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1 Supplementary Results

1.1 Baseline performance on the training-family flows

A K-fold cross-validation assesses whether the training dataset is sufficiently large and diverse.
The training dataset is divided into K = 10 equally-sized folds. Then, K = 10 independent
training runs are performed whereby one fold is used as the validation dataset, and the
remaining nine are collated together and used as the training set. The values of loss and metrics
are averaged across the ten runs epoch by epoch and depicted in Figures S1 (for the UNet
architecture) and S2 (for the SWIN). The loss and metric values from the final epoch are
stratified by percentile bands and presented in the summary table below, in Section 1.2.1. From
the graphs in Figures S1 and S2, the training and validation curves are broadly consistent
across the folds, with no obvious signs of severe overfitting. This suggests that, for this proof-
of-concept model, the training dataset is sufficiently varied to learn a coarse representation
of the flow patterns. The SWIN architecture yields better results than the UNet for pressure,
clearly better for velocity magnitude MSE (around one order of magnitude lower), comparable
cosine distance and a slightly better loss.

1.2 Progressive inference stress tests

The two architectures are trained again on a random train/validation split of 90/10%. After
training, they are used to perform inference on examples not seen during training or validation
in order to assess GLoOD’s ability to generalize. Specifically, one in-distribution (ID) set
of 86 examples and one out-of-distribution (OOD) set of 104 examples are produced in the



Training vs validation loss (median with p25-p75 band)

—— Train loss
Validation loss
100<
(]
(%]
o
-
10714 g
0 25 50 75 100 125 150 175 200
Epoch
(a) UNet, loss.
Training vs validation metrics (median with p25-p75 band)
100<
1071
]
>
2
>
O
10724
e ] S~ Eeeea
= —— Train p_mse =
—-~- Validation p_mse
10735 Train u_cosine_distance
Validation u_cosine_distance
—— Train u_mse
1044 --- Validation u_mse

0 25 50 75 100 125 150 175 200
Epoch
(b) UNet, metrics.
Supplementary Fig. S1: K-fold cross-validation for the UNet architecture.

same way as the training set. The OOD examples present square instead of circular obstacles.
In addition, inference is performed on a further dataset of 200 examples, here denoted as
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Supplementary Fig. S2: K-fold cross-validation for the SWIN architecture.

“Cavity”, which is fully distinct from the training distribution. The sampled Reynolds-number
distributions are expressed on the physical scale: Circles has mean Re = 166.8 and coefficient



of variation (CV) of 0.61, Squares has mean Re = 214.8 and CV of 1.83, and Cavity has
mean Re = 12,252.8 and CV of 0.91. In this dataset, the flow takes place in a lid-driven cavity,
and both the lid position and lid direction are sampled randomly. Two further von Karman
vortex-shedding tests, with different output timesteps, are analysed separately in Section 1.2.8,
where the main diagnostic is temporal lag rather than aggregate reconstruction loss alone. The
standard-timestep von Karman set, which uses the same timestep as the other tests, contains 48
examples and has mean Re = 749.0 and CV of 0.28, whereas the reduced-timestep vt kp06
von Karman set, whose timestep is 1/5 of the original value, contains 365 examples and has
mean Re = 774.9 and CV of 0.27. All inference results are also compared against an identity-
ablation baseline. In this ablation, the temporal backbone is removed: the decoder at timestep ¢
produces an embedding which is then passed directly to the decoder for timestep ¢ + 1, without
the over-time self-attention block that in the full model mixes embeddings across the rollout.
The identity baseline therefore tests whether simply forwarding the previous latent state is
sufficient, or whether temporal self-attention between embeddings is materially contributing to
the prediction.

1.2.1 Inference loss and metrics

The summary plot is reported in the main text, while the complete numerical table is reproduced
here for reference. Overall, the transformer-backbone inference losses for the “Circles” and
“Squares” datasets remain close to the K-fold values, with the OOD “Squares” set even yielding
slightly lower aggregate losses than the K-fold medians. This suggests that the model retains a
non-trivial ability to generalise to obstacle geometries not seen during training. By contrast,
the “Cavity” case shows a much larger loss, dominated by the pressure MSE, indicating
that this configuration lies substantially farther from the training distribution. The identity-
backbone runs, for which no K-fold experiment was performed, are consistently worse than
the corresponding transformer-backbone runs on all three inference datasets. On the circle and
square tests, the deterioration is typically about one order of magnitude in aggregate loss, one
to almost three orders of magnitude in pressure MSE, and one to two orders of magnitude in
velocity MSE; in the most extreme case, the cavity UNet-identity run increases the velocity
MSE by nearly three orders of magnitude.

A more detailed view is provided by the individual metrics. For the “Circles” and “Squares’
datasets, the pressure error remains small, while the velocity-magnitude error, measured
through u MSE, is consistently lower for SWIN than for UNet. The cavity case instead produces
very large pressure errors for both architectures, although SWIN still reduces the velocity-
direction and velocity-magnitude errors. The cosine-distance metric should be interpreted
cautiously: in regions where the velocity magnitude is close to zero, and in particular inside
the obstacles, the velocity direction is effectively undefined; consequently, small perturbations
can produce locally arbitrary directions and hence substantial cosine-distance noise. Taken
together, the numerical results suggest that the present proof-of-concept model preserves the
large-scale flow structure on the circle and square test sets, while the cavity configuration
exposes a clear out-of-distribution limitation. The systematic gap with respect to the identity
ablation also indicates that the temporal self-attention strategy over the latent embeddings is
clearly useful: the backbone is not merely forwarding information, but is materially improving
the next-state prediction.
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Supplementary Table S1: Summary of losses and metrics for the K-fold and inference runs.
Identity backbones are reported only for inference, because no K-fold runs were performed for

them.
Set Run n Loss p MSE u MSE U COS
distance
K-fold, median UNet - 0.063934  0.0039052  0.0018225 0.12524
SWIN - 0.057338  0.00078758  8.1868e- 0.11437
05
K-fold, Q1 UNet - 0.063069  0.0029075 0.0017548 0.1238
SWIN - 0.056452  0.00068478  7.5077e- 0.11262
05
K-fold, Q3 UNet - 0.064566  0.0049028 0.0018613 0.12623
SWIN — 0.058057  0.00084874  8.86e-05 0.11578
K-fold, lower whisker ~ UNet - 0.060824 0 0.0015951 0.12016
SWIN — 0.054045  0.00043885 5.4793e- 0.10787
05
K-fold, upper whisker ~ UNet - 0.066811  0.0078958  0.0020211 0.12988
SWIN - 0.060465 0.0010947 0.00010888  0.12052
Circles SWIN 86  0.061387 0.00018631  8.1673e- 0.12266
05
Circles SWIN identity 86  0.079335 0.011782 0.015264 0.14457
Circles UNet 86  0.062709 9.8438e-  0.0028966 0.12345
05
Circles UNet identity 86 0.14723 0.056728 0.040067 0.24883
Squares SWIN 104  0.051254  0.00035126 0.00014487  0.10229
Squares SWIN identity 104  0.066597  0.0070873  0.010213 0.12402
Squares UNet 104  0.052053  0.00025364 0.0018019 0.10282
Squares UNet identity 104 0.13279 0.041325 0.032803 0.22993
Cavity SWIN 200 472.75 2836.2 0.0099868  0.086619
Cavity SWIN identity 200 504.39 3025.8 0.030906 0.15497
Cavity UNet 200 506.94 3041 0.015642 0.19216
Cavity UNet identity 200 820.92 4896.7 12.884 1.0289

1.2.2 Inspection of the produced output

Two samples, one “constant” and one “increasing”, from the ID dataset with circular obstacles,
an “increasing” from the OOD dataset with square obstacles, and one example from the cavity
dataset are selected and passed through both models. The predicted fields are then compared
visually against the corresponding true fields.

Representative true sequences for these regimes are collected in the main text. The
supplementary material therefore focuses directly on predicted-versus-true comparisons and
error maps.

1.2.3 In-distribution: circular obstacles

The “constant” ID example 15 is shown in Figure S3. The predicted fields qualitatively
reproduce the true pressure and velocity fields, with discrepancies occurring predominantly
in the UNet architecture. These discrepancies mainly consist of noise at the borders of the
obstacles and around the borders of the inlets and outlets, as well as overestimation of the
velocity patterns. In particular, the models correctly recover regions of near-zero velocity
inside obstacles and the approximate location of inlet and outlet openings, even though these
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Supplementary Fig. S3: ID Circles example 15, timestep 18, “constant”.

geometrical features are not provided through explicit masks or coordinate inputs, but are only
available through their implicit signatures in the input pressure fields. The magnitude of the
predicted velocity field is zero inside the obstacles, but as mentioned above in Section 1.2.1, the
lack of directional information in those zones leads to higher cosine distance and contributes
to noisier, harder-to-minimise loss functions. The corresponding identity-ablation snapshots in
Figure S4 are visibly worse: the broad structure is still partially recognisable, but both pressure
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Supplementary Fig. S4: ID Circles identity-ablation example 15, timestep 18, “constant”.

and velocity are less coherent, and the errors are no longer confined as cleanly to narrow
boundary regions.

The “increasing” ID example 14 is shown in Figures S5, S6 and S7.  Again, the main
flow patterns are qualitatively reproduced and the same considerations as in the “constant”
case apply, including visible noise near boundaries. The temporal increase in flow intensity
appears to be recovered across the three timesteps. As before, the models still recover the
approximate layout of obstacles and boundary openings from the pressure and velocity fields



Timestep 1: Pressure, True Timestep 1: Pressure, Predicted

UNet
Tri
Decoupled

Timestep 1: Pressure, MSE
Pa
0.0010
0.0008
0.0006
0.0004
0.0002
0.0000

(a) ™™ (Pa) (b) pP*°? (Pa) (c) p MSE

Timestep 1: Velocity, True Timestep 1: Velocity, Predicted Timestep 1: Velocity, Cos Dist

Timestep 1: Velocity, MSE

(d) u®™¢ (m/s) (e) uP**d (m/s) (f) u MSE (2) u cos dist
Timestep 1: Pressure, True Timestep 1: Pressure, Predicted
Pa

0000175

0000150

0000125

SWIN
0.000075

0,000050

g 0.000025

z 0,000000

(h) p*™° (Pa) (i) pPr°? (Pa) () p MSE

Timestep 1: Velocity, True Timestep 1: Velocity, Predicted Timestep 1: Velocity, Cos Dist

Timestep 1: Velocity, MSE

(k) u®™"¢ (m/s) @ uP™? (m/s) (m) u MSE (n) u cos dist
Supplementary Fig. S5: ID Circles example 14, timestep 1, “increasing”.

alone, without separate geometric input channels. A clear qualitative difference between the
two architectures is that the UNet produces periodic tile-like noise, whereas this artefact is
not apparent in the SWIN predictions. This effect is visible in both pressure and velocity, but
it is more marked in pressure. Consistently with this visual impression, the colourbar ranges
of the p MSE and uv MSE panels for SWIN are roughly one-half to one-third of those for
UNet, while the cosine-distance maps appear broadly similar between the two models. The
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Supplementary Fig. S6: ID Circles example 14, timestep 10, “increasing”.

identity-ablation counterparts in Figures S8—S10 remain recognisable, but the fields are visibly
less sharp and the error maps are substantially broader, again supporting the conclusion that
direct latent forwarding is not competitive with the temporal-attention backbone.

1.2.4 Out-of-distribution: square obstacles

The “increasing” OOD example 98 is shown in Figures S11, S12 and S13. The qualitative
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Supplementary Fig. S7: ID Circles example 14, timestep 18, “increasing”.

behaviour is similar to that of the “increasing” ID example: the main flow structures are
reproduced, the approximate position and extent of the square obstacles are recovered, and
the tile-like artefact remains visible only in the UNet predictions. As in the ID case, this
artefact affects both pressure and velocity, but is more evident in pressure. Consistently with
the numerical summary and the main-text summary figure, the qualitative advantage of SWIN
over UNet is clearer in the pressure field than in the velocity magnitude: the p MSE panels
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Supplementary Fig. S8: ID Circles identity-ablation example 14, timestep 1, “increasing”.

indicate a marked reduction of the error scale for SWIN, whereas the corresponding difference
is less evident in the © MSE panels. The cosine-distance maps, by contrast, remain broadly
comparable between the two models. The identity-ablation square examples in Figures S14—
S16 are again clearly worse, with less stable pressure structure and broader velocity errors, so
the temporal backbone remains important even in the OOD geometry case.
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Supplementary Fig. S9: ID Circles identity-ablation example 14, timestep 10, “increasing”.

1.2.5 Out-of-distribution: lid-driven cavity

The cavity example 48 is shown in Figures S17, S18 and S19. A further final-timestep cavity
example, example 49, is shown in Figure S23.  The cavity case is visually less aligned
with the training distribution than the circles and squares examples. This is consistent with
the aggregate metrics in Section 1.2.1, where the cavity dataset produces substantially larger
pressure errors. The visual panels also clarify why the pressure MSE is especially severe in
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Supplementary Fig. S10: ID Circles identity-ablation example 14, timestep 18, “increasing”.

this case. In the cavity examples, the true pressure field has a much lower dynamic range
than in the obstacle-flow datasets and is visibly affected by structured numerical noise. In
this regime, the pressure MSE should not be interpreted only as a failure to recover the broad
cavity pattern: small offsets, smoothing of weak structures and residual local artefacts can
dominate the squared error when the coherent pressure signal itself is weak.

The same issue is present to a lesser extent in the velocity field. Example 48 retains
a more readable cavity circulation: across the three timesteps, both architectures correctly
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Supplementary Fig. S11: OOD Squares example 98, timestep 1, “increasing”.

reproduce the expansion of the main vortex, while local differences in field intensity and
fine-scale structure remain visible. Example 49 at timestep 18 provides a clearer low-field
case for velocity, with most of the domain carrying only weak motion and the strongest signal
concentrated near the moving lid. Both architectures still recover the qualitative organisation of
the flow, but weak velocity magnitudes make local direction and magnitude errors less stable.
The cavity identity-ablation snapshots in Figures S20-S22 are clearly less stable still, with
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Supplementary Fig. S12: OOD Squares example 98, timestep 10, “increasing”.

weaker structural coherence in both pressure and velocity, consistent with the large quantitative
deterioration seen in the numerical summary table above.

1.2.6 Physical diagnostics: drag force

Pointwise metrics and visual inspection indicate that both architectures reproduce the broad
flow structure, but they do not fully resolve which model better preserves physically relevant
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Supplementary Fig. S13: OOD Squares example 98, timestep 18, “increasing”.

derived quantities. In the present setting, fieldwise pressure and velocity errors alone are
therefore not sufficient to assess the models comprehensively. For this reason, a complementary
analysis is carried out on the drag force, evaluated on the ID (circles) and OOD (squares)
inference datasets.

Let I" denote the union of the boundaries of all obstacles present in a given example, and
let n be the outward unit normal to these boundaries. The total drag-force vector computed

16
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Supplementary Fig. S14: OOD Squares identity-ablation example 18, timestep 1,
“increasing”.

here is therefore the aggregate drag over all obstacles in the domain, and it is decomposed into
pressure and viscous contributions as

F=F,+F,, (1)
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Supplementary Fig. S15: OOD Squares identity-ablation example 18, timestep 10,
“increasing”.

with, in non-dimensional form:
1
Fp:—/pnds, FU:—/(Vu—i-VuT)nds. 2
r r
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Supplementary Fig. S16: OOD Squares identity-ablation example 18, timestep 18,
“increasing”.

In this formulation, the viscous term carries a Reynolds-number-dependent prefactor. However,
the drag assessment is based on relative errors between predicted and true quantities for the
same inferred case, so this prefactor is expected to cancel to leading order provided that the
effective prefactors in the predicted and true fields do not differ substantially. This assumption
is supported by the results of Section 1.2.2, which show that the main flow patterns are
recovered with reasonable fidelity. The drag errors can therefore be interpreted primarily as
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Supplementary Fig. S17: Cavity example 48, timestep 1.

reflecting differences between ppred, uPred and their true counterparts, rather than differences
in the global Reynolds scaling.
The analysis reported in this section is performed on the absolute relative error of a given
quantity, namely:
|qpred _ qtrue|

erel(q) - |qtrue| te 5 (3)
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Supplementary Fig. S18: Cavity example 48, timestep 10.

where ¢P™d and ¢'™° denote respectively the predicted and true values of the quantity of
interest, and € is a small positive constant introduced to avoid division-by-zero in the vanishing-
signal limit.
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Supplementary Fig. S19: Cavity example 48, timestep 18.

Sensitivity analysis

A sensitivity analysis is performed to assess the impact of two effects on the drag predictions.
The first is the role of signal intensity, viz., whether very weak or very strong signals are
associated to less stable errors. To assess this, Table S2 reports the absolute relative error
on the total drag magnitude, stratified by percentile band. Compared to the interquartile
range (25th—75th percentile), the second band (5th-25th percentile) exhibits higher errors
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Supplementary Fig. S20: Cavity identity-ablation example 48, timestep 1.

and therefore performs worse, while the first band (<5th percentile) performs substantially
worse still. This suggests that the models have difficulty predicting low- and very-low-intensity
signals. By contrast, the upper two bands (75th—95th percentile and >95th percentile) do not
show a comparable deterioration: their errors are either close to the interquartile band or lower,
especially for SWIN.

Second, the impact of rollout position is assessed. In other words, the first predicted
timesteps are expected to suffer from reduced temporal context compared to the central and
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Supplementary Fig. S21: Cavity identity-ablation example 48, timestep 10.

final ones, and are therefore expected to perform worse. Figures S24, S25, S26, and S27 show
how the component-wise absolute relative error on the pressure- and viscous-force vectors,
F, and F,, changes when the first k timesteps are removed from the aggregate calculation.

These figures show that removing the first timesteps reduces the upper-percentile errors
across most force components, especially around the 75th and 95th percentiles. The lower-
percentile curves are instead comparatively flat. This suggests a rollout-related deterioration in
predictive capability at the beginning of the sequence, affecting mainly the less stable tail of
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Supplementary Fig. S22: Cavity identity-ablation example 48, timestep 18.

the error distribution. The identity-ablation curves are also decisively outside the transformer-
backbone range in all four panels, which indicates that the temporal-backbone contribution is
not marginal in this derived-force diagnostic.

It should be noted that the two effects cannot be fully separated in the present dataset.
Because of the “increasing” setup, the lowest-intensity signals are more likely to occur
during the initial timesteps, so low-signal and low-context effects are partially confounded.
Nevertheless, both effects are considered plausible contributors to the observed deterioration.
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Supplementary Fig. S23: Cavity example 49, timestep 18.

In particular, the low-signal contribution is consistent with the independent cavity inspection in
Section 1.2.5, where low-intensity pressure fields, and to a lesser extent low-intensity velocity
fields, were associated with less stable fieldwise errors. For this reason, the analysis below
focuses conservatively on three measures of the absolute relative error: fully pooled; restricted
to the 25th—75th percentile range; and pooled after excluding the first 10 timesteps.
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Supplementary Table S2: Absolute relative error of the total drag magnitude stratified by
percentile band.

Run < 5th 5-25th 25-75th 75-95th > 95th
SWIN, Circles 8.2990 0.8649 0.0524 0.0237 0.0186
SWIN identity, Circles 2.8903 0.5352 0.1735 0.2923 0.3389
UNet, Circles 7.6167 0.1728 0.1059 0.1415 0.1416
UNet identity, Circles 12.7138 1.3837 0.4247 0.4588 0.5843
SWIN, Squares 14.8614 1.3602 0.0572 0.0096 0.0106
SWIN identity, Squares 9.4476 1.0722 0.3287 0.2644 0.3162
UNet, Squares 17.8037 0.3379 0.0780 0.0705 0.0816
UNet identity, Squares 22.9169 3.3035 0.8113 0.3408 0.3883
Total drag

Table S3 reports the error on the physically most direct scalar quantity, namely the magnitude
of the total drag force. The interquartile band is taken as the most representative signal regime,

Supplementary Table S3: Absolute relative error of the total drag-force magnitude |F| across
the inference datasets.

Run Pooled e, | 25th—75th |e,e;| Prefix-10 [e,.c|
SWIN, Circles 0.6214 0.0524 0.0566
SWIN identity, Circles 0.4143 0.1735 0.2219
UNet, Circles 0.5052 0.1059 0.1026
UNet identity, Circles 1.2482 0.4247 0.4728
SWIN, Squares 1.0475 0.0572 0.0557
SWIN identity, Squares 0.9207 0.3287 0.3520
UNet, Squares 1.0167 0.0780 0.0770
UNet identity, Squares 2.3017 0.8113 0.7926

because it excludes both the very small-force cases, where relative errors are unstable, and the
extreme upper tail, which contains comparatively few samples. In this representative band, and
also in the prefix-excluded view, SWIN yields lower total-drag magnitude errors than UNet
on both datasets. The identity-backbone ablations are markedly worse than the corresponding
transformer-backbone models, indicating that the previous-frame visual encoding alone is
not sufficient to preserve this integrated force quantity. The circle-to-square shift does not
produce a uniform increase in total-magnitude error for the transformer-backbone models:
SWIN remains nearly unchanged, while UNet is lower on squares than on circles in these two
robust views. This indicates non-trivial generalisation to the OOD geometry, but the pooled
and total-magnitude views should still be interpreted cautiously, because pressure and viscous
contributions can compensate and make the total drag appear comparatively accurate even
when the underlying decomposition is less accurate.
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To complement the observations above, the directional error between predicted and true
total drag is introduced through the cosine distance:

Fpred . Ftrue

deos = 1 — |Fpred| |Ftrue|’

“4)

clipped to the interval [0, 2]. Lower values indicate better directional agreement, with deos = 0
corresponding to perfect alignment. The results are reported on Table S4. The total-force

Supplementary Table S4: Directional error of the total drag force, measured by cosine

distance.
Run Pooled dcos 25th-75th deos Prefix-10 dcos
SWIN, Circles 0.0071 0.0002 0.0002
SWIN identity, Circles 0.0529 0.0152 0.0147
UNet, Circles 0.0441 0.0009 0.0010
UNet identity, Circles 0.3175 0.1715 0.1839
SWIN, Squares 0.0137 0.0031 0.0021
SWIN identity, Squares 0.1143 0.0596 0.0572
UNet, Squares 0.0795 0.0036 0.0030
UNet identity, Squares 0.3835 0.3251 0.2897

direction analysis provides a more discriminating view of the OOD shift. Directional errors
increase from circles to squares for both architectures, but SWIN remains more accurate than
UNet in all three views. Here too the identity-ablation rows sit well outside the transformer-
backbone range, so the temporal backbone is clearly necessary to preserve the force direction.

Pressure and viscous contributions

The errors in the magnitudes of the separate pressure and viscous drags are assessed. Table S5
reports the corresponding absolute relative errors in the pooled, interquartile and prefix-
excluded views. The pressure-drag magnitude does not uniformly favour SWIN: in the
interquartile and prefix-excluded views, UNet gives lower pressure-magnitude errors, especially
on the square dataset. By contrast, viscous-drag magnitude errors show a clearer and more
physically relevant separation in the robust views, where SWIN is substantially better than
UNet on both geometry families. This indicates that the main advantage of SWIN lies in
reconstructing the near-boundary velocity field and its gradients, rather than in the pressure
contribution alone. The identity-ablation runs are again far outside the competitive range,
especially in the viscous contribution, reinforcing the conclusion that latent self-attention is
needed for robust near-wall reconstruction.

Direction of the total drag

Taken together, the total-drag magnitude, its pressure/viscous decomposition, and the direc-
tional analysis show that physically derived quantities provide discrimination between the
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Supplementary Table S5: Absolute relative errors for the magnitudes of pressure drag and
viscous drag across the inference datasets. Lower is better.

Run Type Pooled |e,¢;| 25th-75th |e,e;| Prefix-10 |e,.|
SWIN, Circles Pressure 0.3409 0.0764 0.0707
SWIN, Circles Viscous 1.8543 0.0624 0.0701
SWIN identity, Circles  Pressure 0.5708 0.3978 0.4029
SWIN identity, Circles Viscous 1.0009 0.4524 0.4717
UNet, Circles Pressure 0.4477 0.0396 0.0357
UNet, Circles Viscous 1.0710 0.1868 0.1977
UNet identity, Circles Pressure 1.3300 0.3406 0.3901
UNet identity, Circles Viscous 1.5212 0.8017 0.7799
SWIN, Squares Pressure 0.8399 0.1009 0.0924
SWIN, Squares Viscous 2.4380 0.1092 0.0917
SWIN identity, Squares  Pressure 1.0978 0.4131 0.4148
SWIN identity, Squares ~ Viscous 1.5179 1.0134 0.8666
UNet, Squares Pressure 0.7262 0.0575 0.0529
UNet, Squares Viscous 2.6945 0.1355 0.1500
UNet identity, Squares  Pressure 2.2617 0.4626 0.5091
UNet identity, Squares  Viscous 2.9830 2.0213 1.6656

models that is less evident from local pressure and velocity errors alone. The OOD square
geometry does not lead to a uniform deterioration of total-drag magnitude, which suggests a
non-trivial degree of generalisation. However, the decomposed and directional drag metrics
remain more diagnostic and indicate that SWIN is the more robust architecture, especially for
total-force direction and the viscous contribution. Across all these drag views, the identity-
ablation results are decisively outside the transformer-backbone range and therefore support
the same qualitative conclusion.

1.2.7 Structure-aware velocity diagnostics

The drag-force analysis assesses a physically derived integrated quantity. The following two
diagnostics instead focus directly on the structure of the predicted velocity fields, first through
one-dimensional profiles and then through fieldwise decompositions.

Line-profile errors

A first intermediate diagnostic is obtained by comparing one-dimensional velocity profiles
extracted from the predicted and true fields. In particular, vertical profiles of the streamwise
velocity component u, (y) are extracted at three fixed sections, /L = 0.25, 0.50, and 0.75,
using only valid fluid nodes. For a given section, the relative profile error is defined as

||umpred (y) - uxtrue(y) H2
l[ugt e (y)l, + €

€prof = (5)

where P4 is the predicted profile and u, " is the true profile.
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Table S6 reports the resulting profile errors pooled over the three sections, all examples,
and all predicted timesteps, including the identity-backbone ablations. The gated columns
repeat the calculation after retaining only the strongest 5% of true-profile norms within each
run. The profile analysis confirms the ranking observed in the fieldwise metrics: SWIN gives

Supplementary Table S6: Fixed-section u, (y) profile relative Lo errors, including the
identity-backbone ablations. Gated-95 retains the strongest 5% of true-profile norms within

each run.
Geometry  Run n Median Q25-Q75 Gated-95 Gated-95
median Q75

Circles SWIN 86 0.0486 0.0217- 0.0242 0.0308
0.4633

Circles SWIN identity 86 0.9098 0.4056— 0.4870 0.5333
2.2090

Circles UNet 86 0.2124 0.1066— 0.1181 0.2114
0.4518

Circles UNet identity 86 2.2975 0.6420- 0.4686 0.5768
10.1167

Squares SWIN 104 0.0657 0.0196- 0.0229 0.0251
0.6781

Squares SWIN identity 104 1.0616 0.3981- 0.3536 0.3801
2.7811

Squares UNet 104 0.2290 0.1042— 0.0976 0.1208
0.5078

Squares UNet identity 104 2.8521 0.7411- 0.4300 0.5132
10.2886

Cavity SWIN 200 0.2715 0.0661— 0.1640 0.2202
7.4693

Cavity SWIN identity 200 1.3697 0.7507- 0.5506 0.6337
8.4755

Cavity UNet 200 0.5631 0.2506— 0.3341 0.4181
1.8383

Cavity UNet identity 200 8.3752 2.8974— 4.8159 9.9376
17.8583

substantially lower median errors than UNet on both the ID circles and the OOD squares. The
difference persists for cavity, although the cavity profile distribution is much broader. The
identity-backbone variants are consistently worse than their transformer-backbone counterparts,
even after strong-signal gating. This supports the interpretation that temporal self-attention
contributes to the next-state prediction, and that part of the cavity deterioration is driven by
low-signal profiles rather than by geometric novelty alone.

The dependence on the position of the vertical section is reported in Table S7. The absolute
values vary across sections, but the architecture ranking is stable: SWIN remains lower than
UNet for all three sections and all three geometries. The same median profile errors are shown
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Supplementary Table S7: Median vertical u,(y) line-profile relative L2 error on the three
sections, including the identity-backbone ablations.

Geometry  Run z/L =0.25 z/L = 0.50 z/L =0.75
Circles SWIN 0.0447 0.0373 0.0656
Circles SWIN identity 0.9597 0.8653 0.9449
Circles UNet 0.2607 0.1695 0.2452
Circles UNet identity 2.2495 2.1138 2.9036
Squares SWIN 0.0572 0.0659 0.0836
Squares SWIN identity 1.0563 0.9842 1.1324
Squares UNet 0.2292 0.1936 0.2944
Squares UNet identity 2.8521 2.4190 3.6289
Cavity SWIN 0.3016 0.2498 0.2718
Cavity SWIN identity 1.1773 1.3812 1.4161
Cavity UNet 0.6050 0.4039 0.7311
Cavity UNet identity 8.6627 5.1993 9.2940

in Figure S28. Figure S29 shows the effect of removing the first k predicted timesteps for the
transformer-backbone runs. The prefix effect is visible but comparatively mild in the median
profile error, especially relative to the low-signal effect captured by the gated view in Table S6.

Fieldwise velocity-error decomposition

A further diagnostic assesses whether velocity-field errors are mainly due to simple global
effects, such as amplitude mismatch or small spatial misalignment, or whether they reflect
residual structural differences. For each predicted velocity field, three quantities are considered:
Uz, Uy, and the speed magnitude |u|. For a generic field ¢ € {u,,u,, |u|} over the valid-fluid
domain €, the raw relative Lo error is defined as

B qured _ qtrue

o (d) = o

llg*rvelly o +€

(6)

This value is compared with three corrected views. In the scale-only view, the optimal scalar
o* = arg m(in Haqpred — qtrueHZQ @)

is applied to the prediction. In the shift-only view, the prediction is translated by the optimal
displacement

6" = angmin [ To”™ — 4" . ®

where T is the translation operator and D is the bounded search window used in the analysis.
Finally, the shift+scale view solves

(a*,8%) = arg a{%ienp Hoﬂ:;qpred _ qtrueHQ,Q _ )
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The same denominator ||¢"™"¢||, (, + € is used for all corrected relative errors. The reduction
reported in Table S8 is
Eshift+scale (q)
Rshift-i—scale =1 > (10)
Craw (q)

Pearson correlation is also computed fieldwise as
ZQ <qpred _ qpred> <qtrue _ qtrue)

frd — = .
\/ZQ (qPred _ qpred> \/EQ (qtrue _ qtrue> + e

The corrections are not used as a post-processing proposal, but as diagnostics: a large improve-
ment after correction indicates that a substantial part of the raw error can be explained by
amplitude or alignment effects.

Table S8 reports the speed-field diagnostics, including the identity-backbone ablations.
The residual column is the fraction of raw error left after shift+scale correction. SWIN has

r(q) Y

Supplementary Table S8: Median whole-field speed diagnostics, including the identity-
backbone ablations. Lower relative Ly values are better; higher Pearson correlations are better.

Geometry  Run Raw L2  ScaleL2 Corr.L2  Pearson «a Residual
Circles SWIN 0.0277 0.0267 0.0267 0.9989 0.9939 0.9423
Circles SWIN identity ~ 0.4341 0.2805 0.2790 0.9135 0.7744 0.6799
Circles UNet 0.1986 0.1307 0.1302 0.9798 0.9601 0.7929
Circles UNet identity 0.9509 0.4035 0.3960 0.7499 0.5244 0.4411
Squares SWIN 0.0573 0.0508 0.0508 0.9978 0.9936 0.9155
Squares SWIN identity ~ 0.8610 0.2739 0.2738 0.9185 0.5383 0.2120
Squares UNet 0.1994 0.1245 0.1216 0.9831 0.9157 0.7485
Squares UNet identity 1.9806 0.4008 0.3882 0.7771 0.3268 0.1810
Cavity SWIN 0.1939 0.1761 0.1761 0.9769 0.9152 0.7380
Cavity SWIN identity 1.1081 0.4294 0.4191 0.8397 0.4657 0.2396
Cavity UNet 0.4359 0.3660 0.2845 0.8342 0.7926 0.6288

Cavity UNet identity 5.3207 0.8575 0.6865 0.1171 0.0537 0.1422

lower raw speed-field relative errors than UNet on all three geometries. The circle-to-square
shift increases the SWIN error but keeps it well below the corresponding UNet value, while
cavity remains the most difficult dataset for both models. The identity-backbone ablations
are substantially worse, especially for cavity. Shift+scale correction reduces part of their
error, indicating a strong amplitude or intensity component, but the corrected errors remain
above those of the transformer-backbone models. This reinforces the conclusion that temporal
self-attention does more than preserve a static spatial representation.

Figure S30 reports the same raw, scale-only, and shift+scale relative errors for the speed
field. The cavity case again stands out, especially for UNet identity, whose raw Pearson
correlation is also substantially lower than in the circle and square cases; the shift+scale

32



correction improves the relative error but does not remove the gap. Taken together with
Sections 1.2.5, 1.2.6, and 1.2.7, this supports the view that low-signal regimes and field-
intensity mismatch are recurrent contributors to the residual errors.

1.2.8 Von Karman vortex-shedding test

The preceding diagnostics focus on obstacle-flow and cavity examples. The final tests are
carried out on von Karman vortex-shedding datasets. These cases introduce a different type
of out-of-distribution behaviour: coherent, time-periodic wake structures. They are assessed
separately because aggregate pointwise errors can be dominated by phase lag. A prediction
that captures the wake morphology but is slightly delayed in time can therefore appear poor
under same-timestep relative-error metrics.

Three variants are considered. Two use the original output timestep and contain 48
examples with mean Re = 749.0 and CV of 0.28 on the physical scale: skip09, which
samples the early onset of alternating vortices, and skip39, which starts from an already
established vortex street. The third variant, vt kp06 skip39, uses the same established-wake
setup but reduces the output timestep by a factor of five; it contains 365 examples with mean
Re = 774.9 and CV of 0.27.

Representative true sequences for the von Karman regimes are reported in the main text.

To probe phase lag directly, the predicted speed field |upr8d| and vorticity field wPr?d =
Ouy P /0x — Ou,Pred /Oy are compared with two true fields: the corresponding true timestep,
denoted as current, and the immediately preceding true timestep, denoted as previous. For
g € {|u],w}, the two relative errors are

pred true
g -9
! tollan

g™ llo0 +€

pred true
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The corresponding Pearson correlations are computed by replacing gi™¢ with either g{*™° or
g™ in the fieldwise expression above. The previous-frame comparison is only a diagnostic
baseline; it is not used as a deployable predictor. If the previous true frame matches the
prediction better than the current true frame, the error is consistent with a temporal delay in
the predicted wake.

Table S9 shows that the previous-frame comparison is better than the current-frame
comparison for the transformer-backbone models in all three variants, but the size of the effect
is not constant. At the original timestep, the lag is already visible in skip09 and becomes
much more severe in skip39, especially for vorticity. This indicates that the difficulty is
larger once the alternating wake is fully established. When the same established-wake setup
is sampled more finely in time, as in vtkp06 skip39, the current-frame errors decrease
substantially. The identity-backbone ablations, by contrast, are worse in a broader sense: their
correlations are lower and their previous-frame comparison does not recover transformer-like
accuracy. Thus, the lag depends both on the temporal sampling of the input data and on the
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Supplementary Table S9: Lag diagnostics for the von Karman variants, including the
identity-backbone ablations. Current compares predicted fields with the same true timestep;
previous compares them with the preceding true timestep.

Variant Run Field Current rel. Previous Current Previous
L2 rel. L2 Pearson Pearson
skip09 SWIN [u] 0.1161 0.0186 0.9785 0.9993
skip09 SWIN w 0.3095 0.0978 0.9546 0.9953
skip09 SWIN identity |ul] 0.3601 0.3452 0.7895 0.8178
skip09 SWIN identity —w 0.7799 0.7173 0.6456 0.7048
skip09 UNet |ul 0.1269 0.0635 0.9726 0.9936
skip09 UNet w 0.5359 0.4515 0.8490 0.8939
skip09 UNet identity [u] 0.3907 0.3793 0.6868 0.7176
skip09 UNet identity w 2.1170 2.1011 0.2863 0.3171
skip39 SWIN |ul 0.3177 0.0206 0.8015 0.9993
skip39 SWIN w 1.0779 0.0940 0.4097 0.9957
skip39 SWIN identity |ul] 0.3705 0.3337 0.7336 0.8271
skip39 SWIN identity —w 1.1446 0.6594 0.1816 0.7519
skip39 UNet [u] 0.3182 0.0675 0.8002 0.9923
skip39 UNet w 1.1308 0.4775 0.3140 0.8802
skip39 UNet identity |ul 0.4435 0.3949 0.6149 0.7033
skip39 UNet identity w 2.2924 2.0757 0.0882 0.2953
vtkp06 skip39 SWIN |ul 0.0588 0.0219 0.9947 0.9991
vtkpO06 skip39 SWIN w 0.1713 0.1103 0.9854 0.9940
vtkp06 skip39 SWIN identity |u| 0.3766 0.3754 0.7920 0.7937
vtkp06 skip39 SWIN identity w 0.7288 0.7180 0.6921 0.7016
vtkpO06 skip39  UNet |ul 0.0867 0.0634 0.9887 0.9929
vtkp06 skip39  UNet w 0.4774 0.4589 0.8815 0.8907
vtkp06 skip39  UNetidentity  |u] 0.5342 0.5354 0.3418 0.3367
vtkpO06 skip39  UNet identity w 3.0166 2.9752 0.2157 0.2190

phase of the wake, while the identity ablation confirms that the transformer-backbone models
are not merely producing a fixed delayed copy.

Figure S31 summarises the same lag diagnostic for the transformer and identity backbones.
The previous-frame baseline remains lower for the transformer-backbone models, reinforcing
the interpretation that a phase delay contributes to the error. The identity-backbone variants
remain comparatively inaccurate under both current- and previous-frame comparisons, which
separates phase lag from the loss of temporal sequence modelling.

The same pattern is visible in the velocity-profile diagnostics. Table S10 reports the
current-target median profile relative L2 error. The established-wake skip39 case has much
larger current-frame errors than skip09; after reducing the timestep in vtkp06 skip39,
these errors drop markedly. SWIN remains lower than UNet in the current-frame view, and
both identity-backbone variants remain worse than their corresponding transformer-backbone
models.

The aggregate inference losses for the reduced-timestep vtkp06 skip39 set are re-
ported in Table S11. In this dataset, SWIN has lower loss, pressure MSE, velocity-magnitude
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Supplementary Table S10: Current-target fixed-section u, (y) profile errors for the von

Karman variants, including the identity-backbone ablations.

Variant Run Profile median Q25 Q75

skip09 SWIN 0.0786 0.0416 0.1525
skip09 SWIN identity 0.4337 0.3124 0.4558
skip09 UNet 0.1081 0.0862 0.1602
skip09 UNet identity 0.4187 0.3407 0.5080
skip39 SWIN 0.3445 0.1006 0.5109
skip39 SWIN identity 0.4071 0.3358 0.5038
skip39 UNet 0.3464 0.1458 0.5093
skip39 UNet identity 0.5191 0.4506 0.5751
vtkp06 skip39 SWIN 0.0511 0.0373 0.0684
vtkp06 skip39  SWIN identity 0.4313 0.3377 0.4883
vtkpO06 skip39  UNet 0.0913 0.0730 0.1104
vtkp06 skip39  UNet identity 0.7948 0.4347 1.3596

MSE, and velocity cosine distance than UNet. These aggregate values are consistent with the
lag-aware diagnostics above, but are less informative about the temporal origin of the error.

Supplementary Table S11: Aggregate inference losses and metrics on the von Karman wake
test set, including the identity-backbone ablations.

Run n examples Loss p MSE u MSE u cos distance
SWIN 365 0.0358 0.0128 0.0020 0.0660
SWIN identity 365 0.0697 0.0253 0.0611 0.0901
UNet 365 0.0400 0.0196 0.0038 0.0709
UNet identity 365 0.4084 0.2152 0.2883 0.5529

Figure S32 shows two consecutive predicted timesteps for the three variants, using
the available inference summary panels for example 1. The standard-timestep skip09
and skip39 rows show that the qualitative phase relation between prediction and truth
changes as the wake develops. The reduced-timestep vt kp06 skip39 row preserves a simi-
lar established-wake morphology but with smaller inter-frame changes, consistent with the
reduced lag observed quantitatively.

Figure S33 reports the corresponding identity-backbone snapshots immediately afterwards,
so that the qualitative wake structure can be compared without changing example or timestep.

The identity-backbone panels in Figure S33 are qualitatively worse across all three
variants. The alternating wakes are still hinted at, but the phase structure is blurrier and less
stable, which matches the lag-aware metrics and reinforces the role of the temporal backbone.
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1.2.9 Cross-regime synthesis of identity-backbone effects

The analyses above indicate that the models recover meaningful flow evolution, but they do
not by themselves isolate the role of temporal self-attention in the backbone. To probe this
point, two additional ablations are considered. For each encoder-decoder family, an identity-
backbone variant is evaluated in which the encoded representation of timestep ¢ — 1 is passed
directly to the decoder for timestep ¢, with no self-attention over the latent sequence. These
ablations therefore preserve the same visual encoder-decoder route, while removing the explicit
temporal model.

For convenience, the main obstacle/cavity and von Karman identity-backbone diagnostics
are also collected in Tables S12 and S13.

Supplementary Table S12: Identity-backbone ablation on obstacle-flow and cavity
diagnostics. Drag reports the representative 25-75% true-force band and is not defined for
cavity. Profile errors are fixed-section u,, (y) relative Lo errors; Gated-95 retains the strongest
5% of true-profile norms.

Geometry  Run n Drag Profile Profile Speed Speed Speed
band median Gated- raw L2  corr. L2  Pearson
95
Circles SWIN 86  0.0524 0.0486 0.0242 0.0277 0.0267 0.9989
Circles SWIN identity 86  0.1735 0.9098 0.4870 0.4341 0.2790 0.9135
Circles UNet 86  0.1059 0.2124 0.1181 0.1986 0.1302 0.9798
Circles UNet identity 86  0.4247 2.2975 0.4686 0.9509 0.3960 0.7499
Squares SWIN 104 0.0572 0.0657 0.0229 0.0573 0.0508 0.9978
Squares SWIN identity 104  0.3287 1.0616 0.3536 0.8610 0.2738 0.9185
Squares UNet 104 0.0780 0.2290 0.0976 0.1994 0.1216 0.9831
Squares UNet identity 104 0.8113 2.8521 0.4300 1.9806 0.3882 0.7771
Cavity SWIN 200 - 0.2715 0.1640 0.1939 0.1761 0.9769
Cavity SWIN identity 200 - 1.3697 0.5506 1.1081 0.4191 0.8397
Cavity UNet 200 - 0.5631 0.3341 0.4359 0.2845 0.8342
Cavity UNet identity 200 - 8.3752 4.8159 5.3207 0.6865 0.1171

The ablation results are integrated into Tables S3, S6, S8, S9, and S10, and the compact
summaries above show the same ranking in a more direct side-by-side form. Across drag,
profile, fieldwise, and von Karman diagnostics, the identity-backbone variants are consistently
worse than their corresponding transformer-backbone models. Scale and shift+scale corrections
reduce part of the identity-model error, especially on squares and cavity, but the corrected
errors remain above those of the transformer-backbone models. The Von Karman results also
separate the identity effect from phase lag: transformer-backbone predictions can be closer
to the previous true frame than to the current one, but identity-backbone predictions remain
comparatively inaccurate under both comparisons. Taken together, these results indicate that
temporal self-attention materially improves the predicted field evolution, rather than merely
preserving a static previous-frame representation.
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Supplementary Table S13: Identity-backbone ablation on von Karman lag diagnostics.

pred . true 3 pred . true
Current compares g, with g;""°, whereas previous compares g, with g;"'F.

Variant Run Field Current rel. Previous Current Previous
L2 rel. L2 Pearson Pearson
skip09 SWIN |ul 0.1161 0.0186 0.9785 0.9993
skip09 SWIN w 0.3095 0.0978 0.9546 0.9953
skip09 SWIN identity  |ul] 0.3601 0.3452 0.7895 0.8178
skip09 SWIN identity —w 0.7799 0.7173 0.6456 0.7048
skip09 UNet |ul 0.1269 0.0635 0.9726 0.9936
skip09 UNet w 0.5359 0.4515 0.8490 0.8939
skip09 UNet identity |ul 0.3907 0.3793 0.6868 0.7176
skip09 UNet identity w 2.1170 2.1011 0.2863 0.3171
skip39 SWIN [ul 0.3177 0.0206 0.8015 0.9993
skip39 SWIN w 1.0779 0.0940 0.4097 0.9957
skip39 SWIN identity  |ul 0.3705 0.3337 0.7336 0.8271
skip39 SWIN identity —w 1.1446 0.6594 0.1816 0.7519
skip39 UNet [ul 0.3182 0.0675 0.8002 0.9923
skip39 UNet w 1.1308 0.4775 0.3140 0.8802
skip39 UNet identity  |u] 0.4435 0.3949 0.6149 0.7033
skip39 UNet identity w 2.2924 2.0757 0.0882 0.2953
vtkp06 skip39 SWIN |ul 0.0588 0.0219 0.9947 0.9991
vtkp06 skip39 SWIN w 0.1713 0.1103 0.9854 0.9940
vtkp06 skip39 SWIN identity  |u] 0.3766 0.3754 0.7920 0.7937
vtkpO06 skip39 SWIN identity w 0.7288 0.7180 0.6921 0.7016
vtkp06 skip39  UNet |ul 0.0867 0.0634 0.9887 0.9929
vtkp06 skip39  UNet w 0.4774 0.4589 0.8815 0.8907
vtkp06 skip39  UNet identity [ul 0.5342 0.5354 0.3418 0.3367
vtkpO06 skip39  UNet identity w 3.0166 2.9752 0.2157 0.2190

2 Supplementary Methods

2.1 Architecture details

The model combines two main components:

* A visual encoder-decoder (architecture-specific parameters). For the UNet-based option,
the encoder-decoder follows a CNN [1] UNet [2]-style design, whereas the SWIN-based
follows [3, 4]. The encoder converts each snapshot into a tuple consisting of a high-level
semantic embedding vector and a set of intermediate feature maps. The decoder performs
the reverse operation.

* A Transformer backbone (66,735,360 parameters). The Transformer applies self-attention
to a sequence of embeddings produced by the encoder, and generates the next embedding
of the sequence.

The model uses ELU activation functions [5]. The snapshot sequence is processed as
follows:

1. Each snapshot is converted into a sequence of semantic embeddings by the UNet/SWIN’s
encoder.

37



2. The sequence of embeddings is processed by the Transformer’s encoder into a context-
aware latent representation of the sequence.

3. The latent representation is then passed to the Transformer’s decoder, which predicts the
next embedding of the sequence.

4. The updated sequence of embeddings is then converted into a sequence of snapshots
by the UNet/SWIN’s encoder. The intermediate feature maps are passed directly to the
decoder at the corresponding position in the sequence, shifted forward by one timestep.

2.1.1 UNet encoder-decoder

This autoencoder employs a UNet-based architecture to encode a snapshot of pressure and
velocity patterns (z and y component) into a semantic embedding vector, and to decode
an embedding back into a flow and pressure pattern snapshot. No explicit binary masks or
coordinate fields for obstacles, inlets or outlets are provided; however, their presence remains
implicitly encoded in the pressure and velocity patterns. In particular, cells inside obstacles are
outside the CFD computational domain and therefore retain characteristic values inherited from
the solver, including persistent zero pressure. A set of intermediate feature maps are generated
as well, in order to facilitate the reconstruction of low-level local details. Unlike the original
U-Net architecture, pressure and each component of the velocity field are processed separately
through dedicated pathways. This design choice arises because these fields differ significantly—
unlike the RGB channels in the original UNet application—so combining them in a single
pathway would lead to destructive interference. Following the encoder’s downsampling, the
pathway embeddings are concatenated and passed through a fully connected layer, enabling
cross-pathway feature exchange. Symmetrically, in the decoder, the combined embedding
is again processed by a fully connected layer before being split and upsampled across the
dedicated pathways.
The architecture of the UNet’s encoder is as follows:

1. The encoder accepts an input tensor of shape (batch_size, 101, 101, 3), where the last
dimension corresponds to the three channels: p, u,, and u,,.

2. The input is split across the last dimension into three tensors of shape (batch_size, 101,
101, 1), thereby separating p, u, and u,, from one another, and each of them is fed into a
dedicated downsampling pathway.

3. Each downsampling pathway consists of three convolutional layers with 3 x3 kernels,
strides of 2, and respectively 8, 16, and 32 filters. This arrangement creates intermediate
feature maps of shapes (batch_size, 52, 52, 8), (batch_size, 26, 26, 16) and (batch_size,
13, 13, 32).

4. The deepest feature map is then flattened into a vector of shape (batch_size, 5408) and
passed to a fully-connected layer. The final pathway embedding has shape (batch_size,
256).

5. The three pathway embeddings are concatenated and passed to a fully-connected layer
that maintains the same shape. The final embedding has shape (batch_size, 768).

The architecture of the UNet’s decoder mirrors the encoder and is as follows:
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1. The embedding is passed to a fully-connected layer that maintains the same shape, and
then split into three pathway embeddings, each one of shape (batch_size, 256).

2. Each pathway embedding is passed to a fully-connected layer which outputs a tensor of
shape (batch_size, 5408), and then reshaped into a tensor of shape (batch_size, 13, 13, 32).

3. Each tensor shaped in this way is processed through a dedicated upsampling pathway
consisting of three transposed convolutional layers with 3x3 kernels, strides of 2, re-
spectively 8, 16, and 32 filters. This arrangement creates intermediate tensors of shapes
(batch_size, 26, 26, 16), (batch_size, 52, 52, 8) and (batch_size, 104, 104, 1). The final
intermediate tensors are cropped on the right to a final shape of (batch_size, 101, 101,
1). Each intermediate tensor is concatenated with the corresponding feature map before
being passed to the transposed convolutional layer.

4. The tensors produced by the upsampling pathways are finally concatenated into the final
output of shape (batch_size, 101, 101, 3).

2.1.2 SWIN encoder-decoder

This autoencoder architecture is based on a Shifted Window Transformer. This autoencoder
utilises a type of self-attention called “Shifted Window Attention” that aims to exploit self-
attention’s capability to propagate relevant information throughout the flow field based on
the context of surrounding flow, while also reducing the required computational cost by
dividing the (current stage) flow snapshot representation into ‘windows’ and only performing
Self-Attention (W-MSA) within each window (block 1 of the SWIN layer). The window
borders then “shift” by half a window length and Shifted Window Self Attention (SW-MSA)
is performed (block 2 of the layer) to allow information and context to propagate between
windows without having to perform full global attention. This occurs at each SWIN layer.

In the configuration used within this work, the window size is 13x13 patches, so the
window will shift by 6 patches. This means that at the last SWIN layer in the encoder, W-MSA
is performed twice as there is no need to shift as one window comprises the entire snapshot
representation at this layer. A separate encoder and decoder are trained for each channel (p, u,,
uy). Each decoder layer (except the lowest-dimension first layer) sees skip connections (the
output) from the same layer of the encoder, acting as an intermediate feature map to reconstruct
low-level local details. The SWIN Transformer Autoencoder has 30,324,240 parameters.

The architecture of the SWIN UNet Encoder is as follows:

1. The encoder accepts an input tensor of shape (batch_size, 101, 101, 3) where the last
dimension corresponds to the three channels: (p, ug, uy).

2. The input is split across the last dimension into three tensors of shape (batch_size, 101,
101, 1), thereby separating the (p, u,, u,) channels from one another, and each of them
is fed into a dedicated down-sampling pathway.

3. Each pathway starts by permuting to channel-first and padding the image to size
(batch_size, 1, 104, 104), and then embedding it into 2x 2 patches (batch_size, 48, 52, 52).

4. There are three consecutive SWIN Transformer layers (each with 2 SWIN blocks), with
each layer but the last followed by a 2 x2 patch-merging step. This results in feature maps
of size (batch_size, 48, 52, 52) and (batch_size, 96, 26, 26), as the deepest encoder/decoder
stage does not utilise a feature map.
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. The output of the deepest layer is passed to an adaptive average pooling with output

shape (batch_size, 192, 8, 8) and then flattened to (batch_size, 12288) and passed to a
fully-connected bottleneck with size (batch_size, 256).

. The three separate pathways are concatenated and passed to another fully-connected layer

with the same input/output shape to facilitate coupling between the channels, leaving a
shape (batch_size, 768).

The architecture of the SWIN UNet Decoder is as follows:

. The embedding is passed to a fully-connected layer that has the same input/output shape

and is split into three pathways each with shape (batch_size, 256).

. Each pathway is passed to a fully-connected layer with output shape (batch_size, 12288),

reshaped to (batch_size, 192, 8, 8), and up-sampled by bilinear interpolation to (batch_size,
192, 13,13) before being passed to the up-sampling pathway.

. Each up-sampling pathway consists of an initial patch expansion layer (no attention), and

2 SWIN layers (2 blocks each), each followed by a patch expansion. For all up-sampling
layers after the initial one, the corresponding feature map from the encoder is concatenated
to the tensor, and the output is linearly projected back to the pre-concatenation size before
patch expansion.

. The final up-sample is followed by a 1x 1 convolutional layer to reduce channel size back

to 1.

. The final output of shape (batch_size, 104, 104, 1) is cropped to (batch_size, 1, 101, 101),

concatenated with all pathway outputs, and permuted to channel-last format to shape
(batch_size, 101, 101, 3).

2.1.3 Transformer backbone

The backbone is a standard autoregressive transformer that applies self-attention to a sequence
of embeddings produced by UNet/SWIN’s encoder, in order to predict the next embedding of
the sequence.

The Transformer comprises an encoder and a decoder. The encoder is structured as

follows:

1.

2.
. The input is passed through two identical standard encoder blocks, each featuring four

The encoder accepts a sequence of n_seq embeddings (with n_seq set to 19), arranged in
a tensor of shape (batch_size, n_seq, 768).
A standard sinusoidal positional encoding [6] is added to the input.

attention heads. A dropout rate of 0.1 is applied to their dropout layers. The first fully
connected layer contains 1,536 perceptrons, while the second reduces the embedding
dimension back to 768 and does not use an activation function.

. The final output of the encoder is a context-aware latent representation of the sequence.

The decoder is structured as follows:

. The decoder accepts an input sequence with the same characteristics as the encoder’s

input.
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2. A standard sinusoidal positional encoding is added to the input.

3. The input is passed through two identical standard decoder blocks, again each featuring
four attention heads. A dropout rate of 0.1 is applied to their dropout layers. The first fully
connected layer contains 1,536 perceptrons, while the second reduces the embedding
dimension back to 768 and does not use an activation function. In each block, the context-
aware latent produced by the encoder is passed to the second multi-head attention layer
as key/value.

4. The final output of the decoder is a sequence of embeddings of the same type and size
as the input, but shifted by one timestep forward for autoregressive prediction. The first
n_seq — 1 embeddings align with the last n_seq — 1 embeddings of the input in order to
allow a teacher-forcing training strategy, whereas the last embedding of the last sequence
is generated ex novo.

2.2 Training dataset generation

The dataset consists of 4,081 sequences of 20 2D snapshots each, artificially generated through
a standard Smagorinsky-LES BGK Lattice-Boltzmann model implemented through OpenLB,
an open-source library for Lattice-Boltzmann modelling. Under the assumption of small Mach
and Knudsen numbers, the Lattice-Boltzmann Method reproduces a fluid obeying the Navier-
Stokes equations with a compressibility error proportional to Ma?, where Ma is the Mach
number, and the equation of state p = p ¢ where ¢, = % % is the tuneable speed of sound,
which depends on the lattice size §z, and the timestep d¢. It has been shown that, under the
assumption of low Mach number, the speed of sound (and therefore, the Mach number itself)
can be altered and used as a tuneable parameter in order to improve the balance between
stability, accuracy and numerical expense, without altering the system significantly [7].

The computational domain is a 2D square grid of 101x 101 lattice sites, containing
randomly-generated inlet, outlet, and multiple impenetrable circles within its interior. The
inlet is placed on one of the four sides of the domain sampled uniformly, while the outlet is
placed on one of the remaining three sides, also sampled uniformly. For both the inlet and
outlet, the size of the opening is sampled uniformly between 0.3 and 1.0 times the domain side
length. The lower bound is selected to prevent excessively narrow inlets/outlets, which can
lead to spurious acoustic artifacts, a well-known issue in Lattice-Boltzmann simulations [7].
The number of impenetrable internal circles is sampled uniformly between 1 and 6. For each of
them, position and radius are randomly generated in such a way that the minimum radius and
the minimum distance from the borders (including the other circles) are 0.05 times the domain
side length. The inlet is defined as a fixed-velocity boundary following a Poiseuille profile;
the outlet as a fixed-pressure boundary; the external boundaries and the boundaries of the
circles are respectively defined as bounce-back and Bouzidi [8] boundaries (both equivalent to
second-order no-slip). An example of a generated configuration is reported in Figure S34.

The Smagorinsky constant and the lattice velocity are set to 0.14 and 0.1 respectively.
The Reynolds number is evaluated using domain side length and average inlet velocity, and is
sampled from a lognormal distribution specified by its physical-scale mean, 90, and coefficient
of variation, 1.31. The physical quantities of domain side length and reference average inlet
velocity are conventionally set to 1 m and 0.5 m/s respectively. All the other parameters are
tuned accordingly, following standard definitions and laws of similarity as per [7], Chapter 7.
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Pressure and flow patterns are stored every 80 timesteps, and a total of 20 snapshots are
stored. Each run is uniformly randomly chosen to follow either an “increasing” or a “constant”
simulation. In the “increasing” simulation, the inlet average velocity is ramped linearly from
zero to the reference value throughout the simulation. In the “constant” simulation, the average
inlet velocity is first ramped up to the reference value and then kept constant; the timesteps are
stored after the initial plateau.

2.3 Training and evaluation protocol

Training follows a teacher-forcing approach. Each example is a sequence of n_seq + 1 = 20
snapshots: the first n_seq are used as inputs, and the last n_seq provide the true sequence,
denoted below with the superscript “true”. The dataset is pipelined onto the model through
batches of 128 examples. An Adam optimizer [9] is used. A learning rate scheduler starts from
a value of 0.001, and then reduces it by a factor of 0.5 after five consecutive epochs of no
improvement (on plateau) of the validation loss, down to a minimum of 10~%. The maximum
number of epochs is set to 200. All model weights are initialized using the He normal [10]
scheme.

2.3.1 Metrics and loss function

tE)

Three metric functions are used. In the notation below, the superscripts “pred” and “true
respectively denote the model prediction and the corresponding CFD field. The metrics are: (i)
mean squared error over the pressure alone:

MSEP = % (ppred _ ptrue)2
1 L No Ny , (13)
= mxz [P (b, 0,4, ,0) — 5" (b, £,,5,0)] |

where B, L, N, and N, are respectively batch size, sequence length and number of points
along the x and y direction; (if) mean square error over the velocity magnitude:
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and (iii) cosine distance between predicted and true velocity directions:

1 upred . utrue
COSDIST = N Z (1 )

B |upred | |utrue|

B L N, Ny

S > (15)

Y p=1 =1 i=1 j=1
S 2P (b, 00,5, k) 2 (b, 4,4, §, k)

1 _
Sor_apred (b4, 5, k) Sn_ @t (b, 4,4, 5, k) + 10-8

where the addendum 10~% in the denominator prevents divide-by-zero errors at points with
no flow motion. The reason for introducing both mean-squared-error metrics (Equations 13
and 14) is that they are Galilean-invariant, therefore forcing the predictions to retain physical
meaning. The reason for introducing the cosine distance (Equation 15) is that the mean
squared error alone would allow the reconstruction of the magnitude of the velocity field
while losing all information about its direction. It can also be noted that the cosine distance is
Galilean-invariant as well.

The loss function is a linear combination of the mean squared error over all the output
components, and the cosine distance (defined as 1 minus cosine similarity) between predicted
and true velocity directions, each weighted by o = 0.5:

L = a(MSE, + MSE,)) + (1 — a) COSDIST . (16)

2.3.2 Numerical setup

The numerical jobs are performed on NVIDIA Volta V100 GPU cards for around five hours.

2.3.3 Use of Al tools in manuscript preparation

OpenAl ChatGPT was used during manuscript preparation for language editing, literature-
search assistance, and code debugging assistance. All scientific claims, methodological choices,
quantitative analyses, code changes, and final manuscript wording were reviewed by the
authors.
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Supplementary Fig. S24: Effect of removing the first k timesteps on pressure force F ,,.
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Supplementary Fig. S25: Effect of removing the first k£ timesteps on transverse pressure drag
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Supplementary Fig. S26: Effect of removing the first k timesteps on viscous force F, ,,.
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Supplementary Fig. S27: Effect of removing the first £ timesteps on transverse viscous drag
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Supplementary Fig. S28: Median vertical u, (y) profile relative L2 error, including the
identity-backbone ablations.
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Supplementary Fig. S30: Median speed-field relative L2 error before and after scale-only and
shift+scale corrections, including the identity-backbone ablations.
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Supplementary Fig. S31: Von Karman lag diagnostic for the original-timestep skip09 and
skip39 variants and for the reduced-timestep vtkp06 skip39 variant, including the
identity-backbone ablations. Current compares predicted fields with the same true timestep,
whereas previous compares them with the preceding true timestep.
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Supplementary Fig. S32: Two consecutive von Karman snapshots for example 1. Each panel
reports pressure and velocity prediction/ground truth for the corresponding variant and
timestep.
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Supplementary Fig. S33: Identity-backbone von Karman snapshots for example 1. In each
panel, UNet identity is shown on the top row and SWIN identity on the bottom row. Relative
to Figure S32, the wake structures remain only partially recognisable and are visibly less
cohggent.
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Supplementary Fig. S34: Example of a generated computational domain.
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