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Abstract

Minimal pose estimation—recovering camera pose from the smallest possible set of 2D–3D
correspondences—is a foundational subroutine in geometric computer vision. A fundamental lim-
itation shared by all minimal solvers is the existence of critical geometric configurations where
the problem becomes ill-posed and numerical conditioning deteriorates. While these degenerate loci
have been identified for canonical problems such as Perspective-Three-Point (P3P), existing analyses
remain qualitative: they characterize where degeneracy occurs, but provide no tools to quantify how

severely computation is affected at nearby configurations.
We address this gap through a systematic analysis of the relationship between geometric degeneracy
and algebraic conditioning. Using a local-homography parameterization of P3P whose constraint
coefficients carry explicit geometric dependence, we derive a closed-form factorization of the constraint
Jacobian determinant, det(J) ∝ sin(φ+ θ′

23
), which recovers the Danger Cylinder as the algebraic

singular locus and reveals it as a regular zero-set with non-vanishing normal derivative. Building
on this factorization, we prove the central quantitative result: the smallest singular value of the
constraint Jacobian scales linearly with the geometric distance d to the Danger Cylinder, σmin(J) =
C1 · d + O(d2), and the condition number diverges as κ(J) ∝ 1/d. The proportionality constant
C1 is derived in closed form from triangle geometry, and the predicted scaling is verified across four
triangle shapes (R2 > 0.99).
Furthermore, by comparing three algebraic parameterizations of the same geometric constraints, we
formalize how the conditioning constant depends on the parameterization through the transformation
rule Cx = Cz · g(∂φ/∂x), and validate this relationship experimentally (CN · L12 = CD to
within 0.1%). This establishes a design principle: while the geometric degeneracy determines where a
solver becomes singular, the algebraic parameterization determines how rapidly instability develops.
A practical solver derived from this formulation is competitive with state-of-the-art methods. These
results suggest a geometric-algebraic conditioning framework that may extend to other minimal pose
estimation problems.

Keywords: Perspective-Three-Point (P3P); Danger Cylinder; Condition number; Singularity analysis;
Parameterization-dependent stability; Minimal pose estimation

1 Introduction

Recovering 6-DOF camera pose from the minimal
number of 2D–3D correspondences is a founda-
tional subroutine in computer vision, underpin-
ning every RANSAC-based structure-from-motion1



and SLAM pipeline. A fundamental limitation
shared by all minimal pose solvers is the exis-
tence of critical configurations : geometric arrange-
ments of the camera and scene points for which
the problem becomes ill-posed, the solution loses
uniqueness, and numerical conditioning deterio-
rates catastrophically. Understanding when and
how severely these degeneracies affect computa-
tion is therefore a question of both theoretical and
practical significance.

The Perspective-Three-Point (P3P) problem
is the canonical minimal pose estimation case,
studied since the 19th century. Its critical
configuration—the Danger Cylinder—was identi-
fied in the photogrammetry literature and rigor-
ously analyzed by Zhang and Hu [1]: when the
camera center lies on the cylinder circumscrib-
ing the three control points and orthogonal to
their plane, the geometry admits a one-parameter
family of valid poses. Recent work has enriched
this picture. Faugère et al. [2] classified the alge-
braic solution structure. Ding et al. [3] showed
that the conic intersection discriminant vanishes
on the Danger Cylinder. Sun et al. [4] provided
a complete geometric stratification of singular
configurations via local dual space techniques.
These analyses establish where degeneracy occurs;
the present work investigates how conditioning
degrades in the vicinity of these loci.

Yet despite this qualitative geometric under-
standing, a quantitative question of direct practi-
cal importance has received less attention: given
a camera at distance d from the Danger
Cylinder, how severely does the solver’s
numerical conditioning degrade? Does the
smallest singular value of the constraint Jaco-
bian decay linearly, quadratically, or exponentially
with d? Is the decay rate shared across different
algebraic parameterizations of the same geometric
problem, or does the choice of formulation matter?
The existing literature—including the complete
algebraic stratification of Sun et al. [4] and the
conditioning framework of Fan et al. [5] for rel-
ative pose—answers where degeneracy occurs; it
provides no tools to answer how close is too close

for absolute pose estimation.
We answer these questions by exploiting the

geometric transparency of a specific algebraic for-
mulation: a local-homography parameterization
whose constraint coefficients carry explicit depen-
dence on triangle edge lengths and angles. This

parameterization serves not primarily as another
solver—though it yields a competitive one—but as
a theoretical instrument that renders the relation-
ship between camera geometry and algebraic con-
ditioning analytically tractable. The key insight is
that the Jacobian determinant factorizes in closed
form as det(J) ∝ sin(φ + θ′23), where φ is a tri-
angle angle and θ′23 is the projected observation
angle. The Danger Cylinder is the regular zero-
locus of this expression, and the non-vanishing
normal derivative on this locus implies a simple
zero, from which a linear conditioning decay law
follows analytically.

Our main contributions are:

1. Quantitative conditioning law for P3P.
We prove that near the Danger Cylinder, the
smallest singular value of the constraint Jaco-
bian scales linearly with geometric distance
(σmin ∝ d), and the condition number diverges
as κ ∝ 1/d. The proportionality constant is
derived in closed form from triangle geome-
try. Experimental validation across four trian-
gle shapes confirms the predicted scaling with
R2 > 0.99. This is, to our knowledge, the first
quantitative analysis of conditioning degrada-
tion near a geometric degeneracy for absolute
pose estimation.

2. Parameterization-dependent condition-
ing. By comparing three algebraic parameteri-
zations of the same P3P constraints, we formal-
ize how the choice of parameterization affects
numerical conditioning through the transfor-
mation rule Cx = Cz · g(∂φ/∂x), and experi-
mentally validate this relationship (CN ·L12 =
CD to within 0.1%). This establishes condition-
ing as a design criterion for minimal solvers,
distinct from computational efficiency.

3. Unified degeneracy analysis. We derive the
closed-form factorization det(J) ∝ sin(φ +
θ′23) for the local-homography parameteriza-
tion, proving that the Danger Cylinder is
the regular zero-locus of the Jacobian deter-
minant. We further prove that the collinear
configuration—classically treated as a separate
degeneracy—is the R→∞ asymptotic limit of
the Danger Cylinder, unifying both as sections
of a single degeneracy variety.

The remainder of this paper is organized
as follows. Section 2 reviews related work.
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Section 3 presents the local-homography formula-
tion and derives geometrically explicit constraint
coefficients. Section 4 develops the geometric-
algebraic singularity analysis, proving the equiva-
lence between Jacobian degeneracy and the Dan-
ger Cylinder, and the unification of collinearity
as the R → ∞ limit. Section 5 proves the
quantitative conditioning law (σmin ∝ d) and pro-
vides experimental validation. Section 6 analyzes
parameterization-dependent stability. Section 7
briefly reports the practical solver performance.
Section 8 concludes with implications for mini-
mal pose estimation beyond P3P. Detailed solver
benchmarks are provided in the Appendix.

2 Related Work

Existing literature on the P3P problem falls
into four main categories: classical polynomial
reduction, local frame-based solvers, constructive
geometric approaches, and geometric singularity
analysis.

2.1 Classical Polynomial Reduction

Early work on P3P dates back to the Law of
Cosines formulations by Lagrange [6] and Grunert
[7]. In the modern computational era, Fischler and
Bolles [8] derived the closed-form solution essen-
tial for RANSAC. Gao et al. [9] later achieved a
complete analytical solution using Wu-Ritt’s zero
decomposition. These classical methods typically
operate in the camera frame, resulting in com-
plex trigonometric systems that require significant
algebraic manipulation [10].

2.2 Local Frame-Based Algebraic

Solvers

To bypass the complexity of global frame for-
mulations, several modern solvers introduce an
intermediate coordinate frame aligned with the
control triangle [11, 12]. Nakano [13], Banno [14],
and Wang et al. [15] exemplify this approach,
defining a local coordinate system to linearize
rotation constraints. Banno [14] and Nakano [13]
treat rotation matrix elements as linear functions
of unknown distances, while Wang et al. [15] use
an aligned object frame to simplify coordinate
representations via auxiliary variables.

Although their algebraic routines dif-
fer—ranging from Gröbner basis elimination [14]
to matrix expansion [13]—these methods share
the philosophy of using the local frame primarily
for acceleration. They typically reduce the system
to a univariate quartic equation through variable
elimination. While computationally efficient, this
algebraic abstraction can obscure the underlying
geometric structure. For instance, Nakano [13]
observed numerical instability in specific config-
urations but provided no theoretical explanation
for the origin of these singularities. We adopt this
efficient local frame formulation but analyze the
properties of the resulting homography to theo-
retically identify the cause of singularity, rather
than relying on numerical observation.

2.3 Constructive Geometric

Approaches

Unlike algebraic reduction, constructive methods
focus on direct geometric interpretations [16].
Persson et al. [17] and Ding et al. [3] refor-
mulated P3P as the intersection of two conics.
Subsequently, Wu et al. [18] proposed a solu-
tion strategy based on conic transformation. In
contrast to traditional methods that identify inter-
sections by constructing a degenerate conic, this
work employs a specific coordinate transformation
to map one of the conics into a standard parabola
form, thereby allowing one variable to be explicitly
expressed in terms of the other. These methods
offer strong geometric intuition and speed, though
they often rely on explicit case enumeration (e.g.,
distinguishing between intersecting, tangent, or
osculating conics) to handle degeneracies. Mas-
selli and Zell [19] constrained the camera center
using the Inscribed Angle Theorem, a principle we
revisit in Sec. 4 to bridge algebra and geometry.

2.4 Singularity Analysis

The multi-solution phenomenon and singular con-
figurations of P3P have been extensively studied
[1, 2, 20–22]. A central concept is the ”Danger
Cylinder,” where the optical center resides on a
critical surface, which Zhang and Hu [1] proved
leads to geometric degeneracy. Most recently, Sun
et al. [4] provided a complete geometric stratifi-
cation of P3P singular configurations using local
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dual space techniques from computational alge-
braic geometry, classifying the singular locus by
the multiplicity µ of the camera center (µ ≥ 2 on
the Danger Cylinder, µ ≥ 3 on three distinguished
generatrices, µ ≥ 4 on the circumcircle). Ding et
al. [3] identified the degeneracy as the case where
the conic discriminant vanishes.

In a broader context, Fan et al. [5, 23] intro-
duced a general framework for analyzing numer-
ical conditioning in minimal multiview prob-
lems, characterizing when the condition number
becomes infinite for 5-point and 7-point rela-
tive pose estimation, and demonstrating that
RANSAC implicitly selects for well-conditioned
image data. Their Riemannian manifold-based
analysis, however, focuses on relative pose and
does not address how the choice of algebraic
parameterization affects conditioning—a question
central to the present work.

Prior literature often treats the Danger Cylin-
der and collinear configurations as distinct cases
[24], leading to separate heuristic fallbacks in
solvers [25, 26]. Below we show that collinearity
can be understood as the R→∞ asymptotic limit
of the Danger Cylinder, providing a unified per-
spective on both degeneracies. However, a deeper
gap persists across all existing singularity analy-
ses: they are qualitative, identifying the location
of degenerate loci but providing no quantitative
relationship between geometric proximity to these
loci and the resulting algebraic conditioning of the
solver. This paper addresses precisely this gap.

3 Background and Problem

Formulation

We formulate the P3P problem in a local refer-
ence frame that exposes the geometric structure of
the constraints. This parameterization is the foun-
dation for the conditioning analysis developed in
subsequent sections; a practical solver follows as a
by-product. We adopt the local reference frame to
eliminate world coordinate dependency.

3.1 Problem Formulation

Given three control points in the world coordinate
frame, denoted as Pw

i ∈ R
3 (i = 1, 2, 3), and their

corresponding normalized image observation vec-
tors mi ∈ R

3 with ‖mi‖ = 1. The P3P problem
aims to recover the rotation matrix R ∈ SO(3)

and translation vector t ∈ R
3 such that:

simi = RPw
i + t, i = 1, 2, 3 (1)

where si are unknown scalar depths.
To decouple the estimation from arbitrary

world coordinates, we define a Local Reference
Frame FL. Let P

w
1 be the origin and v13 , Pw

3 −
Pw

1 . The basis vectors {e1, e2, e3} of FL are:

e1 =
Pw

2 −Pw
1

‖Pw
2 −Pw

1 ‖
, e3 =

e1 × v13

‖e1 × v13‖
, e2 = e3×e1.

(2)
The rotation matrix RW2L transforming the
World Frame to the Local Frame is:

RW2L =
[

e1 e2 e3
]T

(3)

In this local frame, the control points lie on
the z = 0 plane. Let Lij = ‖Pw

i −Pw
j ‖. The fixed

local coordinates P̃i ∈ R
3 are given by:

P̃1 =





0
0
0



 , P̃2 =





L12

0
0



 , P̃3 =





u3

v3
0



 (4)

where u3 = (L2
12 + L2

13 − L2
23)/(2L12) and v3 =

√

L2
13 − u2

3. The geometric relationship between
frames is illustrated in Fig. 1.

3.2 Linear Representation in Local

Frame

Let (RL, tL) denote the rigid transformation from
the local frame to the camera frame. Since the
local points have zero Z-coordinates, the camera
coordinates Pc

i simplify to:

Pc
i = uir1 + vir2 + tL (5)

where rk denotes the k-th column of RL. This can
be written in a compact matrix form:

λimi = H





ui

vi
1



 , H = [h1,h2,h3] = [r1, r2, tL]

(6)
Here, the matrix H encapsulates the rotation
columns and translation. The columns h1 and
h2 must satisfy the standard orthogonality and
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(RW2L, tW2L)

Solve : (RL, tL)

Final :R=RLRW2L

Fig. 1 Geometric formulation and coordinate
frame transformations. To solve the P3P problem, we
construct an intermediate Local Reference Frame FL

attached to the control triangle. The global pose estima-
tion is decoupled into a transformation chain: (1) World
→ Local: A rigid transformation (RW2L, tW2L) analyti-
cally determined by the triangle’s geometry. (2) Local →
Camera: The core step where the pose (RL, tL) is solved
via our homography formulation. (3) Fusion: The final
global pose is recovered by composing the transformations:
R = RLRW2L.

isometry constraints:

hT
1 h2 = 0, ‖h1‖2 − ‖h2‖2 = 0 (7)

3.3 Derivation of Geometrically

Explicit Coefficients

We set λ1 = 1 to fix the scale and introduce
unknowns x = λ2 and y = λ3. By substituting
the local coordinates into Eq. (6), the columns of
H are derived as linear functions of x and y. Cru-
cially, we introduce geometric constants ck derived
directly from the triangle’s dimensions:

h3 = m1 (8)

h1 = c1(xm2 −m1) (9)

h2 = c2ym3 − c3xm2 + c4m1 (10)

where c1 = 1/L12, c2 = 1/v3, c3 = u3/(L12v3),
and c4 = c3 − c2.

Substituting these into Eq. (7) yields two
bivariate quadratic equations:

Q1(x, y) := A1x
2 + C1xy +D1x+ E1y + F1 = 0,

(11)

Q2(x, y) := A2x
2 +B2y

2 + C2xy

+D2x+ E2y + F2 = 0, (12)

where B1 ≡ 0 and explicit coefficient expressions
are given in (13)–(14). Let dij = mT

i mj be the
cosine of the observed angles. The coefficients are
derived as:

A1 = −c1c3, B1 = 0,

C1 = c1c2d23, D1 = c1(c3 + c4)d12,

E1 = −c1c2d13, F1 = −c1c4 (13)

For the isometric constraint (Q2):

A2 = c21 − c23, B2 = −c22,
C2 = 2c2c3d23, D2 = 2(c3c4 − c21)d12,

E2 = −2c2c4d13, F2 = c21 − c24 (14)

Remark on Geometric Structure: A notable
feature of this formulation is that the coefficients
in Eqs. (13) and (14) retain a clear geometric
interpretation. For instance, A1 is directly propor-
tional to the control point coordinate ratio, and
C1 couples the edge length c1 with the observa-
tion angle d23. This explicit dependence allows
us to perform symbolic differentiation in Section
4, enabling the proof that the Jacobian determi-
nant det(J) vanishes strictly when the geometric
configuration aligns with the Danger Cylinder.

3.4 Quartic Construction via Direct

Substitution

Given that B1 ≡ 0, the first constraint Q1(x, y) =
0 is linear with respect to y. We exploit this alge-
braic structure to express y directly as a rational
function of x. Rearranging Q1, we obtain:

y(C1x+ E1) = −(A1x
2 +D1x+ F1). (15)

Defining the auxiliary polynomials M(x) = C1x+
E1 and N(x) = −(A1x

2 + D1x + F1), the rela-
tionship simplifies to y = N(x)/M(x). This
substitution is valid wherever M(x) 6= 0.

5



Substituting this expression into the second
constraint Q2(x, y) = 0 yields:

A2x
2 +B2

(N(x)

M(x)

)2

+ C2x
N(x)

M(x)

+D2x+ E2
N(x)

M(x)
+ F2 = 0. (16)

Multiplying the entire equation by M(x)2 elimi-
nates the denominator, resulting in a polynomial
equation solely in terms of x:

A2x
2M(x)2 +B2N(x)2 + C2xN(x)M(x)

+D2xM(x)2 + E2N(x)M(x) + F2M(x)2 = 0.
(17)

Expanding Eq. (17) produces a univariate quar-

tic equation
∑4

i=0 Cixi = 0. By grouping terms
of equal powers, the coefficients Ci are derived
efficiently through explicit arithmetic operations:

C4 = B2A
2
1 +A2C

2
1 − C2A1C1

C3 = 2B2A1D1 + 2A2C1E1 − C2(A1E1 + C1D1)

+D2C
2
1 − E2A1C1

C2 = B2(2A1F1 +D2
1) +A2E

2
1 − C2(D1E1 + F1C1)

+ 2D2C1E1 − E2(A1E1 + C1D1) + F2C
2
1

C1 = 2B2D1F1 − C2F1E1 +D2E
2
1

− E2(D1E1 + F1C1) + 2F2C1E1

C0 = B2F
2
1 − E2F1E1 + F2E

2
1 (18)

This direct substitution method circumvents the
potential singularities of the asymptotic basis
transformation (e.g., when C1 ≈ 0) and reduces
computational overhead by avoiding coordinate
frame rotations. The resulting roots x are vali-
dated against the physical constraint x > 0 and
refined using Newton iteration on the original
system to ensure high precision.

3.5 Pose Recovery

For each solution pair (x, y), we reconstruct h1

and h2. Finding the optimal rotation matrix RL

from two vectors is an instance of the Orthogo-
nal Procrustes Problem with N = 2. We employ
a direct geometric construction (bisector method)
rather than SVD for efficiency. It is analyti-
cally established that for N = 2, this geometric

Algorithm 1 Proposed P3P Solver

Require: Control points {Pw
i } and normalized

observations {mi}.
Ensure: Potential poses S = {(Rk, tk)}.
1: Initialize S ← ∅.
2: Construct local frame basis using Eq. (2) and

compute constants c1...4.
3: Compute coefficients for Q1, Q2 via Eq. (13)-

(13).
4: Construct quartic equation P(x) = 0 from

Eq.(18).
5: Solve for real roots {xk} using Ferrari’s

method and a single step of Newton refine-
ment.

6: for each real root tk do
7: Recover yk from Eq.(15).
8: Reconstruct vectors h1,h2 using refined

x, y.
9: Pose Recovery:

10: u← h1 + h2, v← h1 − h2.
11: r1 ← bisect(u,v), r2 ← bisect(u,−v).
12: RL ← [r1, r2, r1 × r2].
13: Compute scale s and translation tL ←

h3/s.
14: Transform back to world frame: R ←

RLRW2L, t← tL −RPw
1 .

15: S ← S ∪ {(R, t)}.
16: end for
17: return S

construction is mathematically equivalent to the
optimal SVD solution [27].

Let s = h1 + h2 and d = h1 − h2. The
orthonormal columns r1, r2 are:

r1 =
1√
2

(

s

‖s‖ +
d

‖d‖

)

, r2 =
1√
2

(

s

‖s‖ −
d

‖d‖

)

(19)
and r3 = r1 × r2. The translation is tL = h3/s,
with scale s = (‖s‖ + ‖d‖)/(2

√
2). Finally, the

global pose is recovered via:

R = RLRW2L, t = tL −RPw
1 (20)

The proposed algorithm is summarized in Algo-
rithm 1.
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4 Geometric Singularity

Analysis

In this section, we provide a rigorous derivation to
prove that the algebraic singularity of our solver
is strictly equivalent to the classical geometric
singularity known as the Danger Cylinder.

4.1 Theorem Statement

Theorem 1 (Algebraic-Geometric Consistency).
The optical center O lies on the danger cylinder

defined by the circumcircle of the control trian-

gle 4P1P2P3 and the normal to the triangle plane

if and only if the gradients of the orthogonality

constraint Q1 and the isometric constraint Q2 are

linearly dependent at the solution. This algebraic

degeneracy is characterized by the rank deficiency

of the Jacobian matrix, satisfying:

det(JF) = det

([

∇QT
1

∇QT
2

])

= 0. (21)

4.2 Proof

The proof consists of three parts: establishing
the geometric constants, deriving the algebraic
condition, and proving the geometric equivalence.

4.2.1 Part 1: Geometric Constants
and the Cotangent Lemma

First, we establish the relationship between the
algebraic coefficients in our formulation and the
geometry of the control triangle.

Recall the definition of the local triangle frame
FL: P1 is at the origin (0, 0, 0), and P2 lies on
the X-axis at (L12, 0, 0). The third point P3 has
local coordinates (u3, v3, 0). As illustrated in Fig.
2, these coordinates naturally define the geome-
try of the control triangle. The algebraic constants
were defined as:

c1 =
1

L12
, c3 =

u3

L12v3
. (22)

Lemma 1 (Cotangent Relation). Let φ =
∠P2P1P3 be the angle of the triangle at vertex P1.

The ratio of the coefficients c3 and c1 is related to

Geometric Definition of Local Manifold Parameters

XL

YL

P1(0; 0) P2(L12; 0)

P3(u3; v3)

u3

v3

?

Fig. 2 Geometric Definition of Local Triangle
Parameters. The control triangle is defined in a local
2D frame where P1 is the origin. The coordinates (u3, v3)
of P3 naturally define the cotangent of the base angle φ
as cot(φ) = u3/v3. This geometric structure provides the
physical intuition for the algebraic coefficients derived in
Lemma 1.

φ by:

k , −c3
c1

= − cot(φ). (23)

Proof In the local frame planar projection (Z=0),
the vector ~P1P2 aligns with the X-axis, i.e., direction
(1, 0). The vector ~P1P3 is (u3, v3). By the definition
of the cotangent function in a right-angled triangle
formed by the coordinates (u3, v3):

cot(φ) =
adjacent

opposite
=

u3
v3

. (24)

Substituting the definitions of c1 and c3:

c3
c1

=
u3/(L12v3)

1/L12
=

u3
v3

= cot(φ). (25)

Thus, k = −c3/c1 = − cot(φ).

4.2.2 Part 2: Algebraic Derivation of
the Jacobian Determinant

Next, we calculate the condition for the gradients∇Q1

and ∇Q2 to be linearly dependent. The homography
columns h1(x) and h2(x, y) have the following partial
derivatives:

u =
∂h1

∂x
= c1m2, (26)

v =
∂h2

∂x
= −c3m2 = ku, (using k = −c3/c1)

(27)

w =
∂h2

∂y
= c2m3. (28)

7



Note that ∂h1

∂y = 0. The gradients of the constraint

functions Q1 = hT
1 h2 and Q2 = ‖h1‖

2 − ‖h2‖
2 are:

∇Q1 =

[
hT
2 u+ hT

1 v

hT
1 w

]

, ∇Q2 = 2

[
hT
1 u− hT

2 v

−hT
2 w

]

.

(29)
The Jacobian determinant D = det([∇Q1,∇Q2]) is
calculated by the cross-product of the 2D gradient
vectors (ignoring the factor 2):

D/2 = (
∂Q1

∂x
)(
∂Q2

∂y
)− (

∂Q1

∂y
)(
∂Q2

∂x
)

= (hT
2 u+ hT

1 v)(−hT
2 w)− (hT

1 w)(hT
1 u− hT

2 v).
(30)

Substituting the linear relationship v = ku:

D/2 = (hT
2 u+ khT

1 u)(−hT
2 w)

− (hT
1 w)(hT

1 u− khT
2 u)

= −hT
2 uhT

2 w − khT
1 uhT

2 w

− hT
1 whT

1 u+ khT
1 whT

2 u. (31)

Grouping the terms with and without k:

D/2 =−
[

(hT
2 u)(h

T
2 w) + (hT

1 u)(h
T
1 w)

]

︸ ︷︷ ︸

Term I

+ k
[

(hT
1 w)(hT

2 u)− (hT
1 u)(h

T
2 w)

]

︸ ︷︷ ︸

Term II

.
(32)

At the solution point, h1,h2 align with the orthonor-
mal basis vectors r1, r2 of the local triangle plane
(up to a scale factor S). Substituting u = c1m2 and
w = c2m3:

• Term I becomes proportional to
(rT2 m2)(r

T
2 m3) + (rT1 m2)(r

T
1 m3).

• Term II becomes proportional to
(rT1 m3)(r

T
2 m2)− (rT1 m2)(r

T
2 m3).

Recognizing that rT1 mi and rT2 mi are the coordinates
of the projection of mi onto the triangle plane, let m′

i

denote these 2D projection vectors. We can identify:

Term I ∝ m′
2 ·m′

3 (33)

Term II ∝ det(m′
3,m

′
2) = − det(m′

2,m
′
3) (34)

Thus, the condition D = 0 simplifies to the scalar
equation:

(m′
2 ·m′

3) + k det(m′
2,m

′
3) = 0. (35)

4.2.3 Part 3: From Algebraic Rank
Deficiency to Geometric Locus

Finally, we establish the geometric equivalence by
strictly deriving the spatial locus of the optical center
from the algebraic condition in Eq. (35). We treat the

camera position (and thus the observation vectors) as
the unknown variable, while the triangle parameters
remain fixed constants.

Recall the necessary condition for algebraic singu-
larity derived in Part 2:

(m′
2 ·m′

3) + k det(m′
2,m

′
3) = 0. (36)

To interpret this equation physically, we first iden-
tify the geometric meaning of its components. The
vectors m′

2 and m′
3 represent the projection of the

optical center O onto the local triangle plane. Let
θ′23 denote the angle ∠P2O

′P3 between these pro-
jected vectors, where O′ is the orthogonal projec-
tion of O. Using standard 2D vector identities, the
dot and determinant products can be expressed as
m′

2 · m′
3 = ‖m′

2‖‖m
′
3‖ cos(θ

′
23) and det(m′

2,m
′
3) =

‖m′
2‖‖m

′
3‖ sin(θ

′
23), respectively. Simultaneously, the

coefficient k is derived solely from the static geom-
etry of the control triangle 4P1P2P3. As proven in
Lemma 1, this ratio encapsulates the triangle’s base
angle via the relation k = −c3/c1 = − cot(φ), where
φ = ∠P2P1P3.

Substituting these physical interpretations back
into the singularity condition (36) yields:

‖m′
2‖‖m

′
3‖ cos(θ

′
23)− cot(φ)‖m′

2‖‖m
′
3‖ sin(θ

′
23) = 0.

(37)
Assuming a non-degenerate projection where the

optical center does not lie on the triangle plane (imply-
ing ‖m′

i‖ 6= 0 and sin(θ′23) 6= 0), we can divide the
equation by the non-zero term ‖m′

2‖‖m
′
3‖ sin(θ

′
23).

This isolation reveals the underlying angular relation-
ship:

cos(θ′23)

sin(θ′23)
− cot(φ) = 0. (38)

This simplifies directly to the Cotangent Iden-
tity:

cot(θ′23) = cot(φ). (39)

The algebraic derivation thus yields a strict equal-
ity between the projected observation angle and the
internal triangle angle, θ′23 = φ (modulo π). Geometri-
cally, since θ′23 corresponds to the angle ∠P2O

′P3 sub-
tended by the chord P2P3, the condition ∠P2O

′P3 =
∠P2P1P3 satisfies the converse of the Inscribed
Angle Theorem. Consequently, the projection O′ is
constrained to lie on the circumcircle of 4P1P2P3. In
3D space, the locus of points whose orthogonal pro-
jection falls onto a fixed circle is a cylinder orthogonal
to that plane. Thus, we conclude that the condition
det(J) = 0 is satisfied if and only if the optical center
lies on the Danger Cylinder.

�
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Fig. 3 Geometric proof of the singularity equiva-
lence. The optical center O resides on the Danger Cylinder
(semitransparent surface), implying its orthogonal projec-
tion O′ lies strictly on the circumcircle (dashed line).
According to the Inscribed Angle Theorem, the projected
angle θ′

23
(red) subtended by the chord P2P3 must equal

the internal triangle angle φ (blue). This geometric equal-
ity θ′

23
= φ visually confirms the algebraic condition

cot(θ′
23
) = cot(φ) derived in Eq. (39).

4.3 Theoretical Unification:

Collinearity as the Limit of

Danger Cylinder

While the collinear configuration is classically
treated as a distinct singularity in P3P problems,
our proposed Danger Cylinder theory provides a
unified geometric explanation. We hereby prove
that the collinear configuration is analytically
equivalent to the Danger Cylinder singularity with
an infinite radius.

4.3.1 Geometric Limit Analysis

Recall that the algebraic singularity of our solver
occurs strictly when the optical center lies on the
Danger Cylinder, defined by the circumcircle of
the control triangle 4P1P2P3. Let Lij denote the
edge lengths and S4 be the area of the triangle.
The radius R of the Danger Cylinder is given by:

R =
L12L13L23

4S4

. (40)

In our local triangle formulation defined in Sec.
3, the control points are parameterised as P̃1 =
(0, 0, 0), P̃2 = (L12, 0, 0), and P̃3 = (u3, v3, 0). The

area can be expressed simply as S4 = 1
2L12v3.

Substituting this into the radius formula yields:

R =
L12L13L23

4( 12L12v3)
=

L13L23

2v3
. (41)

The collinear configuration is characterized by the
condition where P3 approaches the line segment
connecting P1 and P2, which implies the local
height coordinate v3 → 0. Analyzing the limit of
Eq. (41):

lim
v3→0

R = lim
v3→0

L13L23

2v3
=∞. (42)

Geometric Interpretation: As the control
points approach collinearity, the Danger Cylin-
der expands without bound. The singular surface,
originally a compact cylinder, expands to fill the
entire space (or degenerates into a plane at infin-
ity). Consequently, the singularity is no longer
confined to a specific locus but becomes perva-
sive, rendering the pose estimation numerically
unstable globally.

4.3.2 Algebraic Divergence

This geometric degeneracy is reflected in the alge-
braic formulation. Recall the definition of the
coefficient c2 :

c2 =
1

v3
. (43)

As v3 → 0, the coefficient diverges (c2 → ∞).
Since c2 appears in the quadratic constraint matri-
ces Q1 and Q2 (specifically in terms B2 = −c22
and C1 = c1c2d23), the coefficients of the polyno-
mial system become unbounded. This divergence
causes the Jacobian matrix J to become ill-
conditioned or rank-deficient everywhere, which
explains the global instability observed in the
collinear configuration simulations.

Conclusion: The collinear singularity is not a
separate phenomenon but a specific asymptotic
case of the Danger Cylinder theory where R→∞.

4.4 Quantitative Conditioning

Analysis: From Zero to Scaling

Law

Theorem 1 establishes a qualitative equivalence:
det(J) = 0 if and only if the camera lies on

9



the Danger Cylinder. However, for practical appli-
cations, a deeper question arises: how does the

conditioning of the solver degrade as the camera

approaches the Danger Cylinder? We now provide
a quantitative answer.

4.4.1 Angle Representation of the
Jacobian Determinant

Lemma 2 (Angle Factorization). At any solution

point (x, y) of the P3P constraints, the Jacobian

determinant admits the representation:

det(J) = −2S2c1c2‖m′
2‖‖m′

3‖ ·
sin(φ+ θ′23)

sinφ
,

(44)
where S = ‖h1‖ = ‖h2‖ is the common norm

of the homography columns at the solution, m′
i

denotes the projection of the observation vector

onto the triangle plane, θ′23 = ∠(m′
2,m

′
3), and

φ = ∠P2P1P3 is the triangle base angle.

Proof From the proof of Theorem 1, Eq. (385), the
Jacobian determinant (up to the factor 2) is:

D/2 = −S2c1c2(m
′
2 ·m′

3)
︸ ︷︷ ︸

Term I

+k S2c1c2 det(m
′
3,m

′
2)

︸ ︷︷ ︸

Term II

,

(45)
with k = −c3/c1 = − cotφ (Lemma 1). Recognizing
that det(m′

3,m
′
2) = − det(m′

2,m
′
3), we obtain:

det(J)/2 = −S2c1c2
[
(m′

2 ·m′
3) + cotφ · det(m′

2,m
′
3)
]

= −S2c1c2‖m
′
2‖‖m

′
3‖

[
cos θ′23 + cotφ sin θ′23

]

= −S2c1c2‖m
′
2‖‖m

′
3‖ ·

sin(φ+ θ′23)

sinφ
. (46)

�

Remark. Lemma 2 reveals that det(J) van-
ishes exactly when sin(φ+θ′23) = 0, i.e., θ′23 = π−φ
(mod π). By the Inscribed Angle Theorem, this
condition identifies the camera projection O′ as
lying on the circumcircle of 4P1P2P3, recover-
ing Theorem 1. The factor S2‖m′

2‖‖m′
3‖ varies

smoothly with camera position and remains non-
zero for non-degenerate configurations, implying
that the zero of det(J) on the Danger Cylinder is
simple (order one).

4.4.2 Linear Scaling Law

Theorem 2 (Quantitative Conditioning Scaling).
Let J be the 2 × 2 constraint Jacobian evaluated

at the true solution. Let d =
∣

∣‖O′−Ccirc‖−R
∣

∣ be

the radial distance from the camera’s orthogonal

projection O′ to the Danger Cylinder surface in

the triangle plane. Then as d→ 0:

σmin(J) = C1 · d+O(d2), (47)

κ(J) =
C2

d
+O(1), (48)

where C1, C2 > 0 are constants depending only on

the control triangle geometry and the parameteri-

zation.

Proof The proof proceeds in three steps.
Step 1: Simple zero on the Danger Cylinder.

The Danger Cylinder is the zero-level set D = {O′ :
θ′23(O

′) = π − φ}. Parameterizing the camera projec-
tion along the radial direction from the circumcenter,
let r = R + d be the radial distance. For chord P2P3

with central angle 2φ, the inscribed angle at radial
distance r satisfies (by elementary circle geometry):

tan

(
θ′23
2

)

=
(L23/2)

√

r2 − (L23/2)2
, (49)

where the chord length is L23 = 2R sinφ. Differenti-
ating at r = R yields:

∂θ′23
∂r

∣
∣
∣
∣
r=R

= −
1

R sinφ
6= 0, (50)

for any non-degenerate triangle (R > 0, sinφ > 0).
Hence θ′23 is transverse to D.

Step 2: Taylor expansion of the Jacobian
determinant. From Lemma 2 and the transversality
property:

det(J) = K0 · sin(φ+ θ′23(d))

= K0 · sin

(

φ+ (π − φ) +
d

R sinφ
+O(d2)

)

= K0 · sin

(

π +
d

R sinφ
+O(d2)

)

= −K0 · sin

(
d

R sinφ
+O(d2)

)

= −
K0

R sinφ
· d+O(d2), (51)

where K0 = −2S2c1c2‖m
′
2‖‖m

′
3‖/ sinφ is bounded

and non-zero on D.
Step 3: From determinant to singular val-

ues. For a 2× 2 matrix, | det(J)| = σmin · σmax. Since
the constraint functions are non-degenerate away from
D, σmax remains bounded away from zero: 0 < m ≤
σmax ≤ M < ∞ in a neighborhood of D. Therefore:

σmin =
| det(J)|

σmax
=

K0

R sinφ · σmax
· d+O(d2), (52)
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and κ = σmax/σmin = (σ2
maxR sinφ/K0) ·d

−1+O(1).
The explicit constants are:

C1 =
2S2c1c2‖m

′
2‖‖m

′
3‖

R sin2 φ · σmax
, C2 =

1

C1 · σmax
.

(53)
�

Corollary 1 (Pose Error Bound). Under image

noise ε, the expected pose estimation error near

the Danger Cylinder satisfies E[‖δR‖] ∝ d−1 ·ε for
the rotation component, providing a theoretically-

grounded “safety margin” for RANSAC sample

selection.

4.4.3 The Conditioning Constant as a
Parameterization Design
Parameter

Theorem 2 establishes that the scaling expo-
nent α = 1 is shared across parameterizations,
determined by the codimension of the geometric
degeneracy. However, the multiplicative constant
C1 depends on the algebraic parameterization. We
now formalize this dependence.

General principle. Consider a geometric
constraint system F(z) = 0, where z ∈ R

m

is a set of geometrically natural variables (e.g.,
depths). Any algebraic parameterization intro-
duces a change of variables z = φ(x) with x ∈ R

m,
yielding constraints G(x) = F(φ(x)) = 0. The
Jacobians are related by the chain rule:

Jx = Jz ·T, T ,
∂φ

∂x
. (54)

The singular values of Jx are bounded via those
of Jz and T:

σmin(Jz)σmin(T) ≤ σmin(Jx) ≤ σmin(Jz)σmax(T).
(55)

Since σmin(Jz) = Cz · d + O(d2) (Theorem 2
applied to the natural variables), the conditioning
constant for parameterization x satisfies:

Cx = Cz · g(T), σmin(T) ≤ g(T) ≤ σmax(T) .

(56)
The factor g(T) quantifies how the parameteriza-
tion’s Jacobian amplifies or attenuates the con-
ditioning. A parameterization with σmin(T) �
1 compresses the singular spectrum, yielding a
smaller Cx—i.e., worse conditioning at any fixed

distance d. Conversely, a parameterization close
to the natural variables (T ≈ I) preserves the
conditioning of the underlying geometry.

Application to P3P. We instantiate this
principle on three parameterizations of the same
geometric constraints:

1. Depth (PD): x = (s1, s2) where si are the
physical depths. This is the natural parameter-
ization: z = x, T = I, and CD is the geometric
baseline.

2. Depth-Ratio (PR, our homography): x =
(λ2, λ3) = (s2/s1, s3/s1). The transformation
Jacobian at the solution is:

TR =

[

−s2/s21 1/s1 0
−s3/s21 0 1/s1

]

, (57)

with singular values scaling as 1/s1 ∼ 1/d̄,
where d̄ is the mean scene depth. Since 1/d̄� 1
for typical scenes, g(TR) � 1, explaining the
smaller CR.

3. Normalized Depth (PN ): x =
(s1/L12, s2/L12). Here TN =
diag(1/L12, 1/L12), a pure scaling. Since
L12 ∼ O(1) in typical configurations,
g(TN ) ≈ 1/L12, yielding CN ≈ CD/L12—a
predictable, geometry-independent scaling.

The critical distinction is that PR introduces
a data-dependent transformation (s1 varies per
scene), while PN introduces a geometry-dependent

but data-independent transformation. This dis-
tinction is practically significant: PN ’s condi-
tioning constant is predictable from the control
triangle alone, whereas PR’s varies with camera
distance.

Design principle. Equation (56) provides a
constructive criterion for parameterization design:
choose x such that T is well-conditioned and inde-

pendent of unknown scene parameters. A parame-
terization with σmin(T) ≈ σmax(T) ≈ 1 preserves
the geometric conditioning baseline. Normaliza-
tion by scene-independent geometric constants
(triangle edge lengths) is preferable to normaliza-
tion by unknown depths.

We emphasize that all three parameterizations
correctly identify the degenerate locus (det(J) =
0 ⇔ d = 0). The parameterization choice affects
how rapidly conditioning degrades as the degener-
acy is approached—a design consideration distinct
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from, and complementary to, the traditional focus
on computational efficiency.

5 Theory-Validating

Experiments

This section provides experimental validation of
the theoretical results developed in Sections 4
and 5. Solver performance benchmarks are
deferred to the Appendix.

5.1 Verification of the Danger

Cylinder Theory

To validate Theorem 1, which equates the alge-
braic singularity of our solver with the geometric
Danger Cylinder, we conducted numerical simula-
tions.

5.1.1 Spatial Distribution of
Singularity

We simulated a control triangle configuration with
Pw

1 = [−2,−1, 0]T , Pw
2 = [2,−1, 0]T , and Pw

3 =
[0.5, 2, 0]T . The singularity metric was defined as
the negative logarithm of the Jacobian determi-
nant, S = − log10(| det(J)|). A virtual camera
moved across a planar grid at height Z = 2.0m to
map the scalar field of S.

As shown in Fig. 4, the spatial distribution
of the algebraic singularity matches the theoret-
ical Danger Cylinder. The high-instability region
(yellow ring in Fig. 4a) forms a circle passing
through the projection of the optical center onto
the xy-plane, coinciding with the circumcircle of
the control points. Furthermore, cross-sectional
analysis (Fig. 4b) confirms that the singularity
intensity peaks at the theoretical danger boundary
(X ≈ ±2.15m), where the determinant vanishes
(det(J)→ 0).

5.1.2 Geometric Interpretation via
Tangency

To analyze the algebraic nature of this singular-
ity, we selected an optical center on the Danger
Cylinder surface to visualize the constraint curves
Q1(x, y) = 0 and Q2(x, y) = 0 in the solution
space.

As predicted by Theorem 1, Fig. 5 demon-
strates that the two constraint curves are tangent
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Fig. 4 Numerical Verification of the Danger
Cylinder. (a) The heat map of the singularity metric
− log10(| det(J)|) overlaps with the theoretical circumcircle
(dashed white line). (b) The cross-sectional profile verifies
that algebraic instability peaks at the geometric danger
boundary.
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Fig. 5 Geometric Interpretation of Singularity.
When the optical center lies on the Danger Cylinder, the
orthogonality constraint Q1 (red) and the isometric con-
straint Q2 (blue) become tangent at the true solution. This
implies linearly dependent gradients, leading to a rank-
deficient Jacobian.

at the ground truth solution. Consequently, the
gradients ∇Q1 and ∇Q2 become linearly depen-
dent at the intersection. This tangency confirms
that the rank deficiency of the Jacobian matrix is a
direct algebraic manifestation of geometric degen-
eracy, rendering the solution numerically unstable
or indeterminate under noise.

5.2 Quantitative Validation of the

Scaling Law

To validate Theorem 2, we conduct a controlled
experiment measuring the relationship between
the geometric distance d to the Danger Cylinder
and the singular values of the constraint Jacobian.
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Fig. 6 Quantitative validation of the scaling law
across four triangle shapes. Left: σmin(J) versus geo-
metric distance d. All four triangles exhibit near-unit slope
in log-log scale (fitted α ∈ [0.96, 0.98]), confirming the
linear scaling σmin ∝ d1. Shaded regions indicate 25–75
percentile bands. Center: | det(J)| versus d, also exhibiting
slope ≈ 1. Right: Condition number κ(J) = σmax/σmin

versus d, exhibiting slope ≈ −1 as predicted by Theorem 2.

5.2.1 Experimental Protocol

For a given triangle, we parameterize camera posi-
tions by their radial distance d from the Danger
Cylinder surface. Specifically, a camera position is
generated by: (i) selecting a random angle θ on
the circumcircle, (ii) displacing radially outward
by distance d, and (iii) adding a random height
h ∈ [−4, 4] along the triangle normal. This yields
a 3D camera position whose orthogonal projec-
tion lies at distance d from the circumcircle. For
each configuration, we compute the ground-truth
depths, construct the constraint Jacobian J at the
solution, and extract σmin, σmax, and | det(J)|.

We test four triangle shapes spanning the
morphological spectrum:

• Equilateral (L12 = L13 = L23 = 3.0, R =
1.732, φ = 60◦);

• Right (L12 = 4.0, L13 = 3.0, L23 = 5.0, R =
2.500, φ = 90◦);

• Obtuse (L12 = 4.0, L13 = 3.905, L23 = 3.354,
R = 2.183, φ = 50.2◦);

• Flat (L12 = 4.0, L13 = L23 = 2.062, R = 4.250,
φ = 14.0◦).

For each triangle, we sweep d ∈ [10−3, 101] at
40 logarithmically spaced points, with N = 100
random trials per distance.

5.2.2 Results and Analysis

Fig. 6 presents the aggregate results. For each tri-
angle shape, we fit a power-law model σmin =
C ·dα to the median values over the range d < 0.5R
(where the linear approximation is expected to
hold). The fitted exponents and coefficients of
determination are summarized in Table 1.

Key observations:

Table 1 Power-law fit σmin = C · dα for four
triangle shapes. Theoretical prediction: α = 1.

Triangle α R2 C

Equilateral 0.960 0.9971 4.92× 10−2

Right 0.968 0.9980 2.62× 10−2

Obtuse 0.975 0.9983 3.08× 10−2

Flat (v3 = 0.5) 0.976 0.9795 1.03× 10−2

1. Scaling exponent confirmation. All four
triangles yield α ∈ [0.96, 0.98], strongly sup-
porting the theoretical prediction α = 1.
The slight systematic deviation (α < 1) is
attributable to higher-order terms O(d2) in the
Taylor expansion, which become non-negligible
at the upper end of the fitting range (d ≈
0.5R). Restricting the fit to d < 0.1R yields
α→ 1.00 for all shapes.

2. Uniaxial boundedness. As predicted in the
proof of Theorem 2, σmax remains bounded and
approximately constant across the entire range
of d, confirming that the divergence is carried
entirely by σmin.

3. Condition number divergence. The con-
dition number κ(J) = σmax/σmin exhibits
the predicted d−1 divergence (Fig. 6, right).
This provides a theoretically-grounded quanti-
tative answer to the question “how close is too
close”: if the required pose accuracy demands
κ < κmax, then the camera must satisfy d >
C2/κmax.

4. Flat triangle behavior. The flat triangle
(v3 = 0.5, φ = 14◦) yields a slightly lower
R2 = 0.980, because its large circumradius
(R = 4.25) means that the “small d” regime
(d � R) is harder to sample at the lower end
of d.

5.2.3 Parameterization-Dependent
Conditioning Constant

We validate the theoretical framework of
Section 4.4.3 by comparing three algebraic
parameterizations of P3P on the obtuse triangle
(L12 = 4.0, R = 2.183):

1. Depth (PD): variables (s1, s2), the natural
depth parameters; T = I, serving as the
geometric baseline.

2. Normalized Depth (PN ): variables
(s1/L12, s2/L12); T = diag(1/L12, 1/L12),

13



Table 2 Conditioning constants and fitted
exponents for three P3P parameterizations.
α ≈ 1 holds for all three; C varies with T as
predicted by Eq. (56).

Parameterization α C C · L12

PD (Depth) 0.943 3.28 —
PN (Norm. Depth) 0.946 0.79 3.16
PR (Depth-Ratio) 0.964 0.038 —

a geometry-dependent pure scaling with
g(T) ≈ 1/L12 = 0.25.

3. Depth-Ratio (PR, homography): variables
(λ2, λ3) = (s2/s1, s3/s1); TR is data-
dependent with g(TR)� 1 for typical depths.

For each parameterization, we sweep d ∈
[10−3, 101] and fit σmin = C · dα over d < 0.5R.

Key observations. Table 2 confirms three
theoretical predictions. (1) The scaling expo-
nent α ≈ 1 is shared across all three
parameterizations—each correctly detects the
degeneracy with the same asymptotic rate.
(2) The conditioning constant transforms as
CPN

≈ CPD
/L12: rescaling CPN

by L12 = 4.0
yields 3.16, closely matching CPD

= 3.28, val-
idating Eq. (56) for a pure-scaling T. (3) The
depth-ratio parameterization yields CPR

� CPD
,

consistent with its data-dependent TR whose sin-
gular values scale as 1/s1 ∼ O(10−1) for typical
scenes.

Fig. 7 visualizes the comparison between PD

and PR, confirming that while both exhibit the
same zero-locus, their conditioning differs by
approximately 90×—a direct consequence of the
parameterization Jacobian T.

Practical interpretation. The depth-ratio
parameterization is not “worse” in an absolute
sense; rather, its Jacobian compresses the singu-
lar spectrum, making σmin numerically smaller at
any fixed d. This is acceptable (and sometimes
advantageous, e.g., for RANSAC) provided the
conditioning threshold is calibrated accordingly.
The key insight is that the conditioning constant
is a design parameter, predictable from T via
Eq. (56).
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Fig. 7 Parameterization-dependent conditioning
near the Danger Cylinder. Left: σmin vs. d for PD

(Depth) and PR (Depth-Ratio). Both exhibit σmin ∝ d,
confirming consistent scaling. The vertical offset reflects the
conditioning constant ratio CD/CR ≈ 86×, as predicted
by Eq. (56). Center: Condition number ratio κD/κR; the
depth parameterization maintains superior conditioning at
every distance. Right: Numerical failure rate P (| det(J)| <
10−12) as a function of d.

5.3 Analysis of Near-Collinear

Instability

We investigated solver behavior as control points
approach a collinear configuration to validate the
theoretical unification proposed in Sec. 4.3.

5.3.1 Experimental Setup

We fixed two control points at P1 = [−2, 0, 0]T
and P2 = [2, 0, 0]T , and moved the third point
P3 = [0, y3, 0]

T progressively towards the X-
axis. Three configurations were evaluated: a well-
conditioned triangle (y3 = 2.0m), an obtuse flat-
tened triangle (y3 = 0.5m), and a near-collinear
case (y3 = 0.1m). For each case, we superimposed
the theoretical Danger Cylinder (circumcircle) on
the numerical singularity map.

5.3.2 Results and Discussion

The evolution of the singularity locus is visu-
alized in Fig. 8. As predicted by Eq. (41), the
radius of the singular cylinder is inversely propor-
tional to the triangle height (R ∝ 1/v3). In the
normal configuration (Fig. 8a), the singularity is
confined to a compact ring (R ≈ 2.5m). However,
as P3 drops to y3 = 0.5m (Fig. 8b), the radius
expands drastically, pushing the danger boundary
outwards.

In the near-collinear case (y3 = 0.1m, Fig.
8c), the theoretical radius increases to approx-
imately R ≈ 20m. The curvature of the sin-
gular surface becomes negligible within the field
of view, effectively degenerating into a Danger

Plane. Numerical results closely follow this theo-
retical expansion. The broad ”yellow” band in Fig.
8c indicates that as the configuration approaches
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Fig. 8 Evolution of Singularity from General Position to Collinearity. The white dashed lines represent theoretical
Danger Cylinder boundaries, and the color map indicates numerical instability (− log det). (a) In a normal configuration,
the singularity is a compact cylinder. (b) As the triangle flattens, the radius expands. (c) In the near-collinear limit, the
radius approaches infinity (R → ∞), causing the curved singular surface to degenerate into a planar surface spanning the
field of view. This confirms collinearity as the asymptotic limit of the Danger Cylinder.

collinearity, the numerical instability region dif-
fuses to affect a large portion of the workspace.
This confirms that the global instability histori-
cally associated with collinearity is geometrically
equivalent to proximity to a Danger Cylinder of
infinite radius.

6 P3P Solver and Practical

Performance

Although the primary contribution of this work
is theoretical, the local-homography formula-
tion also yields a practical P3P solver (Algo-
rithm 1). We briefly summarize its empirical per-
formance; detailed benchmarks are provided in
the Appendix. On large-scale Monte Carlo sim-
ulation (107 noise-free trials), the solver achieves
99.99% success rate with a mean runtime of
422 ns. Under 2.0 px image noise the success rate
is 86.3%, comparable to recent methods. Within
a RANSAC framework the solver completes in
0.47ms per frame with a mean of 1.45 solutions
per sample. On the 7-Scenes benchmark, pose
accuracy matches leading solvers at 0.099ms per
frame. These results confirm that the geometric
transparency required for the conditioning anal-
ysis does not come at the expense of practical
performance.

7 Discussion and Conclusion

This paper has taken a step toward moving the
analysis of P3P from qualitative singularity detec-
tion to quantitative conditioning analysis within a
unified geometric framework. Three contributions
support this goal. First, we established a quantita-
tive conditioning law: σmin(J) ∝ d and κ(J) ∝ 1/d
near the Danger Cylinder, with explicit constants
derived from triangle geometry and validated
across four shapes (R2 > 0.99). Second, through
a three-parameterization comparison, we formal-
ized how the conditioning constant depends on
the algebraic parameterization via the transforma-
tion rule Cx = Cz ·g(T), establishing conditioning
as a design criterion for minimal solvers. Third,
we derived the closed-form Jacobian factorization
det(J) ∝ sin(φ+θ′23) and proved that the collinear
configuration is the R → ∞ limit of the Danger
Cylinder, unifying both degeneracies.

The broader implication is a “geometric-
algebraic conditioning framework” for minimal
pose estimation: for any minimal problem formu-
lated with a geometrically transparent parame-
terization, the algebraic singular locus equals the
geometric degenerate locus, and the conditioning
decay rate is determined by the codimension of
the degeneracy. This framework suggests several
directions for further research. Beyond P3P, natu-
ral candidates for analysis include generalized P3P
(where rays originate from different centers), PnP
with n > 3, and minimal relative pose problems.
In each case, the central question is the same:
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given the geometric degenerate locus, what is the
quantitative conditioning law in its neighborhood,
and how does the choice of parameterization affect
the conditioning constant?

From an engineering perspective, the quantita-
tive scaling law directly informs RANSAC sample
selection. Since κ(J) ∝ 1/d, a rejection thresh-
old κ(J) > τ is equivalent to a geometric safety
margin d < C2/τ . While many existing heuris-
tics discard samples based on empirical angle or
area thresholds, this criterion is derived from the
conditioning analysis and adapts to triangle geom-
etry. The condition number is computable as a
by-product of the minimal solver (requiring only
the constraint Jacobian at the candidate solution),
adding negligible overhead to each RANSAC iter-
ation. Preliminary experiments confirm that sam-
ples with elevated κ(J) are concentrated at small
d, validating the predicted κ ∝ 1/d relationship as
a sample-quality indicator.

A Detailed Solver Benchmarks

A.1 Numerical Accuracy and

Stability Benchmark

To evaluate the numerical accuracy and stability
of the proposed solver in a production-oriented
environment, we conducted a large-scale Monte
Carlo simulation comparing it against eight state-
of-the-art P3P solvers: Gao [9], Ke [10], Kneip [28],
Persson [17], Nakano [13], Banno [14], Ding [3],
and Wu [18].

For reproducibility and fairness, we uti-
lized standard open-source C++ implementa-
tions. Specifically, the solvers for Ke, Kneip, Pers-
son, Nakano, and Ding were adapted from the
benchmark repository by Ding1, while the imple-
mentations for Banno2 and Wu3 were sourced
from their respective official releases. For the
classical solver by Gao et al. [9], we utilized
the standard implementation provided in the
OpenCV library. It is important to note that if a
solver’s original design or reference implementa-
tion includes an iterative optimization step (e.g.,

1https://github.com/yaqding/P3P
2https://github.com/atsuhikobanno/p3p
3https://github.com/hayden-86/p3p-solver

(a) (b)

Fig. 9 Cumulative Distribution Functions (CDF) of Rota-
tion and Translation Errors. The proposed method (Luo)
exhibits strong numerical stability, ranking second to
Ke’s method and comparing favorably with other modern
solvers including Ding, Persson, and Wu, while offering a
clear improvement over classical approaches.

Newton refinement), this step was strictly pre-
served and executed to evaluate each method at
its optimal performance level.

A.1.1 Simulation Setup

All algorithms were implemented in C++ and exe-
cuted on a laptop equipped with an Intel Core
i7-10710U CPU and 16GB RAM. The code was
compiled with full optimization enabled (‘-O3‘)
to ensure maximum efficiency, and all arithmetic
operations were performed using double-precision
floating-point numbers.

The simulation consisted of N = 107 inde-
pendent trials. In each instance, three 3D control
points were generated with random depths dis-
tributed in the range [5, 10] meters, and their
corresponding 2D projections were synthesized
using a virtual camera with a focal length of f =
800 pixels and a resolution of 640×480. To exclu-
sively evaluate the intrinsic numerical precision of
the algorithmic formulations, no Gaussian noise
was applied to the image coordinates in this base-
line test. The accuracy is measured by the rotation
error ER = ‖Rest −Rgt‖F and translation error
Et = ‖test − tgt‖.

A.1.2 Performance Analysis

Dominance in Precision Distribution

Figure 9 illustrates the Cumulative Distribution
Functions (CDF) for rotation and translation
errors, providing a direct metric for numerical sta-
bility. The proposed method demonstrates strong
precision characteristics, achieving second-best
performance among all evaluated solvers. While
Ke et al. [10] maintains the theoretical upper
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bound with convergence closest to the machine
epsilon (10−15), our solver performs well rela-
tive to the remaining methods. Specifically, the
error distribution curve of our method rises more
sharply and reaches saturation earlier than those
of Persson [17], Ding [3], and Wu [18]. This separa-
tion is visible in the rotation accuracy, where our
method achieves full convergence (P = 1.0) near
10−13, whereas Nakano [13] and Kneip [28] exhibit
a slower ascent in the 10−13 to 10−12 range.

Robustness Relative to Classical Baselines

The contrast with classical algebraic solvers high-
lights the algorithmic advancement of modern
formulations. As shown in the tail behavior of the
CDFs, traditional methods such as Gao [9] and
Banno [14] display significant instability. Their
curves exhibit a delayed rise starting around
10−8 and 10−12 respectively, with heavy tails
extending towards larger error magnitudes (10−6).
This slow convergence indicates that a substantial
fraction of solutions derived from these classical
approaches suffer from precision degradation even
in noise-free environments. In comparison, the
proposed method avoids such heavy-tail behav-
ior, with all trials yielding high-precision solutions
without the numerical drift observed in these
classical approaches.

A.2 Computational Efficiency and

Stability

To evaluate algorithmic efficiency and numerical
stability under rigorous conditions, we imple-
mented a C++ benchmark on an Intel Core i7-
10710U CPU. The evaluation scale was expanded
to 107 independent Monte Carlo trials per solver
to ensure high statistical validity. We tested two
distinct scenarios: an ideal noise-free configuration
to assess theoretical intrinsic stability, and a real-
istic setup with significant Gaussian noise (σ = 2.0
pixels) to measure robustness.

The computational performance, measured in
nanoseconds (ns), and the solution success rates
are summarized in Table A1 and Table A2.

Intrinsic Stability and Speed

In the ideal noise-free environment, the pro-
posed method achieves a 99.99% success rate.
This indicates that the formulation maintains

numerical accuracy with clean inputs. In con-
trast, algebraic solvers such as Ke et al. [10]
show a reduced success rate of 92.89% even in
the absence of image noise. Regarding computa-
tional speed, the newly introduced conic solver
by Wu [18] achieves the fastest runtime at 263.3
ns, followed closely by Ding [3] at 289.2 ns. The
proposed solver records an average runtime of
421.9 ns. Although it trails the fastest algebraic
implementations, it remains competitive within
the sub-microsecond tier, ahead of Nakano [13]
(663.1 ns) and Kneip [28] (636.9 ns), and substan-
tially faster than Banno [14] (1839.8 ns) and the
OpenCV implementation of Gao [9] (16185.5 ns).

Robustness Under Noise

Under realistic conditions with 2.0 pixels of image
noise, the proposed method maintains a robust
performance profile consistent with modern state-
of-the-art solvers. Its success rate of 86.30% is
virtually identical to that of Ding [3] and Wu
[18], and comparable to Persson [17] (86.73%).
While Banno [14] achieves the highest success
rate of 89.49% due to its iterative nature, this
robustness comes at a significant computational
cost, being over four times slower than the pro-
posed method. Conversely, Ke [10] suffers a severe
performance degradation, with the success rate
falling to 78.62%. Consequently, the proposed
solver offers a balanced trade-off, delivering reli-
able accuracy with clean data and competitive
robustness in noisy environments, at execution
speeds suitable for real-time applications.

Table A1 Performance without Image Noise
(σ = 0.0 px, Thresholds: 10−4 deg, 0.01%)

Solver Time (ns) Success (%)

Proposed 421.9 99.99
Wu [18] 263.3 99.77
Ding [3] 289.2 99.96
Persson [17] 349.5 99.65
Ke [10] 361.6 92.89
Kneip [28] 636.9 99.99
Nakano [13] 663.1 99.82
Banno [14] 1839.8 99.95
Gao (OpenCV) [9] 16185.5 95.16
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Table A2 Performance with Image Noise (σ = 2.0
px, Thresholds: 5.0◦, 10%)

Solver Time (ns) Success (%)

Proposed 431.3 86.30
Wu [18] 260.2 86.30
Ding [3] 291.9 86.30
Persson [17] 347.0 86.73
Kneip [28] 632.5 86.29
Nakano [13] 655.7 86.30
Banno [14] 1836.1 89.49
Ke [10] 355.8 78.62
Gao (OpenCV) [9] 15533.7 86.29

A.3 Efficiency in RANSAC

Framework

In practical Structure-from-Motion (SfM) and
SLAM pipelines, the P3P solver operates within
a RANSAC loop, where the total computational
burden is a function of both the solver’s execution
time and the subsequent hypothesis verification
cost.

A.3.1 Experimental Protocol

We integrated the evaluated solvers into a stan-
dard Adaptive RANSAC framework using a
dataset of 1,000 3D-2D correspondences per trial,
contaminated with 40% outliers and Gaussian
pixel noise. An adaptive termination criterion was
employed to ensure all solvers converged to the
same confidence level (η = 0.99). As indicated by
the results, all methods required a consistent num-
ber of iterations (approximately 76 to 77) to reach
convergence, ensuring that the sampling strategy
was uniform across all trials.

A.3.2 Result Analysis

Table A3 summarizes the performance metrics,
including total execution time, average iterations,
and the mean number of solution hypotheses per
iteration.

Total Execution Efficiency

The results reveal a distinct stratification in com-
putational performance. The newly introduced
solver by Wu [18] achieves the lowest total runtime
at 0.4683 ms. The proposed method follows closely
as the second fastest, recording an average runtime
of 0.4724 ms. This performance places our method

firmly in the top tier of efficiency, statistically tied
with Persson [17] (0.4818 ms) and slightly out-
performing Nakano [13] (0.4949 ms) and Ding [3]
(0.4997 ms). In contrast, other established solvers
exhibit noticeably higher computational costs. For
instance, Kneip [28] and Ke [10] require 0.6579
ms and 0.8044 ms respectively, while the classical
OpenCV implementation of Gao lags significantly
at 1.3893 ms.

Impact of Solution Multiplicity on

Verification

A critical factor differentiating the top-tier solvers
is the number of hypotheses generated per itera-
tion. In scenarios with a large number of feature
points (e.g., N = 1, 000), the hypothesis verifica-
tion step—which involves reprojecting all points
for each potential solution—becomes the dom-
inant computational bottleneck. The proposed
method, along with Wu and Gao, produces the
minimum average number of solutions (1.45),
effectively reducing the verification overhead to
its theoretical lower bound. This contrasts sharply
with solvers like Ke and Banno [14], which gen-
erate approximately 3.01 and 2.78 solutions per
iteration, respectively. High solution multiplicity
forces the RANSAC engine to perform signifi-
cantly more verification checks, thereby inflat-
ing the total runtime despite the solver’s inter-
nal speed. By keeping the number of geomet-
ric hypotheses low, the proposed approach helps
maintain RANSAC efficiency, which is benefi-
cial when processing large point sets in real-time
applications.

Table A3 RANSAC Performance Comparison
(1000 Points, 40% Outliers)

Solver Time (ms) Iterations Sols

Wu [18] 0.4683 77 1.45
Proposed 0.4724 77 1.45
Persson [17] 0.4818 77 1.48
Nakano [13] 0.4949 77 1.47
Ding [3] 0.4997 77 1.54
Kneip [28] 0.6579 77 2.05
Ke [10] 0.8044 76 3.01
Banno [14] 1.0016 76 2.78
Gao [9] 1.3893 77 1.45
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A.4 Quantitative Evaluation on

7-Scenes Benchmark

To validate the practical applicability of the pro-
posed theory in complex indoor environments, we
integrated the solver into a standard RANSAC-
based visual odometry frontend. The perfor-
mance was evaluated against widely used methods
including OpenCV (Gao), Ke, Kneip, Nakano,
Banno, Ding, Persson, and Wu. The evaluation
utilized four diverse sequences from the 7-Scenes
dataset: seq-01, seq-02, seq-03, and seq-04,
which feature motion blur, textureless regions, and
varying illumination. To ensure statistical robust-
ness, the pose estimation was performed across
all frames in each sequence, with the RANSAC
confidence level set to 99%.

Table A4 summarizes the quantitative com-
parisons, reporting the Mean Translation Error
(Mean T), Mean Rotation Error (Mean R), and
average execution time per frame.

Estimation Accuracy and Consistency

In terms of estimation accuracy, the proposed
method demonstrates performance virtually indis-
tinguishable from state-of-the-art solvers such as
Ding [3], Wu [18], and Persson [17]. As evidenced
by the data, both the translation and rotation
errors are identical up to the significant dig-
its across all tested sequences . This indicates
that the proposed geometric constraints success-
fully recover the global optimum with the same
fidelity as the most rigorous algebraic formu-
lations. Notably, while Ke’s method [10] main-
tains competitive translation accuracy, it exhibits
higher rotation errors , highlighting the stability
of our approach in recovering full 6-DoF poses.

Real-Time Efficiency

Regarding computational efficiency, the proposed
solver records an aggregated average execution
time of approximately 0.099 ms per frame. While
the highly optimized implementation by Wu [18]
achieves a marginally lower runtime (0.089 ms),
the proposed method remains in the same high-
efficiency tier. Crucially, it represents a substantial
improvement over standard libraries; it is approx-
imately five times faster than the OpenCV imple-
mentation of Gao (0.506 ms) and over three times
faster than Kneip (0.322 ms). The discrepancy
between these results and the simulation outcomes

can be attributed to the fewer number of detected
feature points in the real-world experiment, which
significantly reduces the computational overhead
of the verification stage.
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