth
and non-smooth statistics, comprising means, differences in means, percentiles, benchmark
percentages, and Pearson correlations. Detailed results for each parameter are presented in the

corresponding tables.

9 A full technical description of the bootstrap implementation for ILSAscluding the resampling scheme,
replication factors, and mathematical formulatiois provided in the IEA R&D report (Author et al., 2025; see
also Beaumont & Emond, 2022).

13



JK2 and BRR were implemented in R (R Core Team, 2022) using the IEA IDB Analyzer
(IEA, 2025), whereas bootstrapping was implemented in R using the survey package
(Lumley, 2004). Additional implementation details are available in the respective software

documentatiot?.

Relative Bias and Stability of Variance Estimators

We summarized the results of the study simulation as follows. For each sample and a
given population parameter of interest, we estimated the sampling variance using different
variance estimation methods. The sampling error is then computed as the squared root of the

sampling variance.
O AS L ¥R =INy¢ it

The population parameter of interest is denotedyand its sampling variance is denoted by
R =:N;,¢8Rrepresents the respective variance estimator list€dbie 4.

The final average estimate of the sampling err@oimputed as the average of
sampling error estimates across 1,000 iteratiohs.fdllowing equation indicates the
average sampling error:

A0 7

0,6 L ————— ‘u;
srrr

7KHKuéd” VDPSOLQJ HUURU LV FRPSXWHG E\ PHDVXULQJ WKH V
estimates across all 1,000 samples in the simulation as an approximation of the standard

deviation of the~ull sampling distribution (Author et al., 2021).

AS5444. -6
0L Ay e 50 F &, v
: srrrF s

éUjs the mean overacross all 1,000 samples in the simulation study.

10 While JK2, BRR andFay-adjusted BRRre implemented in standard software used for ILSA analyses
including the IEA IDB Analyzer, RALSA, EdSurvey, and REPESHootstrap variance estimation is currently
less widely supported and is typically implemented using general-purposg saftveare in R, such as the
surveyandsvreppackages (Lumley, 2004; Schneider, 2023).
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TheRelative Biags defined by the ratio of the square root of the average sampling
variance estimated by the methods under investigation to the standard deviation of the
sampling distribution of the parameters of intereét H trd KMDPPSOLQJ HUURU

A5G
iZ/—("Mg/L-% ‘W,

The Stability of the sampling error is defined by the ratio of the standard deviation of
the sampling errors estimated by the methods under investigation to the standard deviation of
the sampling distribution of the parameters of interest, i.e.the” sampling error:

. V G0 K¢
—/,,(QW)LW X

For Relative BiasandStability, we follow the simulation methodology outlined by
Judkins (1990), although we additionally use tlandard deviation around the estimate
and the variance of the estimate to capture theiloision around the mean of the
estimates. This interpretation Belative Biads also applied in other ILSAs simulation
studies (Mang et al., 2021; Mang et al., 2024). ehable meaningful comparisons across
variance estimators and statistics, performanexatuated usindgrelative Biasand
Stability. Relative Biagneasures the ratio of the estimated sampling ¢ortre true
sampling error, with values above one indicatingregtimation and values below one
indicating underestimatiorstability captures the variability of the estimated sampling

error across repeated samples and can be intedpastihe standard error of the sampling

error; lower values indicate a more precise andlstaariance estimator.

Results

The results across all tables in this section sunm@dhe performance of variance
estimators for the statistical parameters analyfmmising on comparisons Belative Bias
and Stability. Results were averaged across the two achievemeng-sonditions (ICC =
25% and 50%) to provide an overall summary of estanperformance across moderate
and high levels of school clustering. Results for d&sb condition are reported separately
in the supplementary documeniche results are reported for four sample size stemna
(very small, small, medium, and large) under thceaditions: Regular SampleOdd-
Number of SchooJsand Non-ResponseWithin each results table, we highlight the

estimators closest toRelative Biasf 1 and those closest tdSaability value of 0.
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Means (Overall)

Table 5compares variance estimators for mean statistittseabverall level,
assessing theRelative BiasandStability across the three sampling scenarios described

earlier.

[pls insertTable 5about here]

In the Regular Sample Scenarjoall estimators show minimaRelative Bias
performing similarly even in very small sampl@&notstrappingyields the lowesRelative
Bias in medium samples, wheredK?2 estimators consistently provide the b&sability.
BRRvariants andIK2 variants perform identically within their respeaifamilies. Across

estimatorsStability improves as sample size increases.

In the Odd Number of Schools Scenari@verall patterns remain similatK2 and
standard BRRperform best in very small samples, whBeotstrappingshows slightly
lower Relative Biasn small and large sampleBRR with a 50% Fay factqrerforms worse
in smaller samples, whereas loweay factors(10% and 30%) produce results closer to

standard BRRJIK2 estimators again exhibit the high&tability across all sample sizes.

In theNon-Response Scenari®elative Biaglecreases as sample size increases for
most estimatorsStandard BRRand JK2 estimators show similaRelative Biaspatterns,
while Bootstrappingperforms slightly better in terms of bias but withakerStability. BRR
Fay 50% OrgStrstrongly overestimates sampling error, wherd&® OrgStr variants
substantially underestimate it despite showing Hegaibility. No differences are observed

betweenJK2 Full andHalf estimators or betwedray-adjustedand standardK2 variants.

Sub-Group Means (Gender = Girls)

Table 6 presents the variance estimator comparison fomnestimates of girls

comprising a sub-group of interest.

[pls insertTable 6 about here]
Overall, the results closely mirror those observed overall means. Across all
sampling scenarioslK2 estimators consistently achieve the high®&tbility, while BRR
and itsFay-adjustedvariants show comparabRelative Biasexcept forBRR with a 50%

11 We also conducted the analysis for boys; however, as the performaheevafiance estimators was
relatively similar, we report results for girls only.
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Fay factor, which overestimates sampling error in small sas@ootstrappingremains
competitive in terms oRelative Biadut exhibits weake®tability, particularly for smaller
sample sizes. As expected, sub-group analyses sfiglatly higher variability than overall
estimates, but no estimator displays qualitatiekfierent behavior. These findings indicate

that conclusions drawn for overall means generalizectly to sub-group mean estimates.

Differences in Sub-Group Means (Girls-Boys)

Table 7 presents therelative Biasand Stability for means differences CENH O

> K UaCropss different sampling scenarios.

[pls insertTable 7about here]

In theRegular Sample Scenariall variance estimators produBelative Bias
values close to 1, indicating high accuracy aceasaple sizesBootstrappingshows
slightly lowerRelative Biagn very small samples but remains comparable herot
estimators overall. As in the previous resultsrfmans, JK2 estimators provide the best
Stability, while Bootstrappingshows the weake&tability. Precision improves for all

estimators as sample size increases.

In theOdd Number of SchoolScenariq the overall pattern remains similar.
Standard BRRindJK2 estimators maintaiRelative Biassalues close to 1 across sample
sizes, whileBootstrappingslightly underestimates sampling variance in serabmples
but aligns with other estimators in larger samp&sbility patterns again favaik2
estimators, which consistently achieve the higpestision.

In theNon-Responsé&cenariq Relative Biashows slightly greater variation, with
most estimators exhibiting mild underestimatiorsmaller samplesBootstrapping
performs similarly but with somewhat weak&tability. JK2 OrgStrvariants notably
underestimate sampling variance despite showingtitomgestStability. Overall, Stability
decreases as sample size increases, and performpattems closely mirror those

observed for overall mean estimates.

Percentiles (29" Percentile, 50" Percentile, and 7% Percentile)
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Table 8 Table 9, andTable 10 indicate Relative Biasand Stability values across
percentiles, 28, 50" (median), and 7Spercentiles at the overall levél.

[pls insertTable 8, Table 9 andTable 10about here]

In the Regular Sample Scenariostandard BRRand Bootstrapping generally
produce the lowedRelative Biascross percentiles, witRelative Biaglecreasing as sample
size increase®Bootstrappingoerforms similarly in terms of bias but shows wee&tability
in very small samplesdK2 estimators exhibit larger and less consisteelative Biasacross
percentiles and sample sizes. AmMOBRR variants, lowerFay factors (0% and 30%)
perform better than th20% adjustment. Overalktandard BRRachieves the beS&tability.

In theOdd Number of Schools Scenaristandard BRRandBootstrappingcontinue
to perform well, maintaining lowRelative Biasacross percentileBootstrappingshows
slightly weakeIStabilityin smaller sampleg-ay-adjusted BRRariants remain comparable
at lower adjustment levels but perform worse at 5086 level. JK2 estimators display

consistently higheRelative Biasand weake6tability relative toBRR-basednethods.

In the Non-Response Scenarjall estimato ferformance deteriorates somewhat
due to increased design complexiBtandard BRRindBootstrappingagain show the most
favorable balance oRelative Biasand Stability, particularly in larger sample&RR Fay
50% OrgStrsubstantially overestimates sampling variance, e&®IK2 OrgStrvariants
strongly underestimate it despite showing compeeati high Stability. Overall,

Bootstrapping remains competitive, particularlymedium-sized samples.

Benchmark Percentages (Low, High, and Advanced Behmarks)

Relative BiasandStability are presented for Low, High, and Advanced International
Benchmarks ifrable 11, Table 12 andTable 133

[pls insertTable 11, Table 12 andTable 13about here]

In the Regular Sample Scenariodifferences among variance estimators are

minimal. All methods producdRelative Biasvalues close to 1 across sample sizes,

12 We also analyzed the percentiled"250" and 75' by sub-group levelsC AJ @ AN ). ThE tdltles for these
analyses are provided in tBeror! Reference source not found, Appendix B 2 andAppendix B 3 The results
overlap with the overall level, howevRelative Biags higher for variance estimators in the sub-group levels, as
student sample sizdis lower.

13 We also analyzed the results for the intermediate benchmark (475); however, weattioseport them, as
they closely mirrored the findings for the low benchmark.
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indicating accurate variance estimati®@tandard BRRFay-adjusted BRRvariants,JK2
estimators, an@ootstrappingshow comparable performance, with only minor défeces
in Stability. Bootstrappingtends to exhibit slightly weake&tabilityin very small samples,

while JK2 estimators generally achieve slightly better sieci.

In the Odd Number of Schools Scenarigesults closely resemble those observed
under regular sampling conditionBRR its Fay-adjustedvariants, andJK2 estimators
maintainRelative Biassalues near 1 and lo%tability values across sample sizBRR with
a 50% Fay adjustmergerforms slightly worse in smaller samples, wiower Fay factors
remain closer tetandard BRRperformance. Overall differences among estimatensain

small.

In the Non-Response Scenarjgerformance differences become somewhat more
pronouncedBRRandJK2 estimators continue to produ&elative Biasvalues close to 1,
whereasBootstrappingshows slightly loweRelative Biasand somewhat weak&tability
in smaller samplesJK2 OrgStrvariants tend to underestimate sampling variamdele
BRR OrgStrshows modest overestimation. Despite these diffe&r®, most estimators

continue to perform similarly in estimating benchiknpercentages.

Summary across all Results

For the purpose of summarizing overall performameecompute the average across
all variance estimators for the statistics that mmeorted in this study. Specifically, this
includes: (i) mean estimates when grouping is dvenad girls; (ii) difference in mean
estimates between girls and boys, (iii)) benchmancentages for low, high, and advanced
benchmarks, when grouping is overall; (iv) Pearsomelation estimates between Score 1
and Score 2, and (v) percentile estimates (25th, median, a&th)7when grouping is
overall and for girls. In total, this correspondsthree mean statistics, along with key
benchmarks and distributional indicators. The ainthes summary is to provide a high-
level overview of the overall behavior and compaeatperformance of all variance

estimators across commonly reported outcomes i3

14 Because correlation statistics are mainly relefansecondary analyses, detailed results are redont
Appendix Table C.1.

15 We acknowledge the limits of such approach, sucbgasl contribution of all scenarios/analysis tyfes
the average.
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Table 14 compares variance estimators across a variety @o#m(e.g., means,
correlations) and non-smooth (e.g., benchmarkscemies) statistics, providing a
comprehensive evaluation of their performance undiéfierent estimation conditions.
Figure 1, Figure 2, andFigure 3 visually summarize these results for fRegular Sample
Odd Number of SchoolsandNon-Responsescenarios, analyzing botRelative Biasand
Stability across sample sizes.

[pls insertTable 14 Figure 1, Figure 2, andFigure 3 about here]

In the figuresRelative Biags depicted on the y-axis, with a value of 1 (shdwy the red
line) indicating no bias, values above 1 reflectiogerestimation, and values below 1
indicating underestimation, by the spread of thepbats. Stabilityis illustrated by the error

bars, with narrower bars representing greater pi@ti

Regular Sample Scenario

In theRegular Sample Scenariaccording tarable 14andFigure 1, Bootstrapping
shows the lowesRelative Biasacross most sample sizésRR and itsFay variantsalso
perform well, with only slightly higher bias butrghg Stability. JK2 estimators show
comparable accuracy but somewhat weaBetability, particularly in smaller samples.

Across all estimatorsStabilityimproves as sample size increases.

Odd Number of Schools Scenario

For theOdd Number of SchoolScenarig BRRand itsFay variants (10% and 30%)
retain their strong performance, wiRelative Biasnear the ideal level across all sample
sizes, as indicated ihable 14andFigure 2. However, thd=ay 50% variant underperforms
compared to the 10% and 30% variants, with largetability in smaller sample sizes.
Bootstrappingalso performs well, particularly in larger sam@izes, where it closely
matches the performance @RR Stability remains a strong point foBRR and

Bootstrapping with error bars generally narrower than thosesobsd forJK2 estimators.

TheJK2 methods outperforrBRRandBootstrappingn very small samples in terms
of Relative Bias Among JK2 methods, theHalf estimator slightly outperforms thieull
estimator in terms of botRelative Bias while the Full estimator is better in terms of
Stability than theHalf estimator. However, th&ay adjustments foJK2 again degrade
performance, with th&80% variant showing the largest deterioration.
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Non-Response Scenario

As indicated inTable 14andFigure 3 in theNon-Response Scenari@RRand its
Fay variants continue to perform robustly, howeveryom larger sample sizes, where
Relative Biags closer to 1.0 an8tability is improved. In medium sample sizd&2 Half
and Full estimators perform the best and follow closBIRRin large sample sizes. In
smaller sample sizeBootstrappingexhibits better performance in termsRélative Bias
but its Stability does not match that &RR TheBRRFay 50% OrgStrvariant significantly
overestimates sampling error, whillK2 OrgStr variants considerably underestimate

sampling error.

Stabilityremains a key distinction, withkK2 OrgStrvariants showing bett&tability
in smaller sample sizes compared to otlk2 methods. However, overallBRR
Bootstrapping, and JKRgerform similarly in terms dRelative BiashoweverJK2 performs

worse inStability,compared t@RRandBootstrapping

Summary

Across all scenarios, the following patterns arielent:

As one would expect, across all panels present&dgimre 1, Figure 2 andFigure

3, corresponding to increasing sample sizes from \s&nall (30 schools, ~900
students) to large (150 schools, ~4500 studenk®,Stability indicator of the
estimators decreases, indicating improved precisitth larger sample sizes. This
difference is especially evident when the samplesare compared between 50 and
100 schools.

BRRand itsFay variants are consistently strong performers, palaily for large
samplesStability remains superior tdK2 estimators across all scenarios, although
Fay adjustments (especially 50%) lead to minor incesam Relative Biasand
variability.

Bootstrappingperforms exceptionally well in smaller samplesbwth regular and
non-response scenarios, with I®elative Biasand competitivéStability. However,

its performance slightly dips in treeld-number-of-schools scenarios

JK2 estimators perform well closely followinBRR and Bootstrappingin both
Relative Bis. However, their precision is more volatijeespecially in smaller
sample size On the other hand, ti¥2 (Full andHalf) outperformBRR with 50%

in terms of Relative Bias especially inOdd Number of Schoolscenario.Fay

adjustments foldJK2, particularly 50%, exacerbate these shortcomimigsvever,
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JK2 OrgStrvariants demonstrate the b&tabilityin non-response scenarios, albeit
with significant underestimation d¢telative Bias

Discussion and Recommendations

For practical applications in ILSAs, it is practid® identify a single variance
estimation method that is both accurate and praansker common sampling scenarios and
for different types of population parameter estiongf as employing different methods for
varying statistics is logistically challenging. Withis reason, this comprehensive report
highlights the importance of examining and discagsihe merits and strengths of the
spectrum of variance estimators found in the fieldwever, as the results show, there are
distinct advantages and disadvantages associatbdeach method. Our findings, in line
with Judkins (1990) and Valliant et al. (2018), tion that replication methods such as
BRR andJK2 perform well in larger sample sizes without extreoutliers, demonstrating
low Stabilityand lowRelative BiasThis supports their use for variance estimatiolarge-
domain analyses typical of ILSAs. However, in smaBamples or subgroups determined
by clusters, variance estimates become less pregfigeh is evident in th®egular Sample

Scenaria

Is BRR an alternative in all contexts?

Interpreting our findings, one could recommend aohgpstandardBRRas the
primary method due to its accuracy in termdRelative Biasand precision for large-
domain estimation. However, the issue of missirglicates, caused by the omission of
half-samples in each sample, makes it unsuitablsrfaller-domain estimation, such as
estimating sampling errors for the achievementin$ ¢py socioeconomic status where
small Jcan be observed in a few PSUs. If all possibleeplaions are omitted according
to theBRREPandHadamardmatrix in a given replicate, the SE cannot be cotag in a
mathematical wayThat being saidStandardBRRstill performs relatively well in small
sample sizes (e.g., 30 schools), as demonstratedriresults, when compared to other
Fay variants. However, in small sample size scesaparticularly for sub-group

analysesBRRis outperformed byK2 in terms ofStability.

This highlights that whil8RRperforms well overall, it encounters a critical
limitation in small-domain estimation due to miggireplicates. Robelfay (1984)

addressed this issue by introducing Heg factor, which modifies the weights to
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overcome this limitation. The natural question ttedliows is: WhatFay factor should be
used to best mirror the performanceStdndard BRR

What Fay factor to use inBRR?
-XGNLQVY VXJJH yerileR BayRdctiry inspehd oBRRwith 50% aligns

with our findings, as we observe thHady factors of 10% and 30% outperforniay factor

of 50%. A 10%Fay factor closely mirrors standaBRRs performance, especially in odd-
numbered PSU scenarios, where higlhay factors lead to overestimation. It is not

surprising thastandard BRPoutperformsBRR with 50% Fayn many scenarios, as

Judkins (1990) identifiefayfV PHWKRG DV D FR PBRE&R®IKY Htdadtd ZHH Q

to balance the strengths of both for smooth andsmnoth statistics.

Our findings suggest prioritizingtandard BRRor most scenarios, with the 10%
Fay adjustment used selectively where a smoothempromisé is required. The similarity
between the 10%ay factor and standarBRR PD\ VWHP IURP WKH IDFWR'
resemblance to a 0%ay adjustment, a hypothesis warranting further inigasion.
However, for small-domain estimates typical in ILSSAsuch as subgroup achievements by
socio-economic stat#sBRR remains unsuitable due to its mechanical probleith w
missing replicates. With this reason, we recomm&mRR with Fay 10%as a viable
alternative, as it addresses the challenges inheneStandard BRRwhile maintaining
reliable performance. This adjustment could serveam alternative for ILSAs currently
usingBRR with Fay 50%e.g., TALIS and PISA), particularly when targetismall-domain
estimation (See TALIS 2018 International Report {Tik 2019]). Given the advantages
demonstrated bBRR with Fay 10%study centers are encouraged to further investigat
suitability and determine whether it could effectivelylese the existing method in certain

applications.

What Fay factor to use inJK2?

Fay factors introduced to th&K2 method perform identically for smooth statistics,
offering a potential alternative whelik2 cannot mathematically compute due to very
small sample sizes or orphan cases wi&REPis assigned a value of 0, such as in
school-level analyses. Introducing a Fay factatK@ could help produce sampling error
estimates in such cases; however, this does nessadly mean the resulting estimates
are more accurate or reliable. Variance estimdtorsub-groups with small sample sizes

remains inherently problematic, and this issue aats further research.
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Another motivation for introducing Fay factors int&2 was to enhance its
performance for non-smooth statistics such as péifes. However, our results indicate
thatFay factors do not improvéK2V SHUIRUPDQFH LQ WKLWa&RQWH[W
factors? particularly the50% level? tend to worsen performance. In contrast, 1686
Fay factor yields more comparable results todk2 Half method without Fay
outperforming the80% and50% variants. Despite these findings, we recommenthéur
investigation into the theoretical inclusion ey factors, particularly for deriving
alternatives for percentile estimation. For insegrnbeoretical adaptations like those
suggested by Woodruf (1952), supported by Judkif9(@), could offer potential
pathways for improvingK2's applicability to non-smooth statistics.

JK2 Half vs JK2 Full: is it worth running twice the number of replicates?

JK2 Half emerges as a strong alternative Ji§2 Full due to its comparable
performanceé at least within visible and relevant accuracy amecision marging and
significantly reduced computational burden. In tbhatext of ILSAs, especially where PVs
are used, the doubled runtime required J¢2 Full becomes a notable disadvantage,
particularly when the number of PVs range from fieédn or more. For instance, consider
the TIMSS 2023 study involving 60 countries, eadthwapproximately 100 variance strata,
and 5 PVs. Using theélalf method, one would computerrH w M rreplicates for all
countries for a single statistic with overall rasulln contrast, thé&ull method requires
srrH w M rH tdoubling the computational effort. This effectwa be exacerbated with
higher numbers of plausible values, as used in RiBArecommended by Jewsbury et al.
(2025). Previous literature also questions the rfeedwo replicates per stratum. Judkins
(1990, p. 229) suggests that there is little reasomvestigate the fullackknife and
Valliant et al. (2018, p. 446) note that derivimgptreplicates per variance stratum may only
increase the computational burden, especially ihemumber of variance strata is large.
Our findings support this view, showing th#2 Half maintains accuracy and precision

with far less computation.

In addition, our results indicate that thkalf method very slightly outperforms the
Full method inRelative Bias(see the comparison of tld&2 Full andHalf in Table 15,
particularly when between-PSU variance is ignoréithiw a given variance stratum due to
scenarios such as facing an odd number of PSUsreresponse. This further underscores
the practicality ofJK2 Half for ILSAs, especially when computational efficignand

accurate performance are critical. Given theseiffigsl we encourage study centérs

24

L



particularly those responsible for methodologigainfeworks in assessments like TIMSS
and PIRLS to evaluate the continued used®?2 Full in light of these considerations.

While JK2 Full demonstrates marginally better stability for petdes and
correlations in smaller samples, this improvemsntelatively minor and may not justify
the significantly higher computational cost, espégiin studies with larger sample sizes.
That said, if a study places a high priority orbdity for these specific statistics in small-
sample contexts,JK2 Full remains a valid albeit more resource-intensiveoption.
Ultimately, the choice between these two methodsukh reflect the study's specific
priorities: whether that is maximizing computatibeéiciency or achieving slightly better
stability in variance estimation. For instanceg gtudy center aims to improve the precision
of imputation error by increasing the number of P\.g.(efrom 5 to 10),JK2 Half presents
a reliable and efficient alternative. However, gsshould be aware that neither method
resolves the limitationdK2 has with percentiles, which may require furthetmoeological

development.

Is Bootstrappingthe alternative variance estimator?

Bootstrappingprovides an effective alternative for variancereation, particularly
excelling in quantile estimation, and outperformingethods likeJK2 in this specific
context. Its computational simplicity, relying oanance strata and PSU indicators, makes
it an accessible method for researchers. In thidys{see footnote 14), we demonstrated
how Bootstrappingcan be easily applied to a dataset using a vaiat@tum indicator
(e.qg.,JKZONB and a PSU indicator (e.dDSCHOOL. However,Bootstrappingfaces a
significant limitation: its inherent variability a@ss replicate sets. This variability results in
slight changes in SE estimates with ed®botstrappingrun unless a random seed is
specified. While this deviation highlights the urteénty associated with SE estimates, it

may confuse users trying to reproduce tables idighdd reports.

To address this limitation, researchers should idemsBootstrapping as an
alternative replication method, ensuring reprodilityoby specifying random seeds. For
international reports requiring fixed estimatesidst centers could explore its application
further and consider its use selectively for speainalyses, such as quantile estimation,

where its strengths are most evident.
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How should variance strata be constructed whe®dd Numbers of PSUsr Non-

Responsevccurs?

Variance strata and PSU pairing require speciasicanation to adequately
simulate the variability in the estimation indudgdrandom sampling design, while
preventing orphan cases, particularly in scendnweslving Odd Numbers of PSUsr
Non-ResponseAs Valliant et al. (2018) noted, pairing of PSthsough collapsing
variance strata to reduce the number of replicates leads to an overestimation of
sampling error, while constructing a variance stmrawith a single PSU leads to
underestimation, especially for tdackknife In theOdd Number of PSUscenarioBRR
addresses this by collapsing two variance strataone, forming triplets of PSUs within a
single variance stratum. Our results confirm tihéd approach, particularly witBRR with
50% Fay tends to overestimate the sampling error. Howetves overestimation is
mitigated byStandard BRRyr BRRwith lower Fay factors such as 10%. In these cases,
JK2 handles uneven PSU numbers by pairing sub-PSgs &udents or classes), thereby
ignoring between-PSU variance in a given replicAtethis adjustment typically affects
only a single variance stratum, the resulting uagdemation has minimal impact on
overall sampling error, as evidenced by our findinghat said, a potential enhancement
to JK2 would be the development of a true triplet stroetio more appropriately account

for orphaned PSUs.

In Non-Responsescenarios, the issue becomes more pronourdé&i OrgStr
treats multiple variance strata with single PSUsphaying sub-PSUs (e.g., students or
classes) as if they were full PSUs, which leadsigaificant underestimation of the
sampling error. Valliant et al. (2018) illustratéds issue with the SMHO hospital survey,
where pairing hospital beds (within-PSU) undereatied variance compared to pairing
hospitals (between-PSU). Similarly, in ILSAs, pagistudents within the same school
risks underestimating sampling variance comparqehtang schools, particularly under
JK2 OrgStr On the other hand, for single-PSU variance stnatderNon-Response
scenariosBRR OrgStrotates the inflating or deflating contributiontbfs single-PSU
across the Hadamard matrBRR OrgSthandles this in a way that overestimates the
sampling error, contrary tdK2 OrgStr which tends to underestimate it. This finding on
BRR OrgStthas not been directly addressed in previous tileea One possible
explanation could be the systematic inclusion pfioate weights, where the sum of

weights introduced iBRR OrgStmay be higher than in oth&RRvariants. However,
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this hypothesis warrants further investigation éttér understand the mechanism and its

Impact on variance estimation.

We believe that further research is needed to wtded the theoretical and
practical implications of non-response on the useeesampling variance estimators such
as theJackknifeand theBalanced Repeated Replicatidn this research, we have
discussed at large that ILSAs often face a chdbmibhow to pair schools into variance
zones when a data collection is subject to schontparticipation. That is, whether
variance zones should strictly reflect the sampliegign guiding a data collection, which
would lead to variance zones where a participasicigool is paired with a non-
participating school; or whether they should reflde structure of the data collected, in

which case only participating schools would be @ahir

Theoretically, the sampling variance of an estirdgiarameter is an inferential
problem arising from the finite sample paradigmafis, everything else constant, non-
response reduces the amount of information availédyl estimation, thereby widening the
sampling distribution of the parameter of interdsi.this end, the problem of non-
response can be studied by examining the perforenafeariance estimators under
different sample sizes. However, non-response @sates other inferential problems that
do not disappear as sample sizes increases wilinutitsuch as the problem we face
when deciding whether to create variance stratarbejdr after a data collection. These
problems require an investigation that goes beymmparing different sampling

distributions, and we believe this is an interastiopic for future research.

Summary
In conclusion, our findings suggest tiBERRandJK2 are practical and robust

methods for variance estimation in ILSAs, wBbotstrappingoffering a viable
alternative for secondary analyses or specifiagttaal needs. These methods should be
carefully tailored to the specific design and saengharacteristics, with attention to
variance strata, PSU pairing, and the unique chg#e posed b®dd Number of PSUs
andNon-Responsecenarios. By addressing these considerationsaresers can achieve
both accuracy and precision in variance estimatrbile maintaining computational
efficiency. Further investigation into refinemeifds Fay factors,JK2 adjustments, and
Bootstrappingreproducibility will be critical to advancing vamce estimation

methodologies in large-scale assessments.
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Institutions such alEA® providing datasets and analysis tools like thB
Analyzermay consider accommodating multiple SE estimatn@thods for secondary
research by including the necessary variables, (eeglicate weights fodK2 andBRR ) to
let scholars choose the most suitable estimatiotmoge depending on their research
qguestions and sample conditions. Supporting rebeasan this process, they may
consider developing an algorithm that selects thstrauitable estimation method based
on sample size and analysis type. Additionallyadats and tools should allow researchers

to utilize Bootstrappingfor enhanced flexibility in variance estimation.

However, it is essential to recognize the limitas®f these proposals.
Implementing such changes can pose significaniemgés in terms of cost and resource
allocation, as developing these tools and creaisey-friendly interfaces requires
substantial investment. Moreover, transitioning@teew method or providing multiple
options may confuse non-technical users and colglicommunication with lay
audiences. Since ILSA results are often used fginfsitakes policy decisions, clarity and
transparency in methodological changes are critwahaintaining trust and credibility.
These challenges underscore the importance ofudgrdéfalancing methodological
advancements with effective communication strategpeensure that end users and

policymakers fully understand the implications afygroposed changes.

Conclusions and Limitations

This study makes an important contribution to the understanding of sampling variance
estimators in the context of ILSAs. Understanding the strengths and weaknesses of variance
estimation techniques are essential for ensuring the precision and reliability of statistical
inferences drawn from these large-scale assessments. With this study, we enhance the ILSA
survey methodology by providing empirical insights into the accuracy and precision of
different variance estimators across various sampling conditions. For instance, if a variance
estimator underestimates sampling error, it could result in a higher t-value than warranted in a
significance test between two subgroups, leading to incorrect conclusions about group
differences. Suckrrors in inferencare not limited to subgroup comparisons but extend to

other statistical comparisons, such as trend analyses within a country over multiple years.

16 www.iea.nl
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This study is not without limitations. Its methodoldgpased on an extensive
simulation setup also constrains its applicability to real-world data complexities. Real-world
ILSA data often involve varying degrees of between-PSU and within-PSU variation, more
intricate stratification structures with explicit and implicit strata, and significantly different
population sizes. Additionally, real-world non-response is more complex, potentially
occurring across multiple levels or occurring in a systematic manner, which was not fully
simulated here. Sample sizes also vary substantially across countries, adding another layer of
complexity not captured in this study. Furthermore, the research focuses primarily on a single
simulation setup with specific scenarios, limiting its generalizability. Another limitation is the
scope of statistical parameters considered. While the study extensively investigates variance
estimators, it does not include analyses like linear regression or scenarios with very small sub-

group sizes, which could further challenge variance estimation methods.

Future research should expand on these limitations, incorporating more complex real-
world scenarios, varied sample sizes, and additional statistical parameters. While this study
provides a robust foundation and valuable guidance, continued examination of variance
estimator performance under diverse conditions is essential. This research aims to serve as a
first step for further exploration, offering insights and benchmarks for future studies to refine

and improve variance estimation in ILSAs.
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Tables

Table 1 : Overview of Replication Methods for Selded ILSAs

ILSA Replication Fay Scaling Variance Replicate
Method Factor Factor Strata Weights
E ‘ o -
TIMSS  JK2 Full - S 125 250
t
PIRLS JK2 Full - S 125 250
t
PISA )$<TV %55 raw S 80 80
4 Us F B®
ICCS JK2 Half - s 75 75
ICILS JK2 Half - s 75 75
TEDS-M )$<YV %55 raw S 32 32
4 Us F B®
TALIS )$<TV %55 raw S 100 100
4 Us F B®
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Table 2: Population Characteristics in Simulation

Variable

Score 1 Mean (SD)

Score 1 Mean (SD)

Score 1 Mean (SD)

Score 1 28, 50", 75" Percentiles
Score 1

Score 2 Mean (SD)

Score 2 Mean (SD)

Score 2 Mean (SD)

Score 1 28, 50", 75" Percentiles
Score 2

Correlation Statistic

Number of Schools

Number of Students

Number of Students

Number of Students

Group
Overall
Girls
Boys
Overall
ICC
Overall
Girls
Boys
Overall
ICC
Score 1 and Score 2
Overall
Overall
Girls

Boys

Value

500 (80)

504 (80)

496 (80)
446, 499, 554
0.25

500 (80)

513 (79)

487 (79)

446, 499, 554
0.50

0.35

5,000

500, 857

250, 428

250, 429
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Table 3: Characteristics of Samples in Simulation

Category

Details

Simulation lterations

Explicit Stratification

Implicit Stratification

School Sampling Method
Very Small School Samples
Small School Samples
Medium School Samples

Large School Samples

School Samples with Non-

Response

Non-participating Schools

Non-response Rates
Class Sampling Scenario

Student Sample Sizes

1,000 for each scenario

Schools explicitly stratified and proportionallysttibuted as
Private (24%) and Public (76%)

Schools sorted by size (large to small) within eaxflicit

stratum. No other implicit stratification is used.
Systematic with Probability Proportional to Sizé>®

29 (22 Public and 7 Private), 30 (22 Public andi8d®e)

49 (38 Public and 11 Private), 50 (38 Public andPti2ate)
99 (76 Public and 23 Private), 100 (76 Public aad?ivate)

149 (114 Public and 35 Private), 150 (114 Publid a6
Private)

Initially Sampled: 30, 50, 100, 150

Participating: 26 (4 Private), 44 (6 Private), 82 Private), 13-
(18 Private)

~50% of Private schools sampled were randomly sedeio be

refusals while all public schools were set to beipigating.
Non-response rates across simulations: ~87% to 88%
2 classes in larger schools ( Ps v), otherwise 1 class
~900 students for 30 schools

~1,500 students for 50 schools

~3,000 students for 100 schools

~4,500 students for 150 schools
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Table 4: Variance Estimators Examined in the Study

Number of Number of
PSUs Variance Strata Replicates
Variance Estimator sorP ,® ~
Full Participation Scenario
JK2 Half 5 5t 5t
)D\V OHWKRG IRU -. 5 5t 5t
30%, 50%)
BRR 5 5t 5t
)D\TV OHWKRG IRU % 5 5t 5t
50%)
JK2 Full 5 5t 5
Bootstrapping 5 5t 5
Non-response Scenario

JK2 Half 2 2t 2t
)D\fV OHWKRG IRU -. 2 2t 2t
30%, 50%)
BRR 2 2t 2t
)D\fV OHWKRG IRU % 2 2t 2t
50%)
JK2 Full 2 2t 2
Bootstrapping 2 2t 2t
BRR OrgStr 2 51 2t
JK2 Half OrgStr 2 5t 2t
JK2 Full OrgStr 2 5t 2

Note: S denotes sampled schooR;denotes participating schools. When there is 1088ponse

rate simulated5 L .2
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Table 5: Variance Estimator Comparison - Means Statistics (Overall)

Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator Very Small Small Medium Large Very Small Small Medium Large
Method Samples Samples Samples Samples Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f6mall, 100 for Medium, and 150 for Large)
BRR 1.02 1.01 1.01 1.03 0.20 0.15 0.10 0.08
BRR with Fay 10% 1.02 1.01 1.01 1.03 0.20 0.15 0.10 0.08
BRR with Fay 30% 1.02 1.01 1.01 1.03 0.20 0.15 0.10 0.08
BRR with Fay 50% 1.02 1.01 1.01 1.03 0.20 0.15 0.10 0.08
Bootstrapping 0.99 0.99 1.00 1.02 0.22 0.17 0.12 0.10
JK2 Full 1.02 1.01 1.01 1.03 0.19 0.14 0.10 0.08
JK2 Half 1.02 1.01 1.01 1.03 0.19 0.14 0.10 0.08
JK2 Half with Fay 10% 1.02 1.01 1.01 1.03 0.19 0.14 0.10 0.08
JK2 Half with Fay 30% 1.02 1.01 1.01 1.03 0.19 0.14 0.10 0.08
JK2 Half with Fay 50% 1.02 1.01 1.01 1.03 0.19 0.14 0.10 0.08
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal for Small, 99 for Medium, and 149 for Large)
BRR 1.01 1.04 0.98 1.06 0.19 0.16 0.10 0.08
BRR with Fay 10% 1.02 1.05 0.99 1.06 0.20 0.16 0.10 0.08
BRR with Fay 30% 1.06 1.06 0.99 1.07 0.21 0.16 0.10 0.08
BRR with Fay 50% 1.13 1.10 1.01 1.08 0.25 0.18 0.11 0.09
Bootstrapping 0.98 1.03 0.98 1.05 0.22 0.18 0.12 0.10
JK2 Full 1.01 1.05 0.99 1.06 0.19 0.15 0.10 0.08
JK2 Half 1.01 1.05 0.99 1.06 0.19 0.15 0.10 0.08
JK2 Half with Fay 10% 1.01 1.05 0.99 1.06 0.19 0.15 0.10 0.08
JK2 Half with Fay 30% 1.01 1.05 0.99 1.06 0.19 0.15 0.10 0.08
JK2 Half with Fay 50% 1.01 1.05 0.99 1.06 0.19 0.15 0.10 0.08
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 1.06 1.06 1.00 1.00 0.27 0.21 0.14 0.10
BRR with Fay 10% 1.06 1.06 1.00 1.00 0.27 0.21 0.14 0.10
BRR with Fay 30% 1.06 1.06 1.00 1.00 0.27 0.21 0.14 0.10
BRR with Fay 50% 1.06 1.06 1.00 1.00 0.27 0.21 0.14 0.10
BRR with Fay 50%: 1.28 1.37 1.30 1.29 0.23 0.21 0.15 0.12
OrgStr
Bootstrapping 1.03 1.05 0.99 0.99 0.28 0.23 0.15 0.12
JK2 Full 1.06 1.06 1.00 1.00 0.25 0.20 0.13 0.10
JK2 Half 1.06 1.06 1.00 1.00 0.25 0.20 0.13 0.10
JK2 Half with Fay 10% 1.06 1.06 1.00 1.00 0.25 0.20 0.13 0.10
JK2 Half with Fay 30% 1.06 1.06 1.00 1.00 0.25 0.20 0.13 0.10
JK2 Half with Fay 50% 1.06 1.06 1.00 1.00 0.25 0.20 0.13 0.10
JK2 Half: OrgStr 0.81 0.80 0.78 0.78 0.17 0.13 0.09 0.07
JK2 Full: OrgStr 0.56 0.58 0.57 0.57 0.16 0.12 0.09 0.06

Note:Relative Bias= 1 indicates no bias in estimation of sampling erf@edative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to O represent higher precision of the sampling erra
estimate. Highlighted cells indicate the best-performing method(s) per sampeesiagio. The average of the estimate
across 1,000 samples is approximately 500 in all scenarios, with minormtifferikely attributable to random sampling
variation.
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Table 6: Variance Estimator Comparison - Means Statistics (Sub-Group [Gender = Girl])
Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator Very Small Small Medium Large Very Small Small Medium Large
Method Samples Samples Samples Samples  Samples Samples  Samples Samples

1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f8mall, 100 for Medium, and 150 for Large)

BRR 1.01 1.00 1.01 1.05 0.21 0.16 0.11 0.09
BRR with Fay 10% 1.01 1.00 1.01 1.05 0.21 0.16 0.11 0.09
BRR with Fay 30% 1.01 1.00 1.01 1.05 0.21 0.15 0.11 0.09
BRR with Fay 50% 1.01 1.00 1.01 1.05 0.20 0.15 0.11 0.09
Bootstrapping 0.99 0.98 1.00 1.04 0.23 0.18 0.13 0.11
JK2 Full 1.01 1.00 1.01 1.05 0.20 0.15 0.11 0.09
JK2 Half 1.01 1.00 1.01 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 10% 1.01 1.00 1.01 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 30% 1.01 1.00 1.01 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 50% 1.01 1.00 1.01 1.05 0.20 0.15 0.11 0.09
2. Odd Number of Schools Scenario (Schools: 29 for Very Smadld for Small, 99 for Medium, and 149 for Large)
BRR 1.00 1.00 0.99 1.04 0.21 0.16 0.11 0.09
BRR with Fay 10% 1.01 1.00 0.99 1.04 0.21 0.16 0.11 0.09
BRR with Fay 30% 1.04 1.02 1.00 1.05 0.23 0.17 0.11 0.09
BRR with Fay 50% 1.12 1.06 1.01 1.06 0.28 0.19 0.12 0.10
Bootstrapping 0.97 1.00 0.98 1.03 0.23 0.18 0.13 0.11
JK2 Full 1.00 1.01 0.99 1.05 0.20 0.15 0.11 0.09
JK2 Half 1.00 1.01 0.99 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 10% 1.00 1.01 0.99 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 30% 1.00 1.01 0.99 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 50% 1.00 1.01 0.99 1.05 0.20 0.15 0.11 0.09
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 1.06 1.04 0.97 1.01 0.31 0.24 0.15 0.13
BRR with Fay 10% 1.06 1.04 0.97 1.01 0.31 0.24 0.15 0.13
BRR with Fay 30% 1.06 1.04 0.97 1.01 0.30 0.24 0.15 0.13
BRR with Fay 50% 1.06 1.04 0.97 1.00 0.30 0.24 0.15 0.13
BRR with Fay 50%: 1.25 1.31 1.24 1.27 0.26 0.23 0.16 0.13
OrgStr
Bootstrapping 1.03 1.02 0.96 0.99 0.31 0.25 0.16 0.14
JK2 Full 1.06 1.04 0.97 1.00 0.29 0.23 0.15 0.12
JK2 Half 1.06 1.04 0.97 1.00 0.29 0.23 0.15 0.12
JK2 Half with Fay 10% 1.06 1.04 0.97 1.00 0.29 0.23 0.15 0.12
JK2 Half with Fay 30% 1.06 1.04 0.97 1.00 0.29 0.23 0.15 0.12
JK2 Half with Fay 50% 1.06 1.04 0.97 1.00 0.29 0.23 0.15 0.12
JK2 Half: OrgStr 0.75 0.72 0.70 0.72 0.17 0.12 0.09 0.07
JK2 Full: OrgStr 0.52 0.52 0.51 0.53 0.16 0.12 0.08 0.06

Note:Relative Bias= 1 indicates no bias in estimation of sampling erfeedative Bias> 1 reflects overestimation, aRklative
Bias < 1 reflects underestimatioStability values closer to 0 represent higher precision of the sampling erroatestim
Highlighted cells indicate the best-performing method(s) per sample simriscd he average of the estimates across 1,000
samples is approximately 504 for Score 1 and 513 for Score 2 irea#iriws, with minor differences likely attributable to ranc
sampling variation.
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Table 7: Variance Estimator Comparison - Difference in Means Statistics (Girls - Boys)

Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator ~ Very Small Small Medium Large  Very Small Small Medium Large
Method Samples Samples  Samples Samples  Samples Samples  Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 fBmall, 100 for Medium, and 150 for Large)
BRR 0.99 1.00 0.98 0.98 0.23 0.18 0.13 0.10
BRR with Fay 10% 0.99 1.00 0.98 0.98 0.23 0.18 0.13 0.10
BRR with Fay 30% 0.98 1.00 0.98 0.97 0.23 0.18 0.13 0.10
BRR with Fay 50% 0.98 1.00 0.98 0.97 0.23 0.18 0.13 0.10
Bootstrapping 0.96 0.99 0.97 0.97 0.24 0.20 0.14 0.11
JK2 Full 0.98 0.99 0.98 0.97 0.22 0.18 0.12 0.10
JK2 Half 0.98 0.99 0.98 0.97 0.22 0.18 0.12 0.10
JK2 Half with Fay 10% 0.98 0.99 0.98 0.97 0.22 0.18 0.12 0.10
JK2 Half with Fay 30% 0.98 0.99 0.98 0.97 0.22 0.18 0.12 0.10
JK2 Half with Fay 50% 0.98 0.99 0.98 0.97 0.22 0.18 0.12 0.10
2. Odd Number of Schools Scenario (Schools: 29 for Very Small for Small, 99 for Medium, and 149 for Large)
BRR 0.93 0.95 0.98 0.97 0.22 0.18 0.12 0.10
BRR with Fay 10% 0.94 0.95 0.98 0.97 0.22 0.18 0.12 0.10
BRR with Fay 30% 0.96 0.96 0.99 0.98 0.23 0.18 0.13 0.10
BRR with Fay 50% 1.00 0.99 1.00 0.99 0.26 0.20 0.13 0.11
Bootstrapping 0.93 0.95 0.97 0.97 0.24 0.20 0.14 0.12
JK2 Full 0.97 0.97 0.99 0.98 0.22 0.18 0.12 0.10
JK2 Half 0.97 0.97 0.99 0.98 0.22 0.18 0.12 0.10
JK2 Half with Fay 10% 0.97 0.97 0.99 0.98 0.22 0.18 0.12 0.10
JK2 Half with Fay 30% 0.97 0.97 0.99 0.98 0.22 0.18 0.12 0.10
JK2 Half with Fay 50% 0.97 0.97 0.99 0.98 0.22 0.18 0.12 0.10
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for &m88 for Medium, and 132 for Large)
BRR 0.97 0.99 0.96 1.00 0.29 0.25 0.17 0.15
BRR with Fay 10% 0.97 0.99 0.96 0.99 0.29 0.25 0.17 0.15
BRR with Fay 30% 0.96 0.99 0.96 0.99 0.28 0.25 0.17 0.15
BRR with Fay 50% 0.96 0.99 0.96 0.99 0.28 0.25 0.17 0.15
BRR with Fay 50%: 0.95 0.98 0.97 1.00 0.25 0.22 0.15 0.13
OrgStr
Bootstrapping 0.94 0.98 0.95 0.99 0.29 0.26 0.18 0.15
JK2 Full 0.96 0.99 0.96 0.99 0.27 0.24 0.16 0.14
JK2 Half 0.96 0.99 0.96 0.99 0.27 0.24 0.16 0.14
JK2 Half with Fay 10% 0.96 0.99 0.96 0.99 0.27 0.24 0.16 0.14
JK2 Half with Fay 30% 0.96 0.99 0.96 0.99 0.27 0.24 0.16 0.14
JK2 Half with Fay 50% 0.96 0.99 0.96 0.99 0.27 0.24 0.16 0.14
JK2 Half: OrgStr 0.73 0.71 0.70 0.73 0.19 0.15 0.10 0.09
JK2 Full: OrgStr 0.42 0.44 0.44 0.45 0.14 0.11 0.08 0.06

Note:Relative Bias= 1 indicates no bias in estimation of sampling erf@edative Bias> 1 reflects overestimation, afRelative
Bias < 1 reflects underestimatioStability values closer to 0 represent higher precision of the sampling erroatestiighlighted
cells indicate the best-performing method(s) per sample size scenaricefagesof the estimates across 1,000 samples is
approximately 8 for Score 1 and 25 for Score 2 in all scenaritsminor differences likely attributable to random sampling

variation.

41



Table 8: Variance Estimator Comparison - 25th Percentile (Overall)

Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator Very Small Small Medium Large Very Small Small Medium Large
Method Samples Samples Samples Samples  Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 fBmall, 100 for Medium, and 150 for Large)
BRR 1.03 1.04 1.00 0.98 0.30 0.25 0.18 0.14
BRR with Fay 10% 1.03 1.04 1.00 0.98 0.31 0.26 0.18 0.15
BRR with Fay 30% 1.03 1.05 1.00 0.98 0.34 0.27 0.19 0.15
BRR with Fay 50% 1.04 1.05 1.01 0.98 0.38 0.30 0.21 0.17
Bootstrapping 1.02 1.04 0.99 0.97 0.32 0.26 0.18 0.15
JK2 Full 1.07 1.08 1.02 1.01 0.42 0.36 0.27 0.24
JK2 Half 1.06 1.08 1.02 1.01 0.43 0.37 0.27 0.24
JK2 Half with Fay 10% 1.06 1.08 1.02 1.01 0.44 0.38 0.28 0.25
JK2 Half with Fay 30% 1.07 1.09 1.03 1.02 0.47 0.41 0.30 0.28
JK2 Half with Fay 50% 1.09 1.10 1.04 1.03 0.52 0.46 0.34 0.32
2. Odd Number of Schools Scenario (Schools: 29 for Very Small for Small, 99 for Medium, and 149 for Large)
BRR 1.02 1.04 0.99 1.02 0.30 0.26 0.17 0.15
BRR with Fay 10% 1.03 1.04 0.99 1.02 0.31 0.26 0.18 0.16
BRR with Fay 30% 1.06 1.06 1.00 1.02 0.33 0.28 0.19 0.17
BRR with Fay 50% 1.10 1.08 1.01 1.03 0.37 0.31 0.21 0.18
Bootstrapping 1.02 1.04 0.98 1.01 0.31 0.26 0.18 0.16
JK2 Full 1.05 1.07 1.02 1.05 0.40 0.36 0.28 0.26
JK2 Half 1.04 1.07 1.02 1.05 0.42 0.37 0.28 0.26
JK2 Half with Fay 10% 1.05 1.07 1.03 1.05 0.43 0.38 0.30 0.27
JK2 Half with Fay 30% 1.06 1.08 1.04 1.06 0.45 0.41 0.32 0.30
JK2 Half with Fay 50% 1.07 1.09 1.06 1.08 0.51 0.45 0.37 0.34
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for &m88 for Medium, and 132 for Large)
BRR 1.01 1.07 0.99 1.01 0.31 0.27 0.18 0.16
BRR with Fay 10% 1.02 1.07 0.99 1.01 0.32 0.27 0.19 0.16
BRR with Fay 30% 1.02 1.08 1.00 1.02 0.34 0.29 0.20 0.17
BRR with Fay 50% 1.03 1.08 1.00 1.02 0.37 0.31 0.22 0.18
BRR with Fay 50%: 1.16 1.28 1.17 1.18 0.37 0.33 0.23 0.20
OrgStr
Bootstrapping 1.02 1.06 0.98 1.01 0.32 0.26 0.19 0.16
JK2 Full 1.05 1.10 1.03 1.04 0.40 0.36 0.28 0.26
JK2 Half 1.05 1.10 1.02 1.04 0.43 0.37 0.28 0.27
JK2 Half with Fay 10% 1.05 111 1.03 1.05 0.44 0.38 0.29 0.28
JK2 Half with Fay 30% 1.06 1.12 1.04 1.06 0.47 0.41 0.32 0.30
JK2 Half with Fay 50% 1.08 1.13 1.06 1.08 0.53 0.47 0.36 0.35
JK2 Half: OrgStr 0.96 1.02 0.95 0.97 0.40 0.35 0.27 0.25
JK2 Full: OrgStr 0.97 1.03 0.95 0.97 0.39 0.35 0.27 0.25

Note:Relative Bias= 1 indicates no bias in estimation of sampling erf@edative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioStability values closer to O represent higher precision of the sampling error es
Highlighted cells indicate the best-performing method(s) per sample simriscd he average of the estimates across 1,00
samples is approximately 446 in all scenarios, with minor differences likely atblibtdarandom sampling variation.
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Table 9: Variance Estimator Comparison - Median (Overall)

Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator  Very Small Small Medium Large Very Small Small Medium Large
Method Samples Samples Samples Samples  Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f8mall, 100 for Medium, and 150 for Large)
BRR 1.01 1.01 1.04 1.02 0.29 0.22 0.17 0.14
BRR with Fay 10% 1.01 1.01 1.04 1.02 0.30 0.23 0.17 0.14
BRR with Fay 30% 1.02 1.01 1.04 1.02 0.32 0.24 0.18 0.15
BRR with Fay 50% 1.02 1.02 1.05 1.02 0.35 0.26 0.20 0.16
Bootstrapping 1.00 1.00 1.03 1.01 0.28 0.23 0.18 0.14
JK2 Full 1.04 1.04 1.07 1.04 0.39 0.31 0.27 0.24
JK2 Half 1.03 1.04 1.07 1.04 0.40 0.32 0.27 0.24
JK2 Half with Fay 10% 1.04 1.04 1.07 1.04 0.42 0.33 0.28 0.25
JK2 Half with Fay 30% 1.05 1.05 1.08 1.05 0.45 0.35 0.31 0.27
JK2 Half with Fay 50% 1.06 1.06 1.09 1.07 0.50 0.39 0.35 0.32
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal for Small, 99 for Medium, and 149 for Large)
BRR 1.03 1.03 1.01 1.06 0.28 0.22 0.17 0.15
BRR with Fay 10% 1.04 1.04 1.01 1.06 0.29 0.23 0.17 0.15
BRR with Fay 30% 1.07 1.06 1.02 1.07 0.31 0.25 0.19 0.16
BRR with Fay 50% 1.14 1.10 1.04 1.08 0.37 0.28 0.21 0.17
Bootstrapping 1.00 1.02 1.01 1.05 0.28 0.23 0.18 0.16
JK2 Full 1.04 1.07 1.05 1.09 0.37 0.31 0.27 0.26
JK2 Half 1.04 1.07 1.05 1.09 0.37 0.33 0.27 0.26
JK2 Half with Fay 10% 1.04 1.08 1.05 1.10 0.38 0.33 0.28 0.27
JK2 Half with Fay 30% 1.05 1.08 1.06 1.11 0.41 0.36 0.31 0.30
JK2 Half with Fay 50% 1.06 1.10 1.08 1.13 0.44 0.41 0.36 0.35
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 1.04 1.04 1.02 1.04 0.31 0.26 0.19 0.16
BRR with Fay 10% 1.04 1.04 1.02 1.04 0.32 0.26 0.19 0.16
BRR with Fay 30% 1.04 1.04 1.02 1.04 0.34 0.28 0.20 0.17
BRR with Fay 50% 1.04 1.05 1.02 1.05 0.36 0.30 0.22 0.18
BRR with Fay 50%: 1.22 1.31 1.27 1.29 0.37 0.32 0.23 0.20
OrgStr
Bootstrapping 1.01 1.02 1.01 1.03 0.31 0.26 0.19 0.16
JK2 Full 1.05 1.06 1.04 1.07 0.38 0.35 0.27 0.26
JK2 Half 1.05 1.06 1.04 1.07 0.40 0.36 0.27 0.26
JK2 Half with Fay 10% 1.05 1.06 1.04 1.08 0.41 0.36 0.28 0.27
JK2 Half with Fay 30% 1.05 1.07 1.05 1.09 0.43 0.39 0.30 0.30
JK2 Half with Fay 50% 1.06 1.08 1.07 1.10 0.48 0.44 0.34 0.34
JK2 Half: OrgStr 0.87 0.87 0.87 0.90 0.34 0.31 0.23 0.23
JK2 Full: OrgStr 0.87 0.88 0.87 0.90 0.33 0.30 0.23 0.23

Note:Relative Bias= 1 indicates no bias in estimation of sampling erfeedative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to O represent higher precision of the sampling erra
estimate. Highlighted cells indicate the best-performing method(s) per sampeesiagio. The average of the estimate
across 1,000 samples is approximately 498 to 500 in all scenariosjffetartes likely attributable to random sampling

variation.
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Table 10: Variance Estimator Comparison - 75th Percentile (Overall)
Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator  Very Small Small Medium Large Very Small Small Medium Large
Method Samples Samples Samples Samples Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f8mall, 100 for Medium, and 150 for Large)
BRR 1.02 1.02 1.06 1.07 0.30 0.24 0.18 0.16
BRR with Fay 10% 1.02 1.02 1.06 1.07 0.31 0.24 0.19 0.16
BRR with Fay 30% 1.02 1.02 1.06 1.07 0.33 0.26 0.20 0.17
BRR with Fay 50% 1.02 1.03 1.06 1.07 0.37 0.28 0.22 0.19
Bootstrapping 1.01 1.01 1.05 1.06 0.32 0.25 0.19 0.17
JK2 Full 1.04 1.06 1.08 1.10 0.40 0.34 0.29 0.27
JK2 Half 1.04 1.06 1.08 1.10 0.43 0.35 0.29 0.28
JK2 Half with Fay 10% 1.04 1.06 1.09 1.10 0.44 0.36 0.30 0.29
JK2 Half with Fay 30% 1.05 1.07 1.10 1.11 0.46 0.39 0.33 0.32
JK2 Half with Fay 50% 1.06 1.08 1.11 1.13 0.52 0.44 0.37 0.36
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal for Small, 99 for Medium, and 149 for Large)
BRR 0.98 1.01 1.00 1.08 0.29 0.24 0.18 0.16
BRR with Fay 10% 0.99 1.02 1.00 1.08 0.30 0.25 0.18 0.17
BRR with Fay 30% 1.04 1.04 1.01 1.09 0.34 0.27 0.20 0.18
BRR with Fay 50% 1.14 1.09 1.03 1.10 0.43 0.31 0.22 0.20
Bootstrapping 0.98 1.02 1.00 1.08 0.30 0.25 0.18 0.17
JK2 Full 1.02 1.05 1.03 1.11 0.38 0.34 0.28 0.28
JK2 Half 1.02 1.05 1.03 1.11 0.39 0.35 0.29 0.28
JK2 Half with Fay 10% 1.02 1.05 1.03 1.11 0.40 0.36 0.30 0.29
JK2 Half with Fay 30% 1.04 1.06 1.04 1.12 0.44 0.38 0.33 0.32
JK2 Half with Fay 50% 1.05 1.07 1.06 1.14 0.49 0.43 0.37 0.37
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 1.12 1.05 1.01 1.02 0.42 0.34 0.22 0.18
BRR with Fay 10% 1.12 1.05 1.01 1.02 0.43 0.34 0.23 0.19
BRR with Fay 30% 1.13 1.06 1.02 1.02 0.45 0.36 0.24 0.20
BRR with Fay 50% 1.13 1.06 1.02 1.02 0.48 0.39 0.26 0.21
BRR with Fay 50%: 1.32 1.34 1.29 1.29 0.47 0.40 0.28 0.24
OrgStr
Bootstrapping 1.11 1.04 1.01 1.01 0.39 0.34 0.23 0.19
JK2 Full 1.15 1.09 1.04 1.04 0.48 0.42 0.31 0.28
JK2 Half 1.13 1.08 1.04 1.04 0.51 0.43 0.31 0.28
JK2 Half with Fay 10% 1.14 1.08 1.04 1.05 0.52 0.44 0.32 0.29
JK2 Half with Fay 30% 1.15 1.09 1.05 1.05 0.56 0.46 0.34 0.31
JK2 Half with Fay 50% 1.16 1.10 1.07 1.07 0.60 0.50 0.38 0.35
JK2 Half: OrgStr 0.73 0.68 0.69 0.70 0.33 0.28 0.23 0.21
JK2 Full: OrgStr 0.73 0.68 0.69 0.70 0.32 0.26 0.22 0.21

Note:Relative Bias= 1 indicates no bias in estimation of sampling erfeedative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to O represent higher precision of the sampling erra
estimate. Highlighted cells indicate the best-performing method(s) per sampeesiagio. The average of the estimate
across 1,000 samples is approximately 554 in all scenarios, with minormtiferikely attributable to random sampling

variation.
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Table 11: Variance Estimator Comparison - Low International Benchmark (Overall)
Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator Very Small Small Medium Large Very Small Small Medium Large
Method Samples Samples Samples Samples Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f8mall, 100 for Medium, and 150 for Large)
BRR 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
BRR with Fay 10% 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
BRR with Fay 30% 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
BRR with Fay 50% 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
Bootstrapping 0.99 0.99 0.95 0.99 0.30 0.23 0.16 0.13
JK2 Full 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
JK2 Half 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
JK2 Half with Fay 10% 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
JK2 Half with Fay 30% 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
JK2 Half with Fay 50% 1.01 1.01 0.96 1.00 0.28 0.21 0.15 0.12
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal for Small, 99 for Medium, and 149 for Large)
BRR 0.99 1.04 0.99 0.99 0.28 0.23 0.15 0.12
BRR with Fay 10% 1.00 1.04 0.99 0.99 0.28 0.23 0.15 0.12
BRR with Fay 30% 1.01 1.05 0.99 0.99 0.28 0.23 0.15 0.12
BRR with Fay 50% 1.03 1.06 1.00 1.00 0.28 0.23 0.15 0.12
Bootstrapping 0.96 1.03 0.97 0.98 0.29 0.24 0.16 0.13
JK2 Full 0.99 1.04 0.99 0.99 0.27 0.22 0.15 0.12
JK2 Half 0.99 1.04 0.99 0.99 0.27 0.22 0.15 0.12
JK2 Half with Fay 10% 0.99 1.04 0.99 0.99 0.27 0.22 0.15 0.12
JK2 Half with Fay 30% 0.99 1.04 0.99 0.99 0.27 0.22 0.15 0.12
JK2 Half with Fay 50% 0.99 1.04 0.99 0.99 0.27 0.22 0.15 0.12
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 0.99 1.06 0.96 0.99 0.28 0.23 0.16 0.13
BRR with Fay 10% 0.99 1.06 0.96 0.99 0.28 0.23 0.16 0.13
BRR with Fay 30% 0.99 1.06 0.96 0.99 0.28 0.23 0.16 0.13
BRR with Fay 50% 0.99 1.06 0.96 0.99 0.28 0.23 0.16 0.13
BRR with Fay 50%: 1.08 1.18 1.07 1.09 0.29 0.24 0.16 0.13
OrgStr
Bootstrapping 0.97 1.05 0.95 0.99 0.30 0.24 0.16 0.14
JK2 Full 0.99 1.06 0.96 1.00 0.28 0.22 0.15 0.12
JK2 Half 0.99 1.06 0.96 1.00 0.28 0.22 0.15 0.12
JK2 Half with Fay 10% 0.99 1.06 0.96 1.00 0.28 0.22 0.15 0.12
JK2 Half with Fay 30% 0.99 1.06 0.96 1.00 0.28 0.22 0.15 0.12
JK2 Half with Fay 50% 0.99 1.06 0.96 1.00 0.28 0.22 0.15 0.12
JK2 Half: OrgStr 0.96 1.03 0.93 0.96 0.27 0.22 0.15 0.12
JK2 Full: OrgStr 0.96 1.03 0.93 0.96 0.27 0.22 0.15 0.12

Note:Relative Bias= 1 indicates no bias in estimation of sampling erfeedative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to O represent higher precision of the sampling erra
estimate. Highlighted cells indicate the best-performing method(s) per sampeesiagio. The average of the estimate
across 1,000 samples is approximately 89% in all scenarios, with minormiifferkkely attributable to random sampling
variation.
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Table 12: Variance Estimator Comparison - High International Benchmark (Overall)

Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator  Very Small Small Medium Large Very Small Small Medium Large
Method Samples Samples Samples Samples Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f8mall, 100 for Medium, and 150 for Large)
BRR 1.00 1.01 1.04 1.05 0.21 0.16 0.11 0.09
BRR with Fay 10% 1.00 1.01 1.04 1.05 0.21 0.16 0.11 0.09
BRR with Fay 30% 1.00 1.01 1.04 1.05 0.21 0.16 0.11 0.09
BRR with Fay 50% 1.00 1.01 1.04 1.05 0.21 0.16 0.11 0.09
Bootstrapping 0.98 1.00 1.03 1.04 0.23 0.18 0.13 0.10
JK2 Full 1.00 1.01 1.04 1.05 0.21 0.15 0.11 0.09
JK2 Half 1.00 1.01 1.04 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 10% 1.00 1.01 1.04 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 30% 1.00 1.01 1.04 1.05 0.20 0.15 0.11 0.09
JK2 Half with Fay 50% 1.00 1.01 1.04 1.05 0.20 0.15 0.11 0.09
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal for Small, 99 for Medium, and 149 for Large)
BRR 0.98 0.99 0.99 1.07 0.20 0.15 0.11 0.09
BRR with Fay 10% 0.99 1.00 1.00 1.07 0.20 0.15 0.11 0.09
BRR with Fay 30% 1.04 1.02 1.00 1.08 0.22 0.16 0.11 0.09
BRR with Fay 50% 1.13 1.07 1.02 1.09 0.28 0.18 0.12 0.09
Bootstrapping 0.98 1.00 0.99 1.06 0.23 0.18 0.13 0.11
JK2 Full 1.00 1.02 1.00 1.08 0.20 0.15 0.11 0.09
JK2 Half 1.00 1.02 1.00 1.08 0.20 0.15 0.11 0.09
JK2 Half with Fay 10% 1.00 1.02 1.00 1.08 0.20 0.15 0.11 0.09
JK2 Half with Fay 30% 1.00 1.02 1.00 1.08 0.20 0.15 0.11 0.09
JK2 Half with Fay 50% 1.00 1.02 1.00 1.08 0.20 0.15 0.11 0.09
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 1.08 1.04 1.00 1.02 0.30 0.24 0.16 0.12
BRR with Fay 10% 1.08 1.04 1.00 1.02 0.30 0.24 0.16 0.12
BRR with Fay 30% 1.08 1.04 1.00 1.02 0.30 0.24 0.16 0.12
BRR with Fay 50% 1.08 1.04 1.00 1.02 0.30 0.24 0.16 0.12
BRR with Fay 50%: 1.27 1.31 1.27 1.28 0.22 0.19 0.14 0.11
OrgStr
Bootstrapping 1.04 1.02 0.99 1.00 0.30 0.24 0.17 0.13
JK2 Full 1.07 1.04 1.00 1.02 0.28 0.23 0.16 0.12
JK2 Half 1.07 1.04 1.00 1.02 0.28 0.23 0.16 0.12
JK2 Half with Fay 10% 1.07 1.04 1.00 1.02 0.28 0.23 0.16 0.12
JK2 Half with Fay 30% 1.07 1.04 1.00 1.02 0.28 0.23 0.16 0.12
JK2 Half with Fay 50% 1.07 1.04 1.00 1.02 0.28 0.23 0.16 0.12
JK2 Half: OrgStr 0.71 0.68 0.68 0.69 0.18 0.12 0.09 0.07
JK2 Full: OrgStr 0.71 0.68 0.68 0.69 0.18 0.12 0.09 0.07

Note:Relative Bias= 1 indicates no bias in estimation of sampling erfeedative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to O represent higher precision of the sampling erra
estimate. Highlighted cells indicate the best-performing method(s) per sampeesiagio. The average of the estimate
across 1,000 samples is approximately 26% in all scenarios, with minormiifferkkely attributable to random sampling

variation.
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Table 13: Variance Estimator Comparison - Advanced International Benchmark (Overall)
Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator Very Small Small Medium Large Very Small Small Samples Medium Large
Method Samples Samples Samples Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f6mall, 100 for Medium, and 150 for Large)
BRR 0.96 0.93 1.00 1.05 0.35 0.25 0.19 0.17
BRR with Fay 10% 0.96 0.93 1.00 1.05 0.35 0.25 0.19 0.17
BRR with Fay 30% 0.96 0.93 1.00 1.05 0.35 0.25 0.19 0.17
BRR with Fay 50% 0.96 0.93 1.00 1.05 0.35 0.25 0.19 0.17
Bootstrapping 0.94 0.91 0.99 1.05 0.35 0.26 0.20 0.18
JK2 Full 0.96 0.93 1.00 1.05 0.34 0.25 0.19 0.17
JK2 Half 0.96 0.93 1.00 1.05 0.34 0.25 0.19 0.17
JK2 Half with Fay 10% 0.96 0.93 1.00 1.05 0.34 0.25 0.19 0.17
JK2 Half with Fay 30% 0.96 0.93 1.00 1.05 0.34 0.25 0.19 0.17
JK2 Half with Fay 50% 0.96 0.93 1.00 1.05 0.34 0.25 0.19 0.17
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal9 for Small, 99 for Medium, and 149 for Large)
BRR 0.87 0.96 0.97 1.02 0.31 0.27 0.19 0.16
BRR with Fay 10% 0.89 0.97 0.97 1.02 0.32 0.27 0.19 0.16
BRR with Fay 30% 0.93 0.99 0.98 1.02 0.35 0.27 0.19 0.16
BRR with Fay 50% 1.03 1.03 0.99 1.03 0.44 0.30 0.19 0.16
Bootstrapping 0.90 0.97 0.96 1.01 0.35 0.28 0.20 0.17
JK2 Full 0.93 0.99 0.98 1.02 0.34 0.27 0.19 0.16
JK2 Half 0.93 0.99 0.98 1.02 0.34 0.27 0.19 0.16
JK2 Half with Fay 10% 0.93 0.99 0.98 1.02 0.34 0.27 0.19 0.16
JK2 Half with Fay 30% 0.93 0.99 0.98 1.02 0.34 0.27 0.19 0.16
JK2 Half with Fay 50% 0.93 0.99 0.98 1.02 0.34 0.27 0.19 0.16
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 1.02 0.97 0.92 0.89 0.51 0.40 0.27 0.22
BRR with Fay 10% 1.02 0.97 0.92 0.89 0.51 0.40 0.27 0.22
BRR with Fay 30% 1.02 0.97 0.92 0.89 0.50 0.40 0.27 0.22
BRR with Fay 50% 1.02 0.97 0.92 0.89 0.50 0.40 0.27 0.22
BRR with Fay 50%: 1.10 1.11 1.09 1.05 0.45 0.39 0.29 0.23
OrgStr
Bootstrapping 0.98 0.96 0.92 0.88 0.49 0.40 0.28 0.22
JK2 Full 1.02 0.97 0.93 0.89 0.50 0.40 0.27 0.22
JK2 Half 1.02 0.97 0.93 0.89 0.50 0.40 0.27 0.22
JK2 Half with Fay 10% 1.02 0.97 0.93 0.89 0.50 0.40 0.27 0.22
JK2 Half with Fay 30% 1.02 0.97 0.93 0.89 0.50 0.40 0.27 0.22
JK2 Half with Fay 50% 1.02 0.97 0.93 0.89 0.50 0.40 0.27 0.22
JK2 Half: OrgStr 0.41 0.37 0.38 0.37 0.20 0.14 0.11 0.08
JK2 Full: OrgStr 0.41 0.37 0.38 0.37 0.20 0.14 0.11 0.08

Note:Relative Bias= 1 indicates no bias in estimation of sampling erf@edative Bias> 1 reflects overestimation, aRklative
Bias < 1 reflects underestimatioStability values closer to 0 represent higher precision of the sampling erroatestidighlighted
cells indicate the best-performing method(s) per sample size scenaricefageaof the estimates across 1,000 samples is
approximately 6% in all scenarios, with minor differences likely attributabi@ndom sampling variation.
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Table 14: Variance Estimator Comparison - All Statistics (Overall and Sub-Group (Girl})
Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator  Very Small Small Medium Large VerySmall Small Medium Large
Method Samples Samples Samples Samples Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 for Small, 100 for Mediuamd 150 for Large)
BRR 1.01 1.01 1.02 1.03 0.28 0.22 0.16 0.13
BRR with Fay 10% 1.01 1.01 1.02 1.03 0.28 0.22 0.16 0.13
BRR with Fay 30% 1.01 1.01 1.02 1.03 0.29 0.23 0.17 0.14
BRR with Fay 50% 1.02 1.01 1.02 1.03 0.31 0.24 0.17 0.15
Bootstrapping 0.99 0.99 1.01 1.02 0.29 0.23 0.17 0.14
JK2 Full 1.03 1.02 1.03 1.05 0.33 0.27 0.21 0.19
JK2 Half 1.02 1.02 1.03 1.05 0.34 0.27 0.22 0.19
JK2 Half with Fay 10% 1.02 1.02 1.04 1.05 0.34 0.28 0.22 0.20
JK2 Half with Fay 30% 1.03 1.03 1.04 1.06 0.36 0.29 0.24 0.22
JK2 Half with Fay 50% 1.04 1.04 1.05 1.07 0.39 0.32 0.26 0.25
2. Odd Number of Schools Scenario (Schools: 29 for Very Small, 49 for Small, 99 kbedium, and 149 for Large)
BRR 0.98 1.00 0.99 1.03 0.27 0.22 0.16 0.13
BRR with Fay 10% 0.99 1.01 1.00 1.04 0.27 0.22 0.16 0.14
BRR with Fay 30% 1.02 1.03 1.00 1.04 0.30 0.24 0.17 0.14
BRR with Fay 50% 1.10 1.06 1.02 1.05 0.35 0.26 0.18 0.15
Bootstrapping 0.97 1.00 0.98 1.02 0.28 0.23 0.17 0.14
JK2 Full 1.01 1.04 1.02 1.06 0.32 0.27 0.21 0.20
JK2 Half 1.01 1.03 1.02 1.05 0.33 0.28 0.22 0.20
JK2 Half with Fay 10% 1.01 1.04 1.02 1.06 0.33 0.28 0.22 0.21
JK2 Half with Fay 30% 1.01 1.04 1.02 1.06 0.35 0.30 0.24 0.22
JK2 Half with Fay 50% 1.02 1.05 1.03 1.07 0.38 0.33 0.27 0.25
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for Small, 88 for Mediumdd. 32 for Large)
BRR 1.05 1.04 0.99 1.00 0.35 0.28 0.19 0.16
BRR with Fay 10% 1.05 1.04 0.99 1.00 0.35 0.29 0.19 0.16
BRR with Fay 30% 1.05 1.04 0.99 1.01 0.36 0.30 0.20 0.17
BRR with Fay 50% 1.05 1.04 0.99 1.01 0.38 0.31 0.21 0.17
BRR with Fay 50%: 1.19 1.24 1.18 1.20 0.35 0.31 0.22 0.18
OrgStr
Bootstrapping 1.02 1.02 0.97 0.99 0.34 0.28 0.20 0.16
JK2 Full 1.06 1.05 1.00 1.02 0.38 0.32 0.24 0.21
JK2 Half 1.05 1.05 1.00 1.02 0.39 0.33 0.24 0.22
JK2 Half with Fay 10% 1.06 1.05 1.00 1.02 0.40 0.34 0.25 0.22
JK2 Half with Fay 30% 1.06 1.06 1.01 1.03 0.41 0.35 0.26 0.24
JK2 Half with Fay 50% 1.07 1.07 1.02 1.04 0.44 0.38 0.28 0.26
JK2 Half: OrgStr 0.78 0.77 0.75 0.77 0.28 0.23 0.18 0.17
JK2 Full: OrgStr 0.72 0.72 0.70 0.71 0.27 0.22 0.17 0.16

Note: Relative Bias= 1 indicates no bias in estimation of sampling err@edative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to 0 represent higher precision of the sampling error
estimate. Highlighted cells indicate the best-performing method(s) per sample seéos@&tatistic types include means
(overall and sub-group level (girls)), difference in means betweenagididoys, 28 50" and 75" percentiles (overall and
sub-group level (girls)), low, high, and advanced benchmarksalbyemd Pearson correlations (overall) between Score !
Score 2 across all sampling scenarios.
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Figures

Figure 1

Figure 1: Variance Estimator Comparison - Regular Sample Scenarios
Relative Bias with Stability Bounds by Sample Size (All Statistics)

A. School Sample Size = 30, Student Sample Size = ~900 B. School Sample Size = 50, Student Sample Size = ~1500
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Note: Red line indicates Relative Bias = 1, Relative Bias > 1 reflects overestimation, and Relative Bias < 1 reflects underestimation. Errorbars indicate Stability.
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Figure 2

Figure 2: Variance Estimator Comparison - Odd Number of Schools Scenarios
Relative Bias with Stability Bounds by Sample Size (All Statistics)

A. School Sample Size = 29, Student Sample Size = ~870 B. School Sample Size = 49, Student Sample Size = ~1475
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Note: Red line indicates Relative Bias = 1, Relative Bias > 1 reflects overestimation, and Relative Bias < 1 reflects underestimation. Errorbars indicate Stability.
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Figure 3

Relative Bias

Figure 3: Variance Estimator Comparison - Non-Response Scenarios
Relative Bias with Stability Bounds by Sample Size (All Statistics)

A. School Sample Size = 26, Student Sample Size = ~780 B. School Sample Size = 44, Student Sample Size = ~1320
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Appendix Tables

Table Appendix A 1. Mathematics Achievement Statists - TIMSS 2023

Country Mean Standard Deviation (SD) Intra-Class Coefficient (ICC)
Albania 509 81 0.31
Azerbaijan, Republic of 505 89 0.28
Australia 521 91 0.24
Bahrain 457 100 0.41
Armenia 512 69 0.21
Bosnia and Herzegovina 451 72 0.21
Brazil 377 83 0.36
Bulgaria 545 87 0.46
Canada 496 81 0.22
Chile 451 81 0.22
Chinese Taipei 604 67 0.11
Cyprus 518 81 0.13
Czech Republic 527 74 0.22
Denmark 525 71 0.14
Finland 530 80 0.15
France 483 77 0.16
Georgia 498 77 0.29
Germany 523 75 0.27
Hong Kong, SAR 593 83 0.34
Hungary 529 90 0.39
Iran, Islamic Republic of 420 97 0.37
Ireland 547 81 0.12
Italy 514 80 0.17
Japan 593 71 0.09
Kazakhstan 488 86 0.29
Jordan 417 100 0.40
Korea, Republic of 598 74 0.18
Kosovo 459 79 0.29
Kuwait 384 115 0.38
Latvia 539 76 0.12
Lithuania 563 76 0.26
Macao SAR 583 79 0.22
Montenegro 477 76 0.20
Morocco 384 99 0.43
Oman 423 98 0.46
Netherlands 539 65 0.14
New Zealand 499 91 0.19
Norway 532 74 0.10
Poland 547 76 0.09
Portugal 517 82 0.24
Qatar 465 97 0.36
Romania 551 81 0.30
Saudi Arabia 417 93 0.36
Serbia 528 78 0.29
Singapore 611 88 0.16
Slovak Republic 516 82 0.36
Slovenia 515 73 0.05
South Africa 353 109 0.50
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Appendix Tables

Table Appendix A 1. Mathematics Achievement Statists - TIMSS 2023

Country Mean Standard Deviation (SD)  Intra-Class Coefficient (ICC)
Spain 504 75 0.18
Sweden 534 75 0.15
United Arab Emirates 496 104 0.49
Turkey 552 100 0.28
North Macedonia 472 86 0.26
United States 517 98 0.25
Uzbekistan 445 82 0.14
England 551 91 0.14
Belgium (Flemish) 524 70 0.18
Belgium (French) 491 75 0.18
United Arab Emirates (Dubai) 550 94 0.41
United Arab Emirates (Abu Dhabi) 468 106 0.46
United Arab Emirates (Sharjah) 498 98 0.43
Canada (Ontario) 503 82 0.19
Canada (Quebec) 517 74 0.13
Average 504 84 0.26

Note: Statistics are based on TIMSS 2023 mathematics achievement scores ufiiagplaeisible value. ICC explains the
variation in mathematics achievement at the school level.
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Appendix B 1: Variance Estimator Comparison +25" Percentile (Sub-Group [Gender = Girl])

Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator Method Very Small Small Medium Large Very Small Medium Large
Samples Samples Samples Samples Small Samples Samples Samples
Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f6mall, 100 for Medium, and 150 for Large)
BRR 1.03 1.04 1.00 1.01 0.31 0.26 0.18 0.16
BRR with Fay 10% 1.04 1.05 1.00 1.02 0.33 0.27 0.18 0.17
BRR with Fay 30% 1.04 1.05 1.00 1.02 0.35 0.29 0.20 0.18
BRR with Fay 50% 1.06 1.06 1.01 1.03 0.39 0.32 0.22 0.20
Bootstrapping 1.01 1.03 0.99 1.00 0.31 0.26 0.18 0.16
JK2 Full 1.10 1.09 1.06 1.08 0.46 0.41 0.33 0.32
JK2 Half 1.09 1.09 1.05 1.08 0.49 0.42 0.33 0.33
JK2 Half with Fay 10% 1.10 1.09 1.06 1.09 0.51 0.44 0.35 0.35
JK2 Half with Fay 30% 1.12 111 1.08 1.10 0.56 0.48 0.39 0.39
JK2 Half with Fay 50% 1.14 1.14 111 1.13 0.63 0.56 0.46 0.46
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal9 for Small, 99 for Medium, and 149 for Large)
BRR 1.01 1.03 1.00 1.02 0.31 0.26 0.18 0.17
BRR with Fay 10% 1.01 1.03 1.00 1.02 0.32 0.27 0.19 0.17
BRR with Fay 30% 1.04 1.05 1.01 1.03 0.35 0.30 0.20 0.18
BRR with Fay 50% 1.10 1.09 1.03 1.04 0.39 0.33 0.23 0.20
Bootstrapping 1.00 1.02 0.99 1.01 0.31 0.26 0.19 0.17
JK2 Full 1.06 1.09 1.06 1.08 0.44 0.41 0.33 0.34
JK2 Half 1.04 1.09 1.06 1.07 0.45 0.42 0.34 0.34
JK2 Half with Fay 10% 1.05 1.10 1.06 1.08 0.47 0.44 0.35 0.36
JK2 Half with Fay 30% 1.06 111 1.07 1.10 0.51 0.49 0.39 0.40
JK2 Half with Fay 50% 1.09 1.15 1.10 1.12 0.58 0.57 0.46 0.48
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 0.99 1.05 1.00 1.04 0.31 0.27 0.20 0.18
BRR with Fay 10% 0.99 1.05 1.00 1.05 0.32 0.28 0.20 0.18
BRR with Fay 30% 1.00 1.06 1.00 1.05 0.35 0.30 0.22 0.19
BRR with Fay 50% 1.01 1.06 1.01 1.05 0.38 0.33 0.24 0.21
BRR with Fay 50%: OrgStr 1.14 1.25 1.17 1.21 0.39 0.36 0.25 0.22
Bootstrapping 0.99 1.04 0.98 1.03 0.32 0.27 0.19 0.17
JK2 Full 1.04 1.09 1.04 1.10 0.43 0.41 0.34 0.34
JK2 Half 1.03 1.08 1.04 1.10 0.45 0.42 0.35 0.35
JK2 Half with Fay 10% 1.04 1.09 1.05 1.10 0.46 0.44 0.36 0.37
JK2 Half with Fay 30% 1.04 1.10 1.06 1.12 0.51 0.48 0.40 0.41
JK2 Half with Fay 50% 1.06 1.13 1.09 1.15 0.57 0.56 0.47 0.47
JK2 Half: OrgStr 0.92 0.96 0.93 0.98 0.42 0.39 0.32 0.33
JK2 Full: OrgStr 0.93 0.97 0.93 0.98 0.40 0.38 0.31 0.32

Note:Relative Bias= 1 indicates no bias in estimation of sampling erfeedative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to O represent higher precision of the sampling erra
estimate. Highlighted cells indicate the best-performing method(s) per sampeesiagio. The average of the estimate
across 1,000 samples is approximately 450 for Score 1 and 466bferSin all scenarios, with minor differences likely
attributable to random sampling variation.
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Appendix B 2: Variance Estimator Comparison - Median (Sub-Group [Gender = Girl])

Relative Bias and Stability Across Sampling Scenarios

Relative Bias Stability
Variance Estimator Method Very Small Small Medium Large Very Small Medium Large
Samples Samples Samples Samples Small Samples Samples Samples
Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f6mall, 100 for Medium, and 150 for Large)
BRR 1.05 1.03 1.05 1.04 0.32 0.25 0.20 0.16
BRR with Fay 10% 1.05 1.03 1.05 1.04 0.33 0.26 0.20 0.16
BRR with Fay 30% 1.04 1.03 1.05 1.04 0.35 0.27 0.22 0.17
BRR with Fay 50% 1.05 1.03 1.06 1.04 0.38 0.29 0.23 0.18
Bootstrapping 1.02 1.02 1.04 1.03 0.32 0.26 0.20 0.16
JK2 Full 1.07 1.05 1.09 1.08 0.44 0.37 0.34 0.31
JK2 Half 1.07 1.05 1.09 1.08 0.46 0.38 0.35 0.31
JK2 Half with Fay 10% 1.07 1.05 1.09 1.09 0.47 0.39 0.36 0.33
JK2 Half with Fay 30% 1.08 1.07 1.11 111 0.51 0.42 0.40 0.37
JK2 Half with Fay 50% 1.10 1.09 1.13 1.14 0.58 0.49 0.46 0.44
2. Odd Number of Schools Scenario (Schools: 29 for Very Smal9 for Small, 99 for Medium, and 149 for Large)
BRR 1.02 1.00 1.03 1.05 0.31 0.25 0.19 0.16
BRR with Fay 10% 1.03 1.01 1.03 1.05 0.32 0.26 0.20 0.17
BRR with Fay 30% 1.06 1.02 1.04 1.05 0.35 0.28 0.21 0.18
BRR with Fay 50% 1.14 1.07 1.06 1.07 0.42 0.32 0.24 0.20
Bootstrapping 1.00 0.99 1.02 1.04 0.31 0.25 0.20 0.17
JK2 Full 1.04 1.05 1.08 1.09 0.43 0.38 0.34 0.31
JK2 Half 1.03 1.05 1.08 1.09 0.44 0.40 0.34 0.31
JK2 Half with Fay 10% 1.03 1.06 1.08 1.09 0.46 0.42 0.36 0.32
JK2 Half with Fay 30% 1.04 1.07 1.10 111 0.49 0.46 0.40 0.36
JK2 Half with Fay 50% 1.06 1.10 1.12 1.13 0.56 0.52 0.46 0.43
3. Non-Response Scenario (Schools: 26 for Very Small, 44 for 8m88 for Medium, and 132 for Large)
BRR 1.09 1.07 1.04 1.06 0.37 0.30 0.22 0.19
BRR with Fay 10% 1.09 1.07 1.04 1.06 0.38 0.31 0.22 0.19
BRR with Fay 30% 1.10 1.07 1.04 1.06 0.41 0.33 0.23 0.20
BRR with Fay 50% 1.10 1.07 1.04 1.06 0.45 0.36 0.25 0.21
BRR with Fay 50%: OrgStr 1.27 1.32 1.27 1.29 0.44 0.38 0.27 0.23
Bootstrapping 1.07 1.05 1.03 1.04 0.39 0.30 0.23 0.19
JK2 Full 1.12 111 1.07 1.10 0.47 0.40 0.33 0.32
JK2 Full: OrgStr 0.86 0.85 0.82 0.86 0.38 0.33 0.28 0.27
JK2 Half 1.11 1.10 1.07 1.10 0.49 0.41 0.34 0.32
JK2 Half with Fay 10% 1.11 1.10 1.07 1.11 0.50 0.43 0.35 0.33
JK2 Half with Fay 30% 1.12 1.12 1.08 1.12 0.54 0.47 0.38 0.37
JK2 Half with Fay 50% 1.14 1.14 1.11 1.15 0.62 0.53 0.43 0.44
JK2 Half: OrgStr 0.86 0.84 0.82 0.86 0.40 0.34 0.28 0.28

Note:Relative Bias= 1 indicates no bias in estimation of sampling erfeedative Bias> 1 reflects overestimation, and
Relative Bias< 1 reflects underestimatioBtability values closer to O represent higher precision of the sampling erra
estimate. Highlighted cells indicate the best-performing method(s) per sampeesiagio. The average of the estimate
across 1,000 samples is approximately 504 for Score 1 and 51&oferSin all scenarios, with minor differences likely
attributable to random sampling variation.
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Appendix B 3: Variance Estimator Comparison - 75th Percentile (Sub-Group [Gender = Girl])

Relative Bias and Stability Across Sampling Scenarios

Variance Estimator
Method

BRR
BRR with Fay 10%
BRR with Fay 30%
BRR with Fay 50%
Bootstrapping
JK2 Full
JK2 Half
JK2 Half with Fay 10%
JK2 Half with Fay 30%
JK2 Half with Fay 50%

BRR
BRR with Fay 10%
BRR with Fay 30%
BRR with Fay 50%
Bootstrapping
JK2 Full
JK2 Half
JK2 Half with Fay 10%
JK2 Half with Fay 30%
JK2 Half with Fay 50%

BRR
BRR with Fay 10%
BRR with Fay 30%
BRR with Fay 50%

BRR with Fay 50%:
OrgStr

Bootstrapping
JK2 Full
JK2 Half
JK2 Half with Fay 10%
JK2 Half with Fay 30%
JK2 Half with Fay 50%
JK2 Half: OrgStr

Relative Bias Stability
Very Small Small Medium Large Very Small Small Medium Large
Samples Samples Samples Samples Samples Samples Samples Samples
1. Regular Sample Scenario (Schools: 30 for Very Small, 50 f8mall, 100 for Medium, and 150 for Large)
1.02 1.00 1.07 1.08 0.32 0.26 0.21 0.18
1.02 1.00 1.07 1.08 0.33 0.27 0.21 0.19
1.02 1.00 1.07 1.08 0.36 0.29 0.23 0.20
1.02 1.01 1.07 1.09 0.39 0.32 0.25 0.22
1.01 0.99 1.06 1.07 0.34 0.27 0.21 0.19
1.05 1.04 111 1.13 0.44 0.39 0.35 0.32
1.03 1.04 111 1.13 0.46 0.40 0.35 0.33
1.04 1.04 1.11 1.14 0.48 0.42 0.37 0.34
1.05 1.05 1.13 1.16 0.52 0.45 0.41 0.38
1.08 1.08 1.15 1.18 0.59 0.52 0.47 0.45
2. Odd Number of Schools Scenario (Schools: 29 for Very