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Abstract

We study a centralized single round-robin tournament scheduling problem in
which the number of matches per round is flexible. A common venue is selected
for each round, and each team plays at most once per round. The goal is to mini-
mize the total travel distance. We prove that the decision version is NP-complete
in the strong sense. We also propose mixed-integer programming (MIP) mod-
els with symmetry-breaking constraints and identify polynomially solvable cases,
including an exact optimality test for the two-venue case based on edge coloring
of threshold graphs. These structural results characterize conditions under which
an independent-match lower bound is attainable and provide polynomial-time
constructions for several parameter regimes. For larger instances, we propose
an iterated local search (ILS) heuristic featuring constructive edge coloring,
merge-and-split, ejection chain, and eject-and-inject neighborhoods. Computa-
tional experiments on 64 benchmark instances demonstrate that the ILS heuristic
matches proven optima on small instances and substantially outperforms the
MIP approach on larger ones.

Keywords: Sports scheduling, round-robin tournament, venue assignment, edge
coloring, mixed-integer programming, iterated local search

1



1 Introduction

Round-robin tournament scheduling has been studied extensively in operations
research, with applications ranging from professional baseball and basketball to foot-
ball leagues [1, 2]. A common assumption in this literature is that the round structure
is fixed: Each round consists of a maximum matching of teams, and the number of
matches per round is therefore determined by the tournament format. Under this
assumption, the main decisions concern the ordering of rounds [3, 4], home–away pat-
terns [3], venue assignments [5], travel minimization [1, 6], break minimization [3],
carry-over effects [7], and other fairness or operational requirements [2, 4]. The trav-
eling tournament problem is a prominent example in which travel and home–away
sequences are optimized jointly for professional leagues [6, 8].

In this paper, we consider a different scheduling environment motivated by regional
amateur sports and school club leagues in Japan. In these settings, all matches in a
round are often held at a single venue, possibly with multiple grounds, and matches
may start at different times on the same day. This single-venue format simplifies
facility reservation and match-day management, including communication with teams,
schedule control, and responses to unexpected changes. It can also create an event-like
atmosphere in which players and parents from participating teams interact beyond
their own matches, and it provides young players with opportunities to watch other
matches at the same venue.

These practical features motivate a centralized single round-robin tournament in
which a common venue is selected for each round, every pair of teams plays exactly
once, and each team plays at most once per round. Unlike many existing round-
robin and centralized tournament scheduling studies, in which each round corresponds
to a maximum matching [4, 9], we allow a round to contain any number of non-
overlapping matches. To the best of our knowledge, the number of matches assigned
to a round has received limited attention as an explicit decision variable in the round-
robin tournament scheduling literature.

This flexibility reflects situations in amateur and school sports leagues where
organizers may prefer to hold only a subset of matches on a given day because of
travel burden or other operational constraints. Consequently, the number of matches
assigned to each round becomes a decision variable rather than a fixed consequence
of the tournament format. We call this problem the centralized round-robin tourna-

ment scheduling problem with flexible matches per round (CRRTSP-FMR), and our
objective is to minimize the total travel distance from teams to the selected venues.

Allowing the number of matches per round to vary is not merely a cosmetic exten-
sion of the classical round-robin model. By splitting rounds, the scheduler can reduce
the set of teams traveling on a given date and choose a venue close to those teams,
creating a trade-off between preserving compact round-robin pairings and improving
venue proximity. At the same time, amateur and school leagues must usually complete
all matches within a limited season, so the number of available match days is bounded.
To reflect this operational requirement, we impose an upper bound on the number
of rounds. The resulting problem combines matching-type feasibility constraints with
partitioning decisions over rounds and venue-selection decisions, which makes a direct
exact approach computationally demanding as the number of teams grows.
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Our problem is related to, but distinct from, several neighboring scheduling set-
tings. In single-court or single-venue tournament scheduling, matches are typically
sequenced at one court or venue, often with objectives such as minimizing waiting
times or constructing feasible timetables [9]. Centralized tournament scheduling and
venue-assignment models also consider shared venues or venue-related decisions, but
they usually retain the classical round-robin structure in which each round is a maxi-
mum matching [4, 5]. Sports festival scheduling, more broadly, concerns the selection
and timing of activities, shows, or events across days and stages, with objectives related
to logistics, cost, and audience experience [10]. In contrast, CRRTSP-FMR keeps the
pairwise round-robin requirement among teams while making the number of matches
in each round flexible and jointly deciding both the partition of matches into rounds
and the common venue assigned to each round.

The contributions of this paper are fourfold. First, we develop two mixed-integer
programming formulations: a linearized time-indexed formulation and an assignment-
based formulation with valid symmetry-breaking constraints. Second, we establish the
computational complexity of the problem by proving that its decision version is NP-
complete in the strong sense even when all travel costs are restricted to {0, 1, 3}.
Third, we identify two polynomially solvable regimes for the round limit and develop
a polynomial-time optimality test for the two-venue case based on edge coloring of
threshold graphs. Fourth, we design an iterated local search heuristic tailored to the
problem structure and conduct computational experiments on instances with different
numbers of teams, candidate venues, and rounds.

The remainder of this paper is organized as follows. Section 2 defines CRRTSP-
FMR. Section 3 presents the mathematical formulations. Section 4 proves that
the decision version of CRRTSP-FMR is NP-complete in the strong sense and
identifies polynomially solvable cases. Section 5 describes the proposed heuristic.
Section 6 reports the computational results. Section 7 concludes the paper and outlines
directions for future research.

2 Problem Description

Let ρ(n) denote the minimum number of rounds required for a single round-robin
tournament with n teams:

ρ(n) =

{

n− 1, if n is even,

n, if n is odd.

We are given a set of teams N = {1, 2, . . . , n}, a set of candidate venues M =
{1, 2, . . . ,m}, and an upper bound q on the number of rounds, where q ≥ ρ(n). Thus, a
feasible solution may use any number of rounds up to q. Each round represents a date
or time period in which any number of non-overlapping matches may be scheduled.
Let cij ≥ 0 denote the travel distance from team i to venue j.
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The centralized round-robin tournament scheduling problem with flexible matches

per round (CRRTSP-FMR) is to assign every match of a single round-robin tourna-
ment to a round and to select a venue for each active round so as to minimize the
total travel distance, subject to the following constraints:

• all matches played in the same round use a common venue;
• every pair of teams plays exactly once;
• each team plays at most one match in each round.

Because the objective depends only on the composition of rounds and their selected
venues, not on the chronological order of the rounds, a feasible solution can be
viewed as a set of active rounds. This observation is useful both for the mathematical
formulation and for the design of the heuristic described later.

3 Mathematical Formulations

We first introduce a time-indexed formulation in which each candidate round is
explicitly indexed. Let Q = {1, 2, . . . , q} denote the set of candidate rounds, and let
P = {(i, i′) | i, i′ ∈ N, i < i′} denote the set of matches. Let xii′k be a binary vari-
able that takes value 1 if teams i and i′ play in round k, and 0 otherwise. Let yjk be
a binary variable that takes value 1 if venue j is used in round k, and 0 otherwise.
CRRTSP-FMR can be formulated as follows:

min
∑

j∈M

∑

(i,i′)∈P

∑

k∈Q

(cij + ci′j)xii′kyjk (1)

s.t.
∑

k∈Q

xii′k = 1 ∀(i, i′) ∈ P (2)

∑

j∈M

yjk ≤ 1 ∀k ∈ Q (3)

∑

i′:(i′,i)∈P

xi′ik +
∑

i′:(i,i′)∈P

xii′k ≤
∑

j∈M

yjk ∀k ∈ Q, ∀i ∈ N (4)

xii′k ∈ {0, 1} ∀(i, i′) ∈ P, ∀k ∈ Q (5)

yjk ∈ {0, 1} ∀j ∈M, ∀k ∈ Q. (6)

The objective function (1) minimizes the total travel distance. Constraint (2) ensures
that every pair of teams plays exactly once. Constraint (3) enforces the use of at most
one common venue per round. Constraint (4) ensures that each team participates in
at most one match in a round and prevents matches from being assigned to inactive
rounds.

Although constraints (2)–(6) are linear, the objective function (1) is nonlinear
because it contains products of binary variables. To linearize the model, we introduce
a binary variable zii′j that takes value 1 if match (i, i′) is assigned to venue j, and 0
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otherwise. Using zii′j , we obtain the following linearized formulation:

min
∑

j∈M

∑

(i,i′)∈P

(cij + ci′j)zii′j (7)

s.t. (2)–(6) (8)

zii′j + 1 ≥ xii′k + yjk ∀(i, i′) ∈ P, ∀j ∈M, ∀k ∈ Q (9)

zii′j ∈ {0, 1} ∀(i, i′) ∈ P, ∀j ∈M. (10)

Constraint (9) sets zii′j to 1 whenever match (i, i′) is played in round k and round
k uses venue j. Because all travel costs are nonnegative, any other zii′j can be set
to 0 without increasing the objective value. We refer to the resulting mixed-integer
programming (MIP) model as the time-indexed formulation.

Because the objective does not depend on the chronological order of rounds,
any feasible schedule can be represented by several equivalent solutions obtained by
permuting the active round indices. Thus, the time-indexed formulation contains sub-
stantial symmetry, which may unnecessarily enlarge the branch-and-bound search
tree.

To reduce this symmetry, we impose a canonical ordering on the rounds. Assign
a unique index p ∈ {1, . . . , |P |} to each match (i, i′) ∈ P according to lexicographic
order, and let x′

pk denote the variable corresponding to xii′k for the p-th match. We
add the following symmetry-breaking constraints to the time-indexed formulation:

x′
1,1 = 1 (11)

x′
pk ≤

p−1
∑

p′=1

x′
p′,k−1 ∀k ∈ Q \ {1}, ∀p ∈ {k, . . . , |P |} (12)

x′
pk = 0 ∀k ∈ Q \ {1}, ∀p ∈ {1, . . . , k − 1} (13)
∑

j∈M

yjk ≥
∑

j∈M

yj,k+1 ∀k ∈ Q \ {q}. (14)

Constraint (11) fixes one representative by assigning the first match to the first round.
Constraints (12) and (13) impose an ordering on the nonempty rounds based on their
smallest-indexed matches. To clarify the index ranges, let rk be the smallest match
index in the k-th nonempty round when these rounds are ordered so that r1 < r2 < · · · .
Because match 1 belongs to the first round, r1 = 1, and strict monotonicity implies
rk ≥ k. Hence, no match with index p < k can belong to round k, which explains the
range in (13). Moreover, if match p belongs to round k ≥ 2, then the preceding round
contains match rk−1 < rk ≤ p, which explains (12) and its range p ≥ k. Conversely,
applying (12) to the smallest-indexed match in each nonempty round forces these
minima to increase strictly. Constraint (14) places the active rounds consecutively at
the beginning of the planning horizon.
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Thus, every feasible physical schedule has a representation satisfying (11)–(14),
obtained by sorting its nonempty rounds by their smallest match indices. The con-
straints eliminate permutations among the nonempty rounds, although degenerate
solutions containing additional empty active rounds may remain.

We also consider an alternative assignment-based formulation. In this formulation,
the matches are regarded as jobs, and the machines are venue-use pairs (j, k) ∈M×Q,
where k represents the k-th possible use of venue j. Let βii′jk be a binary variable
that takes value 1 if match (i, i′) is assigned to venue-use pair (j, k), and 0 otherwise.
Let y′jk be a binary variable that takes value 1 if the k-th use of venue j is active, and
0 otherwise. The assignment-based formulation is given by

min
∑

j∈M

∑

k∈Q

∑

(i,i′)∈P

(cij + ci′j)βii′jk (15)

s.t.
∑

j∈M

∑

k∈Q

βii′jk = 1 ∀(i, i′) ∈ P (16)

∑

j∈M

∑

k∈Q

y′jk ≤ q (17)

∑

i′:(i′,i)∈P

βi′ijk +
∑

i′:(i,i′)∈P

βii′jk ≤ y′jk ∀i ∈ N, ∀j ∈M, ∀k ∈ Q (18)

βii′jk ∈ {0, 1} ∀(i, i′) ∈ P, ∀j ∈M, ∀k ∈ Q (19)

y′jk ∈ {0, 1} ∀j ∈M, ∀k ∈ Q. (20)

The objective function (15) minimizes the total travel distance. Constraint (16) assigns
every match to exactly one venue-use pair. Constraint (17) limits the number of active
venue-use pairs, and hence the number of rounds, to at most q. Constraint (18) has
two roles: It activates a venue-use pair whenever a match is assigned to it, and it
prevents two matches involving the same team from being assigned to the same venue-
use pair. Thus, each active pair (j, k) corresponds to one round held at venue j. This
formulation is linear and directly captures the interpretation of the problem as an
assignment of match jobs to venue-use machines.

The assignment-based formulation also contains symmetry. For a fixed venue j, the
indices k ∈ Q represent indistinguishable uses of the same venue; therefore, permuting
the use indices of venue j yields an equivalent formulation. To reduce this symmetry,
we impose a canonical ordering on the uses of each venue. As above, assign a unique
index p ∈ {1, . . . , |P |} to each match (i, i′) ∈ P according to lexicographic order, and
let β′

pjk denote the variable corresponding to βii′jk for the p-th match. We add the
following constraints:

y′jk ≥ y′j,k+1 ∀j ∈M, ∀k ∈ Q \ {q} (21)

β′
1,j,k+1 = 0 ∀j ∈M, ∀k ∈ Q \ {q} (22)

β′
p,j,k+1 ≤

p−1
∑

p′=1

β′
p′,j,k ∀j ∈M, ∀k ∈ Q \ {q}, ∀p ∈ {2, . . . , |P |}. (23)
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Constraint (21) requires the active uses of each venue to appear consecutively. Con-
straints (22) and (23) order the nonempty uses of each venue by the smallest-indexed
match assigned to them: if a match is assigned to the (k + 1)-st use of venue j, then
the k-th use of the same venue must contain a smaller-indexed match. The soundness
of this symmetry-breaking approach is formalized in the following theorem.

Theorem 1 The symmetry-breaking constraints (21)–(23) in the assignment-based formu-

lation preserve at least one representation of every feasible physical schedule and eliminate

permutations among the nonempty venue-use indices for each venue.

Proof Let S be any valid physical schedule, defined purely by the partitioning of matches into
rounds and the venue assigned to each round (ignoring chronological order). For any venue
j, let there be kj nonempty rounds held at venue j. Represent these rounds by the first kj
venue-use indices, set the corresponding y′jk variables to 1, and set all remaining y′jk variables
to 0. This assignment satisfies Constraint (21). Constraints (22) and (23) mandate that the
smallest-indexed match assigned to use k must be smaller than the smallest-indexed match
assigned to use k + 1. Because the match subsets assigned to different uses are disjoint and
non-empty, their minimum elements are strictly distinct. Thus, there is exactly one way to sort
the kj active uses such that their minimum match indices strictly increase. Consequently, the
kj nonempty uses have a unique ordering by their minimum match indices. The constraints
therefore eliminate the

∏

j∈M kj ! equivalent labelings of the nonempty uses without removing
every representation of any feasible physical schedule. Degenerate solutions with additional
empty active uses may remain, but they do not represent different physical schedules. □

In practice, this assignment-based formulation can be computationally advanta-
geous relative to the time-indexed formulation. First, Theorem 1 shows that it removes
a large part of the symmetry associated with repeated uses of the same venue. Sec-
ond, the conflict constraint (18) gives the formulation a packing structure that may
strengthen the linear programming (LP) relaxation and improve lower bounds. Finally,
directly coupling the cost coefficients to the assignment variables in the objective
(15) provides useful guidance for the solver’s internal heuristics when searching for
incumbent solutions.

4 Computational Complexity and Polynomially

Solvable Cases

This section first establishes the computational complexity of the general CRRTSP-
FMR, and then identifies structural properties that lead to polynomial-time optimality
tests in special cases. We consider two extreme regimes for the round limit q, and
develop a sharper lower-bound test for the two-venue case.

4.1 Strong NP-completeness of the general problem

The decision version of CRRTSP-FMR asks whether there exists a feasible schedule
using at most q rounds whose total travel cost is at most a given threshold K.
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Theorem 2 The decision version of CRRTSP-FMR is NP-complete in the strong sense,

even if the travel costs cij are restricted to {0, 1, 3}.

Proof The problem belongs to NP because a schedule, together with its venue assignments,
can be checked in polynomial time. We prove NP-hardness by a reduction from deciding
whether a cubic graph is 3-edge-colorable, which is NP-complete [11].

Let G be a cubic graph with vertex set V , edge set E(G), and n vertices. Then n is even,
n ≥ 4, and |E(G)| = 3n/2. Let G denote the complement of G, so that E(G) is the set of
non-edges of G relative to the complete graph on V . Thus,

|E(G)| =
n(n− 1)

2
−

3n

2
=

n(n− 4)

2
.

We construct an instance of CRRTSP-FMR as follows.

• Teams: Set N = V .
• Venues: Introduce one base venue ṽ and, for each non-edge e ∈ E(G), one dedicated

venue ve. Thus, the number of venues is 1 + |E(G)| = O(n2).
• Costs: Define the travel costs as follows:

– Set ciṽ = 1 for every team i ∈ N , so every match costs 2 at the base venue.
– For each non-edge e = {u,w} ∈ E(G), set cuve

= cwve = 0 and cive = 3 for every
i /∈ {u,w}. Thus, match e costs 0 at ve, whereas any other match costs at least 3
there.

• Round limit: Set q = 3 + |E(G)|.
• Target cost: Set K = 2|E(G)| = 3n.

The round limit is valid. Because n is even, ρ(n) = n− 1, and

q − (n− 1) =
(n− 2)(n− 4)

2
≥ 0.

Moreover,

|P | − q =
3(n− 2)

2
≥ 0,

so ρ(n) ≤ q ≤ |P |. The construction contains O(n3) cost entries and is therefore polynomial.
We now prove that G is 3-edge-colorable if and only if the constructed instance admits a

schedule of cost at most K using at most q rounds.
(⇒) Suppose that G is 3-edge-colorable. Because G is cubic, each of its three color classes

is a perfect matching; denote them by M1,M2,M3. Schedule each Mk in one round at the
base venue ṽ. These matches contribute 2|E(G)| = 3n. For every non-edge e ∈ E(G), schedule
e in a separate round at its dedicated venue ve, at cost 0. The schedule uses 3 + |E(G)| = q
rounds and has total cost K.

(⇐) Conversely, suppose that the constructed instance has a schedule of cost at most
K. Every edge of G has minimum possible cost 2, attained at the base venue, because it
differs from every non-edge defining a dedicated venue and therefore costs at least 3 at each
such venue. Every non-edge e ∈ E(G) has minimum possible cost 0, attained uniquely at ve.
Hence the sum of the independent minimum match costs is

2|E(G)|+ 0|E(G)| = 3n = K.
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Therefore, a schedule of cost at most K must attain the minimum cost of every match. All
edges of G must be played at the base venue, whereas each non-edge e must be played at its
dedicated venue ve, and no other match can be played at ve.

Because a round uses only one venue, the non-edges require exactly |E(G)| distinct rounds.
Thus, at most q−|E(G)| = 3 rounds remain for the 3n/2 edges of G. Each round is a matching
and can contain at most n/2 edges, so at least three rounds are necessary. Consequently,
exactly three rounds are used, each containing a perfect matching of G. Assigning one color
to each of these rounds implies a proper 3-edge coloring of G.

The reduction uses only the constant travel costs 0, 1, and 3, whereas all other numerical
values are polynomially bounded in n. Thus, the decision version of CRRTSP-FMR is NP-
complete in the strong sense. □

4.2 Polynomially solvable cases and lower-bound attainability

We first consider the minimum feasible number of rounds. Recall that ρ(n) equals the
chromatic index of the complete graph Kn. When n is even, Kn has a 1-factorization
into n − 1 perfect matchings; when n is odd, it has a near-1-factorization into n
matchings, each of size (n− 1)/2.

Theorem 3 If q = ρ(n), that is, if q = n − 1 for even n and q = n for odd n, then

CRRTSP-FMR can be solved in polynomial time.

Proof Because a round can contain at most ⌊n/2⌋ matches and the tournament contains
n(n − 1)/2 matches, any feasible schedule with q = ρ(n) must use exactly ρ(n) nonempty
rounds, each of maximum possible size. Thus, if n is even, every round is a perfect matching
and every team plays in every round. If n is odd, every round contains (n − 1)/2 matches,
exactly one team has a bye in each round, and each team has a bye exactly once over the n
rounds.

If n is even, let qj denote the number of rounds assigned to venue j. Because every team
plays in every round, the total travel distance is

∑

j∈M

qj
∑

i∈N

cij ,

subject to
∑

j∈M qj = n − 1. Therefore, an optimal solution assigns all rounds of any 1-

factorization of Kn to a venue j∗ satisfying

j∗ ∈ arg min
j∈M

∑

i∈N

cij .

If n is odd, let Cj =
∑

i∈N cij denote the total travel cost of all teams to venue j. The
travel cost of a near-perfect round held at venue j in which team i has a bye is Cj − cij .
Because each team has exactly one bye, the venue for the round in which team i rests can
be selected independently by choosing

j∗i ∈ arg min
j∈M

{Cj − cij}.

Combining these venue choices with any near-1-factorization of Kn yields a globally
optimal schedule. The required venue choices and the corresponding 1-factorization or
near-1-factorization can be computed in polynomial time. □
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The factorization in Theorem 3 can be generated explicitly by the standard Circle
Method. For even n, fix one team and arrange the remaining n−1 teams cyclically. In
each round, pair the fixed team with one cyclic position and pair the remaining teams
symmetrically across the circle; then rotate the n− 1 non-fixed teams. Repeating this
procedure for n − 1 rotations produces a 1-factorization of Kn. For odd n, add one
dummy team, apply the same construction to Kn+1, and delete every match involving
the dummy team. The team paired with the dummy team receives a bye, yielding a
near-1-factorization of Kn into n rounds.

We next examine when every match can be played at one of its cheapest venues.
Assign each match to a cheapest venue using any fixed tie-breaking rule, and let
Gj = (N,Ej) be the graph of matches assigned to venue j, with ∆(Gj) denoting its
maximum degree. This assignment attains the independent-match lower bound

ZLB :=
∑

(i,i′)∈P

min
j∈M
{cij + ci′j}. (24)

Let χ′(Gj) denote the chromatic index of Gj , that is, the minimum number of colors
required for a proper edge coloring of Gj . Because each feasible round at venue j is a
matching, partitioning Ej into the minimum number of rounds is equivalent to finding
an optimal edge coloring of Gj . Consequently, exactly χ′(Gj) rounds are required.

Theorem 4 If

q ≥
∑

j∈M

χ′(Gj),

then the independent-match lower bound ZLB is attainable and is therefore the optimal

objective value of CRRTSP-FMR.

Proof For each venue j, take an optimal edge coloring of Gj with χ′(Gj) colors. Each color
class is a matching and therefore defines a feasible round at venue j. Combining these color
classes over all venues produces a schedule with at most

∑

j∈M χ′(Gj) ≤ q rounds. Because

every match is played at a cheapest venue, the resulting schedule has cost ZLB and is optimal.
□

For general graphs, determining χ′(Gj) is NP-hard. Nevertheless, a polynomial-
time computable upper bound yields the following sufficient condition.

Corollary 5 For each venue j, define

κj :=

{

0, if Ej = ∅,

min{ρ(n),∆(Gj) + 1}, otherwise.

If q ≥
∑

j∈M κj , then an optimal solution of CRRTSP-FMR can be constructed in polynomial

time.
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Proof Restricting a ρ(n)-edge-coloring of Kn to Ej yields an edge coloring of Gj with at most
ρ(n) colors. Alternatively, Vizing’s theorem [12] guarantees an edge coloring of Gj with at
most ∆(Gj) + 1 colors, and such a coloring can be constructed in polynomial time using the
Misra–Gries algorithm [13]. Choosing the construction that uses fewer colors partitions Ej

into at most κj matchings. Combining these matchings over all venues produces a schedule

with at most
∑

j∈M κj ≤ q rounds and objective value ZLB. Its optimality follows from
Theorem 4. □

Because κj ≤ ρ(n) for every venue, the simpler condition q ≥ mρ(n) is an
immediate consequence of Corollary 5.

We also record a simple observation that will be used both in the exact test below
and in the heuristic construction. It shows that, once the round limit is at least the
theoretical minimum ρ(n), requiring exactly q nonempty rounds causes no loss of
optimality as long as q does not exceed the number of matches.

Lemma 6 If ρ(n) ≤ q ≤ |P |, then there exists an optimal solution that uses exactly q
nonempty rounds.

Proof Because q ≥ ρ(n), at least one feasible schedule exists. Consider an optimal solution
that uses fewer than q nonempty rounds. Moreover, because q ≤ |P |, the number of nonempty
rounds in this solution is also less than |P |. Therefore, at least one round contains two or more
matches. Choose such a round R with selected venue j, and partition it into two nonempty
subsets R1 and R2. Assign both new rounds to the same venue j. Because each new round
contains only a subset of the matches originally assigned to R, the constraint that each team
plays at most once in a round remains satisfied. The total travel distance is unchanged,
because every match is still played at the same venue as before. Thus, we obtain another
optimal solution with one additional nonempty round. Repeating this splitting operation
yields an optimal solution with exactly q nonempty rounds. □

Theorem 3 and Corollary 5 provide polynomial-time solution methods for arbitrary
numbers of venues. Theorem 4 gives the underlying chromatic-index condition, but
testing it is difficult for general cheapest-venue graphs. The two-venue case considered
next has additional structure that makes the relevant chromatic indices polynomial-
time computable.

4.3 Exact optimality test for the two-venue case

In the special casem = 2, the structure of the cheapest-venue partition yields a sharper
polynomial-time lower-bound test. The underlying idea remains the same: if the two
sets of matches assigned to their individually cheapest venues can be partitioned into
at most q matchings in total, then the independent-match lower bound is attainable
and therefore optimal. The distinctive feature of the two-venue case is that these two
match sets can be represented by a pair of complementary threshold graphs, allowing
this condition to be tested in polynomial time.
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Reduction to a pair of threshold graphs

Suppose that m = 2, with candidate venues indexed by 1 and 2. For each team i ∈ N ,
define the venue-preference weight

wi := ci2 − ci1.

For a match (i, i′) ∈ P , the travel costs at venues 1 and 2 are ci1 + ci′1 and ci2 + ci′2,
respectively. Venue 1 is no more expensive than venue 2 for this match if and only if

(ci2 + ci′2)− (ci1 + ci′1) = wi + wi′ ≥ 0.

Definition 1 Define G1 = (N,E1) and G2 = (N,E2) by

E1 := {(i, i′) ∈ P : wi + wi′ ≥ 0},

E2 := P \ E1 = {(i, i′) ∈ P : wi + wi′ < 0}.

Thus, G2 is the complement of G1 relative to the complete graph Kn = (N,P ).

Lemma 7 Both G1 and G2 are threshold graphs.

Proof The edge set E1 is generated by the vertex weights (wi)i∈N and threshold T = 0
according to the rule “(i, i′) ∈ E1 if and only if wi +wi′ ≥ T .” This is a standard equivalent
definition of a threshold graph [14, 15]; hence, G1 is a threshold graph.

Threshold graphs are precisely the graphs with no induced P4, C4, or 2K2 [15]. Com-
plementation maps P4 to P4, C4 to 2K2, and 2K2 to C4. The family of forbidden induced
subgraphs is therefore closed under complementation. Because G2 = G1, it follows that G2

is also a threshold graph. □

Every threshold graph is both a split-interval graph and a split-comparability

graph [15, 16]. We use the latter property below.

The chromatic index of a threshold graph in polynomial time

Because a round at a fixed venue is a matching, the minimum number of rounds
required to schedule all edges of E1 at venue 1 is the chromatic index χ′(G1).
Indeed, a proper edge coloring of G1 is equivalent to a partition of E1 into match-
ings. The same argument applies to G2 and venue 2. By Vizing’s theorem [12],
χ′(H) ∈ {∆(H),∆(H) + 1} for every simple graph H. Deciding which value applies,
known as the classification problem, is NP-complete for general graphs [11] and
remains open for general split graphs [17]. For threshold graphs, however, the following
characterization yields a polynomial-time test.

For a vertex v of a graph H, let

ΓH [v] := {v} ∪ {u ∈ V (H) : {u, v} ∈ E(H)}

denote the closed neighborhood of v in H, and let H[ΓH [v]] denote the subgraph of
H induced by this vertex set.
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Theorem 8 ([18]) Let H be a threshold graph with maximum degree ∆. Then χ′(H) = ∆+1
if and only if H is neighborhood-overfull: there exists a vertex v whose degree in H, denoted

by dH(v), satisfies dH(v) = ∆ and

|E
(

H[ΓH [v]]
)

| > ∆

⌊

∆+ 1

2

⌋

.

The theorem follows directly from the corresponding characterization for split-
comparability graphs, because every threshold graph belongs to this class [18].

To apply this characterization algorithmically, order the vertices of a threshold
graph H by nonincreasing normalized threshold weights, ω1 ≥ ω2 ≥ · · · ≥ ωn, where
two vertices are adjacent if and only if the sum of their weights is nonnegative. The
vertices with nonnegative weights form a clique C, whereas those with negative weights
form an independent set S. Moreover, the neighborhood in C of every vertex in S
is a prefix of C, and these neighborhoods are nested. This ordering permits compact
preprocessing of the required degree and induced-edge counts.

For H = G1 (and analogously for G2), the weight representation makes both ∆(H)
and the neighborhood-overfull test computable in O(n logn) time:

• Sort the weights (wi)i∈N . For each vertex i, determine

dG1(i) = |{i
′ ∈ N \ {i} : wi + wi′ ≥ 0}|

by binary search. The complete degree sequence and ∆1 := ∆(G1) are therefore
obtained in O(n log n) time. Because G2 = G1, we have dG2(i) = n − 1 − dG1(i),
from which ∆2 := ∆(G2) follows immediately.

• Precompute the number of edges induced by every prefix of the threshold ordering.
For any vertex v, its closed neighborhood ΓG1 [v] consists of such a prefix, possibly
together with v itself. Consequently, |E(G1[ΓG1 [v]])| can be obtained in constant
time from the prefix data. Checking all vertices of maximum degree then deter-
mines whether G1 is neighborhood-overfull. The same calculation applies to G2 after
reversing the threshold ordering and using the strict inequality that defines its edge
set.

These observations yield the following result.

Theorem 9 If m = 2, then the chromatic indices χ′(G1) and χ′(G2) of the cheapest-venue

graphs in Definition 1 can be determined in O(n log n) time.

Proof By Lemma 7, both G1 and G2 are threshold graphs. Their degree sequences and
maximum degrees can be computed in O(n log n) time from the sorted weight representa-
tion. The required neighborhood edge counts are then obtained from the prefix data, so the
neighborhood-overfull condition in Theorem 8 can be checked for all maximum-degree ver-
tices in linear time after sorting. The theorem therefore determines each chromatic index in
O(n log n) time. □
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Algorithm 1 Chromatic index of a threshold graph

Require: A threshold graph H with vertex set V (H) and edge set E(H), represented
by normalized threshold weights or by a threshold ordering.

1: Sort the vertices by nonincreasing threshold weight and precompute the required
prefix data.

2: Compute dH(i) for every i ∈ V (H) and set ∆← maxi∈V (H) dH(i).
3: Check the neighborhood-overfull condition in Theorem 8 for every vertex of degree

∆.
4: if H is neighborhood-overfull then
5: χ′(H)← ∆+ 1.
6: else

7: χ′(H)← ∆.
8: end if

9: return χ′(H).

Exact optimality for m = 2

Corollary 10 Suppose m = 2. If χ′(G1) +χ′(G2) ≤ q, then the lower bound ZLB in (24) is
attainable and therefore optimal. Moreover, if wi+wi′ ̸= 0 for every (i, i′) ∈ P , this condition

is also necessary for attaining ZLB.

Proof Sufficiency follows directly from Theorem 4. In the absence of ties, attaining ZLB

requires every match in E1 to be played at venue 1 and every match in E2 at venue 2. These
matches require at least χ′(G1) and χ′(G2) rounds, respectively. Because each round uses only
one venue, any such schedule requires at least χ′(G1)+χ′(G2) rounds, proving necessity. □

5 Iterated Local Search

In this section, we propose an iterated local search (ILS) heuristic for the CRRTSP-
FMR. The method maintains feasibility throughout the search and exploits the key
structural decisions of the problem: how a set of matches should be partitioned into
rounds and how a common venue should be assigned to each round.

5.1 Preprocessing and lower-bound test

The polynomial-time results in Section 4 can be used as preprocessing before the
heuristic search. If q = ρ(n), Theorem 3 directly constructs an optimal schedule.
Otherwise, assign each match to a cheapest venue and compute the values κj in
Corollary 5. If q ≥

∑

j∈M κj , the corollary constructs an optimal schedule attaining

ZLB. If this condition fails andm = 2, we compute χ′(G1) and χ′(G2) using Theorem 9
and apply the exact lower-bound test in Corollary 10, as summarized in Algorithm 2.
When the test establishes that ZLB is attainable, this value is used as a proven optimal
target, and the subsequent ILS can terminate as soon as it finds a schedule with this
cost. In all other cases, including instances with m ≥ 3, the algorithm proceeds to the
ILS without a proven optimal target.
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By Theorem 9, Algorithm 2 runs in polynomial time. If χ′(G1) + χ′(G2) ≤ q, the
test certifies that ZLB is attainable and hence optimal. If the inequality fails and there
are no ties in the cheapest-venue assignments, Corollary 10 certifies that this lower
bound is unattainable. When ties are present, failure of the inequality is inconclusive
because alternative assignments of tied matches may yield a different partition.

Algorithm 2 Polynomial-time lower-bound test for CRRTSP-FMR with m = 2

Require: Travel costs ci1, ci2 for all i ∈ N , and round bound q.
1: Compute wi ← ci2 − ci1 for all i ∈ N ; form G1, G2 as in Definition 1.
2: Run Algorithm 1 on G1 and G2 to obtain χ′(G1) and χ′(G2).
3: if χ′(G1) + χ′(G2) ≤ q then

4: return attainable, with proven optimal target ZLB.
5: else if wi + wi′ ̸= 0 for every (i, i′) ∈ P then

6: return unattainable.
7: else

8: return inconclusive.
9: end if

5.2 Initial solution generation

The quality of the initial solution strongly affects the subsequent local search. A
straightforward approach is to construct a random single round-robin schedule and
repeatedly split its rounds. However, this approach ignores venue-dependent travel
costs during schedule construction and may therefore produce an unnecessarily expen-
sive initial solution. To address this issue, we generate two candidate schedules using
different graph-theoretic methods, apply a preliminary local search to both, and retain
the better one.

Method 1: 1-factorization and greedy split

This method is motivated by Theorem 3. We first use the Circle Method to construct
a valid schedule with exactly ρ(n) rounds: a 1-factorization of Kn when n is even and
a near-1-factorization when n is odd. For each round, we perturb each venue-specific
round cost by an independent factor drawn uniformly from [1.0, 1.05] and select the
venue with the minimum perturbed cost.

If q > ρ(n), we iteratively split existing rounds. In each iteration, we consider every
round R containing at least two matches and every venue pair (v1, v2) ∈ M ×M ,
allowing v1 = v2. For a fixed pair, each match in R is assigned to the less expensive of
the two venues. Among all candidates, we apply the split with the largest perturbed
reduction, replacing R with two nonempty feasible rounds. This process continues
until the schedule contains exactly q rounds.
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Method 2: Constructive edge coloring and packing

This method combines spatial assignment and temporal feasibility. It proceeds in
three stages: greedy venue assignment, constructive edge coloring, and Kempe-chain
packing.
Step 1: Greedy venue assignment. We first assign each match to a venue without
considering round feasibility. Each match e = (i, i′) ∈ P is assigned to the venue j
with the smallest perturbed cost, obtained by multiplying cij +ci′j by an independent
factor drawn uniformly from [1.0, 1.05]. This partitions the edge set of Kn into m
disjoint venue-specific subgraphs Gj .
Step 2: Constructive edge coloring. For each venue j, the assigned matches must be
partitioned into feasible rounds. We apply the constructive Misra–Gries algorithm [13],
which implements Vizing’s ∆(Gj)+1 upper bound [12]. Each color class is a matching
and therefore defines a feasible round at venue j. Let R denote the resulting set of
rounds.
Step 3: Kempe-chain packing. To reduce |R| to q, we first search exhaustively for
pairs of mutually compatible rounds and apply feasible merges in nondecreasing order
of travel-cost increase. If |R| > q still holds, we retain the q largest rounds and
eject all matches from the remaining rounds. Each ejected match is inserted into a
compatible surviving round whenever possible. If direct insertion fails, an alternating-
path exchange based on Kempe chains is used to resolve conflicts while preserving
feasibility. If this packing procedure fails to produce a feasible q-round schedule, the
Method 2 candidate is discarded and Method 1 provides the initial solution.

Selection of the initial solution

We improve each successfully generated candidate by repeatedly applying the merge-
and-split neighborhood described in the next subsection until a local optimum is
reached. The candidate with the lower travel distance is then selected as the initial
solution for the main ILS. This two-method strategy provides diverse starting solutions
without the computational cost of a large multistart scheme.

5.3 Local search

After obtaining the initial solution, we apply a best-improvement local search based on
four neighborhood operations: merge-and-split, simple ejection chain, variable-depth
ejection chain, and eject-and-inject.

Merge-and-split operation

The merge-and-split neighborhood selects two rounds, merges their match sets, and
repartitions the merged set into two nonempty feasible rounds. We construct a conflict
graphGR whose vertices are the merged matches and whose edges join pairs of matches
sharing a team. Because each of the two original rounds is a matching, GR is bipartite,
and a feasible two-way repartition corresponds to a proper two-coloring of GR.

Algorithms 3 and 4 evaluate this neighborhood. Algorithm 3 decomposes GR into
connected components and computes a two-coloring. Within each component, the
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two color classes may be assigned to the new rounds in either orientation. For a
match set R and venue j, let d(R, j) denote the total travel distance incurred by
playing all matches in R at j. Algorithm 4 selects these orientations jointly with the
two venue assignments to minimize travel distance. This component-based evaluation
avoids explicit enumeration of all feasible repartitions.

The time complexities of Algorithms 3 and 4 are O(|V (GR)| + |E(GR)|) and
O(m|V (GR)|+m2|C|), respectively, where C is the set of connected components. Hence,
one merge-and-split move can be evaluated in O(|E(GR)|+m|V (GR)|+m2|C|) time.

The merge-and-split operation can also be viewed through the notion of Kempe

chains in graph coloring [19]. In the current schedule, the two selected rounds corre-
spond to two colors assigned to the vertices of the conflict graph. A feasible repartition
of the merged match set is obtained by interchanging these two colors on one or more
connected components of the subgraph induced by the two colors. Each such compo-
nent is a two-color Kempe chain, or an alternating-path component, and swapping
the two colors on it is a Kempe change. Thus, optimizing a merge-and-split move is
equivalent to selecting the best set of Kempe changes between the two round colors,
together with the best pair of venue assignments, to minimize the travel distance.

Algorithm 3 Constrained splitting algorithm (part 1: graph coloring)

Require: Merged round R.
1: Build the conflict graph GR, where V (GR) = R and {u, v} ∈ E(GR) if matches u

and v share a team.
2: Initialize the set of connected components as C ← ∅.
3: Mark every vertex v ∈ V (GR) as uncolored by setting γv ← −1.
4: while there exists an uncolored vertex v̄ do

5: Initialize a new component C ← ∅ and an empty stack.
6: Push the uncolored vertex v̄ onto the stack and set γv̄ ← 0.
7: while the stack is not empty do

8: Pop a vertex v and add it to C.
9: for all uncolored neighbors v′ of v do

10: Push v′ onto the stack and set γv′ ← 1− γv.
11: end for

12: end while

13: Add C to C.
14: end while

15: return Connected components C and coloring γ.

Simple ejection chain operation

The simple ejection chain operation provides a structured way to resolve conflicts
through sequential displacement. It attempts to move a single match m1 from its
current round Ri to a destination round Rj . If this insertion creates exactly one
conflict with an existing match m2 ∈ Rj (i.e., m1 and m2 share exactly one team),
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Algorithm 4 Constrained splitting algorithm (part 2: best splitting)

Require: Connected components C and coloring γ.
1: Initialize the best cost as σ∗ ← +∞.
2: for all C ∈ C do

3: Define R
(0)
C ← {v ∈ C | γv = 0} and R

(1)
C ← {v ∈ C | γv = 1}.

4: Precompute d(R
(0)
C , j) and d(R

(1)
C , j) for each j ∈M .

5: end for

6: for j = 1 to m do

7: for j′ = j to m do

8: Initialize σ ← 0, R(1) ← ∅, and R(2) ← ∅.
9: for all C ∈ C do

10: if d(R
(0)
C , j) + d(R

(1)
C , j′) < d(R

(1)
C , j) + d(R

(0)
C , j′) then

11: R(1) ← R(1) ∪R
(0)
C and R(2) ← R(2) ∪R

(1)
C .

12: σ ← σ + d(R
(0)
C , j) + d(R

(1)
C , j′).

13: else

14: R(1) ← R(1) ∪R
(1)
C and R(2) ← R(2) ∪R

(0)
C .

15: σ ← σ + d(R
(1)
C , j) + d(R

(0)
C , j′).

16: end if

17: end for

18: if R(1) = ∅ or R(2) = ∅ then
19: continue

20: end if

21: if σ < σ∗ then

22: σ∗ ← σ, R∗
1 ← R(1), and R∗

2 ← R(2).
23: end if

24: end for

25: end for

26: return New rounds R∗
1 and R∗

2.

the operation ejects m2 from Rj . It then attempts to feasibly insert the ejected match
m2 into a third distinct round Rk without causing any further conflicts.

From a graph-theoretic perspective, this operation corresponds to an alternating
path of length 2 traversing the independent sets of the conflict graph. A vertex m1

is shifted from independent set Ii to Ij , displacing exactly one conflicting neighbor
m2 ∈ Ij , which is subsequently relocated to Ik, thereby preserving the proper coloring.

To evaluate this neighborhood, we consider O(n2) matches and O(q2) ordered
pairs of destination rounds. A direct scan for the unique conflicting match takes
O(n) time, yielding a worst-case complexity of O(q2n3), or O(n5) when q = O(n).
In the implementation, bitsets represent the teams appearing in each round, enabling
constant-time conflict detection for the tested instances. Consistent with the best-
improvement strategy, the best improving chain found in the neighborhood is
applied.
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Variable-depth ejection chain operation

The variable-depth ejection chain (VEC) operation generalizes the simple ejection
chain by allowing longer sequences of displacements. It uses a depth-limited search
with a beam-width restriction to explore promising ejection paths while controlling
computational effort.

For a seed match m0 removed from round R0, the search evaluates inserting m0

into any round R. To ensure computational tractability, we only consider insertions
that produce at most one conflict. If an insertion creates exactly one conflict m′, m′

is ejected, and the search recurses on m′. The search tracks the cumulative change in
travel distance and uses a lower-bound estimate of the reassignment cost for the unas-
signed matches to prune unpromising branches. At each step, the search is restricted
to the top B most promising branches (beam width) based on the estimated cost, and
the chain terminates either when a feasible insertion with no conflicts is found that
reduces the global objective or when the maximum depth D is reached.

Graph-theoretically, VEC explores longer alternating paths in the conflict graph,
allowing deeper reorganizations across multiple independent sets. The search retains
at most B branches at each of at most D levels, so its search tree contains O(BD)
nodes. Because there are O(n2) seed matches and each node evaluates O(q) rounds,
the overall time complexity is O(n2qBD). Based on preliminary experiments, we set
the maximum depth to D = 4 and the beam width to B = 2, providing a practical
balance between diversification and computational effort.

Eject-and-inject operation

The eject-and-inject neighborhood explores structural changes by completely removing
an existing round and then creating a new one to restore the required number of
rounds q. For a chosen round Ri, the eject phase attempts to reassign all its matches
to the remaining q − 1 rounds. For each match in Ri, we greedily select the feasible
target round that minimizes the increase in travel distance. If all matches of Ri can
be feasibly reassigned, Ri is eliminated.

To maintain exactly q rounds, the inject phase then forms a new round. It selects
a seed match from one of the existing q − 1 rounds and initializes a new round Rnew

containing only this seed match. It then evaluates the benefit of moving other matches
from their current rounds into Rnew under the best possible venue assignment for
Rnew. Matches are greedily pulled into Rnew as long as the total travel distance strictly
decreases.

By evaluating all possible choices of the ejected round Ri and the seed match for
the injected round, we identify the eject-and-inject combination that yields the largest
reduction in total travel distance.

Algorithm 5 describes the complete local search procedure. It explores the merge-
and-split, simple ejection chain, variable-depth ejection chain, and eject-and-inject
neighborhoods in a sequential best-improvement manner. The search first exhausts
the merge-and-split neighborhood; if no improving move exists, it explores the sim-
ple ejection chain, followed by the variable-depth ejection chain, and finally the
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eject-and-inject neighborhood. Any improvement triggers a return to the merge-and-
split neighborhood. The process continues until all neighborhoods yield no further
improvement. For severely constrained or extremely large problem instances under
strict time limits, the more computationally intensive neighborhoods, specifically the
variable-depth ejection chain and the eject-and-inject operation, can be disabled. In
our computational experiments, the default ILS configuration relies primarily on the
merge-and-split and simple ejection chain neighborhoods to balance solution quality
and computational efficiency.

Algorithm 5 Local search algorithm

Require: Current schedule S.
1: repeat

2: Initialize the best improvement as σ ← 0.
3: Evaluate all pairs of rounds (R1, R2) in S using Algorithms 3 and 4 to find the

best split. Let dold − dnew be its improvement.
4: if dold − dnew > 0 then

5: Apply the best merge-and-split move to S and update σ ← dold − dnew.
6: else

7: Evaluate the simple ejection chain operation. Let dold− dnew be the improve-
ment.

8: if dold − dnew > 0 then

9: Apply the best simple ejection chain move to S and update σ ← dold−dnew.
10: else

11: Evaluate the variable-depth ejection chain operation. Let dold−dnew be the
improvement.

12: if dold − dnew > 0 then

13: Apply the best variable-depth ejection chain move to S and update σ ←
dold − dnew.

14: else

15: Evaluate the eject-and-inject operation for all candidate rounds and seed
matches. Let dold− dnew be the improvement of the best eject-and-inject
move.

16: if dold − dnew > 0 then

17: Apply the best eject-and-inject move to S and update σ ← dold−dnew.
18: end if

19: end if

20: end if

21: end if

22: until σ = 0
23: return S.
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5.4 Hybrid kick move

To escape local optima and avoid search stagnation, we introduce a hybrid adaptive
kick move. Its primary perturbation is a ruin-and-recreate (R&R) procedure: randomly
select ⌊α⌋ rounds, pool their matches, and reconstruct the same number of nonempty
rounds by randomized sequential insertion. Because R&R may reach a feasibility dead
end when q is close to its theoretical minimum, we make up to Amax attempts, choosing
a new set of rounds in each attempt. We use Amax = 5 in the experiments. If all
attempts fail, the method applies a generalized Kempe chain shift.

The perturbation size parameter α is dynamically controlled: It is maintained at a
base value of 4. Whenever a local optimum does not improve the incumbent solution,
α is incremented by 1 before the kick move is applied (meaning the first kick uses a
size of 5). It resets to 4 when a new best schedule is found or when the incremented
α exceeds q/2.

Given ⌊α⌋ rounds, we construct a conflict graph of their matches and identify its
connected components. The validity of this approach is established by the following
theorem, which shows that applying independent permutations to these connected
components preserves feasibility.

Theorem 11 Let K be a set of active rounds in a feasible schedule S, and let RK =
⋃

k∈K Rk

be the set of matches assigned to these rounds. Let GK be the conflict graph with vertex set

RK , where two vertices are adjacent if the corresponding matches share a team, and let C
be the set of its connected components. For any collection of permutations {πC}C∈C , where

πC : K → K, assigning every match m ∈ C originally in round k ∈ K to round πC(k)
preserves feasibility.

Proof To prove feasibility, we must show that in the resulting schedule, no team plays more
than once in any round k′ ∈ K. Suppose, for the sake of contradiction, that there exists a
team t that plays in two distinct matches m1 and m2 in the same round k′ after the shift.
Because m1 and m2 share team t, they are adjacent in GK . By the definition of connected
components, m1 and m2 must belong to the same component C ∈ C. Consequently, both
matches undergo the same permutation πC . Let k1 and k2 be the original rounds of m1 and
m2 in S. Because both are assigned to round k′ in the new schedule, we have πC(k1) = k′ and
πC(k2) = k′. Because πC is a bijection, this implies k1 = k2. However, in the original feasible
schedule S, no team can play twice in the same round, making it impossible for m1 and m2

to have been in the same original round k1. This contradiction proves that the reassignment
is feasible. □

To implement the generalized Kempe chain shift, we extract the connected com-
ponents of the conflict graph induced by the matches in the selected rounds. We then
sample component-wise permutations and reassign each match according to the per-
mutation of its component. We accept only a reassignment that leaves every selected
round nonempty and moves at least one match. Theorem 11 guarantees feasibility of
every accepted reassignment. In the degenerate case where the conflict graph has only
one component, this operation may amount only to relabeling the selected rounds;
otherwise, different component-wise permutations can change the round partition.
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Algorithm 6 summarizes the hybrid kick move. The fallback uses the round set
selected in the final unsuccessful R&R attempt.

Algorithm 6 Hybrid adaptive kick move

Require: Current schedule S, kick parameter α, maximum R&R retries Amax.
1: success← false.
2: for attempt = 1 to Amax do

3: Randomly choose ⌊α⌋ rounds from S and denote their index set by K.
4: Let Rmerged ←

⋃

k∈K Rk.
5: Prepare empty round sets T1, T2, . . . , T⌊α⌋.
6: Randomly shuffle the matches in Rmerged.
7: Greedily assign each match in Rmerged to the first feasible set Tr.
8: if all matches are assigned and every Tr is nonempty then

9: Replace the rounds indexed by K with T1, . . . , T⌊α⌋ and update their venues.
10: success← true.
11: break

12: end if

13: end for

14: if not success then

15: Build GK and find its connected components C.
16: Sample permutations {πC}C∈C until every selected round remains nonempty

and at least one match moves.
17: for all C ∈ C do

18: for all match m ∈ C currently in round k ∈ K do

19: Reassign m to round πC(k).
20: end for

21: end for

22: Update venue assignments for the modified rounds in S.
23: end if

24: return S.

5.5 Overall framework

The overall algorithm is an iterated local search that combines initial solution
generation, local search, and kick moves.

Algorithm 7 summarizes the complete procedure. The search alternates between
intensification via best-improvement local search and diversification via adaptive kicks
until the time limit is reached or an available proven target value is attained. The best
incumbent schedule is returned.

5.6 Computational enhancement

Venue selection is evaluated repeatedly during splitting, local search, and kick moves.
To avoid redundant computation, we precompute the cost of playing each match (i, i′)
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Algorithm 7 Iterated local search (ILS)

Require: Time limit Tlimit and an optional proven target value Ztarget.
1: S∗ ← initial solution described in Section 5.2.
2: σ∗ ← total travel distance of S∗.
3: α← 4.
4: S ← S∗.
5: while elapsed time < Tlimit and either no target is available or σ∗ > Ztarget do

6: Apply Algorithm 5 to S and obtain a locally optimal solution S′.
7: Let σ′ be the total travel distance of S′.
8: if σ′ < σ∗ then

9: S ← S′, S∗ ← S′, σ∗ ← σ′, and α← 4.
10: else

11: α← α+ 1.
12: if α > q/2 then

13: α← 4.
14: end if

15: S ← S∗.
16: Apply Algorithm 6 to S with parameter α, and let the resulting solution be S.
17: end if

18: end while

19: return S∗.

at each venue j, denoted by c(i,i′),j = cij+ci′j . When modifying a round R (e.g., adding
or removing a match during local search), we dynamically maintain the aggregated
costs

∑

(i,i′)∈R c(i,i′),j for each venue j ∈M . Therefore, the optimal venue assignment

and the total travel distance of a round can be updated in O(m) time per match
insertion or removal, which accelerates the exploration of the eject-and-inject and
other local search neighborhoods.

Furthermore, constructive edge coloring and Kempe-chain modifications repeatedly
traverse alternating paths in the graph. To make these traversals efficient, we track
visited vertices using a generational flat array rather than tree-based or hash-based
sets. This enables O(1) membership checks and updates and reduces overhead in
repeated coloring and perturbation operations.

6 Computational Experiments

This section evaluates the performance of the mathematical formulation introduced in
Section 3 and the heuristic methods proposed in Section 5. We first describe the com-
putational environment and benchmark instances, and then present the computational
results.
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6.1 Computational environment and benchmark instances

All computational experiments were conducted on a PC with an Intel Xeon E-2286G
CPU (4.00 GHz) and 64 GB of memory. The mixed-integer programming (MIP) mod-
els were solved using Gurobi Optimizer 10.0.0, and the proposed iterated local search
(ILS) heuristic was implemented in C++. Both the MIP solver and the heuristic were
run in single-threaded mode to ensure a fair comparison. The time limit for each
run was set to 3600 seconds for all methods tested. Let UB denote the objective
value of the best feasible solution found and LB the best valid lower bound obtained
by the solver. Following Laporte and Toth [20], we calculate the optimality gap as
(UB − LB)/LB × 100% whenever LB > 0. This lower-bound-normalized measure
provides a conservative assessment of the quality of the incumbent solution for a min-
imization problem. When LB = 0 or the calculated gap is at least 100%, we report
the gap as “≥ 100.0”.

To evaluate the proposed methods comprehensively, we generated a diverse set
of benchmark instances. Because no standard benchmark dataset is available for the
CRRTSP-FMR, the instances were generated randomly to cover different problem sizes
and geographic distributions. The benchmark set consists of 64 instances characterized
by three main parameters: the number of teams n, the number of venues m, and the
number of available rounds q. The number of teams was set to n ∈ {8, 16, 32, 64}, and
the number of venues was selected from m ∈ {2, 4, 8, 16}. The number of rounds q
controls the flexibility of the schedule. To examine the effect of schedule tightness, we
generated instances with q ∈

{

5
4n,

3
2n,

7
4n, 2n

}

.
To evaluate the effects of the numbers of venues and rounds fairly, instances sharing

the same n use the same randomly generated team coordinates, and instances sharing
the samem use the same randomly generated venue coordinates. All problem instances
and source code for the proposed ILS heuristic and MIP formulations are publicly
available.1 Each heuristic configuration was executed once per instance with a fixed
random seed.

To generate the distance data, we randomly sampled geographic locations for teams
and venues to simulate a realistic regional tournament scenario. Both teams and venues
are placed on a two-dimensional Euclidean plane of size 1000×1000. Specifically, the x-
and y-coordinates of each team i ∈ N and each venue j ∈M are drawn independently
from a continuous uniform distribution on [0, 1000]. The travel distance cij between
team i and venue j is then defined as the straight-line Euclidean distance.

6.2 Results on MIP models

Table 1 summarizes the computational results for the MIP models. We compare
the time-indexed formulation (7)–(10) without and with the symmetry-breaking con-
straints (11)–(14), denoted by TI and TI-SB, respectively. Similarly, the assignment-
based formulation (15)–(20) without and with the symmetry-breaking constraints
(21)–(23) is denoted by AB and AB-SB, respectively. Detailed instance-by-instance
results are provided in Appendix A. For each value of n, the table reports the num-
ber of instances, out of 16, for which no feasible solution was found or the solver ran

1https://doi.org/10.17632/wnbd6cm5tm.1
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out of memory (#f). For the successfully processed instances, it reports the average
optimality gap (%gap) and the average time to the best solution (TTB).

Table 1: Summary of MIP results

TI TI-SB AB AB-SB

n #f %gap TTB #f %gap TTB #f %gap TTB #f %gap TTB

8 0 0.7 350.1 0 0.8 253.7 0 0.0 0.2 0 0.0 0.3

16 0 5.6 2056.2 0 5.6 1793.9 0 0.0 3.3 0 0.0 13.5

32 0 ≥ 100.0 2824.6 0 18.0 2552.6 0 0.0 1060.8 0 ≥ 100.0 1316.8

64 0 ≥ 100.0 1264.4 0 ≥ 100.0 949.2 9 7.6 829.3 13 ≥ 100.0 1646.2

As shown in Table 1, the performance of the time-indexed formulations deteriorates
rapidly as n increases. The average optimality gap of TI increases from 0.7% for n = 8
and 5.6% for n = 16 to at least 100% for n ≥ 32. The symmetry-breaking constraints
have little effect for n ≤ 16, but they substantially improve the average gap for n = 32,
reducing it to 18.0%. Nevertheless, TI-SB also leaves an average gap of at least 100%
for n = 64. Thus, symmetry breaking is beneficial for some difficult instances, but it
does not prevent the time-indexed formulation from becoming ineffective at the largest
scale.

In contrast, AB performs well on small and medium-sized instances. It solves all
instances with n ≤ 16 and 13 of the 16 instances with n = 32 to proven optimality;
the remaining three n = 32 instances have gaps of at most 0.2%. This result indicates
that the assignment-based formulation provides substantially stronger bounds than the
time-indexed formulation. The effect of symmetry breaking is formulation dependent:
although AB-SB also solves all instances with n ≤ 16, its average gap is at least 100%
for n = 32. Hence, the additional symmetry-breaking constraints degrade rather than
improve the assignment-based formulation on the more difficult instances.

The main limitation of the assignment-based formulation is its scalability. For
n = 64, AB runs out of memory on nine instances, although it obtains an average gap
of 7.6% on the remaining instances. The AB-SB model is even less robust: it fails to
find a feasible solution for 13 instances, and its average gap on the remaining instances
is at least 100%. These results show a clear transition between n = 32, for which
the assignment-based formulation remains highly effective, and n = 64, for which
memory consumption and feasible-solution generation become major bottlenecks. This
scalability limitation motivates the proposed heuristic method.

Two additional patterns emerge from the detailed results in Appendix A. First,
increasing the number of available venues improves the attainable travel cost but also
makes exact optimization more difficult. For example, when n = 16 and q = 20, the
optimal objective value decreases from 139168.9 for m = 2 to 78567.5 for m = 16,
corresponding to a reduction of 43.5%. Over the same range, the optimality gap of TI
increases from 0.0% to 25.3%. Thus, the geographic flexibility provided by additional
venues can substantially reduce travel, but the larger venue-assignment decision space
increases the computational burden.
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Second, the benefit of additional rounds exhibits diminishing returns and depends
on the number of venues. When n = 16 and m = 2, increasing q from 20 to 24 reduces
the optimal objective value by only 0.3%, and no further improvement is obtained
for q = 28 or q = 32. When n = 16 and m = 8, the successive objective reductions
obtained by increasing q from 20 to 24, from 24 to 28, and from 28 to 32 are 9.8%,
3.6%, and 1.7%, respectively. Moreover, the optimality gap of TI decreases from 17.2%
at q = 20 to 0.9% at q = 32. Hence, relaxing the round limit can improve both solution
quality and computational tractability, although its marginal value decreases as more
rounds become available.

6.3 Results of the proposed method

We evaluated the proposed ILS on all 64 instances. Solution quality was assessed using
the optimality gap relative to the best lower bound obtained from the MIP models.
Because the merge-and-split (M&S) neighborhood is computationally efficient, it was
included in every tested configuration. We evaluated all eight combinations of the other
three neighborhood structures: simple ejection chain (SEC), variable-depth ejection
chain (VEC), and eject-and-inject (E&I).

Table 2: Average optimality gaps for different local
search combinations

neighborhood number of teams n

SEC VEC E&I 8 16 32 64 64AB
off off off 0.00 0.00 0.22 10.70 0.27
off off on 0.00 0.00 0.29 10.83 0.24
off on off 0.00 0.00 0.17 10.55 0.16
off on on 0.00 0.00 0.21 10.67 0.15
on off off 0.00 0.00 0.17 10.57 0.18
on off on 0.00 0.00 0.24 10.66 0.16
on on off 0.00 0.00 0.15 10.50 0.13
on on on 0.00 0.00 0.19 10.59 0.14

Table 2 reports the average optimality gap for each of the eight combinations of
SEC, VEC, and E&I. The labels “on” and “off” indicate whether the correspond-
ing neighborhood is enabled. Each entry in the columns labeled 8, 16, 32, and 64 is
averaged over the 16 instances with the corresponding number of teams, covering all
combinations of m and q. The column 64AB restricts the average to the seven instances
with n = 64 for which AB obtains a feasible solution. Detailed instance-by-instance
gaps and times to the best solution are provided in Appendix B.

All eight configurations attain a gap of 0.00% for n = 8 and n = 16, indicat-
ing that the common M&S neighborhood is already sufficient for the small instances.
Differences among the additional neighborhoods become apparent for n ≥ 32. The
configuration with SEC and VEC enabled and E&I disabled achieves the smallest
average gap for both n = 32 and n = 64, with gaps of 0.15% and 10.50%, respectively.
SEC and VEC are therefore complementary, although either neighborhood alone also

26



improves upon the configuration using only M&S. On the seven instances represented
by 64AB, the same configuration attains an average gap of only 0.13%, compared with
7.6% for AB. Moreover, every ILS configuration has an average gap of at most 0.27%
on this subset, which is comparable to the gaps obtained for n = 32. This con-
trast suggests that the large average gaps over the complete set of n = 64 instances
are attributable, at least in substantial part, to weak lower bounds on the instances
for which the exact formulations are ineffective, rather than solely to poor heuris-
tic solutions. Consequently, the reported gaps for these difficult instances should be
interpreted as conservative quality guarantees that may overestimate the actual dis-
tance from optimality. The results on 64AB also show that the proposed heuristic finds
substantially better feasible solutions than AB even on the instances that the MIP
formulation can process successfully.

In contrast, enabling E&I increases the average gap for every corresponding SEC–
VEC setting at both n = 32 and n = 64. Thus, E&I does not provide an improvement
in solution quality under the present parameter setting, and the configuration with
SEC and VEC but without E&I is selected as the best-performing variant. Com-
pared with the MIP approaches, the proposed ILS also provides greater robustness
on the largest instances: the time-indexed formulations leave large gaps, whereas the
assignment-based formulations frequently encounter memory limitations or fail to
obtain a feasible solution. The ILS, by contrast, produces a feasible schedule for every
tested instance while maintaining a moderate average gap.

Fig. 1: Locations of teams and venues for the instance n = 8, m = 4, q = 12

Figure 1 shows the positions of teams and venues for the instance with n = 8,
m = 4, and q = 12, whereas Figure 2 shows the corresponding schedule obtained by
the proposed method.
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Fig. 2: Resulting schedule for the instance n = 8, m = 4, q = 12

7 Conclusion

This study addresses the centralized round-robin tournament scheduling problem with
flexible matches per round (CRRTSP-FMR), in which the objective is to minimize
total travel distance.

First, we proposed two mathematical programming formulations: a time-indexed
(TI) model that explicitly indexes candidate rounds, and an assignment-based (AB)
model that treats matches as jobs assigned to venue-use slots, along with valid
symmetry-breaking constraints.

Second, we proved that the decision version of CRRTSP-FMR is NP-complete
in the strong sense even when all travel costs are restricted to {0, 1, 3}. This result
establishes that the computational difficulty is intrinsic and does not arise from large
or complicated cost values.

Third, we identified structural properties and polynomially solvable cases, notably
an exact optimality test for the two-venue case based on a lower bound derived from
edge coloring of threshold graphs.

Fourth, we developed an iterated local search (ILS) heuristic featuring a fast
initial-solution construction strategy based on the circle method and constructive
edge coloring. The heuristic combines an adaptive framework with best-improvement
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local search using several neighborhoods, including merge-and-split, ejection-chain,
and eject-and-inject moves. These neighborhoods are designed to directly exploit the
problem structure.

Finally, computational experiments were conducted on 64 instances with n ∈
{8, 16, 32, 64}, m ∈ {2, 4, 8, 16}, and q ∈

{

5
4n,

3
2n,

7
4n, 2n

}

under a time limit of 3600
seconds. The results show that the mathematical models perform well on smaller
instances because they may prove optimality, whereas on medium and large instances
the proposed ILS heuristic finds high-quality solutions, achieving a mean optimality
gap of 0.15% for n = 32. In particular, when a sufficient number of venues is available,
splitting rounds reduces the set of participating teams in each round, which makes
it easier to choose venues close to team home bases and thereby reduce total travel
distance.

Future work includes incorporating additional constraints motivated by real-world
elementary- and junior-high-school sports activities, such as venue availability, match
start times, referee assignments, the avoidance of overly dense match sequences, and
minimum-rest requirements. Another promising direction is to relax the requirement
that each team play at most once per round by allowing each team to play up to
a fixed number of matches. The objective could also be extended from pure travel
minimization to a multi-objective setting that incorporates break minimization and
fairness among teams. The inclusion of break minimization would make the sequence of
rounds an additional decision, whereas fairness could be measured by, for example, the
maximum or variance of team travel distances. From the viewpoint of heuristic design,
further improvements may be achieved by diversifying the neighborhood structures
beyond splitting and merging, adopting a more systematic approach to parameter
tuning, and evaluating the method on larger real-world data sets.
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Appendix A Detailed Results of MIP Models

Tables A1–A2 report the detailed results for the MIP models. For each configuration,
we present the obtained upper bound (UB), lower bound (LB), optimality gap (%gap),
time to the best solution (TTB), and total runtime (TTO). Values marked as “t.l.”
indicate that the method reached the 3600-second time limit; “-” indicates that no
feasible solution was found; and “m.o.” indicates that the solver ran out of memory.

Appendix B Detailed Results of the ILS

Table B3 presents the detailed results of the ILS for all 64 instances and all eight
neighborhood configurations. Each configuration is represented by an ordered triple
indicating whether SEC, VEC, and E&I are enabled, respectively; the M&S neighbor-
hood is enabled in every configuration. For each instance, the table reports the best
valid lower bound obtained from the MIP models and, for each ILS configuration, the
resulting optimality gap (%gap) and the time in seconds at which the best solution
was found (TTB).
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Table A1: Detailed MIP results for the time-indexed formulations
instance TI TI-SB

n m q UB LB %gap TTB TTO UB LB %gap TTB TTO

8 2 10 14661.8 14661.8 0.0 0.1 0.1 14661.8 14661.8 0.0 0.3 2.9

8 2 12 14476.7 14476.7 0.0 0.1 0.1 14476.7 14476.7 0.0 0.1 0.1

8 2 14 14472.8 14472.8 0.0 0.0 0.0 14472.8 14472.8 0.0 0.0 0.0

8 2 16 14472.8 14472.8 0.0 0.0 0.0 14472.8 14472.8 0.0 0.0 0.0

8 4 10 13978.9 13978.9 0.0 3.0 66.5 13978.9 13978.9 0.0 37.3 149.9

8 4 12 13417.3 13417.3 0.0 18.0 24.7 13417.3 13417.3 0.0 1.9 55.2

8 4 14 13169.9 13169.9 0.0 2.3 3.7 13169.9 13169.9 0.0 4.4 8.1

8 4 16 13058.9 13058.9 0.0 0.1 0.2 13058.9 13058.9 0.0 0.4 12.8

8 8 10 13801.2 13435.9 2.7 2314.5 3600.0 13801.2 13259.3 4.1 777.0 3600.0

8 8 12 12738.0 12738.0 0.0 264.1 363.8 12738.0 12737.9 0.0 682.2 689.0

8 8 14 12261.9 12261.9 0.0 3.9 6.7 12261.9 12261.9 0.0 2.3 24.6

8 8 16 12142.7 12142.7 0.0 2.0 5.6 12142.7 12142.7 0.0 3.1 5.3

8 16 10 13801.2 12987.7 6.3 90.7 3600.0 13801.2 12935.0 6.7 745.6 3600.0

8 16 12 12725.4 12542.1 1.5 2858.6 3600.0 12725.4 12483.8 1.9 1581.8 3600.0

8 16 14 12249.5 12249.5 0.0 39.9 178.7 12249.5 12249.5 0.0 216.0 221.5

8 16 16 12083.8 12083.8 0.0 3.8 9.5 12083.8 12083.8 0.0 7.0 61.5

16 2 20 139168.9 139168.9 0.0 156.7 517.5 139168.9 139168.9 0.0 190.1 1504.6

16 2 24 138788.3 138788.3 0.0 9.8 9.6 138788.3 138788.3 0.0 0.3 0.2

16 2 28 138788.3 138788.3 0.0 4.1 3.9 138788.3 138788.3 0.0 0.3 0.2

16 2 32 138788.3 138788.3 0.0 2.9 2.7 138788.3 138788.3 0.0 0.4 0.3

16 4 20 102211.2 94929.1 7.7 3598.4 3600.0 102211.2 94361.4 8.3 1268.5 3600.0

16 4 24 98780.0 94477.1 4.6 3110.6 3600.0 98780.0 94361.4 4.7 3177.8 3600.0

16 4 28 95410.2 94361.4 1.1 2830.9 3600.0 95542.5 94361.4 1.3 2366.1 3600.0

16 4 32 94513.2 94374.2 0.1 2201.1 3600.0 94513.2 94513.2 0.0 141.4 555.6

16 8 20 80353.6 68558.8 17.2 3079.9 3600.0 80174.6 67875.5 18.1 3589.7 3600.0

16 8 24 72244.4 68032.6 6.2 2263.1 3600.0 72716.8 67875.5 7.1 3229.5 3600.0

16 8 28 69696.3 67908.1 2.6 835.0 3600.0 69709.4 67875.5 2.7 1118.0 3600.0

16 8 32 68487.5 67875.5 0.9 2249.2 3600.0 68487.5 67875.5 0.9 822.3 3600.0

16 16 20 80280.2 64085.6 25.3 2764.1 3600.0 78943.7 63322.7 24.7 3249.4 3600.0

16 16 24 71897.2 63377.5 13.4 3242.7 3600.0 70375.3 63322.7 11.1 3495.9 3600.0

16 16 28 67591.3 63322.7 6.7 3590.3 3600.0 67385.8 63322.7 6.4 3074.0 3600.0

16 16 32 66122.2 63322.7 4.4 2959.9 3600.0 65797.7 63322.7 3.9 2979.2 3600.0

32 2 40 412723.5 355087.6 16.2 3571.4 3600.0 414199.5 354822.1 16.7 3114.9 3600.0

32 2 48 373582.3 354822.1 5.3 3599.7 3600.0 380241.2 354822.1 7.2 2190.2 3600.0

32 2 56 355849.9 354822.1 0.3 3519.3 3600.0 355171.7 354822.1 0.1 1468.1 3600.0

32 2 64 354822.1 354822.1 0.0 1218.8 1213.3 354822.1 354822.1 0.0 236.2 234.8

32 4 40 415731.3 350290.5 18.7 3418.7 3600.0 435164.2 349934.3 24.4 2621.6 3600.0

32 4 48 375036.4 349934.3 7.2 3519.3 3600.0 387964.0 349934.3 10.9 3473.0 3600.0

32 4 56 355718.2 349934.3 1.7 3045.5 3600.0 357544.4 349934.3 2.2 1856.5 3601.5

32 4 64 351180.8 349934.3 0.4 3234.7 3601.3 353051.2 349934.3 0.9 1432.4 3600.0

32 8 40 - 6561.5 - - t.l. 441263.9 305612.0 44.4 2993.5 3600.0

32 8 48 - 6561.5 - - t.l. 400864.9 305612.0 31.2 3573.5 3600.0

32 8 56 536051.9 4940.4 ≥ 100.0 27.3 3600.1 375301.4 305612.0 22.8 1841.6 3600.0

32 8 64 352764.6 305612.0 15.4 2669.3 3600.1 336384.9 305612.0 10.1 3603.1 3600.0

32 16 40 416436.4 289137.8 44.0 1771.4 3600.0 444162.9 288998.4 53.7 2187.1 3600.0

32 16 48 384203.2 289051.2 32.9 3358.7 3600.1 382689.6 288998.4 32.4 3158.4 3600.0

32 16 56 382284.4 289002.5 32.3 3415.6 3600.1 344905.0 288998.4 19.3 3517.8 3600.0

32 16 64 332581.8 288998.4 15.1 3174.4 3600.1 323527.6 288998.4 11.9 3573.5 3600.1

64 2 80 - 1704490.4 - - t.l. 2309147.0 1704490.4 35.5 350.3 3600.0

64 2 96 2303695.9 1704490.4 35.2 1189.7 3601.0 1932905.3 1704490.4 13.4 193.2 3600.0

64 2 112 - 1704490.4 - - t.l. 1880154.9 1704490.4 10.3 176.2 3600.1

64 2 128 - 1704490.4 - - t.l. 1864034.2 1704490.4 9.4 1777.5 3600.0

64 4 80 - 35863.6 - - t.l. 2336767.7 1519038.5 53.8 152.0 3600.0

64 4 96 2336767.7 4088.9 ≥ 100.0 1120.4 3601.0 2336767.7 1519038.5 53.8 257.7 3600.1

64 4 112 2336767.7 4088.9 ≥ 100.0 1293.7 3601.3 2336767.7 1519038.5 53.8 469.9 3600.1

64 4 128 2336767.7 4088.9 ≥ 100.0 1453.7 3601.5 2336767.7 1519038.5 53.8 482.3 3600.1

64 8 80 - 4074.4 - - t.l. 2254852.1 1384398.8 62.9 736.6 3600.1

64 8 96 - 4074.4 - - t.l. 2268736.8 1384398.8 63.9 899.8 3600.1

64 8 112 - 4074.4 - - t.l. 2273676.0 1384398.8 64.2 1007.8 3600.1

64 8 128 - 3230.3 - - t.l. 2293816.9 1384398.8 65.7 1097.1 3600.2

64 16 80 - 0.0 - - t.l. 2713629.6 1224245.3 ≥ 100.0 1512.9 3600.2

64 16 96 - 44.2 - - t.l. 2124970.0 1224245.3 73.6 1584.8 3600.2

64 16 112 - 44.2 - - t.l. 2064780.0 1224245.3 68.7 2106.5 3600.2

64 16 128 - 44.2 - - t.l. 2127757.5 1224245.3 73.8 2383.0 3600.4
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Table A2: Detailed MIP results for the assignment-based formulations
instance AB AB-SB

n m q UB LB %gap TTB TTO UB LB %gap TTB TTO

8 2 10 14661.8 14661.8 0.0 0.0 0.0 14661.8 14661.8 0.0 0.0 0.0

8 2 12 14476.7 14476.7 0.0 0.0 0.0 14476.7 14476.7 0.0 0.0 0.0

8 2 14 14472.8 14472.8 0.0 0.0 0.0 14472.8 14472.8 0.0 0.0 0.0

8 2 16 14472.8 14472.8 0.0 0.0 0.0 14472.8 14472.8 0.0 0.0 0.0

8 4 10 13978.9 13978.9 0.0 0.2 0.3 13978.9 13978.9 0.0 0.3 0.3

8 4 12 13417.3 13417.3 0.0 0.0 0.1 13417.3 13417.3 0.0 0.1 0.1

8 4 14 13169.9 13169.9 0.0 0.1 0.1 13169.9 13169.9 0.0 0.1 0.1

8 4 16 13058.9 13058.9 0.0 0.0 0.1 13058.9 13058.9 0.0 0.1 0.1

8 8 10 13801.2 13801.2 0.0 0.5 0.5 13801.2 13801.2 0.0 0.5 0.5

8 8 12 12738.0 12738.0 0.0 0.4 0.6 12738.0 12738.0 0.0 0.6 0.6

8 8 14 12261.9 12261.9 0.0 0.1 0.2 12261.9 12261.9 0.0 0.2 0.2

8 8 16 12142.7 12142.7 0.0 0.2 0.2 12142.7 12142.7 0.0 0.2 0.2

8 16 10 13801.2 13801.2 0.0 0.7 0.7 13801.2 13801.2 0.0 0.7 0.7

8 16 12 12725.4 12725.4 0.0 0.6 1.2 12725.4 12725.4 0.0 1.2 1.2

8 16 14 12249.5 12249.5 0.0 0.3 0.5 12249.5 12249.5 0.0 0.5 0.5

8 16 16 12083.8 12083.8 0.0 0.1 0.3 12083.8 12083.8 0.0 0.3 0.3

16 2 20 139168.9 139168.9 0.0 0.1 2.0 139168.9 139168.9 0.0 2.0 2.0

16 2 24 138788.3 138788.3 0.0 0.1 1.8 138788.3 138788.3 0.0 1.8 1.8

16 2 28 138788.3 138788.3 0.0 0.1 2.6 138788.3 138788.3 0.0 2.6 2.6

16 2 32 138788.3 138788.3 0.0 1.9 1.9 138788.3 138788.3 0.0 1.8 1.8

16 4 20 102211.2 102211.2 0.0 0.3 3.5 102211.2 102211.2 0.0 3.5 3.5

16 4 24 98702.6 98702.6 0.0 1.6 7.4 98702.6 98702.6 0.0 5.9 7.4

16 4 28 95410.2 95410.2 0.0 0.3 3.2 95410.2 95410.2 0.0 3.2 3.2

16 4 32 94513.2 94513.2 0.0 0.9 7.7 94513.2 94513.2 0.0 7.7 7.7

16 8 20 80120.1 80120.1 0.0 12.2 57.3 80120.1 80120.1 0.0 48.8 57.3

16 8 24 72244.4 72244.4 0.0 1.4 5.0 72244.4 72244.4 0.0 5.0 5.0

16 8 28 69671.1 69671.1 0.0 0.8 5.1 69671.1 69671.1 0.0 5.1 5.1

16 8 32 68465.1 68465.1 0.0 3.0 10.2 68465.1 68465.1 0.0 10.2 10.2

16 16 20 78567.5 78567.5 0.0 4.8 47.4 78567.5 78567.5 0.0 47.4 47.4

16 16 24 70044.7 70044.7 0.0 2.8 13.9 70044.7 70044.7 0.0 13.9 13.9

16 16 28 67291.9 67291.9 0.0 10.9 26.5 67291.9 67291.9 0.0 26.5 26.5

16 16 32 65726.1 65726.1 0.0 11.2 30.3 65726.1 65726.1 0.0 30.3 30.3

32 2 40 411226.4 411093.4 0.0 2764.0 t.l. 411226.4 411158.8 0.0 3551.4 t.l.

32 2 48 371790.0 371790.0 0.0 45.4 393.9 371790.0 371790.0 0.0 393.9 393.9

32 2 56 355015.6 355015.6 0.0 3.1 290.6 355015.6 355015.6 0.0 290.6 290.6

32 2 64 354822.1 354822.1 0.0 2.8 3418.1 354822.1 354822.1 0.0 3418.1 3418.1

32 4 40 411226.4 411158.8 0.0 1262.9 t.l. 411672.6 411158.8 0.1 2199.3 t.l.

32 4 48 371790.0 371790.0 0.0 45.6 528.3 371790.0 371790.0 0.0 528.3 528.3

32 4 56 352660.9 352660.9 0.0 11.0 828.2 352660.9 352660.9 0.0 828.2 828.2

32 4 64 350743.9 350743.9 0.0 6.8 618.3 350743.9 350743.9 0.0 618.3 618.3

32 8 40 410318.2 410318.2 0.0 1843.6 t.l. 410717.9 410318.2 0.1 3435.6 t.l.

32 8 48 368355.8 368341.8 0.0 1263.1 t.l. 454758.3 0.0 ≥ 100.0 158.4 t.l.

32 8 56 338633.9 338539.4 0.0 990.8 t.l. 342926.0 338519.1 1.3 2331.2 t.l.

32 8 64 322949.8 322949.8 0.0 30.8 1834.6 322949.8 322949.8 0.0 1834.6 1834.6

32 16 40 358884.5 358884.5 0.0 2312.7 t.l. 450219.3 358428.6 25.6 283.9 t.l.

32 16 48 337678.6 336868.2 0.2 1888.9 t.l. 450219.3 0.0 ≥ 100.0 339.4 t.l.

32 16 56 319660.3 319409.0 0.1 3237.3 t.l. 450219.3 0.0 ≥ 100.0 395.8 t.l.

32 16 64 306921.2 306459.9 0.2 1263.9 t.l. 450219.3 0.0 ≥ 100.0 461.4 t.l.

64 2 80 1973639.5 1973639.5 0.0 1454.9 t.l. 2056316.0 655.7 ≥ 100.0 1363.6 t.l.

64 2 96 1799387.5 1798748.6 0.0 2627.4 t.l. 1917950.9 655.7 ≥ 100.0 1626.8 t.l.

64 2 112 1708569.1 1708569.1 0.0 505.2 t.l. 1799043.8 655.7 ≥ 100.0 1948.1 t.l.

64 2 128 1704490.4 1704490.4 0.0 82.3 82.3 - - - - t.l.

64 4 80 2336767.7 1948968.9 19.9 64.2 t.l. - - - - t.l.

64 4 96 2336767.7 1755212.3 33.1 79.6 t.l. - - - - t.l.

64 4 112 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 4 128 1563830.4 1563830.4 0.0 991.6 991.6 - - - - t.l.

64 8 80 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 8 96 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 8 112 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 8 128 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 16 80 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 16 96 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 16 112 m.o. m.o. m.o. m.o. m.o. - - - - t.l.

64 16 128 m.o. m.o. m.o. m.o. m.o. - - - - t.l.
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Table B3: Detailed results for all ILS configurations
neighborhood settings (SEC, VEC, and E&I)

instance off,off,off off,off,on off,on,off off,on,on on,off,off on,off,on on,on,off on,on,on

n m q LB %gap TTB %gap TTB %gap TTB %gap TTB %gap TTB %gap TTB %gap TTB %gap TTB

8 2 10 14661.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 2 12 14476.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 2 14 14472.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 2 16 14472.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 4 10 13978.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 4 12 13417.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 4 14 13169.9 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 4 16 13058.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 8 10 13801.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 8 12 12738.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.1

8 8 14 12261.9 0.0 0.0 0.0 0.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 8 16 12142.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

8 16 10 13801.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1

8 16 12 12725.4 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.1

8 16 14 12249.5 0.0 0.1 0.0 0.3 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.1 0.0 0.0 0.0 0.0

8 16 16 12083.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

16 2 20 139168.9 0.0 1607.5 0.0 3.5 0.0 0.0 0.0 2.2 0.0 0.1 0.0 0.6 0.0 0.1 0.0 0.6

16 2 24 138788.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

16 2 28 138788.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

16 2 32 138788.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

16 4 20 102211.2 0.0 1.5 0.0 0.2 0.0 0.1 0.0 0.2 0.0 0.0 0.0 0.0 0.0 0.1 0.0 0.0

16 4 24 98702.6 0.0 0.9 0.0 0.1 0.0 0.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

16 4 28 95410.2 0.0 0.5 0.0 165.3 0.0 2.4 0.0 104.3 0.0 17.8 0.0 186.8 0.0 0.6 0.0 357.0

16 4 32 94513.2 0.0 11.8 0.0 1.0 0.0 1.8 0.0 0.8 0.0 4.5 0.0 4.2 0.0 1.2 0.0 0.8

16 8 20 80120.1 0.0 96.1 0.0 1.6 0.0 3.3 0.0 2.5 0.0 0.7 0.0 0.1 0.0 10.4 0.0 0.1

16 8 24 72244.4 0.0 0.0 0.0 0.1 0.0 0.1 0.0 0.1 0.0 0.1 0.0 0.1 0.0 0.0 0.0 0.1

16 8 28 69671.1 0.0 0.1 0.0 1.6 0.0 0.5 0.0 4.7 0.0 0.4 0.0 4.3 0.0 0.0 0.0 0.4

16 8 32 68465.1 0.0 194.0 0.0 31.5 0.0 8.6 0.0 3432.5 0.0 316.0 0.0 1289.1 0.0 31.5 0.0 3415.2

16 16 20 78567.5 0.0 0.9 0.0 64.9 0.0 7.8 0.0 29.9 0.0 51.4 0.0 78.6 0.0 11.7 0.0 143.0

16 16 24 70044.7 0.0 34.6 0.0 2743.8 0.0 0.4 0.0 1.3 0.0 622.4 0.0 2758.2 0.0 2.0 0.0 8.3

16 16 28 67291.9 0.0 357.5 0.0 2810.5 0.0 24.5 0.0 47.5 0.0 45.5 0.0 73.4 0.0 16.1 0.0 133.5

16 16 32 65726.1 0.0 16.4 0.0 116.2 0.0 12.9 0.0 3349.6 0.0 8.1 0.0 3216.2 0.0 4.5 0.0 1213.9

32 2 40 411158.8 0.1 2580.3 0.1 2701.8 0.1 706.3 0.1 708.9 0.1 88.0 0.1 123.2 0.1 1204.1 0.1 1215.8

32 2 48 371790.0 0.1 3453.7 0.1 2484.3 0.1 1999.1 0.1 3325.0 0.1 1860.2 0.1 1612.8 0.1 3578.1 0.1 1126.2

32 2 56 355015.6 0.0 10.9 0.0 1.7 0.0 0.2 0.0 4.1 0.0 0.2 0.0 0.2 0.0 0.2 0.0 0.2

32 2 64 354822.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

32 4 40 411158.8 0.1 40.0 0.1 51.4 0.1 699.9 0.1 3360.4 0.1 16.0 0.1 16.8 0.1 121.2 0.1 127.0

32 4 48 371790.0 0.2 3559.8 0.1 3321.5 0.1 2520.7 0.1 3113.4 0.1 1031.8 0.1 3502.4 0.1 1272.3 0.1 1693.9

32 4 56 352660.9 0.0 1111.0 0.0 1613.6 0.0 574.6 0.0 3028.6 0.0 410.5 0.0 142.3 0.0 107.6 0.0 1542.6

32 4 64 350743.9 0.0 27.8 0.0 89.0 0.0 0.4 0.0 922.1 0.0 1575.8 0.0 27.9 0.0 1596.8 0.0 28.4

32 8 40 410318.2 0.1 844.6 0.1 3013.2 0.1 2513.7 0.1 3243.9 0.1 302.9 0.1 2492.6 0.1 1303.2 0.1 2741.6

32 8 48 368341.8 0.4 2547.3 0.6 3320.8 0.3 2407.7 0.2 1879.0 0.3 1824.3 0.3 3084.3 0.3 3321.6 0.3 3531.0

32 8 56 338539.4 0.3 3557.6 0.5 2011.9 0.1 3431.7 0.2 1851.4 0.1 3206.6 0.3 3283.1 0.2 3511.4 0.2 3517.0

32 8 64 322949.8 0.2 2783.8 0.4 3107.2 0.1 3514.8 0.2 3580.8 0.1 3220.9 0.3 3031.7 0.1 3423.0 0.1 3459.5

32 16 40 358884.5 0.3 1173.1 0.4 2068.0 0.2 1259.1 0.3 3336.7 0.2 772.6 0.4 1682.1 0.2 2235.4 0.3 559.6

32 16 48 336868.2 0.7 2905.2 0.8 3519.7 0.7 3565.1 0.8 2519.8 0.6 3082.8 0.8 2735.7 0.5 1988.1 0.7 2437.7

32 16 56 319409.0 0.5 2728.2 0.8 872.5 0.5 3175.7 0.6 2277.3 0.4 2508.9 0.6 2787.4 0.4 3573.5 0.6 2828.2

32 16 64 306459.9 0.5 3074.8 0.7 2794.0 0.3 3387.8 0.6 3393.0 0.3 2730.0 0.6 2425.2 0.3 2531.2 0.3 2949.6

64 2 80 1973639.5 0.2 3378.1 0.1 2935.8 0.1 495.2 0.1 3373.8 0.1 2449.3 0.0 2280.2 0.0 2409.8 0.1 3502.0

64 2 96 1798748.6 0.4 3289.5 0.1 3448.8 0.1 3199.5 0.0 299.1 0.2 2489.6 0.0 710.1 0.1 3050.7 0.0 130.3

64 2 112 1708569.1 0.0 326.4 0.0 155.8 0.0 150.0 0.0 52.6 0.0 3.3 0.0 27.8 0.0 5.2 0.0 17.5

64 2 128 1704490.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

64 4 80 1948968.9 0.3 3274.5 0.3 3319.9 0.2 2842.5 0.2 2850.7 0.2 3295.5 0.2 3189.4 0.2 3015.8 0.2 3028.3

64 4 96 1755212.3 0.8 2012.4 0.9 3319.6 0.5 1545.8 0.5 2115.2 0.6 3166.1 0.7 2927.9 0.5 1824.9 0.5 3309.4

64 4 112 1519038.5 7.8 3274.6 7.8 2773.3 7.5 3326.7 7.5 1485.4 7.7 3287.4 7.6 2670.3 7.5 3203.1 7.5 2401.0

64 4 128 1563830.4 0.2 3375.4 0.3 3263.5 0.1 2961.9 0.1 3313.7 0.1 2975.6 0.2 3100.5 0.1 3458.9 0.1 1160.2

64 8 80 1384398.8 35.9 2965.8 35.9 3298.5 35.8 3579.7 35.9 1810.1 35.8 2715.8 35.9 3013.2 35.8 2213.3 35.8 2254.3

64 8 96 1384398.8 21.3 3284.0 21.4 2407.3 20.9 3154.4 21.1 1494.2 21.1 2716.7 21.2 3275.7 21.0 2966.5 21.0 3594.9

64 8 112 1384398.8 11.6 3204.7 11.8 2903.6 11.4 3394.4 11.5 3442.6 11.4 2913.9 11.5 3591.2 11.3 1040.1 11.4 3600.4

64 8 128 1384398.8 6.3 3322.0 7.1 3404.3 6.3 3224.4 6.9 3600.1 6.2 2950.2 6.8 3453.6 6.2 3457.9 6.6 3498.4

64 16 80 1224245.3 36.4 3580.4 36.5 2096.8 36.2 3048.8 36.2 1212.2 36.1 3365.9 36.3 1367.4 36.1 3006.4 36.2 2799.6

64 16 96 1224245.3 24.6 3425.8 24.5 1208.9 24.3 3072.6 24.4 2130.7 24.3 3291.1 24.3 1664.1 24.2 2883.6 24.2 2738.0

64 16 112 1224245.3 15.9 3586.2 16.4 2738.5 15.9 1428.6 16.3 3549.5 15.8 2969.6 16.1 3534.8 15.8 3300.0 16.2 3600.4

64 16 128 1224245.3 9.4 3567.1 10.2 3600.6 9.2 3063.3 9.9 3561.9 9.3 609.6 9.8 3552.7 9.2 2597.9 9.6 3542.8
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