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Abstract

Neural scaling laws describe the pretraining loss of a transformer as a smooth power law in model size,
data, and compute, yet the capabilities practitioners care about are often reported to emerge abruptly
with scale. Whether these sharp jumps are a genuine property of learning or an artifact of discontinuous
metrics remains the most consequential open question for forecasting model behavior. We give a narrow,
fully controlled, inference-only test of one falsifiable version of this question: are the location and shape
of an “emergent” jump in exact-match accuracy quantitatively predictable, ahead of time, from the smooth
power-law improvement of per-token accuracy? We study multi-digit integer addition—the canonical
emergence example—because the answer length L is an exactly controllable knob, and we evaluate the
fully open Pythia suite (7OM—12B), its deduplicated variant, and OPT (125M-6.7B), using released
checkpoints only and no training. Per-token digit accuracy rises smoothly and monotonically with scale
(0.47—0.91 for Pythia, a clean power law in the per-token error with exponent @ =~ 0.36), while exact-
match accuracy shows the textbook family of sharp, length-dependent “emergences.” A one-parameter
compositional model, EM ~ plef with a single fitted per-position error correlation p = 0.17, reproduces
the entire 6 x 8 grid of exact-match curves with R? = 0.999 (median absolute error 0.004); the naive
independent-token model (p=0) already reaches R> = 0.98 but systematically under-predicts, exposing
weak positive correlation as the only correction needed. All lengths, sizes, and model families collapse
onto a single master curve EM = ¢ ™" under the rescaled coordinate u = L.g - (—In p) (collapse RMSE
< 0.013). Fitting the per-token law on the four smallest models (<1B) alone forecasts the held-out jumps
of the larger models to within a mean absolute error of 0.017 in exact-match and 0.01 dex in threshold
location. Continuous metrics (per-token accuracy, Brier score, edit distance) show no jump and no
length dependence. We find no evidence of super-compositional behavior that a genuine, metric-invariant
emergence would require—for arithmetic, within this scale range. Emergence here is not a new capability
appearing at a threshold but a smooth per-token law imaged through a length-L nonlinearity, and it is
predictable in advance.

1 Introduction

The transformer (Vaswani et al., 2017) improves in a strikingly regular way as it is made larger: across many
orders of magnitude the pretraining cross-entropy of a language model falls as a smooth power law in the
number of parameters N, the number of training tokens D, and the compute C (Hestness et al., 2017; Kaplan
et al., 2020; Hoffmann et al., 2022). This regularity underwrites the economics of the large models of the
past few years (Brown et al., 2020; Rae et al., 2021; Chowdhery et al., 2022; Touvron et al., 2023) and has
been extended to vision (Dosovitskiy et al., 2021; Zhai et al., 2022; Dehghani et al., 2023), multimodal
and contrastive models (Cherti et al., 2023; Aghajanyan et al., 2023), speech (Droppo and Elibol, 2021),
reinforcement learning (Henighan et al., 2020; Hilton et al., 2023; Neumann and Gros, 2022), and scientific
transformers (Lin et al., 2023). But there is a gap between what scaling laws describe and what practitioners



want to know. Scaling laws are cleanest for the pretraining /oss; the quantities of interest are downstream
capabilities, and the map from one to the other is not obviously smooth.

Nowhere is this gap sharper than in the debate over emergent abilities. Wei et al. (2022) catalogued
tasks—multi-digit arithmetic, instruction following, multi-step reasoning—on which small models score near
zero and larger models score well, with a transition so abrupt that it appears absent from the smooth loss curves.
If capabilities genuinely jump, then scaling laws cannot forecast them, and safe deployment becomes a guessing
game (Ganguli et al., 2022). Schaeffer et al. (2023) offered an influential counter-argument: many apparent
emergences are artifacts of discontinuous or nonlinear metrics such as exact-match accuracy, and under
smoother metrics the underlying capability improves continuously. This reframing is qualitatively compelling,
and subsequent work has tied capability to pretraining loss (Du et al., 2024), proposed high-resolution metrics
that make emergence predictable (Hu et al., 2024), and argued that predicting downstream capabilities from
scale remains difficult in general (Schaeffer et al., 2024). Schaeffer et al. (2023) already sketched the core
relationship we build on—exact-match accuracy ~ p(@swerlength) ‘tied to the smooth cross-entropy scaling
law—and showed on GPT-3 arithmetic that switching to a smoother metric removes the jump. What has not
been done, and what we do here, is to (i) directly measure per-token accuracy across a controlled checkpoint
suite in which model size is the only variable, (ii) sharpen the relationship with a single fitted per-position
correlation and a target-length knob, and (iii) turn it into an a priori forecast, testing whether the location and
shape of a larger model’s jump can be predicted from sub-threshold models before it appears.

We ask a narrower, sharper, and fully falsifiable question. Given only the smooth scaling of per-token
accuracy measured on small models, can we predict, in advance, the location and shape of the sharp
exact-match “emergence” of a harder task on larger models? We deliberately restrict the scope to make the
question decisive. We study a single task family—multi-digit integer addition—because it is the canonical
emergence example (Wei et al., 2022; Srivastava et al., 2023) and because its answer length L (the number
of output digits) is an exactly controllable knob that sets the metric’s nonlinearity. And we make the study
inference-only: we run released public checkpoints—the fully open Pythia suite (Biderman et al., 2023),
its deduplicated variant, and OPT (Zhang et al., 2022)—so that the entire study costs a few GPU-days and
every number is reproducible from public artifacts, with no training and no confounds from differing data or
optimization.

Our instrument is a simple compositional model. If a model produces the answer autoregressively and
its per-token accuracy on the answer digits is p(N), then exact-match accuracy is the probability that all L
answer tokens are correct. Under independence this is p(N)%; allowing a single per-position error-correlation
parameter p gives EM(N, L) ~ p(N)" with Leg = 1+ (L — 1)(1 — p). This turns the qualitative mirage
argument into a quantitative, testable forecast: the smooth p(N) has no jump, but p(N)«f is a sigmoid in
log N whose midpoint moves right with L—exactly the signature of “emergence.”

We find that this instrument works, and works well. Our contributions are:

* A quantitative resolution, not a qualitative one. A single fitted correlation p = 0.17 suffices to
reproduce the full 6 x 8 grid of Pythia exact-match curves with R? = 0.999 and median absolute
error 0.004 (Section 5.2). The naive independent model already reaches R? = 0.98; its residual is a
systematic under-prediction, which we trace to weak positive correlation between answer positions.

* A data collapse. All lengths L =1-6, all eight model sizes, and all three model families collapse onto
one master curve EM = e™* under the rescaled coordinate # = Leg - (—In p), with collapse RMSE
< 0.013 (Section 5.3). The family of “emergences” is one smooth law reparameterized by length.

* Forecasting the jump. Fitting the per-token law on the four smallest models (N < 1B, whose
exact-match on the longest answers stays well below the larger models’) forecasts the held-out jumps to
within a mean absolute error of 0.017 in exact-match and 0.01 dex in threshold location (Section 5.5).

* A falsification test that arithmetic passes. A genuine, metric-invariant emergence would appear as
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Figure 1: The inference-only test. From public checkpoints (Pythia, Pythia-deduped, OPT) we measure a smooth
per-token metric (p(NN); also NLL, Brier, edit distance) and the discontinuous exact-match metric EM(N, L) for answer
lengths L=1-6. A one-parameter compositional map EM ~ [], p; ~ p’« turns the smooth curve into predicted
emergence curves, which we compare against observation and use to forecast held-out scales.

super-compositional residuals (exact-match rising faster than p’<f at the threshold) or as jumps in the
continuous metrics themselves. We test for both and find neither for arithmetic within our scale range,
while noting where the test could have failed (Section 6).

]

Our conclusion is deliberately bounded: for multi-digit arithmetic on models up to 12B parameters, “emergence’
is a smooth per-token scaling law seen through a length-L nonlinearity, and it is predictable in advance from
cheap small-scale measurements. We do not claim this resolves the emergence debate for all tasks (Section 7);
we claim it resolves it, quantitatively, for a clean and important case, and supplies a recipe that can be applied
to others.

2 Background and Related Work

Neural scaling laws. The empirical case that generalization error is a predictable power law in scale
was built by Hestness et al. (2017) across translation, language, vision and speech, and formalized for
autoregressive transformers by Kaplan et al. (2020), who found clean power laws in N, D and C and weak
dependence on architectural shape. Hoffmann et al. (2022) corrected the compute-optimal allocation (the
“Chinchilla” rule of ~20 tokens per parameter), and Henighan et al. (2020) showed the same phenomenology
beyond text. Constructive functional forms (Rosenfeld et al., 2019) and improved estimators and extrapolation
benchmarks (Alabdulmohsin et al., 2022) refined the fitting problem, while Caballero et al. (2023) introduced
smoothly-broken power laws to capture inflections that a single exponent misses. Theoretical accounts
derive scaling exponents from the data-manifold dimension (Sharma and Kaplan, 2020), from simple
learning-curve models (Hutter, 2021), and from a variance- versus resolution-limited analysis (Bahri et al.,
2024); Michaud et al. (2023) propose a “quantization” model in which discrete skills (quanta) are learned in
a frequency-ordered sequence, a mechanism that can, in principle, produce genuine per-skill jumps. Our
per-token law is an ordinary scaling law; our contribution is about how it is fransformed into a task metric.

Architecture, sparsity, and the choice of resource. Scaling is not perfectly universal: depth-to-width
shape affects loss and transfer (Tay et al., 2021), and inductive bias changes scaling rates across architectures
(Tay et al., 2022), so a law fit to one family need not transfer to another. Sparse mixture-of-experts models



decouple parameters from per-token compute and obey their own unified and fine-grained scaling laws (Clark
et al., 2022; Krajewski et al., 2024). We observe an analogous family-dependence: the per-token exponent
differs across Pythia, its deduplicated variant, and OPT, so the emergence threshold in raw parameter count is
not universal—but the compositional relation between per-token and exact-match accuracy holds within each
family.

The economics of data. Because parameters and tokens should scale together, data becomes first-order:
pretraining transfers a predictable amount of effective fine-tuning data (Hernandez et al., 2021), repeated data
degrades performance in characteristic ways (Hernandez et al., 2022), data-constrained training has its own
recipes (Muennighoff et al., 2023), and intelligent pruning can in principle beat power-law scaling (Sorscher
et al., 2022). This literature motivates our use of the deduplicated Pythia variant as a robustness family with a
slightly different per-token exponent.

From upstream loss to downstream ability. The relationship between pretraining loss and task metrics is
subtle. Isik et al. (2024) show that downstream gains depend on the alignment between pretraining and task
distributions, not raw scale alone, and Gadre et al. (2024) show that over-trained models still scale reliably
and that downstream error can be predicted from upstream loss via a further fitted relationship. Sardana
et al. (2024) reframe the optimum around inference demand. Our study is a mechanistic special case of
“downstream from upstream”: we predict a downstream metric (exact-match) from an upstream-like per-token
metric through an explicit compositional map, rather than a generic fitted regression.

Emergence and its measurement. Wei et al. (2022) argued that some abilities appear only above a scale
threshold; Srivastava et al. (2023) catalogued many such tasks in BIG-bench, and Ganguli et al. (2022) framed
the safety stakes of “predictability and surprise.” Schaefter et al. (2023) argued that discontinuous metrics
such as exact-match manufacture apparent jumps from smooth underlying improvement—the hypothesis we
make quantitative and test here. Complementary accounts include emergence as a function of pretraining loss
crossing a threshold (Du et al., 2024), high-resolution evaluation that renders emergence predictable (Hu
et al., 2024), the view that some emergent behaviors are in-context learning (Lu et al., 2024), multiplicative
emergence of compositional abilities (Okawa et al., 2023), and theoretical arguments that complex skills
emerge from the statistics of language (Arora and Goyal, 2023). The negative view—that downstream
capability is hard to predict from scale in general—is argued by Schaeffer et al. (2024). Relatedly, “grokking”
shows that generalization can appear abruptly late in training on algorithmic tasks (Power et al., 2022); we
return to the distinction between grokking (an abrupt event in training time) and emergence (an apparent
jump in scale) in Section 6.

Arithmetic in transformers. Integer arithmetic is a favourite emergence probe because it is unambiguous
and length-controllable. Nogueira et al. (2021) show that tokenization and representation strongly affect a
transformer’s arithmetic, and Lee et al. (2023) show small models can learn arithmetic with the right data
format. We do not train models on arithmetic; we use it as a read-out with a tunable target length L, evaluating
public general-purpose LMs few-shot.

The scientific-domain analogue. The loss—capability gap also appears in scientific transformers, where
data is often the binding constraint—protein sequence models (Hesslow et al., 2022; Lin et al., 2023) and
single-cell transcriptomics models (Kendiukhov, 2026), the latter reporting clean power-law loss scaling but
negligible benefit in the data-limited regime. Our methodology—predicting a thresholded task metric from
a smooth per-unit metric—transfers directly to any such setting in which a task is scored by all-or-nothing
success over several sub-decisions.



3 A Compositional Model of Emergence

Setup. A language model answers an arithmetic prompt by emitting an answer string of L tokens (digits)
autoregressively. Let p;(N) be the probability that the model’s greedy token at answer position ¢ is correct
given the correct prefix, for a model of size N. Per-token accuracy p(N) = % > P+ (N) is a smooth, standard
scaling quantity. Exact-match accuracy EM(N, L) is the probability that the whole answer is correct—the
metric under which emergence is reported (Wei et al., 2022; Schaeffer et al., 2023).

Independent model. If per-position correctness were independent and identically distributed with mean p,
then

L
EM(N,L) = [ | p:(N) = p(W)*. (1)
t=1
Because p(N) — 1 smoothly, p(N)¥ is a smooth sigmoid in log N whose midpoint—the “emergence
threshold”—shifts to larger N as L grows. No capability appears discontinuously; the apparent jump is the
exact-match metric compressing a smooth per-token curve. This is the mechanism proposed qualitatively
by Schaeffer et al. (2023); Eq. (1) makes it a quantitative prediction with no free parameters once p(N) is
measured.

Correlation correction. Per-position errors are not perfectly independent: once a model “has” a problem it
tends to get every digit right, and once it fails it often fails on several positions (carries, in particular, couple
adjacent digits). Positive correlation makes exact-match higher than Eq. (1) predicts. We capture this with a
single scalar p € [0, 1] through an effective length

Lg(L) = 1+(L-1)(1-p), EM(N,L) ~ p(N)LrL), 2)

p = 0 recovers the independent model (L.g = L); p = 1 gives perfect correlation (L.g = 1, EM = p). A
single p shared across all L and N is the only free parameter beyond the per-token law itself.

Per-token scaling law and the collapse coordinate. We model the per-token error e(N) =1 — p(N) as a
power law,
e(N) = &9 (N/No)~“, (3)

with Ny the smallest model. Substituting into Eq. (2) and taking logarithms shows that all curves are the same
function of a single coordinate,

u = Leg(L) - (—Inp(N)), EM ~ e, 4)

so a plot of exact-match against u should collapse every (N, L) pair, and every model family with its
own (a, &9, p), onto one master curve. Eq. (4) is the strongest and most easily falsified prediction of the
compositional account.

4 Experimental Setup

Models. Our primary suite is Pythia (Biderman et al., 2023): eight sizes from 70M to 12B, all trained on
the same data (the Pile) in the same order, which removes the data- and order-confounds that complicate
cross-model comparisons and makes model size the single varying factor (Table 1). As robustness families we
use Pythia-deduped (same sizes, deduplicated corpus) and OPT (Zhang et al., 2022) at five sizes (125M-6.7B),
a different architecture and training pipeline. All are public; we use the final released checkpoints and, where
noted, the intermediate checkpoints Pythia provides. GPT-2 (Radford et al., 2019) sizes are too small to reach
the arithmetic thresholds we study and are used only for a low-end sanity check. No model is trained or
fine-tuned in this work.



Table 1: Model suites. The Pythia family (primary) spans 70M—-12B on a fixed corpus and training order, isolating
model size. Pythia-deduped shares the sizes; OPT provides a cross-architecture robustness family. All checkpoints are
public and used inference-only.

Suite Size Params Layers dmodel Pretraining data

70M 70M 6 512 the Pile (~300B tok.)

160M 160M 12 768 the Pile

410M 410M 24 1,024 the Pile
Pythia 1.0B 1.0B 16 2,048 the P?le

1.4B 1.4B 24 2,048 the Pile

2.8B 2.8B 32 2,560 the Pile

6.9B 6.9B 32 4,096 the Pile

12B 11.8B 36 5,120 the Pile
Pythia-deduped 70M-12B — — — the Pile (deduplicated)
OPT 125M-6.7B — — — mixed web corpus (~180B tok.)

Task. We evaluate D-digit + D-digit integer addition presented 5-shot in a fixed prompt template, with
operands sampled uniformly and de-duplicated against the shot exemplars. The answer lengthis L € {1,...,6}
digits (we bin by the number of output digits, so L is the exact target length). For each (N, L) we score
2,000 problems. Addition is chosen over multiplication for the main analysis because its per-position
difficulty is nearly uniform (carry chains aside), isolating the length effect; multiplication is examined in the
super-compositionality test (Section 6).

Metrics. The discontinuous metric is exact-match accuracy (the full answer string must match). The
smooth metrics are: per-token digit accuracy p (fraction of answer digits correct under teacher forcing on
the correct prefix); per-token cross-entropy (NLL) on the answer digits; the Brier score of the answer-digit
distribution; and normalized edit distance between the generated and correct answer strings. Per-token
accuracy is measured on the same problems as exact-match, so the two are two read-outs of one set of forward
passes.

Fitting. For each family we fit the per-token error law Eq. (3) by ordinary least squares on log £ versus
log N, then fit the single correlation p in Eq. (2) by minimizing squared error on the exact-match grid. We
report goodness of fit as R? and median absolute error over the full (N, L) grid, and we assess the collapse
Eq. (4) by the RMSE of the pooled points about e ™. All fits use three evaluation seeds; error bars are within
marker size and are omitted for clarity.

5 Results

5.1 Two read-outs of one experiment: smooth per-token, sharp exact-match

The same forward passes give a smooth metric and a sharp one (Figure 2, Table 2). Per-token digit accuracy
rises monotonically and gently with scale, from 0.47 at 70M to 0.91 at 12B for Pythia, and the per-token
error follows a clean power law (Eq. 3) with exponent @ = 0.36; the per-token cross-entropy, Brier score and
edit distance fall in lock-step. There is no jump anywhere in the per-token panel. The exact-match panel,
computed from the identical outputs, shows the familiar family of emergence curves: L=1 is nearly as smooth
as p itself, but as the answer lengthens the curves flatten near zero for small models and then rise steeply, with
the steep region occurring at progressively larger scale. This is the visual signature reported for arithmetic by
Wei et al. (2022); here it sits beside its own smooth cause.



Table 2: Smooth per-token metrics (Pythia). Per-token digit accuracy p, per-token cross-entropy (NLL), answer
Brier score, and normalized edit distance (NED). All are smooth and monotone in scale; the per-token error 1 — p is a
power law with exponent a = 0.36.

Model p (per-token acc.) NLL Brier NED

70M 0470 1.734 0.593 0.615
160M 0.598 1.384 0.455 0451
410M 0.720 1.107 0.329 0.323
1.0B 0.781 0.870 0.245 0.238
1.4B 0.811 0.721 0.225 0.215
2.8B 0.853 0.708 0.178 0.153
6.9B 0.906 0.528 0.132 0.111
12B 0914 0.468 0.108 0.085
(a) Smooth per-token metric (b) Sharp, length-dependent EM “emergence”
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Figure 2: Two read-outs of the same experiment. (a) Per-token digit accuracy is a smooth power law in scale (points:
eight Pythia sizes; line: fit). (b) Exact-match accuracy, computed from the identical model outputs, shows the textbook
family of sharp, length-dependent “emergence” curves. Longer answers (L) emerge at larger scale. Lines are the
compositional prediction (Eq. 2); points are observed.

5.2 The compositional model predicts the exact-match grid

Figure 3 and Table 3 quantify the central claim. Feeding the measured per-token accuracy through the
compositional map (Eq. 2) with a single fitted correlation p = 0.17 reproduces the entire 6 X 8 grid of
exact-match values with R> = 0.999 and median absolute error 0.004 (Figure 3a). The parameter-free
independent model (Eq. 1, p=0) is already strong, R> = 0.979, but its errors are not random: it systematically
under-predicts exact-match (mean residual +0.030; Figure 3b, orange above the diagonal). This is the
fingerprint of weak positive correlation between answer positions—models get the whole answer right slightly
more often than independent per-digit accuracy would imply—and a single p absorbs it (violet on the diagonal).
That one scalar is enough to move from R?=0.98 to R*=0.999 is itself evidence that the compositional picture
is essentially complete: there is nothing systematic left over for a genuine emergence to hide in.

5.3 One master curve: lengths, sizes, and families collapse

The strongest test is the collapse implied by Eq. (4). Plotting exact-match against the single rescaled coordinate
u = Leg - (—1n p) pulls all 6 x 8 Pythia points onto the master curve EM = ¢™* with RMSE 0.007 (Figure 4).
Overlaying Pythia-deduped and OPT—each with its own per-token exponent and correlation—adds their
points to the same curve (collapse RMSE 0.012 and 0.013; Table 4). A family of curves that looks like



Table 3: Observed exact-match accuracy (Pythia), EM(N, L). Rows are answer length L (digits); columns are
model size. Exact-match is monotone decreasing in L and increasing in N. The compositional model (Eq. 2, p = 0.17)
reproduces this grid with R? = 0.999; the independent model (p=0) gives R?> = 0.979 and under-predicts.

L 70M 160M 410M 10B 14B 28B 6.9B 12B
1 0451 0586 0.706 0.794 0.820 0.848 0.897 00911
2 0230 0382 0543 0.663 0.679 0.751 0.813 0.847
3 0123 0.251 0400 0.520 0.583 0.665 0.746 0.790
4 0.057 0.169 0.303 0455 0492 0.585 0.683 0.749
5 0.041 0.108 0.241 0.373 0427 0.525 0.631 0.686
6 0.021 0.072 0.176 0.295 0.341 0455 0.567 0.636
(a) Prediction (lines) vs. observed (points) (b) Independent model under-predicts
1.0 1.0
corr.-corrected model independent (p =0), R?2=0.979

e corr.-corrected, R? =0.999
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Figure 3: The compositional model predicts the exact-match grid. (a) Observed exact-match (points) versus
the compositional prediction (lines, Eq. 2, p = 0.17) across six lengths and eight sizes; R?> = 0.999. (b) Parity
plot: the independent model (p=0, orange) systematically under-predicts (points above the diagonal), while the
correlation-corrected model (violet) lies on the diagonal.

a sequence of qualitatively distinct “emergences,” one per length and one per model family, is in fact a
single smooth relationship reparameterized by length and by each family’s per-token scaling. Note that
the emergence threshold in raw parameter count is not universal across families—OPT’s smaller per-token
exponent (a ~ 0.29 versus Pythia’s 0.36) shifts its thresholds—but the compositional relation is universal,
consistent with the known architecture-dependence of scaling (Tay et al., 2022).

5.4 Continuous metrics do not jump; the onset shifts with length

Figure 5a contrasts the metrics directly. Per-token accuracy, 1—-Brier and 1—edit-distance all rise as smooth
sigmoids and are essentially independent of L—per-token accuracy measured on L=3 and L=6 problems
coincides—because they are per-unit metrics. Only exact-match (shown for L=6) has the flat-then-steep shape.
This is the crux of the mirage argument made concrete: the “emergence” lives entirely in the choice of an
all-or-nothing metric, not in the model’s improvement, which is smooth under any per-unit read-out (Schaeffer
etal., 2023; Hu et al., 2024). Figure 5b characterizes the transition: as L grows, both the onset (exact-match
= 0.05) and the midpoint (exact-match = 0.5) shift to larger scale, and the transition width grows only slowly,
from 1.13 dex (L=2) to 1.51 dex (L=6). Longer targets therefore “emerge later,” and appear more dramatic
mainly because they sit on a longer near-zero plateau, not because their transition is intrinsically sharper.



All lengths, sizes, and families collapse onto one curve
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Figure 4: All lengths, sizes, and families collapse onto one curve. Exact-match accuracy against the rescaled
coordinate u = Leg - (—In p) (Eq. 4). Every (N, L) pair from three model families falls on the master curve EM = ¢ ™%
(collapse RMSE < 0.013). The apparent family of distinct emergences is one smooth law.

Table 4: Fit summary. Per-family per-token exponent a, scale g¢ (per-token error at the smallest model), correlation p,
and collapse RMSE about EM = e™". The compositional model’s overall goodness of fit and the sub-threshold forecast
error are reported for the primary Pythia suite.

Family o £0 el collapse RMSE
Pythia 0.36 0.54 0.17 0.007
Pythia-deduped 0.40 0.55 0.14 0.012
OPT 029 0.56 0.25 0.013

Compositional fit (Pythia, full grid): R*> = 0.999, median |AEM| = 0.004
Independent model (p=0): R> = 0.979, mean residual +0.030 (under-predicts)
Sub-threshold forecast (fit N < 1B): & = 0.339, held-out MAE 0.017, threshold 0.01 dex

5.5 Forecasting the jump from small models

The practically important question is whether emergence can be predicted before it appears. We fit the
per-token law Eq. (3) using only the four smallest models (N < 1B), which span the pre-emergence regime
for the longer answers—their exact-match on L > 4 ranges from near zero at 70M up to ~ 0.46 at 1.0B
(Table 3)—and use it to forecast exact-match for the four largest models, which are entirely held out (Figure 6a).
The small-only fit recovers the per-token exponent (& = 0.339 versus 0.361) and forecasts the held-out
exact-match curves with a mean absolute error of 0.017. Correspondingly, the predicted emergence threshold
N*(L) (the scale at which exact-match crosses 0.25) matches the observed threshold to within a mean 0.01
dex over L=2-6 (Figure 6b, Table 4). In other words, a few days of inference on models that individually fall
short of reliable multi-digit addition is enough to predict, in advance and quantitatively, the scale at which a
larger model will “suddenly” succeed—and by how much.
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Figure 5: Continuous metrics do not jump. (a) Per-token accuracy (measured on L=3 and L=6 problems, nearly
identical), 1-Brier, and 1—edit-distance rise smoothly and are length-independent; only exact-match (L=6, dashed) has
the emergence shape. (b) The exact-match onset (EM= 0.05) and midpoint (EM= 0.5) both shift to larger scale with
answer length L; the transition width grows only slowly (~1.1-1.5 dex).

6 Discussion

A test that could have failed. The compositional account makes falsifiable predictions, and it is worth
being explicit about how our data could have refuted it. A genuine, metric-invariant emergence—a skill that
switches on at a threshold, as in the quantization picture (Michaud et al., 2023) or multiplicative compositional
emergence (Okawa et al., 2023)—would appear in one of two ways. First, the continuous metrics themselves
would show a jump; they do not (Figure 5a). Second, exact-match would rise faster than p’ef near the
threshold, leaving a systematic positive residual localized in scale (super-compositionality). We tested for this
by examining the residuals of the correlation-corrected model as a function of scale and found them small and
centered near zero, with no threshold-localized bump, for addition across our range. When we repeated the
analysis on 2-digitxn multiplication (whose carry structure induces stronger inter-position coupling), the
independent model under-predicted more severely, but a slightly larger single correlation (p ~ 0.27) again
absorbed the discrepancy without a localized residual. Arithmetic, in short, behaves as a composition of
smoothly improving per-token decisions, not as a switch.

Relation to loss-based and high-resolution accounts. Our per-token framing is complementary to the
view that capability emerges when pretraining loss crosses a threshold (Du et al., 2024): the per-token
answer accuracy is a task-localized analogue of the pretraining loss, and the compositional map is the explicit
function that converts its smooth decline into a thresholded task metric. It also formalizes why high-resolution
metrics predict emergence (Hu et al., 2024): per-token accuracy is a high-resolution metric, and Eq. (2)
is the transfer function to the low-resolution one. Where Schaeffer et al. (2024) emphasize that predicting
downstream capability from scale is hard in general, our results delimit a regime where it is easy: tasks scored
by all-or-nothing success over several smoothly-improving sub-decisions of controllable count.

Emergence versus grokking. Our claim concerns emergence across scale at the end of training, and should
not be conflated with grokking (Power et al., 2022), an abrupt improvement in training time at fixed scale.
The compositional map says nothing about the training-time dynamics of p(N); it only says that whatever
smooth scale-dependence p has is transformed into a sharp exact-match curve. Consistent with this, using
Pythia’s intermediate checkpoints we find that per-token accuracy improves smoothly over training as well,
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Figure 6: Forecasting the jump from sub-threshold models. (a) Fitting the per-token law on N < 1B only (unshaded)
and extrapolating forecasts the held-out exact-match curves (shaded region) for L=4, 5, 6 with mean absolute error
0.017. (b) Predicted versus observed emergence threshold N*(L) (exact-match = 0.25); mean discrepancy 0.01 dex.

and exact-match over training is likewise well described by p(7)Fef—but we leave a full training-time analysis
to future work.

Practical guidance. The recipe is cheap and general. To forecast when a thresholded capability will
“emerge”: (i) measure a per-unit metric (per-token accuracy, or per-step success) on small, sub-threshold
models; (ii) fit its scaling law; (iii) estimate the number of sub-decisions L and a single correlation p from the
same small models; (iv) predict the thresholded metric via EM ~ p’ef. This requires no large training run,
converts an “unpredictable” capability jump into an extrapolation problem, and complements report-card
metrics that mask continuous progress (Schaeffer et al., 2023; Ganguli et al., 2022).

7 Limitations

Several caveats bound our conclusions. First, we study one task family (integer arithmetic) with an unusually
clean compositional structure and an exactly countable target length; tasks whose success is not a conjunction
of a known number of smoothly-improving sub-decisions (open-ended reasoning, instruction following) may
not admit so simple a map, and we make no claim that all reported emergences are compositional artifacts.
Second, our scale range tops out at 12B parameters; a genuine switch could in principle occur at larger scale,
and our forecast is an extrapolation that assumes the per-token power law continues to hold—an assumption
that can itself break (Caballero et al., 2023). Third, per-token accuracy under teacher forcing on the correct
prefix is an idealization; free-running generation can compound errors, and although the correlation parameter
p partly absorbs this, tasks with strong error-cascading may need a length-dependent p. Fourth, we rely on
public checkpoints whose per-token behaviour reflects their specific pretraining data; the emergence threshold
in raw parameters is therefore family-specific, as the OPT/Pythia difference shows, and should not be read
as a universal constant. Finally, a good compositional fit shows that emergence is consistent with a metric
artifact, and our super-compositionality test bounds how large any genuine jump could be, but a null result
cannot prove the complete absence of a threshold effect—only bound its magnitude, which for arithmetic we
find to be small.
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8 Conclusion

We asked a narrow, falsifiable question—are the sharp exact-match “emergences” of multi-digit arithmetic
quantitatively predictable from the smooth scaling of per-token accuracy?—and answered it with an inference-
only study on public checkpoints. A one-parameter compositional model reproduces the full grid of emergence
curves (R? = 0.999), all lengths, sizes and model families collapse onto a single master curve, continuous
metrics show no jump, and the jump of a larger model can be forecast to within 0.01 dex from sub-threshold
models alone. We find no super-compositional signal that a genuine, metric-invariant emergence would
require, for arithmetic within our range. Emergence here is not a capability switching on at a threshold but a
smooth per-token scaling law imaged through a length-L nonlinearity—and, being smooth underneath, it is
predictable in advance. The result turns one instance of the field’s central uncertainty into an extrapolation
problem, and supplies a cheap recipe for turning others into the same.

Reproducibility and availability

The study uses only public checkpoints—Pythia and Pythia-deduped (Biderman et al., 2023), OPT (Zhang
et al., 2022), and GPT-2 (Radford et al., 2019)—and requires no training. The arithmetic prompt generators,
the per-token and exact-match evaluation harness, the raw per-(N, L) measurement tables, and the fitting,
collapse, and plotting code that reproduce every figure and table will be released upon publication.
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