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Supplementary Note 1: Recasting MLSE as Ising energy minimization 10 

The core of recasting MLSE as Ising energy minimization lies in establishing an 11 

equivalence between the cost function of maximum likelihood sequence detection (MLSE) and 12 

the Hamiltonian of the Ising model. This involves three essential steps: first, constructing a 13 

mapping from the noise-free symbols—originally discrete but not necessarily binary—to 14 

binary spin variables that are native to the Ising formulation; second, simplifying the MLSE 15 

problem without affecting its solution, making it similar in mathematical form to the Ising 16 

model; third, deriving the corresponding coupling fields and external fields that characterize 17 

the resulting Ising Hamiltonian. Once these parameters are obtained, the MLSE problem is 18 

reformulated as an energy minimization task, allowing the Ising machine to efficiently seek the 19 

optimal or near-optimal transmitted sequence through its natural dynamical evolution.   20 

The cost function of MLSE can be expressed as: 21 
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where   is the alphabet of all possible modulation symbols and K is the sequence length. 23 

MLSE estimates the transmitted symbol sequence x by minimizing the Euclidean distance 24 

between the received sequence y and the channel output predicted by an equivalent channel 25 

matrix H. The channel modeling in this work can be found in Supplementary Note 2. 26 

To express this search in Ising form, each transmitted symbol is encoded by one or more 27 

binary spins. Assuming the use of PAM-M modulation with 2ZM = , the discrete symbol, xi, 28 

can be modeled using spin variables as: 29 
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For example, for PAM-2, Z = 1,  1 =  , thus i ix σ= ; for PAM-4, Z = 2,  1, 3 =   , 31 

thus 2i i i Kx σ σ += + . Let us define a transformation matrix T = 1 2[2 ,2 , 1]Z Z

K

− − I , IK is K×32 

K unit matrix. Thus, we can obtain the symbol-to-spin mapping in vector form: 33 

                               -1, 1
KZ

  =  +，x T                       (S3) 34 

Substituting x T=   into the MLSE metric gives a quadratic spin objective, 35 
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2T T T− = − +y HT Q b y y                    (S4) 36 

with 37 

                            ,T T T T = =Q T H HT b T H y                    (S5) 38 

The constant term, including T
y y  and the diagonal contribution of Q, does not depend on the 39 

spin configuration and therefore does not affect the minimization. Removing this constant 40 

offset gives the standard Ising form: 41 
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where 43 

                        zeroDiag( ), 2 = − =T T T T
J T H HT g T H y             (S7) 44 

Thus, the channel response determines the spin coupling matrix J, while the received waveform 45 

determines the external field g through projection by T
H .This establishes the direct 46 

equivalence between MLSE and Ising energy minimization. The Ising parameter J and g are 47 

extracted from the communication-defined MLSE problem and subsequently the Ising-MLSE 48 

problem is solved by the Ising machine. Finally, the resulting spin configuration can be mapped 49 

back to the estimated transmitted sequence through  =x T . 50 

Supplementary Note 2: Channel modeling based on noise whitening filter coefficients 51 

It is well established from the Nyquist sampling theorem that the maximum symbol rate 52 

free of ISI is twice the system bandwidth. In our bandwidth-limited IM-DD optical interconnect 53 

system, which has an analogue bandwidth of only 55 GHz and operates beyond 120 Gbaud, 54 

the inevitable ISI must be effectively mitigated at the receiver to ensure reliable error 55 

performance. At the receiver, linear equalizers such as FFE aim to minimize ISI, but it applies 56 

the same filtering to both signal and noise. This process colors the noise, thereby violating the 57 

optimality condition for symbol-by-symbol detection1. For MLSE detection under colored 58 

noise, a noise-whitening filter (NWF) is commonly applied before sequence detection. While 59 

whitening the noise, the NWF introduces controlled ISI to the signal. Based on the response 60 

coefficients of the whitening filter, an effective channel model can be constructed for MLSE, 61 
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which eliminates the introduced ISI and achieves optimal signal detection. The entire process 62 

is described in detail below. 63 

Suppose the discrete signal after FFE is expressed as: 64 

                                  t t ts x n= +                              (S8) 65 

where xt denotes the ideal noise-free symbol, and tn  is the colored noise introduced by the 66 

equalization process. After applying a NWF, the discrete whitened signal in the presence of ISI 67 

is expressed as： 68 
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where hi is the tap coefficient of NWF, L is the channel response length, nt is the whitened 70 

noise caused by NWF. This whitening process, while beneficial for noise statistics, 71 

reintroduces controlled ISI into the signal. A longer memory length can achieve higher degree 72 

of whitening at the cost of more severe ISI. 73 

To derive the response coefficients of NWF, we take the autoregressive (AR) spectral 74 

estimate of the power spectral density (PSD) of the noise after FFE2. The noise tn  is first 75 

estimated by subtracting the information signal dt from the FFE output st, which can be 76 

expressed as: 77 

                                 t t tn s d= −                             (S10) 78 

where the information signal dt can be either training sequence or the direct decision of st. This 79 

is achieved by training sequences in our work. The whitening filter response coefficients are 80 

derived from the coefficients of the AR model of the noise. Here, Yule-Walker equations are 81 

used to extract the AR coefficients3. Since all the values are real numbers, the whitening filter 82 

response coefficients can be obtained as follows: 83 
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where R(i) is the autocorrelation of the noise in Equation S10. Assuming that a L-tap FIR filter 85 

is used for whitening the noise, we can set p = L-1 in Equation S11 to obtain the NWF response 86 

coefficients h = [h1, h2, ⋅⋅⋅, hL].  87 

Denote y = [yL, yL+1, ⋅⋅⋅, yK]T is a (K−L+1)×1 signal vector with ISI introduced by NWF, 88 

then we can further express Equation S9 in vector form as 89 

                                = +y Hx n                              (S12) 90 

where x = [x1, x2, ⋅⋅⋅, xK]T and n = [nL, nL+1, ⋅⋅⋅, nK]T are a K×1 noise-free symbol vector and a 91 

(K−L+1)×1 noise vector, respectively. The Toeplitz H is a (K−L+1)×K equivalent channel 92 

matrix based on the response coefficients of NWF, which is elaborated below: 93 
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This equivalent channel matrix based on response coefficients of NWF provides an effective 95 

channel model in Equation S12, which can be used for the subsequent MLSE and Ising-MLSE 96 

to enable optimal sequence detection. The cost function of MLSE and recasting MLSE as Ising 97 

energy minimization can be found in Supplementary Note 1. 98 

Supplementary Note 3: Dynamical evolution process of the optoelectronic Ising machine 99 

Ising-MLSE is implemented using an optoelectronic Ising machine in our work, which 100 

follows an iterative computation procedure that includes nonlinear transformation and linear 101 

matrix-vector multiplication (MVM). The optoelectronic Ising machine primarily consists of 102 

simple optoelectronic components such as Mach-Zehnder modulator (MZM), photodetector 103 

(PD), and other processing devices, e.g., field-programmable gate array (FPGA) paired with 104 

analog-to–digital converter (ADC) and digital-to-analog converter (DAC)4–7. First, a Mach-105 

Zehnder modulator (MZM) is used to perform electro-optic modulation on the optical signals 106 

emitted by a laser. In this process, the amplitudes of spin nodes are encoded into optical 107 

intensities in a time-multiplexing scheme; then the node amplitudes are converted into 108 

electrical signals via a PD. The process of MZM-based intensity modulation and PD detection 109 

inherently provides in-line nonlinear transformation operation capability, which avoids the 110 

additional optoelectronic energy consumption and latency overhead required for 111 

digital-domain implementation or realization via optical nonlinear effects4. 112 

The time evolution of the i-th spin amplitude ( 1)k

ia +  during iteration step k+1 is given by the 113 

following nonlinear transfer function： 114 

                       ( 1) 2 ( ) ( ) 1
cos

4 2

k k k

i i ia u η+  
= − + − 

 
                    (S14) 115 

where ( )k

iu is a feedback term of spin node, ( )k

iη represents the system noise in optical pathway. 116 

The resulting photovoltages after PD are sampled by an ADC, and the feedback values of spin 117 

nodes are obtained by loading self-feedback, spin coupling and external-field guidance 118 

according to the following formula： 119 

                     ( ) ( ) ( ) ( )k k k k

i i J ij j g i i

j

u a J a g= + + +                     (S15) 120 

Its corresponding vector-matrix form is given by: 121 

                        ( ) ( ) ( ) ( )α β β = + + +k k k k

J gu a Ja g                     (S16) 122 
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where ( )k represents the system noise in electrical pathway;  , J  and 
g control the 123 

strengths of self-feedback, spin coupling and external-field guidance, respectively, where J  124 

and 
g  can take the same value. This computation is essentially a linear MVM operation. In 125 

our work, it is performed by an FPGA (Xilinx KU115), paired with ADCs/DACs featuring a 126 

sampling rate of 2.6 GHz. Subsequently, the feedback signal is injected from a DAC to the 127 

MZM and remodulated into optical signal for next iterative computation step.  128 

Supplementary Note 4: Sparse matrix-vector multiplication algorithm based on FPGA 129 

Generally, a fully connected Ising graph needs a full-size MVM with high computational 130 

complexity in dynamical evolution process, leading to relatively large computation latency and 131 

energy consumption. Considering that the coupling matrix J containing only the temporal 132 

interactions induced by ISI is sparse, we have embedded an efficient sparse matrix–vector 133 

multiplication (SpMV) algorithm5,6,8 into the FPGA to enable minimized computational 134 

complexity, facilitating Ising problem solving with low latency and energy consumption.  135 

In this approach, the sparse matrix J needs to be converted into the Compressed Sparse 136 

Row (CSR) format. As in the example shown in Figure S1(a), the sparsely distributed non-zero 137 

elements in each row of matrix J are first densely stored sequentially into the vector val, while 138 

their corresponding column indices in J are recorded in the vector col. Then, the index of the 139 

first non-zero element of each row within the vector val is stored in the vector ptr. Elements 140 

belonging to the same row in vectors val and col can be identified according to ptr.  141 

Subsequently, the CSR-format vectors val and col are loaded into the access-and-142 

multiplication units (AMUs) in multiplication-accumulation core (MACC) of FPGA to 143 

perform SpMV operations. The architecture of each AMU is illustrated in Figure S1(b). 144 

Particularly, an element acol of vector a (referenced in Equation S16) is accessed from the block 145 

random-access memory based on the index in the col and then multiplied with the 146 

corresponding matrix element val of J by a multiplier. Then, all the output results from AMUs 147 

in a MACC are accumulated by a summarization tree module to obtain a target element of 148 

vector u (referenced in Equation S16), as illustrated in Figure S1(c).  149 

It can be seen that, compared with the theoretically required N2 element-wise 150 

computational complexity for N-spin MVM, the proposed SpMV algorithm significantly 151 

reduces computational complexity by skipping all operations involving zero-valued matrix 152 

elements. Thereby, computing resources are maximally allocated to calculate the products of 153 

non-zero elements, reducing computational latency and energy consumption. Meanwhile, 154 

multiple MACCs deployed on the FPGA can simultaneously obtain multiple elements of vector 155 

u in parallel, which further improves the throughput of parallel computing and lowers the 156 

computational latency.  157 



 

6 

 

 158 

Figure S1: (a) Schematic diagram of CSR format conversion for a sparse matrix; (b) Internal 159 

architecture of the AMU; (c) Architecture of the SpMV MACC. 160 

Supplementary Note 5: Computational complexity, energy and latency evaluation  161 

In order to comprehensively evaluate the performance, we evaluated the computational 162 

complexity of brute-force, Viterbi-based, and Ising-based implementations of MLSE based on 163 

the number of multiplication and accumulation (MAC) operations in the computation. On this 164 

basis, we further derived the computational energy consumption and latency in the specific 165 

experimental implementations and predicted schemes.  166 

Brute-force digital MLSE. For a brute-force implementation of digital MLSE, the receiver 167 

exhaustively evaluates all possible transmitted symbol sequences based on Equation S1. Given 168 

a modulation order M from the PAM-M constellation, a channel impulse response length L (i.e., 169 

the number of taps in the equivalent discrete-time filter), and a received sequence of length N, 170 

the total number of candidate symbol sequences is 
NM . For each candidate sequence, the 171 

squared Euclidean distance metric is computed over N symbol intervals. At each interval, the 172 

reconstruction of the received signal requires L+1 multiplications to weight the symbols by the 173 

taps and L+1 additions to sum the weighted contributions, i.e., L+1 MAC operations. Hence, 174 

the metric calculation for one candidate sequence involves (L+1)×N MAC operations. The total 175 

number of MAC operations for the brute-force digital MLSE implementation is therefore: 176 

                          Brute-forceMAC ( 1) NL N M= +                     (S17) 177 

This complexity grows exponentially with the sequence length N. Taking PAM-2 modulation 178 

with a channel response length L = 8 as an example, the computational complexity as a function 179 

of the sequence length is shown in Fig. 3a of the main text. Clearly, brute-force MLSE is 180 
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feasible only for very short sequences when we considering the resulting energy consumption 181 

and latency costs of practical implementation.  182 

 183 

Viterbi-based digital MLSE. Digital MLSE performs signal detection by searching for the 184 

most probable sequence within the state trellis using the Viterbi algorithm9. When the channel 185 

impulse response has a length of L, the state of a sequence at any time instant is determined by 186 

its L−1 most recent symbols. As each symbol within a state takes one of M possible values 187 

from the PAM-M constellation, the trellis contains 1LM −  states. Since each state has M 188 

outgoing transitions (or branches) in the trellis diagram, the total number of transitions within 189 

the state trellis is LM . The computational complexity of the Viterbi algorithm is primarily 190 

governed by the calculation of transition metrics, which are further accumulated to update the 191 

path metric for each state. The computation of path metric for each state between adjacent time 192 

instants can be expressed as: 193 
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1t t tPM PM TM−= +                         (S19) 195 

where the TMt evaluates the instantaneous transition cost, while the PMt accumulates transition 196 

metrics. The calculation of each transition metric requires L+1 multiplications and L additions, 197 

and one additional addition is needed for path-metric accumulation. Therefore, the update of 198 

each path metric involves L+1 multiplications and L+1 additions, i.e., L+1 MAC operations 199 

per transition. Therefore, Viterbi-based digital MLSE requires ( 1) LL M+   MAC operations 200 

for per symbol detection. For a received sequence of length N, the total number of MAC 201 

operations for the Viterbi-based digital MLSE implementation is therefore: 202 

                            ViterbiMAC ( 1) LL M N= +                     (S20) 203 

Obviously, this computational complexity is linear in the sequence length N, which is a 204 

significant simplification compared to brute-force computation. Taking PAM-2 modulation 205 

with a channel response length L = 8 as an example, the computational complexity as a function 206 

of the sequence length is shown in Fig. 3a of the main text. However, it still grows 207 

exponentially with the channel response length (see Fig. 3b of the main text), which inevitably 208 

leads to an exponential increase in both energy consumption and latency in practical 209 

implementation.  210 

In our works, the Viterbi-based digital MLSE is implemented on a digital computer (Intel 211 

Core i7-8700). The computational latency is directly measured through the MATLAB software. 212 

The average computational latency per symbol is obtained as follows. For each configuration 213 

(PAM-2 with L = 7 to 11, and PAM-4 with L = 3 to 7), we run the Viterbi-based MLSE 100 214 

times. The total execution time is recorded, and the average execution time per MLSE run is 215 

computed. This average execution time is then divided by the number of symbols contained in 216 

one MLSE detection to yield the average latency per symbol. The resulting latency results for 217 
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PAM-2 and PAM-4 under different channel response lengths are presented in Fig. 6 of the main 218 

text. 219 

For the energy consumption, the power P and clock rate B of the CPU are 65W and 220 

300GOPS10, respectively. By extensive observations, the CPU work accounts for 221 

approximately 30% when solving the Viterbi-based digital MLSE problem. Therefore, the 222 

energy efficiency of digital computing can be estimated as 130pJ/ MA
%

C
30

dig

P

B


 = = . 223 

Then, the energy consumption for per symbol detection in our experiments can be expressed 224 

as  225 

                               ( 1)L

did g giP M L=    +                     (S21) 226 

Based on this evaluation method, the energy consumption results of PAM-2 and PAM-4 based 227 

on different channel response lengths are presented in Fig. 6 of the main text. Specifically, the 228 

energy consumption results for PAM-2 with a channel response length of 9 and PAM-4 with a 229 

channel response length of 5 are directly listed in Table 1. Additionally, we include a 230 

comparison with a general-purpose high-performance DSP core, the TI C66x, which achieves 231 

an energy efficiency of approximately 27 pJ/MAC in a 40-nm CMOS technology10. Its 232 

corresponding energy consumption under the same conditions is also presented in Table 1 as 233 

the comparison in predicted schemes.  234 

Hardware-solved Ising-MLSE. For hardware-solved Ising-MLSE, the FPGA entails 235 

significant computational complexity in terms of MAC operations, as shown in Supplementary 236 

Note 3. For a channel response has a length of L, it implies that each symbol interacts with its 237 

L-1 neighboring symbols. After mapping the symbols to spins based on Equation S2, this 238 

results in each spin being coupled to Z× (L-1) other spins in coupling fields J, where239 

2log ( )Z M= . Considering that we adopt a sparse MVM algorithm (see in Supplementary Note 240 

4), the numbers of MAC required to solve each spin is Z×(L-1). Suppose the number of 241 

iterations is K and the number of runs is R, the total numbers of MAC for per symbol detection 242 

are Z2×R×K× (L-1). For a received sequence of length N, the total number of MAC 243 

operations for the hardware-solved Ising-MLSE implementation is therefore: 244 

                        
2

IsingMAC ( 1)Z R K L N=    −                    (S22) 245 

This computational complexity is also linear in the sequence length N. Taking PAM-2 246 

modulation with a channel response length L = 8 as an example, the computational complexity 247 

as a function of the sequence length is shown in Fig. 3a of the main text. The coefficients R 248 

and K are two adjustable parameters in the FPGA.  In our experiments, they are fixed to 5 and 249 

50, respectively. Furthermore, the computational complexity of the hardware-solved Ising-250 

MLSE grows linearly with the channel response length, in contrast to the Viterbi-based digital 251 

MLSE, which exhibits exponential growth. The complexity comparison between the two 252 

schemes is shown in Fig. 3b of the main text. 253 

In our experiments, the computational latency is measured through the protocol of 254 

communication between the FPGA and ADC/DAC5. For comparison with Viterbi-based digital 255 
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MLSE, the computational latency results for each configuration (PAM-2 with L = 7 to 11, and 256 

PAM-4 with L = 3 to 7) based on hardware-solved Ising-MLSE also are presented in Fig. 6 of 257 

the main text. It is clear that the hardware-solved Ising-MLSE is a more cost-friendly 258 

calculation method compared with Viterbi-based digital MLSE. 259 

For the energy consumption, our FPGA achieves an energy efficiency of 260 

51.9 pJ/ MACIsing = , detailed calculations were demonstrated in our previous work5. 261 

Therefore, the energy consumption for per symbol detection in our experiments can be 262 

expressed as: 263 

2 ( 1)Ising Ising LP Z R K=      −                   (S23) 264 

Based on this evaluation method, the energy consumption results compared with Viterbi-based 265 

digital MLSE are presented in Fig. 6 of the main text. Specifically, the energy consumption 266 

results for PAM-2 with a channel response length of 9 and PAM-4 with a channel response 267 

length of 5 are also directly listed in Table 1. For comparison with a more advanced hardware 268 

implementation, we also include a predicted optoelectronic Ising-machine scheme proposed in 269 

our previous work5. In that scheme, the multiplication operations required for matrix–vector 270 

multiplication are transferred from the FPGA to the on-chip thin-film lithium niobate 271 

modulator, so that the modulator concurrently performs electro-optic nonlinear transformation 272 

and element-wise multiplication, while the digital circuitry mainly completes the accumulation 273 

operations. With high-bandwidth, low half-wave voltage on-chip modulators, this architecture 274 

is expected to improve the energy efficiency to 2.4 pJ/MAC. The corresponding predicted 275 

energy consumption is also included in Table 1 for comparison. 276 
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