[bookmark: _Hlk153303978]An integrated super-resolution THz imaging system based on a  nonlocal freeform Bessel beam lens and high-power oscillator–radiator array






















Supplementary Note 1: Theoretical analysis of local and nonlocal GRIN lens
 The electric field distributions of the local GRIN Bessel beam lens shown in Fig. 2a are calculated using scalar diffraction theory based on the angular spectrum method, as we have done in reference 4 and listed in Fig. S1.
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Fig. S1 Calculated electric field distributions of the local GRIN Bessel beam lens from 0.3 to 1.0 THz.
Fig. S2 illustrates the electric field distributions of the proposed nonlocal GRIN Bessel beam lens, the architecture of which is depicted in Fig. 2a. 
[image: ]
Fig. S2 Calculated electric field distributions of our proposed nonlocal GRIN Bessel beam lens.
To quantitatively make a comparison between the nonlocal GRIN lens and the local GRIN lens for Bessel beam generation, the extracted FWHM of each is presented in Fig. S3. 
[image: ]
Fig. S3 Comparison of FWHM between the local one and the nonlocal one
The propagation equation for electromagnetic waves within the GRIN medium is the Helmholtz equation as follows:

                                                            (5)
Since the Bessel beam is cylindrically symmetric, the Helmholtz equation under cylindrical coordinates is rewritten as follows:

                   (6)
Assuming that the solution of the above equation is composed of 3 independent parts as follows:

                                       (7)
Subsequently, Equation 6 could be expressed as:

                  (8)
Let the azimuth part be a constant:

                                           (9)
The solution of Equation 9 is:

                           (10)

For an axisymmetric Bessel beam, m = 0, it can be deduced that. The propagation part is also defined as a constant:

                                                  (11)
The solution of Equation 11 is:

                                                   (12)
For the radial part:

                       (13)
The solution of Equation 13 is:

                                                  (14)
In which J0 is the Bessel function of the first kind of order zero, kr = ksin(θ), kz = kcos(θ), and θ is the cone angle of the Bessel beam. Finally, the electric field distribution of the Bessel beam is:

                                     (15)
To derive the FWHM of the ideal Bessel beam, the problem is transformed into solving the following equation:

                                               (16)
Therefore, the FWHM could be derived by:

                     (17)
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Fig. S4 Calculated electric field distributions of our proposed nonlocal freeform lens in the x-z plane
[image: ]
Fig. S5 Calculated electric field distributions of our proposed nonlocal freeform lens in the x-y plane






















Supplementary Note 2: Experimental details of the integrated THz imaging system
[image: ]
Fig. S6. Relative permittivity of the adopted high-temperature resin from Formlabs.
[image: ]
Fig. S7 Experimental setup for measuring achromatic Bessel beam
[image: ]
Fig. S8 Schematic of the 18 × 16 array
[image: ]
Fig. S9 Simulated waveforms of the array.
[image: ]
Fig. S10 Measurement setup for THz oscillator–radiator array
[image: ]
Fig. S11 Output power of the THz oscillator–radiator array under different conditions.
[image: ]
Fig. S12 Photograph of the OR codes on the PCB panel.
[image: ]
Fig. S13 A thick Multi-layer PCB and the corresponding imaging results. a. Optical photograph of this multi-layered PCB substrate. b. 3D geometric layout of this multi-layered PCB substrate. c-d. Raw data of imaging results measured by the oscillator array and the corresponding post-processed data. e-f. Raw data of imaging results measured by the VDI extender module and the corresponding post-processed data.

























Supplementary Note 3: Details of the post-processing technologies.
The Bessel beam spot exhibits non-negligible side lobes, so the observed image g(x,y) is modeled as the linear convolution of the true transmittance f(x,y) of the target with the system point spread function (PSF) h(x,y), corrupted by additive noise n(x,y):

                                           (1)

Where (x,y) denotes the spatial coordinates on the image plane and  denotes two-dimensional convolution. Sidelobes induce ring-shaped artifacts surrounding the main lobe, resulting in edge blurring and ghosting effects in the reconstructed image. To mitigate these artifacts—including sidelobe interference, periodic striping, and off-grid textures arising from deconvolution—we implement a dedicated processing pipeline comprising: frequency-domain stripe filtering, grid-aligned upsampling, TV-regularized Richardson–Lucy deconvolution, axial projection constraints, and resampling to the native grid.
Owing to the periodic internal structure of the target or the mechanical periodicity of the scanner, the raw image g often contains nearly periodic stripes along the horizontal and vertical directions. In the two-dimensional Fourier spectrum, these stripes appear as discrete peaks along the frequency axes:

                                                  (2)
Here, G(u,v) denotes the Fourier spectrum of g, with (u,v) representing the spatial frequency coordinates conjugate to the spatial domain coordinates (x,y). The algorithm identifies the fundamental stripe frequency and its primary harmonics proximal to the u - and v-axes, applying narrow-band stop filters at these loci to derive the notch transfer function H(u,v). Defining the composite operation of detection, notch-filtering, and inverse Fourier transformation as the operator S, the destriped image is obtained via

                       (3)
where gf is the destriped image. Owing to the confinement of the notch filters to narrow bands proximate to the frequency axes, the core spectral content remains largely unaltered. Consequently, the underlying structural integrity of the image is preserved while the periodic stripe noise is effectively suppressed.
Before deconvolution, the physical pixel scales of the image and the point spread function (PSF) must be aligned. Let pimg and ppsf denote the scanning steps of the image and the PSF, respectively, with pimg < ppsf in our setup. Resampling the PSF onto the coarser image grid would excessively attenuate the fine sidelobe structure. Instead, we adopt a reverse strategy: upsampling the image to match the higher-resolution PSF grid. The integer upsampling factor

                                                    (4)
defines the upsampling ratio, and a bicubic interpolation operator UN is applied to the destriped image at factor N so that the equivalent pixel size after upsampling matches that of the PSF:

                                               (5)

Here is the upsampled image. Since the image and the PSF now share the same physical pixel scale, the convolution model is physically consistent on the upsampled grid and reads

                                  (6)


where is the high-resolution transmittance to be recovered and is the equivalent noise on the upsampled grid.
Under a Poisson noise assumption, maximum-likelihood estimation leads to the Richardson–Lucy (RL) multiplicative iteration[endnoteRef:1],[endnoteRef:2] [1:  Richardson W H. Bayesian-based iterative method of image restoration. Journal of the Optical Society of America, 62, 55-59 (1972)]  [2:  Lucy L B. An iterative technique for the rectification of observed distributions. Astronomical Journal, 79, 745 (1974)] 


                                           (7)




where is the estimate at the k-th iteration,  is the centrally flipped PSF, and is a small constant that prevents division by zero. The RL algorithm inherently preserves non-negativity and energy conservation, exhibiting robust convergence even with complex, sidelobe-rich PSFs. However, in the absence of regularization, the iterative process progressively amplifies high-frequency noise. We therefore introduce a total variation (TV) prior[endnoteRef:3] [3:  Rudin L I, Osher S, Fatemi E. Nonlinear total variation-based noise removal algorithms. Physica D: nonlinear phenomena. 60, 259-268 (1992)] 


                                        (8)
Minimizing the negative log-posterior in the maximum a posteriori framework yields the TV-regularized RL update[endnoteRef:4] [4:  Dey N, Blanc‐Feraud L, Zimmer C, et al. Richardson–Lucy algorithm with total variation regularization for 3D confocal microscope deconvolution. Microscopy research and technique. 69, 260-266 (2006)] 


                        (9)








where controls the trade-off between smoothness and data fidelity, and avoids the singularity whenapproaches zero. To balance computational efficiency and stability, the divergence term in the denominator is updated only every few iterations, while the remaining steps reduce to the standard RL update. The algorithm runs for several iterations and automatically selects the optimal stopping iteration based on metrics such as image contrast and edge sharpness, and outputs as the deconvolution result. The full TV-regularized RL deconvolution, parameterized by the PSF , regularization weight, and stopping iteration , is denoted by the operator .


Because the upsampled grid satisfies, after many RL iterations may result in oblique high-frequency textures between the original pixels that do not exist in the true scene. Such textures are essentially spurious sub-pixel patterns and tend to degrade into jagged artifacts after downsampling. To suppress them, we introduce an axial projection constraint that penalizes diagonal gradients while leaving horizontal and vertical gradients untouched. Let D+ and D- denote the discrete directional derivative operators along the two diagonal directions, oriented at +45o and -45o with respect to the horizontal axis. The corresponding axial projection regularizer is defined as

                                   (10)
Since this regularizer excludes the horizontal and vertical derivatives, it does not penalize axis-aligned edges of the true scene and only suppresses the oblique high frequencies introduced by deconvolution. In practice, the constraint is enforced as an explicit gradient-descent step applied once every few RL iterations:

                                      (11)

where β >0 is the constraint step size, and D+T and D-T are the discrete adjoints of D+ and D-. The composite operator is equivalent to the diagonal component of the discrete Laplacian; This approach selectively attenuates off-axis high-frequency components while preserving structures aligned with the coordinate axes. We formalize this correction step as the operator Aβ.
Once the iterations and axial corrections are complete, the solution is downsampled from the PSF grid back to the original imaging grid using N×N area averaging:

                                (12)



where is the deconvolved result on the upsampled grid, is the set of indices in the N×N neighborhood on the upsampled grid corresponding to pixel (x,y) on the original grid, and is the final output image. This down-sampling step is denoted by the operator DN.
In summary, the entire pipeline can be written as the operator cascade

                               (13)

where S is frequency-domain stripe filtering, UN is integer-factor upsampling, is TV-regularized Richardson–Lucy deconvolution, and Aβ is the axial projection constraint.
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