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1 Derivation of V-notch corner functions for the in-plane extension problem

Since a V-notch can be treated locally as an angular sector with traction-free radial boundaries, the local singular functions near the notch vertex can be

derived from Williams’s asymptotic solution for plates in extension [1].
1.1 Williams’s asymptotic representation

For the in-plane elasticity problem, Williams expressed the radial and circumferential displacements, U, and Uy, in terms of the Airy stress function Y

and an auxiliary harmonic function Y1, namely
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Williams assumed separated asymptotic forms of the type
Y =r*1F(6)
Y1 =1"G(6)
with
F(0) = bysin[(A+ 1)8] + bycos[(A + 1)8] + bssin[(A — 1)8] + bycos[(A — 1)8]
Compatibility requires
A=m+1

and Williams further obtained the relations between the coefficients in G and those in F as
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where

G(0) = a,cos[(A—1)0] + a,sin[(A — 1)6]
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The following derivations assume A # 1 since Eq. (1.10) contains the factor (1 — 1)~1. The case 2 = 1 corresponds to a bounded-stress term and is not

retained as a singular corner-enrichment function in the present formulation.

1.2 Stress field
Substituting Eq. (1.6) into Egs. (1.3)-(1.5) yields
o, =r* 7 [F"(6) + (A + 1F(8)]
og = r*"1A(A + 1)F(0)
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T,9 = —1T*1AF'(6) (1.14)

Hence, the stress singularity order is governed by r*~1. Therefore, roots satisfying 0 < A < 1 correspond to singular stresses at the notch vertex.
1.3 Boundary conditions

The two V-notch faces are traction-free. Therefore,
o9 =0, T, =0 (1.15)
on 8 = tk. From Egs. (1.13) and (1.14), this implies
F(xk) =0, F'(xK)=0 (1.16)
Because the V-notch is symmetric with respect to its bisector, the angular solution can be decomposed into antisymmetric and symmetric displacement

families. The antisymmetric family corresponds to an odd Airy angular function, whereas the symmetric family corresponds to an even Airy angular

function.
1.4 Antisymmetric family

For the antisymmetric family,
F,(8) = bysin[(1 + 1)8] + bzsin[(1 — 1)6] (1.17)
where b, = b, = 0. Since F,;(0) is odd, the condition F,(—k) = 0 is automatically satisfied if F,(x) = 0. Similarly, F;(0) is even, so F,(—k) = 0 is

automatically satisfied if F;(x) = 0. Thus, it is sufficient to impose

F,(k) =0, Fi(k)=0 (1.18)

Substituting Eq. (1.17) into Eq. (1.18) gives
bysin[(A + 1)k] + bssin[(A — 1)k] =0 (1.19)
by (A + 1)cos[(A + 1)k] + b3(1 — 1)cos[(A —1)k] =0 (1.20)

For a non-trivial solution (b4, b3) # (0,0), the determinant of Egs. (1.19)-(1.20) must vanish, therefore
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(A= 1Dsin[(A + D)k]cos[(A — 1)k] — (A + 1)cos[(1 + Dk]sin[(A —1)k] =0 (1.21)
Let
A=A+ 1k, B=Q-1)xk (1.22)
Then
A—-—B =2k =wm, A+ B =21k =1®
Using trigonometric sum and difference formulas, Eq. (1.21) becomes
Asin(A — B) — sin(A+ B) = 0 (1.23)
Hence,
sin(Aw) = Asinw (1.24)
Equation (1.24) is the characteristic equation for the antisymmetric displacement family. Since Eq. (1.19)-(1.20) are homogeneous, they determine only
the ratio between b; and b;. A convenient choice of the coefficient ratio can be obtained from Eq. (1.19) (when this choice degenerates for a special

parameter value, an equivalent non-zero ratio may instead be obtained from Eq. (1.20); for A # 1, the two choices cannot vanish simultaneously) as

follows
b, = sin[(1 — Dxk], b; = —sin[(A1 + 1)k] (1.25)
Thus,
F,(8) = sin[(A — 1)k]sin[(A1 + 1)8] — sin[(1 + 1)k]sin[(1 — 1)6] (1.26)
1.5 Symmetric family
For the symmetric family,
Fs(0) = bycos[(A + 1)0] + bycos[(A — 1)0] (1.27)

where b; = b; = 0. Since Fg(0) is even, the condition Fg(—k) = 0 is automatically satisfied if Fs(x) = 0. Similarly, F5(0) is odd, so Fs(—k) = 0 is

automatically satisfied if F¢(x) = 0. Thus, it is sufficient to impose



Fs(k) =0, F(x) =0 (1.28)
Substituting Eq. (1.27) into Eq. (1.28) gives

b,cos[(A + Dk] + bycos[(A — k] =0 (1.29)
—b, (A + Dsin[(A + Dk] — by(2 — Dsin[(A — 1)x] = 0 (1.30)
For a non-trivial solution (b,, b,) # (0,0), the determinant of Egs. (1.29)-(1.30) must vanish, therefore,
(A2 + Dsin[(A + Dx]cos[(A — 1)k] — (A — 1)cos[(1 + 1)k]sin[(2 — k] = 0 (1.31)
Using the definitions in Eq. (1.22), Eq. (1.31) becomes
Asin(A — B) + sin(A+ B) = 0 (1.32)
Thus,
sin(Aw) = —Asinw (1.33)

Equation (1.33) is the characteristic equation for the symmetric displacement family. For this family, a convenient choice of the coefficient ratio, for

example based on Eq. (1.29), is
b, = cos[(A — Dk], b, = —cos[(A + k] (1.34)
Thus,
Fs(0) = cos[(A — 1)k]cos[(A + 1)0] — cos[(A + 1)k]cos[(A — 1)6] (1.35)

Similar to the antisymmetric case, the coefficient ratio can be chosen from either Eq. (1.29) or Eq. (1.30) as long as the choice gives a non-zero pair.
1.6 Displacement fields

The displacement components are now obtained by substituting Eqgs. (1.6)-(1.11) into Eqgs. (1.1)-(1.2). For the antisymmetric family, using the coefficient

choice in Eq. (1.25), the radial and circumferential displacement functions are

A :
)sin[(A + D)k]sin[(A — 1)9]} (1.36)

A
U@ = r—{—(z + Dsin[(2 = Disin[(A + D] + A+ 1 —

2p
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U = ﬂ{—(,1 + 1)sin[(A = 1)xJcos[(A + 1)8] + (A — 1 +

A
——)sin[(2 + Dx]eos[ (2 ~ 1]} (137)

The roots 1 = )Lﬁf) used in Egs. (1.36)-(1.37) are obtained from Eq. (1.24). For the symmetric family, using the coefficient choice in Eq. (1.34), the radial

and circumferential displacement functions are

) _ 1" A
Uy = 5{—(/1 + 1)cos[(2 — DxJeos[(2 + 1)0] + (A + 1 = r——)cos[(2 + 1)x]cos[(A ~ 1)9]} (1.38)
Uy = ﬁ{(l + Dcos[(A = Dk]sin[(A + 1)0] = (A1 -1 + A Yeos[(A + 1)k]sin[(A — 1)0]} (1.39)
? 2p 1+v :

The roots 1 = /’l,(f) used in Egs. (1.38)-(1.39) are obtained from Eq. (1.33). The displacement functions derived above correspond to individual Williams-

type eigenfunctions associated with the characteristic roots AELA) and /1;5). The complete local asymptotic representation consists of a linear combination
of these functions over all admissible roots in both families. In a Ritz formulation, however, only a finite number of roots are selected, and the
corresponding corner functions are included as enrichment functions in the displacement approximation. The most important roots are those satisfying

0 < A < 1 because they generate singular stresses proportional to 7471,

2 Matrix entries

Since Dy (&,n) = H g © H,%’ (m) and Dy (¢,m) = H g © H,‘{ (m) (i.e. Egs. (7)-(8) and (13) in the manuscript), define combined 1D functions
Wi () = HE () xm(), WX () = Hi (M) xa(m) (21)
Wy (&) = H{(©) xm(©),  Pr () = Hy () xa(m) .

so that the effective regular basis functions take tensor-product form: ®%,, = WY ()WY (n) and ®Y,,, = WY ()WY (n). Define also the effective corner

basis functions

MY (E,m) = Dy(E, MU (,0),  TAY(E,m) = Dy (&, MU (r,60)
Y (&,m) = Dy(E,MUEN(r,6),  115V(E,m) = Dy(§,MUS(r,6)

(2.2)



2.1 Regular-regular stiffness blocks K,

All domain integrals are taken over the physical notched domain Q. The regular-regular stiffness entries are

oY, OCDU oY, aCDU
KZDS = 4, ff e dgd + Ao [| S dzay (23)
ach ad>V aq>U ach
KIS = Acy | GEm 5 dedn + A || =50 g (2.4)
CI)V 0¢V b a(DV adJV
= 0,1 e .
Q

and K%’lﬁ Kfsp,:fz by symmetry. The tensor-product form of ®Y and ®" permits the full-rectangle contributions to be evaluated as products of 1D

integrals. Define

I@CW f (Y@ Wy g
{ (W =UorV) (2.6)
k QcW f (Y@ PWY©) dn
where superscript (¢) denotes the g-th derivative. The cross integrals are 125" = f (W@ WYY d and J2UY = f_ll (PH@ WYY dn. The

full-rectangle contributions to Egs. (2.3)-(2.5) then take the closed forms

b
Apy— I+ Aﬁsgl&"r”f,i;'” (2.7)
Aol Tns™ + Aol Tns”" (2.8)
b
Azzgl&"ﬂf}é" + Ags —Imr" Jns” (29)

The complete K,,,, entries are obtained by subtracting the contribution of the triangular notch region from each full-rectangle result. These notch

corrections involve the same integrands evaluated over the triangular notch domain and are computed numerically.
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2.2 Corner-corner stiffness blocks K ..

Because C,EA) contributes to both U (via I14Y) and V (via I1}V), the antisymmetric-antisymmetric sub-block combines contributions from both

displacement components:

ke ﬂ I bon;’ am¢” .l o oI (an,{‘” ongY N )1 Fad an;;W>
ta 08 98 " "%p on on 12\ 8¢ on & On
a8 oAy an_ 4 b )i Ead an_,g“’ (an;}” o N oy an;}V>l dd
p on an g 9¢ 9¢ 6\ on o¢ an o0& 1

(2.10)

The sub-block K,f'Ck’SS follows by replacing A with S throughout, and K,f,Ck'AS =K ,‘f,CT;SA are obtained by mixing the two families accordingly. The matrix is

- AA AA S5 S5 SA JAS
symmetric, i.e., Ky 7"" = Ko™ Kpo” = K o®, and K7 = Koo

2.3 Coupling stiffness blocks K,,. and K,

The coupling entry between the mn-th U-regular function and the k-th antisymmetric corner coefficient is

b a®y, dI1;" L)) Find addy, onp? ach oIy
::liﬁ( ff J > mn + 1 mn k + A66_ mn k + o mn (2.11)
98 0 ¢ 0n b dn 0n 677
Note that both [TV and I1{" appear in Eq. (2.11) because Cy ) contributes to both U and V. The coupling entry from the V-equation is
a 0dh,, oY D), ALY b 0d},, oMY aq>V an
ng%vk ]j 22 — A1z = + Age = T + Ags —7— — (2'12)
b on 0n on  0¢ a 0¢& 0¢
The entries K pn . and Kf,’;lvk follow by substituting S for A. The blocks K, are the transposes of the corresponding K . blocks.
To evaluate Egs. (2.10)-(2.12), the partial derivatives of IT}Y and IT14" are required. Applying the product rule to Eq. (2.2):
anﬁlU U~/ (4) aUJEﬁI)
e = (HE)'HY - Uy + HEHY - 5t (2.13)



where (H é] ) =dH fU /d¢& is evaluated analytically from Eq. (8) in the manuscript, and OU,E‘;) /0¢ is obtained via the chain rule through the local polar

coordinates (7, 8):

ous) aul)ar auy e
0§  or 908 06 09¢

Differentiating Eqs. (27)-(28) in the manuscript gives
or a’Aé dr _ b*An

9& = Tar an  Ar
00 abAn 00  ab A&
0§ 4rz’ on  4r?

(2.14)

(2.15)

(2.16)

where A =& — &, and An =n —1ny. Writing Ug;) = TA%A) /() - Tx(A) (6) and UJ(,"‘:,L) = r’lglA) /(2p) - Ty(A) (0), where the angular functions are

determined from Egs. (15)-(16) and (21) in the manuscript as

FD ) = —F™ (0)cos 6 + TB(A) (6)sin @
FP(6) = FY(6)sing + FP(6)cos

with TT(A) and TG(A) read off from Eqgs. (15) and (16) in the manuscript respectively, the chain-rule derivatives become

aU(A) ,r./lglA)—Z [
e = AN aas FY + ab An
@ a2
ou. r'n
2= A0 b2an FY — ab A

D]

X

d

dF]

do

(2.17)

(2.18)

(2.19)

and analogously for GUJ(,Q /0¢& and au§f2 /0n with Fx(A) replaced by Fy(A). The angular derivatives de(A) /d6 and dFy(A) /d@ are computed analytically

from Egs. (15)-(16) and (21) in the manuscript. Expressions for the symmetric family follow by substituting S for A and using the eigenvalues /1;5) from

Eq. (20) in the manuscript. The full derivatives aI14U /an, dI14Y /0, and dI14Y /0n follow the same pattern.
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2.4 Regular-regular mass blocks M,

The regular—regular mass entries are

' phab
mpps =20 || ot ot dzdn (2.20)
phab
mi =2 || @by ok dsan (221)
Q

As with the stiffness blocks, these are computed as the full-rectangle factored products (i.e., (ohab/4) IS&U ],22’” and (phab/4) I,?&V 22"1, respectively)

minus the numerically evaluated notch-region correction.

2.5 Corner-corner mass blocks M.

The corner-corner mass sub-block receives contributions from both displacement components, because C,EA) appears in both U and V:

phab
4

Mgt =22 || i g+ mav mgvdgan (222)
Q
The entries My5>° and MgG* = M5 follow analogously.

2.6 Coupling mass blocks M,,. and M,

The coupling mass entries between the U-regular functions and the antisymmetric corner coefficients arise from the U contribution to the kinetic energy:

hab
mpt =222 || ot 1 dsan (223)
Q
The corresponding coupling from the V' contribution is:
4 phab
Mk =~ f f i 12 dédn (2.24)
Q

Entries for the symmetric family follow by replacing A with S. The blocks M, are the transposes of the corresponding M, blocks.
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