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Appendix S1: Phenomenology and Numerics
1. Other Information Spread Figures of Merit

In the main text, we investigated information spread us-
ing the Frobenius norm which, although not directly ex-
perimentally measurable, provides the most robust and
widely used characterization of information spread. Un-
like two-point correlators, out-of-time-ordered correla-
tors, or magnetization, which probe specific observables
in fixed bases, the Frobenius norm in Eq. (2) in the main
text, captures the maximal change in measurement out-
comes and is therefore sensitive to coherent differences
that other probes may miss. To connect this with more
experimentally accessible quantities, let us consider the
site-resolved magnetization difference (Fig. S1),

(Walon (D]Y1) = (baloy (t)|1a)
2 )

M(t) = (S1)

and the connected two-point correlator (Fig. S2),

Ca;(t) = [(03 (1) (1)) — (o3 (1)) (o5 (1))] - (52)

In Eq. (S2), the average (...) is taken over the evolved
state |11(t)), so that in this approach only one initial
state is needed, in contrast with Eq. (S1). Figure S1
shows the site-resolved magnetization difference. Fig-
ure S2 considers instead a single band-2 state (2,17) and
tracks correlation spread from site 2. Despite the differ-
ent observables, the propagation fronts display the same
qualitative behavior as the Frobenius norm shown in the
main text. These results show that the tunable propaga-
tion identified via the Frobenius norm, controlled by J,,
excitation separation (r =i — j), and «, can also be ob-
served with experimentally accessible observables. Such
tunability is absent in short-range Hamiltonians.
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FIG. S1. (a,c) Light-cone dynamics under the projected
Hamiltonian HY3? for band-3 initial states (2, 20, 40; 3, 20, 40)
(notation defined in Eq. (4) in the main text), and (b) H’z>
for the band-2 state (2,20; 3,20), to which the full Hamilto-

nian converges in the large-J, limit. Dynamics are computed
(Palog 1) —(baloy [2)
2 )

from the site-resolved magnetization
shown for a— o0 (a) and o = 0.5 (b,c) (av— oo implemented
by retaining only nearest-neighbor couplings). Parameters:
Jz =2, N =100 (first 50 sites shown). (d) Light-cone pro-
files at ¢t = 1 extracted from (a—c). These observables repro-
duce the Frobenius-norm results. In (a), no secondary light
cones appear due to purely nearest-neighbor couplings. In
(), the central cone evolves independently of the right cone,
consistent with expectations for non-interacting bosons. Sim-
ilar behavior appears in other observables, e.g., correlation
functions (Fig. S2).

784

2. Light-Cone Velocity 785

In this section, we analytically show the light-cone veloc-
ity of our model to be 2J, for the Hamiltonian pro jected
on a fixed-b manifold. The projected Hamiltonian HZ
can be obtained from the effective Hamiltonian, Eq. (8)
in the main text, with the interband coupling turned off

erJ Z(a Qai_ 1+a1 101) ZV

+ZW,Jnm]+UZnZ fi; + 1),

1<j

where b= ). n,.

786

(83)788

789

Moreover, we impose periodic boundary conditions so"
that V(i) =V, W;; = W(]i — j|), U = const.
For b = 1, transport is only governed by the nearest-" -

neighbor hoppmg term: i

Hyop = 123 (@ai-1 +al_,
7

794

a) . (S4)

Using the Fourier transform 795

(b) (2,17) Jx=2, J,=1, a=100

o (a) (2,17) Jx=2, J,=1, a=0
= =

1072
1074
107°

|Correlation function|
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FIG. S2. (a—c) Light-cone dynamics under the projected
Hamiltonian ﬁé’; 2. computed using the connected two-point
correlator |(o3 ()07 (t)) — (o3 (t))(0oF (t))| for the band-2 initial
state (2,17) (notation in Eq. (4) in the main text). Panels
(a-c) show the results for three different values of the ex-
ponent «, for N = 20 and J, = 2. Note that the appar-
ent signal dips at ¢ ~ 1.2 are artifacts of taking the abso-
lute value, occurring where the correlation function changes
sign. (d) Frobenius-norm dynamics with @ = 0.5 for the
state (2,17; 3,17), demonstrating that the Frobenius-norm
signatures can be reproduced using experimentally accessible
two-point correlations. (e) Light-cone profiles at ¢t = 0.5 ex-
tracted from panels (a—d).

and orthogonality + >,e i(k=K)j = 6./, we obtain a
diagonal form in momentum space

Hyop =2J. ) _ cosk afix.
k

The corresponding group velocity follows directly from
the dispersion relation,

dE(k) .
W = 2JZ Slnk,

and is maximized at k = +7/2, giving

vg(k) =

VI = 91T . (S5)

This velocity is consistent with that observed in Fig. 1
in the main text. The onsite terms V', U merely shift the
spectrum and thus do not affect v,.

In the large-« limit, the Hamiltonian (1) in the main text
maps exactly to the XY Hamiltonian, whose dispersion
relation is [44, 45]:

e(k) = =2/ J2 + J2 + 2J,.J, cos(2k),

and the corresponding group velocity is

47, J, sin(2k)

vy(k) = .
o(k) V2 + J2 + 2J,.J, cos(2k)
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Maximizing vy (k) yields the Lieb-Robinson velocity e

vpr = 4 min(J,, J,). (S6)

825
This velocity is in very good agreement with the results:zj

shown in Figs. 1, 2, and 3 in the main text. .

3. Decay Outside the Light Cone

Light-cone velocities are extracted from first-arrival

times, defined as the earliest times at which ||Ap, (¢)]| p >s2
0.01, and obtained by linear fits to these arrival fronts.sso
Outside-the-cone profiles are evaluated at fixed times byss
locating the outward-propagating wave crest and fittingss
the decay of ||Apy,(t)||F beyond it (see insets in Fig. S7).e3
While power-law fits in the exponent provide a conve-s
nient description, previous work on related tight-bindingsss
models has shown that the asymptotic decay is expectedsss

to follow a form of the type exp[—z log ] [11]. 837

To compare these possibilities, we fit the logarithm of the

signal using two functional forms: 838
logy = —ka™, (S7)

logy = —zlog(ax) + b. (S8)
In Figure S3, we compare the two different fits. Bothss
models capture the qualitative decay of the profile out-
side the light cone. We therefore evaluate their relative
performance by tracking the fitted parameters as a func-
tion of time and by comparing the root-mean-square er-
ror (RMSE) of the fits in log space. In practice, theg,
RMSE values are comparable for the two models acrossg,
the time window considered, indicating that both provides,,
similarly good descriptions of the numerical data. Since,,
the form exp(—kz™) is simpler to parameterize and inter—844
pret, we use it as the default fitting form in the 1"emainder845
of the analysis.

(a) Fitsatt=1.0 (b) Fit RMSE (log-space) vs time
€ -~ 1.0 4
E 1073 4 ‘s.‘ ° data —8— —xlog(ax)+b f\
9 N e-xlog(ax) +b W —kxT | |
‘€ 10784 < . 0.5 ,0—0—0’"‘/
[ » R e—kx - 4
i N oA - 846
& 1013 — ‘ oo ‘ ; ;

0 5 10 15 20 050 0.75 1.00 125 1.50 1.75

t

FIG. S3.

Comparison of functional forms describing the847
decay of the signal outside the light cone. Here x denotes
the distance from the wave crest. (a) Example profile at
t = 1 under the projected Hamiltonian H’%' with J, = 2,
a = 0, and N = 20 for an initial state with an excitation,,
at site 2. The data are fitted using exp[—xzlog(ax) + b] and_,
exp(—kz™) with a=2.9, b=-0.5, k=1.5, m=1.4. (b) Root-
mean-square error (RMSE) of the two fits in log space as a
function of time. The comparable RMSE values indicate that
both models capture the qualitative decay behavior of the
signal outside the light cone. This analysis is not restrictedg,,
to band 1; since the bosons in our model are non-interacting,

similar results hold for any number of excitations. o5

853

4. Band Gap and Band Width

For a = 0, the long-range interaction reduces to an all-
to-all coupling. In this case, the Hamiltonian can be
expressed in terms of the collective spin S*, and the band
energies and energy gaps are given by

T IN
By =2 - - T (59)
AE,=E,—Ey_1=—2J, (N—2b+1).  (S10)

Thus, the spectrum is quadratic in b, with band gaps
linear in b. The largest gap is between b =0 and b =1
(or equivalently between b = N and b = N — 1), scaling
as AE ~ 2J, N for large N.

For nonzero «, the largest gap scales as AE ~ 2J,N 1=,
Additionally, the intraband degeneracy is lifted. Let us
consider a basis state with the k-th spin flipped: |k) =
|+ - N +) in the b = 1 band. Each such state is an

k
eigenstate of the long-range term, with energy

1
Ey = Ep_—2J, Z T Eog—2J, e, (S11)
kM
where the sum over all pairs involving site k is:
k—1 N—k
1 1
s=1 § s=1 o

This defines a smooth external potential ¢;. For a > 1,
the sum converges to the Riemann zeta function, ¢, —
¢(a). For @ < 1, the sum diverges for large N as e, ~
]\{i: . The largest intraband energy difference (band
width) occurs between a spin flip at the chain center and

one at the edge, and is given by 2J, d4 n, where

Nl-e
Oa,N = €Nj2 — €1 T o (2% —1), (513)
which for large N and small « behaves as
Sa.n ~ a(ln2) N7 (S14)
Thus, the band width for the b = 1 band is
6Ey ~ 2J,6a.n ~ 2Jya(ln2)N 172 (S15)

Comparing this with the inter-band gap, the ratio for

small « is
0F,
AF,

2J,(In2)aN -2
2J,N -«

= (In2)a. (S16)
As a — 1, the ratio becomes of order unity.

This behavior is verified numerically in Fig. S4. The top
panel illustrates the transition of both the band widths
0Fy, and the corresponding band gaps between band b
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and d, Ay 4 as a function of the long-range exponent «,
showing excellent agreement with our small-a analytical
scaling (dashed lines).

For higher bands, the band width is further enhanced by
an extra factor of b, with all b excitations located near
the chain center and all b excitations near the edge being
the two extreme cases.

Consequently, analyzing the onset of overlap for band 1 is
sufficient, as it implies that all higher bands have already
entered the overlapping regime. As a consistency check,
the b = 2 case is also included in Fig. S4 (top); notice that
the band width d E; merges with the gap As ; at a smaller
« than the corresponding overlap for band 1. Thus, we
can track the breakdown of the isolated band structure
simply by plotting the ratio 0E1/A1 as it approaches
O(1) near o ~ 1 in Fig. S4 (bottom).

300 Band widths 6E, and gaps Ap, g Vs a(N =10, Jx=10.0, J,=1.0)

— 6E; 6E;
--- &h=-2/(In2)aN1-7

e APp= e

— Mo — 1y,

Energy

881

Ratio gz vs @ (N=10, /x=10.0) 882
100 i
—— numerical 883
N theoretical
o 107
2 884
o
1072 4 885
886
1073 T T
1072 107t 100 887

888

889
FIG. S4. Top: Band widths § Ep, computed as the differencesqo
between the largest and smallest eigenenergies within band b,g9,
and band gaps Ay 4, computed as the difference between the,,,
mean eigenenergies of bands b and d, plotted as a function of o
for J; = 10, N = 10. Solid lines show numerical results, while
dashed lines are the small-a theoretical predictions. Bottom:
Ratio of band width to band gap, dEy/As ¢ becomes O(1) at
a ~ 1, confirming the scaling predicted in Eq. (S16).

3

897
898
5. Confinement Potential 899
900

In the large-J, regime, excitation bands become well sep—g01
arated, making the band-projected Hamiltonian [Eq. (8)902
in the main text with the second term removed| quan-_
titatively accurate to describe information propagation. ,
Within a fixed band, the effective dynamics is governed
by nearest-neighbor hopping with amplitude J. and a__
position-dependent intraband potential

V(i)=-2J,) 1t

—.
7 li—Jl

The hopping term J, alone sets the intrinsic propagationsu
velocity. For o = 0, V'(4) is spatially uniform, the Hamil-o.>

(817)908

909

910

4

Normalized intraband effective potential Maximum intraband potential difference

1.0
~ 40

2 — a=0 h
o8 a=0.1 g

i — a=05 v 20
S — a=1.0 =z
L 06 5
— a=2.0 °
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FIG. S5. Left: Normalized intraband effective potential
(en — €1)/da,n as a function of the rescaled lattice position
n/N for N = 1000, where do,n = €n/2 — €1 is the bandgap
defined in Eq. (S13). For small «, the potential is nearly
flat, while larger « values produce a smooth confining profile
that pulls the single-spin excitation toward the chain cen-
ter, reflecting the emergence of localized intraband structure
as long-range interactions strengthen. Right: Maximum in-
traband potential difference d,n as a function of the decay
exponent «. For small «, long-range interactions are nearly
uniform and the potential is flat (da,n = 0). As « increases,
da,N grows, reaching a peak at some a < 1 and becoming
N-independent in the short range regime o > 1.

tonian is translationally invariant, and the light-cone ve-
locity is analytically fixed to v = 2J,, independent of J,,
in agreement with both analytical and numerical results
(Sec. S12).

For a > 0, long-range interactions lift the degeneracy
of V(i) and generate a spatially inhomogeneous, con-
vex confining potential. This behavior is quantified in
Fig. S5, which shows the intraband potential profile and
its dependence on the decay exponent « (left panel). For
small «, the potential remains nearly flat, while increas-
ing « produces a smooth confining structure centered
about the middle of the chain. The corresponding max-
imum intraband potential difference (right panel) grows
with «, peaks at some o < 1, and then decreases and
becomes N-independent for large a.

When J, > J., the curvature of V(i) increases linearly
with J,, and the resulting energy mismatch between
neighboring sites can exceed the hopping scale J,. In
this regime, hopping is strongly suppressed, leading to
real-space confinement. This explains why increasing J,
enhances confinement for a > 0, while no such effect oc-
curs for & = 0. This potential was also observed in [2,
46].

The resulting confinement is directly visible in the light-
cone dynamics of the band-projected Hamiltonian. Fig-
ure S6 shows Frobenius-norm density plots for dynamics
projected onto band b = 2 as J, is increased. As the
confining potential deepens, transport becomes progres-
sively localized. The light cone is also asymmetric: prop-
agation toward the center of the chain extends over more
sites than propagation toward the edges, a direct conse-
quence of the convex, spatially inhomogeneous structure
of V(4).
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FIG. S6. Density plots of the Frobenius norm showing light-
cone dynamics generated by the band-projected Hamiltonian
]5135?2 for initial states prepared in band b = 2, (2,14; 3,14)
(notation defined in Eq. (4) in the main text), for N = 19
and o = 0.5. Increasing J, (a-c) deepens the effective confin-
ing potential V' (7), progressively spatially confining transport.
The resulting light cone is asymmetric: propagation toward
the center of the chain extends over more sites than propa-
gation toward the edges, a direct consequence of the convex
structure of V(7).

6. Emergence of Locality and Role of Nonlocal
Term W

In this section, we isolate the origin of nonlocal dynam-
ics by comparing the evolution under the full Hamilto-
nian (1) in the main text with one in which the nonlocal
term W is artificially removed. Specifically, we set W = 0
in the Hamiltonian of Eq. (8) in the main text.

Figure S7 compares the full dynamics (W # 0, left
column) with the dynamics obtained with the band-
restricted Hamiltonian (i.e., setting W = 0, right col-
umn) across different interaction regimes and initializa-
tions. Removing W enforces strictly local, light-cone-like
information spread in all cases shown. This shows that
the W is the sole term responsible for nonlocal propaga-
tion.

(2:3), W=0,/,=1,/,=0.05,a=0

(2;3), W=0,J;=1,)x=0.05,a=0
Outside Light Cone Profile at t=1 |
1024 % ~a _ |

10°°

o Signal -1
== Fit: 0.8exp(~1.9x1%) 10
T8 Yo 102

S

1071 it

2 4 6 8 104
Distance from crest >

Frobenius norm

1074

~ O Firstarrivals
— = Linear fit

10-°

107

(2;3), W=0,/,=1,/x=0.3,a=0 (2;3), W=0,),=1,/x=03,a=0

2 4 6 8 10
Distance from crest

1073

Frobenius norm

1074

10-°

107

9 11 13
b=7, W#0,/,=1,/,=0.5,a=0.5

5 9 11 13

107t

1072

1073

Time

1074

Frobenius norm

1073

Outside Light Cone Profile at t=1 Outside Light Cone Profile at t=1
101 & ~e o signal 1072 O'—a‘(ks\ 10-1
\n\ —— Fit: 0.2exp(~0.1x?%) 10-6 "\s\
10-3 © o000 4 4 10-0] © Sional ™ -
== Fit: 0.4exp(~0.4x2°) ~
10714 LN
4 6 8
— 9
— - e
—

107
3 5 7 9 11 13

(2;3), W=0,/;=1,J=1.1,a=15
Outside Light Cone Profile at t=1

Outside Light Cone Profile at t=1

Y

o Signal 102 ©~._ o Signal 101

~o. == Fit:0. 3e{p(—1°0x1°) 10-6 ~ - Fit: 0.1exp(—0.6x1%)
= ° <.

~— 20-10 ~o

RO

10-1 ~
8 2 a4 6 8
Distance from crest

2 4 6
Distance from crest

Frobenius norm

Site index Site index

FIG. S7. Density plots of the Frobenius norm showing light-
cone dynamics under the Hamiltonian (8) in the main text,
for N = 13 with different values of J, and a. The left col-
umn corresponds to setting W # 0 (the full Hamiltonian dy-
namics), while in the right column, we set W = 0. Setting
W = 0 enforces strict locality even for N*~*.J,./J, < 1, for
initializations in high-lying bands, and for 1 < a < 3. (a,b)
Band 1 initialization at N'~“J,/J, < 1: dynamics are non-
local for the full Hamiltonian but strictly local when W = 0.
(c,d) Band 1 initialization for N'~*J,/J, > 1: dynamics
are quasi-local for the full Hamiltonian and strictly local with
W = 0. (e,f) Initialization in a high-lying band, band 7,
(2,10,11,12,13,14,15; 3,10,11,12,13,14,15), likewise shows
nonlocal behaviour for the full Hamiltonian and locality when
W =0. (g,h) Even when o = 1.5 with band 1 initialization,
setting W to 0 yields strictly local dynamics. Insets show the
outside-the-cone profile at the time ¢ = 1.
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7. Role of Initial State (z vs = Basis) 962
963

We show that the emergence of local or nonlocal infor-,
mation spread depends not only on the Hamiltonian, but,,
also on the structure of the initial state. In Figure (SS)
we consider the dynamics of the connected correlator for .
two different initial states, each containing a single lo- .
calized excitation at site ¢ = 2, but defined in dlfferent
bases.

In the left panel, the initial state corresponds to a smgle o
spin flip relative to the fully polarized background, i.e.,

a state of the form | |12l - -+ |}, where z is the d1rect10n
characterizing the nearest neighbor coupling. In this ba- ore
sis, the effective term W; ; acts as a long-range couphng
between all site pairs, independent of the local excitation
configuration. As a result, the dynamics immediately
generate correlations across the entire chain, leading tos
a rapid breakdown of locality, and can be thought of asss
generating multiple nonlocal light cones emerging fromsm
all the sites. 980
In contrast, in the z-basis case (right panel), the initialse
state is a single excitation relative to an x-polarized back-ss
ground, i.e., | ¢—9¢ -+ <), where z is the directionses
of the long-range Hamiltonian. Here, the operator W; ;s
takes the form of a density—density interaction in the xoss
basis, and therefore only contributes when multiple exci-sss
tations are present. Since the initial state contains onlyss?
a single excitation and J, is large, the W term makesoss
a very small contribution, so that information spread ises
mainly local. 990

991
o |1011-:) (N=14,),=1,)x=5,a=0.1) [+ -+ +)(N=14,/,=1,Jx=5,a=0.1)

100 992

1073 996

997
1074

998

6 8 10 12 14
Site j

Site j

FIG. S8. Basis dependence of information spread from a lo-
calized excitation. Time evolution of the connected correlator
|C35 ()], Eq. (S2) for two initial states containing a single ex-
citation localized at site i = 2. Left: Initial state prepared
in the z basis, for which the effective W; ; term couples all
pairs of sites, leading to an immediate breakdown of locality
and the emergence of nonlocal correlations. Right: Initial
state prepared in the z basis, where W; ; acts as a two-body
interaction dependent on excitations in the x basis, resulting
in strictly local propagation throughout the bulk. Parameters
are N =14, J, =1, J, =5, and a = 0.1.

8. Tunable Nonlocality

We demonstrate that information propagation in our
model requires the local J, hopping term, and that non-
local light cones arise specifically from the interplay be-
tween this local coupling and the long-range interaction

W. Furthermore, we show that this dependence allows
for precise spatial control over signal propagation.

The need for J, is first established by comparing pro-
jected and full dynamics. In Fig. S9(a), we evolve the
system under the band-projected Hamiltonian H gf??’ with
J., set to zero, but in the presence of a non-zero uniform
magnetic field B in the z-direction. Despite the presence
of B and the long-range W term, no light-cone structure
appears. This is corroborated by the full Hamiltonian
dynamics shown in Fig. S9(b); even without band pro-
jection, the absence of J, results in a suppression of in-
formation spread for large J,. These two panels together
confirm that the W term alone cannot generate signal
propagation; information spread fundamentally requires
the local coupling provided by .J,.

The sensitivity of the nonlocal signal to the local hopping
profile provides a mechanism for engineering information
propagation. In Fig. S10(a—e), we selectively restore J, in
specific spatial regions: Panels (a) and (b) show that dis-
abling J, at the boundaries (sites 1-4 or sites > 11) clips
the light cone, confining the signal to regions where the
local hopping is active. In panel (c), we restrict J, =
exclusively to the region surrounding the second exci-
tation, which results in the emergence of only the cor-
responding nonlocal light cone, while the first remains
suppressed. Panels (d) and (e) demonstrate fine-grained
control; by activating J, only on sites 19-42 (panel d)
and then specifically excluding a single site (site 40 in
panel e), we show that the nonlocal signal can be masked
at will. These results establish that nonlocal light cones
originate from the synergy between the long-range W in-
teraction and J, hopping. By shaping the local profile
of J., the presence, speed, and location of the nonlo-
cal signal can be tuned. Consequently, local modulation
of J, provides a practical and experimentally accessible
mechanism to engineer and control nonlocal information
transport in long-range systems.

a= 055 0.5,/)z=0,/x =5,(2, 20, 40; 3,20, 40) Allbandscoupleda 0.5,8=0.5,/z=0,/x =5,(2,13;3,13)
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15

FIG. S9. Density plots of the Frobenius norm showing light-
cone dynamics under the band-3-projected Hamiltonian f]gf? 3
for the initial states (2,20, 40; 3,20,40) [Eq. (4) in the main
text] with N = 50, Jx = 0.5, and a = 0.5. (a) B-J,
model with an additional longitudinal field term B Y, o7 with
B =0.5and J, = 0. (b) Full Hamiltonian (without band pro-
jection) with N=15, initial states (2, 13;3,13) but with J, =0
everywhere and a longitudinal B field turned on, as in panel
(a). These panels together confirm that the W term alone
cannot generate signal propagation; information spread fun-
damentally requires the local coupling provided by J..
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FIG. S10. Density plots of the Frobenius norm showing hght-
cone dynamics under the band-3—projected Hamiltonian H

for the initial states (2,20,40; 3,20,40) [Eq. (4) in the main
text] with N = 50, Jiong = 2, and o = 0.5. Unlike in Fig.
S9, here we set B = 0 (a—e) Hamiltonian with J, selectively
disabled: (a) J. = 0 on sites 1-4 and J, = 1 elsewhere; (b)
J. = 0 for sites > 11 and J. = 1 elsewhere; (c) J. = 1 only
in the region of the second light cone; (d) J. = 1 on siteg,,
19-42; (e) same as (d) but excluding site 40.

1020
1021

1022

9. 2D Extension
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FIG. S11. Light cones on a 2D lattice. The connected twozoso
point correlator, |(o35(t)oy;(t)) — ((72 2(t)><af ()], is comsos
puted for the projected Hamiltonian o= =2 at fixed time slices,
starting with a band-2 initial state with excitations at site
(2,2) and (14,14). The panels show nonlocal correlations desos
veloping between the excitations, demonstrating that corresoss
lations can be programmed using a 2D lattice Hamiltonian.

1034
We extend the model to a two-dimensional square latticaoss
with the Hamiltonian

H=1J, Zarar,—i—J Z

(r,x’) r<r’

1036

1037

fdf,, (8181038

I"|°‘ g

where r = (4,7). In the J, term, (r,r’) denotes nearest-

neighbor coupling, i.e., r = (i,j) is coupled to nearest
neighbors r' = (i + 1 j) (i,7 £ 1). Projecting onto g,
fixed band b yields H 101

Figure S11 shows dynamlcs under H gf? 2 for two excitasos
tions at (2,2) and (14, 14), using the connected correlatotos

[(035(t)ai; (1)) — (o5 2(8)) (o5 (£))] -

Correlations develop nonlocally between distant regions
as time increases from left to right panels, demonstrating
programmable nonlocal light cones also in 2D systems.

Appendix S2: Derivation of the Intraband Signal
1. Model and Hamiltonians

In the regime where interband transitions (changing the
total boson number b) are strongly suppressed, we ne-
glect the pair creation and annihilation terms in Eq. (8)
in the main text. For example, if we restrict the dynam-
ics strictly to the b = 2 intraband block, the resulting
intraband Hamiltonian is:

HibnTrQaband = J Z (&Taz—l + &T &z)

+ZV nH_Z\z—j\a inj

1<J

(S1)

When the system is placed on a ring with periodic bound-
ary conditions (PBC), the lattice becomes translationally
invariant. Thus, the effective local potential V(i) be-
comes

=20, ——

J#i

(S2)

const 9

|i —JI‘*_

independent of the specific site 7. Furthermore, since
Hintrapana strictly conserves the total particle number
b= )", Ny, the potential term simplifies to Veonst Y _; i =
bVeonst- This merely introduces a global energy shift to
the specific b-particle sector. It commutes with the rest of
the Hamiltonian and does not contribute to the quantum
dynamics within that band.

We are left in Eq. (S1) with a nearest-neighbor hopping
term and a two-body potential.

2. Frobenius Norm as the Boson Occupation
Difference

We measure the effect of starting in two different ini-

tial states, |t1) and |13), using the normalized Frobenius

W _ 2) between the cor-

(1) (2)

norm of the difference Ap,, = pn,

responding local reduced density matrlces on
at site n:

and py,

1Apn (B)]|7 =/ Tr(ApnAph) .
For hard-core bosons, the local density matrix is a 2 x 2
matrix. Because the intraband Hamiltonian strictly con-
serves the particle number (a U(1) symmetry), local off-
diagonal coherences such as (a,) and (a!) are identically
zero for initial conditions with a fixed number of bosons.

(S3)
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Thus, the local density matrices are entirely diagonal:
pn = diag(l — (An), (). The difference is Ap, =
diag(—Any, Any,), where An, = () — (A!?). Plug-
ging this into the definition: 107

1075
180 ()| F =V (=Ann)? + (Anp)? = V2| Ana(8)] .
77
After rescaling by the maximum possible norm (\/5),
the normalized Frobenius norm is exactly equal to the

absolute difference in local boson densities: |<ﬁ%1)(t)> -
(s (1)
1079

1080

3. Time Evolution and Short-Time Expansion

In the following, we present the calculation for the b = 2108
case to simplify the notation, but the argument applies
generally to bands b > 2. We consider two hard-core
bosons initialized on a one-dimensional lattice at two dis.
tant sites m and g:

1

W) = [m, q), (S5 oes

1084
where the particle at site m acts as the “message” paross
ticle and the particle at site g acts as the “target.” Thaoss
intraband Hamiltonian takes the form of a sum of a ditos
agonal term and a hopping term, 1088

1089

(86)090

with the D term containing the diagonal interaction en—iii
ergies W; ; = |z'4—JjT|fv and the 7' term containing nearest-
neighbor hopping with amplitude .J,.

We probe information transfer by comparing the occupa-
tion dynamics at site ¢ for two different initial messageoos

locations, m = 2 and m = 3. The intraband signal isoss

Hiptraband = H = D + T7

therefore defined as 1095

Furavana (1) = g0 s — (gOhmal . (STl

The time-evolved density operator is EZZ
ng(t) = UT () U(t),  U(t) =e At (S8)

Expanding the evolution operators in powers of time
gives
1100

(3 1101

t? i3 o th
Ut)=1-iHt— —H*+ —H®+ —H*+ O(t"),
2 1102

6 24
(S9)10s
t2 ZtS t4 1104
Ul(t) =T+ iHt — 5H2 - fHS + ﬂH4 +O(t%). 105
(810}106
1107
The occupation expectation value 1108
1109
em(t) = (U, |UT(1)7,U(1)|V,,) (S11 )0

can then be organized as a short-time series:

o0
em(t) = Ztkcgfi) = O 4t D122 1436 2D L O (15,
k=0
(S12)
Since the normalized Frobenius norm reduces exactly to
the absolute difference in local densities, the intraband
signal is determined by the differences between the short-
time expansion coefficients,
Ack) = cék) — cgk). (S13)
The leading nonvanishing coefficient therefore determines
the earliest-order contribution to the signal, or more ex-
plicitly,

fintraband(t) = tkAc(k) + O(tk+1) s (814)

where k is the first nonvanishing order.

4. Operator Path Strings and Partitioning

Instead of evaluating each perturbative coefficient cﬁ,’i)

separately, it is useful to organize the entire short-time
expansion in terms of operator strings. This provides a
transparent way to classify which virtual processes con-
tribute to the signal and which are forbidden by con-
straints.
Expanding the evolution operators in powers of time gen-
erates products of H acting on both sides of the number
operator ;. At perturbative order k, the generic contri-
bution takes the form

(U |H 0y H|W,,),  i=0,...,k. (S15)
Since each factor of H can be either D or T, every
term can be represented as a binary operator string
composed of diagonal operators and hopping operators.
For example, DTTT represents the ordered sequence
T—-T—-T—D.
The insertion of 7, naturally partitions each string into
two segments,

(\I/m\Ok s Oi+1 ﬁq Ol s 01|\Pm>,

left segment

(S16)

right segment

where each operator Oj e {D,T}.

The right segment originates from the forward-time evo-
lution operator U(t) and evolves the initial state |¥,,)
into a superposition of intermediate configurations. The
number operator f; then acts as a local measurement cut
through the operator string, selecting only those interme-
diate states in which site ¢ is occupied. Finally, the left
segment, originating from U (), evolves the intermediate
configuration back toward the final state (¥,,].

For example, a term from the fourth-order contribution

(H*h H?) (S17)
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1125

1126
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1128

1129

1130

1131

1132

1133

1134

1135

1136

1137

1138

1139

1140

1141

1142

contains all 2* = 16 possible four-operator strings withuss
the cut fixed in the middle of the string:

1144

DD|DD, DD|DT, DD|TD, DD|TT,
DT|DD, DT|DT, DT|TD, DT|TT,
TD|DD, TD|DT, TD|TD, TDI|TT,
TT|DD, TT|DT, TT|TD, TT|TT.  (S18)us

1147
Each operator string corresponds to a virtual quantumuss
trajectory through Hilbert space, while the position of
the cut (vertical bar) specifies the point at which the
occupation at site g is probed by 7.

1149
5. Path Constraints and Reduction of Operator
Strings (Selection Rules)

Although the perturbation series formally contains ex-
ponentially many operator strings, most virtual trajec-
tories are eliminated by some constraints. Introducing®
these constraints progressively allows the structure of thé:s
short-time expansion to emerge naturally. 1152

We recall that the initial two-particle configuration is de-
noted as
Im, q) . (S19)
where m labels the message particle and ¢ labels the tar-
get particle. The hopping operator 7" moves exactly one
particle by one lattice site:
|m, q) z, lm+1,q) or |m,qg£1). (S20)
The diagonal operator D acts locally by multiplying a

configuration by its interaction energy, without changing

the occupation pattern:
1153

Dim,q) = Wy, q|m, q). (S21)

Constraint 1: Closed-Loop Constraint
1154

Every perturbative coefficient appears inside an expecta-
tion value of the form

(S22)

1155

Therefore, any nonzero virtual trajectory must eventu*'*
ally return to the original configuration (m,q|. Sincé™
each application of T changes the message or the par:™®
ticle configuration, a necessary condition for a nonvan-
ishing contribution is that the total number of hopping
operators be even. All strings containing an odd num-

ber of T operators vanish identically, since they cannotie

return the system to its initial configuration. 1162

Constraint 2: Measurement-Cut Hole Constraint

The key simplification comes from rewriting the measure-
ment operator as

(S23)

g =1 —ng,

where 7, projects onto configurations in which site ¢ is
empty. Substituting this decomposition into the general
k-th order coefficient,

k
o) =S AP (H g ), (S24)
=0

gives us

k k
) = S = SN T g 1) L (52)

=0 =0

The coefficients )\gk) arise from the forward-backward

Taylor expansion of e''a et At order k, they take
the general binomial form

(k) o 1 ; }C
A= E(fl)J (]> . (S26)
Using the binomial theorem to expand (z + y)*,
E ok ‘
@+yr=> < .)x’”yj :
=0 M
and setting x = 1 and y = —1, the expansion becomes:
- k
(1-1)k= Z(—l)f( ) =0.
i=0 J
For any perturbative order k > 1,
k k
k k
ST R = (HF ST =0, (S27)
Jj=0 j=0
Therefore,
k . .
B = - N"AW (iR g 1YY (528)
§=0

The signal is therefore entirely determined by the hole
operator ;. This operator imposes the constraint that
site ¢ must be empty at the measurement cut, which
places three conditions on any contributing trajectory:

(1) the target particle must hop away from site ¢
before the cut;

(2) the target particle must remain away from site
q when the cut is applied;
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(3) the target particle must return afterward inso
order to satisfy the closed-loop condition of Cons,,,
straint 1.

These requirements immediately eliminate large classes
of operator strings.
Constraint 2a: Purely D strings containing only D op,, .
erators can never satisfy condition (1), since D does not

move the target particle. Consequently, all such string%ij
are annihilated by 71, no matter where the cut is placed.
Constraint 2b: Conditions (1) and (3) dictate that any
surviving trajectory must contain at least two hopping,,,
operators T: one to move the target particle away froma,
site q before the measurement cut, and another to return
it afterward. Generally, each T operator acts on either

the message (m) or target (q) particle degree of freedomij0

1214

1

1222

(S29)

Im,q) = |m£1,q) = |m,q),
223
Im,q) = |m,q+1) = |m,q).

224

While evaluating the signal naively requires summing??
over all such configurations, Constraint 2b simplifies the
summation. If a trajectory utilizes its two available T op-
erators exclusively for message-particle hops, the target,,,
particle remains stationary at site g, violating condition,,,
(1). Consequently, for all operator strings containing exs,,,
actly two 1" operators, both hops are strictly constrained,,
to the target particle. The only non-vanishing processes
are:

|m,q) — |m,q+1) = |m,q). (S30)230

1

123
Constraint 2c: The hole projector requires site g to be1232

empty at the partition, so the target particle must hop,.
away from site ¢ before the cut and return afterward.
This immediately eliminates any partition in which both
hopping operators occur entirely on the same side of the
cut. If an even number of T" operators appear before thez+
cut, the target necessarily performs an immediate round2s
trip and reoccupies site ¢ before the projector acts. Like-
wise, if an even number of hopping operators occur after
the cut, the target has not yet left site ¢ when the projec-
tor is evaluated. Both cases violate the vacancy condition
imposed by n,. Consequently, the only surviving partizzss
tions are those containing an odd number of T" operators.s
on each side of the cut, while the total number of T opzss
erators in the string is even, consistent with Constraints
1.

1240

Constraint 8: Purely T Strings

1241

Operator strings consisting only of hopping operators ™"
do not contribute to the intraband signal. These trajec-

tories generate purely kinetic motion with no insertion

of diagonal interaction energies D, and therefore evolvazss
identically for both initial configurations |3, ¢) and |2, g)14
Since all message dependence enters exclusively throughas
the interaction energies W,, , encoded in D, purely-Tiss

strings are independent of m. 1247

10

Formally, all strings of the form T* contribute equally to

cék) and cék), and hence cancel exactly in the difference

Ack) = c:(,)k) — cék). (S31)
This removes all purely kinetic trajectories, leaving only
mixed D-T processes in which the target particle ac-
quires interaction-dependent phases during its virtual ex-
cursions.

6. Vanishing of Lower Orders and Emergence of
the Fourth-Order Signal

Zeroth order (t°): At zeroth order, no hopping pro-
cesses are available. Since Constraint 2 requires the tar-
get particle to leave site ¢ before the measurement cut,
the hole condition can never be satisfied. Therefore, all
zeroth-order contributions vanish in the signal. Conse-
quently,

9 =, (S32)

First order (#'): At first order, the only possible strings
are D and T. Purely (D) paths are eliminated by Con-
straint 2a, while a single hopping process (T') cannot sat-
isfy Constraint 1 and also Constraint 3. Consequently,

e =, (S33)
Second order (t?): At second order, Constraint 1 per-
mits only 77T or DD strings. The purely diagonal string
DD is eliminated by Constraint 2a, while two-hop 1T
strings are eliminated by Constraint 3, consequently,

2 =o. (S34)
Third order (#3): Applying Constraint 2, the expansion
produces:
c@Wffluﬁﬁ>+}LH%1H>f}4Hﬁfﬂ>+lﬁiH%
m 6 q 9 q 92 q 6 q :
(S35)

Constraint 1 requires an even number of hopping opera-
tors T. At third order, the only allowed operator strings
are the purely diagonal string DD D and permutations of
TTD:

TTD TDT DTT.

) )

(S36)

The DDD contribution is eliminated by Constraint 2a.
Applying Constraint 2¢ to the remaining strings leaves
the partitions

T|TD, T|DT, TD|T, DT|T.  (S37)

The surviving partitions inherit their weights directly
from the Taylor coefficients multiplying each partition
structure in Eq. (S35). The partitions with the D opera-
tor to the left of the cut have coefficient %, while the ones

where the D operator is on the right have coefficien —%.
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When the terms are added up with these Taylor coeffi-
cient weights, the sum vanishes. Consequently,

3 = 0. (S38)

Fourth-Order (t*):
At fourth order, applying Constraint 2, the expansion
produces:

| I
= —ﬂ<H4nq) + 6<H3an>
1, 5 1, 1,
— z<H2‘nqztﬂ> + 6<anH3> — ﬂ<an4>. (S39)

Expanding H = D + T generates 2* = 16 operatorss
strings, with 5 possible placements of the cut, giving 802
formal paths. Each of these further branches into multiszss
ple microscopic trajectories, since every hopping operatounzs?
T may act on either the message (m) or target (q) paras
ticle and in either direction, leading to up to 4* = 2562
microscopic trajectories per operator string. This resultszoo
in an unwieldy number of contributions, which is presa
cisely why the constraints defined earlier are useful. Thaz2
16 unpartitioned strings are 1203

1294

DDDD, DDDT, DDTD, DDIT,

DTDD, DTDT, DTTD, DTTT,
TDDD, TDDT, TDTD, TDTT,
TTDD, TTDT, TTTD, TTTT. (S40)

Applying Constraints 1, 2, 2a, and 3 reduces this set to
the 6 strings

TTDD, TDTD, TDDT,

DTTD, DTDT, DDITT, (S41)

Constraint 2b now fixes the message particle, since we
only have two T operators available and both go into
moving the target particle. At this stage, each of the
6 strings admits 5 possible placements of the measure-
ment cut, giving 30 partitioned contributions in total.
Each partition still contains 22 = 4 microscopic hopping
histories, corresponding to the choice of whether each T
acts on the left or right target hop direction. Therefore,
the full fourth-order sector contains up to 30 x 4 = 120
microscopic trajectories.

At this stage, Constraint 2¢ further reduces the cuts to:

T|TDD, T|\DTD, TD|TD, T|DDT, TD|DT,
1295

TDD|T, DT|DT, DTD|T, DT|TD, DDT|T.
(S42)

The surviving partitions inherit their weights directly
from the Taylor coefficients multiplying each partition*®
structure in Eq. (S39) and can be classified as symmetri¢*”’
and asymmetric based on the placement of the two D
operators relative to the cut. The symmetric partitions,
with a D operator on either side of the cut, have coef-
ficients fi, while the asymmetric ones have coefficient
—i—%: 1200

11

+ éT|TDD, +éT|DTD,
- iTD|TD, +éT|DDT,
— iTD|DT, +%TDD|T,
— iDT|DT, +% DTDIT,
_ EDT|TD’ +% DDT|T. (543)

At this point, the partitions have already served their
purpose of assigning the correct Taylor weights. Since
all surviving terms correspond to the same underlying
target-particle excursions, the cut placement no longer
produces distinct contributions. We can therefore dis-
card the partition labels and regroup the terms by identi-
cal operator content, keeping only the effective surviving
structure.

The initial state is |m,q) with energy W, = W, ,, and
the intermediate energy is W, = W, ; for s = ¢+ 1. For
each of the 6 strings, we get:

1 2 2 1 2
TTDD — +.J: ZWq, TDTD — ——.J3 ZWqWS,

1 1
TDDT — +—J2Y W2, DTDT — ——J>Y W,W,
12 Z s 12 Z ate

1 2 2 1 2 2
DTTD — =2 J2 Y Wi, DDTT = +cJ2 ) Wi

Combining these, we obtain the total coefficient ch;),

1 1 1
(4) —_ 72 2 7”72 — W W. 7”r2
Cm Jz - <12 q 6 q 3+12 s)’
or

(W, — Wy)2.

@ _ L2
e’ = 15 >

s€{q—1,q+1}
The leading-order intraband signal is then

Ac®) = cgl) - 0(24) .

m

(S44)

To determine the asymptotic scaling at large separation,
we define

1
r=—<1.
To

(S45)

To=4q—m,

The interaction energies at neighboring sites are ex-
panded using
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(l+z)*=~1Far+ %x? (S46)
Since
4 1320
Wins = $7 (S47)
> |m — $|a 1321
1322
the neighboring interaction differences become
1
Wy — Wy = 4J, R7¢ l::FOé.Z‘ — %ﬁ (S48)

1323
Squaring and summing the contributions from sites s =

q £ 1 yields e

S(TO) = Z (Wq - WS)2 1325
s=q=+1
~ 2&2 (4116)27"0_(2“4_2). (849)326

1327
The discrete signal difference between neighboring,,,

message-particle positions is well approximated by a spass,

tial derivative: 1330
AS - S(TO - ].) - S(T’O) =~ 7§. (850)332
87"0

Differentiating gives

0% a0(20 4 2)(L) Y (51
0

1334

and substituting this back into the fourth-order expresss
sion gives the asymptotic intraband signal

,7:.(4) _ t4Jz2(4Jx)2

1
2 5
intraband 3 « (Oé + 1) T2a+3 + O(t ) .
0

(S52)%s
1337
1338
7. Derivation of the Optimal Interaction Exponent
amax

1339
To find the interaction exponent « that maximizes the

long-range signal at a fixed macroscopic distance rqy, wesswo
maximize the a-dependent portion of the asymptotic forsa

mula: 1342
3 2 1343
+
g(a) — % . (853}344
7o 1345

Setting the derivative ¢'(a) = 0 yields e

1347

2 2 21 3 2 1348
3a t2a H(To)(;; +a7) o, (54340
70 o

1350

and factoring out a/ro* (for a > 0) leaves the quadrati¢™

. 352
equation 13
1353

21n(ro)a? + (21In(rg) — 3)a —2 = 0. (S55)
1355
Solving for the positive root gives the exact optimal «: 135

12

3—21In(rg) + \/4 lnz(ro) +41In(ro) +9

Omax = 4111(7"0) . (856)

In the limit of very large lattices (rg — o0), we expand

the square root as /4 1n%(ro) + ... ~ 2In(ro). Substitut-
ing this into the numerator yields the asymptotic scaling:

1

Omax ~ n(ro) (S57)

Thus, as distance approaches infinity, the optimal expo-
nent approaches the all-to-all limit (o — 0).

8. Analysis of Arrival of Nonlocal Signals

Here, we provide a quantitative analysis of the arrival
times of the programmable nonlocal signal.

We define the arrival time t,,, as the time required for
the nonlocal signal at a target site r to reach a predefined
detection threshold 6. As discussed in Eq. (S52), the
leading-order short-time contribution to the intraband
signal, measured via the Frobenius norm, is given by:

intraban 16 1
| Apn ()| b ~ §t4J,22J;12;042(0‘+ 1)m (S58)

Setting this expression equal to the threshold § and solv-
ing for t,.., we obtain the explicit arrival time for the
nonlocal channel:

30r2at3 T
o (16J§J§a2(a + 1)) (859)

Notably, this time exhibits an algebraic scaling with dis-

2a

tance, ta,, X 74 ® . For interaction exponents o < 1/2,
this results in a faster-than-ballistic propagation.

9. Numerical Study of the Intraband Signal

Here we test our analytical results for the intraband sig-
nal numerically, specifically checking the spatial depen-
dence and the dependence on J,, N, a, and time.

Spatial Dependence: We examine the spatial de-
pendence by varying the initial excitation position j
(corresponding to the initial state pair (2,5;3, 7)) under
open boundary conditions. The top nine density plots
in Fig. S12 demonstrate that while the nonlocal signal
emerges precisely at site j, its amplitude systematically
decreases as j approaches the center of the chain. To
quantify this behavior, the lower-left panel displays
the integrated signal intensity within the nonlocal
cone — summed over the bulk sites 10 to 90 to avoid
edge effects — as a function of the target position j
for various « values. As shown, the signal decays as
a power law toward the middle of the chain before
symmetrically increasing as we approach the opposite
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FIG. S12.  (a) The nine density plots show the Frobenius,

norm for initial states (2,7; 3,7), for nine different excita—1386
tion positions j, evolved by the band-2 projected Hamilto-

nian H’52. (b) shows the Frobenius norm signal integrated™
from site 10 to site 90 at ¢ = 0.5 versus initial excitation po**®®
sition j, for N = 100, J, = 0.1, and o = 0.5. The dashed®°
lines show 1/7"’("‘) scaling of the signal, with r = j — 3, upsw
to mid-chain, beyond which boundary effects appear for openso
boundary conditions. (c) shows the exponent p(«) for differsg,
ent o values. The exponent increases as ~ 3+2q, as predicted,,,
by Eq. (S52). 1304
1395
1396
boundary. By fitting this algebraic decay (shown in theass
bottom-right panel), we extract the power-law exponentisss
p(a) = 3+ 2a, in agreement with Eq. (S52). Deviationsse
from the predictions for j > N/2 are associated withaoo
boundary conditions. See also Fig. 3 in the main text. won
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FIG. S13. Frobenius norm at site 14 for a = 0.5 computed at™
different times, see legend, under the projected Hamiltonian*"
I;T:f? 2. Left: dependence on system size N for initial states in
band 2: (2, 14; 3,14) (notation defined in Eq. (4) in the main
text). The intraband nonlocal signal is independent of N,
as analytically expected from Eq. (S52). Right: dependencé*”®
on J, at fixed N = 20 for the same initial states, showing
the predicted ~ J2 scaling. Note that for large J,, strong,,
confinement as shown in Fig. S6 affects the strength of the,,,
light cone.

1416

13

Dependence on J,, N: The scaling of this nonlocal
signal is then studied as a function of system size N and
coupling J,, as shown in Fig. S13. The left panel shows
that the nonlocal signal is independent of N. The right
panel shows a clear ~ J2 scaling at fixed IV, consistent
with Eq. (S52). Deviations from the predictions at large
J, are associated with confinement effects (see Sec. S15)
arising from open boundary conditions.

Dependence on time t: To quantify the onset of
the nonlocal signal, we define the first-arrival (or first-
detection) time at the target site j, tarr(j), as the mo-
ment the signal strength first crosses a chosen detection
threshold 8. Explicitly, it is given by the minimum time
satisfying ||Ap;(t)||r > 6. Because the signal exhibits a
rapid short-time power-law growth scaling as t*, we vary
6 over several orders of magnitude (typically from 10713
to 1073). This broad range ensures that our observa-
tions of the arrival dynamics are robust and independent
of any specific choice of detector sensitivity.

The resulting first-arrival times are plotted in
Figs. Sl4(a,c,e,g) as functions of the system size
N, site index j, long-range exponent «, and interaction
strength J,, respectively, for the various thresholds 6
indicated in the legend. These numerical results show
excellent agreement with the analytical predictions
derived in Eq. (S52).

To complement these metrics, Figs. S14(b,d,f,h) display
the explicit temporal evolution of the signal at the
designated sites. The physical parameters and initial
conditions in each of the panels (b,d,f;h) are identical to
those in the arrival-time panel immediately preceding.
In all cases, the short-time profiles confirm the t* scaling.

Fixed-time scaling with o and optimal interac-
tion range ay,.x: We now examine the dependence of
the nonlocal signal on the long-range exponent . From
panels (a—f) in Figure S15, it is visually clear that the
nonlocal signal is suppressed both in the fully connected
limit (o = 0) and the short-range limit (¢ — 00). The
bottom-left panel (g) provides a spatial snapshot at ¢ = 1,
where the nonlocal signal peaks at a ~ 0.5. This is
further quantified in the bottom-right panel (h), which
tracks the signal at a specific target distant site j = 20
together with the analytical prediction (dotted curve).
As one can see, the analytical prediction from Eq. (S52)
agrees very well with the numerical data. Moreover, the
optimal interaction exponent predicted by Eq. (S56) is in
agreement with the numerical results, see vertical dashed
line in panel (h).

10. Intraband signal under the Kac Prescription

To analyze the thermodynamic scaling of the long-range
interaction, we apply the standard Kac prescription in
the long-range case 0 < o < 1 [32-34],
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FIG. S14. First-arrival times and temporal growth of the
Frobenius norm signal at the nonlocal site j for projected dy+**?
namics H2;? for initial state in band 2: (2,7; 3,4) (notatior
defined in Eq. (4) in the main text). Dashed lines denotess
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function of system size N for several detection thresholds 6,
at fixed J, = 4 and a = 0.5. (b) Corresponding temporal
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for fixed N =100, J; = 0.16, and « = 0.5, shown for multiple
detection thresholds 6. (d) Corresponding temporal profiles,y
|Ap;(t)||F for varying site index j. (e) First-arrival time at
site j = 14 as a function of interaction exponent « for fixed
N = 50 and J, = 0.5, shown for several detection thresh-
olds 6. Dashed line corresponds to analytics from Eq. (S59).
(f) Corresponding temporal profiles ||Ap14(t)||F for varying
a. (g) First-arrival time at site j = 14 as a function of in-
teraction strength J, for fixed a and N, shown for several
detection thresholds 6. (h) Corresponding temporal profiles
[|Ap14(t)]| 7 colored by Jo.
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FIG. S15. (a-f) Density plots of the Frobenius norm showing
light-cone dynamics under the projected Hamiltonian ffjf? 3
with initial states prepared in band 3 (2,20,40; 3,20,40) (no-
tation defined in Eq. (4) in the main text) with J, = 0.5 and
N = 50. The six panels differ only in the value of a. For a=0
and o — oo (implemented by keeping only nearest-neighbor
couplings), the nonlocal signal disappears. Panel (g) shows
the light-cone profiles at ¢ = 1, where the secondary lobes
peak at o < 1 and weaken for a > 1, while (h) quantifies
this by plotting the signal at site j = 20 versus « at ¢t = 0.3.
The dashed curve shows the analytic short-time prediction
obtained from Eq. (S52), where ro = |20 — 3| is the message-
target separation. The black dashed vertical line corresponds
to the analytical maximum from Eq. (S57).

Jlong

JI - NKaC(OQN)’

1 1

Nicclo N) = 0o = 35 2 =

(S60)
which ensures that the energy per site remains finite in
the thermodynamic limit when Jiong is kept constant.
For 0 < o < 1, one has Niac ~ N2,
By substituting the Kac-rescaled coupling J, =
Jiong /NKac into Eq. (S52), the intraband signal becomes:

(1) 12 (4J1ong)? @ (o + 1)
intraband ™ 3NI%ac r(Q]a+3

(S61)

Consequently, under Kac rescaling, the intraband signal
vanishes as 1/N272% in the thermodynamic limit.

To determine the modified optimal interaction range ex-
ponent « from Eq. (S61), we define

N (o + a?)
9(@) = —5775 (S62)
rBON?
and impose the stationarity condition
4 Ingla)=0 (S63)
dov g =y
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which gives
= [In(a® + o®) — 2alnrg — 2In N, | = 0. (S64)
This yields the implicit equation for qax:
3a+ 2 d
— =21 —2—InN,=0. S65
ala+1) 1o 4 n N (S65)

The Kac normalization for open boundary conditions is

PNy, Nl | Nl
Na:ﬁz_‘: s :erfafﬁzlrl*a. (S66)

1454

For 0 < a < 1, the leading asymptotic behavior is

1455
Nl-@ 1456
N —— S67
Ne l-a)2—a)’ (567}
1458
and consequently, 1459
1460
4 InN, =—InN + + . (S68)*e
do o l—-a 2—-a
Substituting into Eq. (S65) gives
3o+ 2 2 2
— =21 2InN — ——— — =0. (S69
ala+1) nro+2n l—-a 2-« (S69)

In the thermodynamic limit N/ry — oo, we have 2In N —
2Inrg — oo for any fixed 0 < a < 1. The equation can
only be solved near o« = 1 where the term 2/(1 — «)
diverges. We obtain

N 1
In— ~
To

. S70
Hence, the asymptotic value of aa.x with Kac rescaling
in the thermodynamic limit is:

71 1
m(N/ro)

Omax ~ 1 -

(S71)

11. Numerical Study of the Intraband Signal With

Kac Rescaling

Dependence on N, J,: Figure S16 quantifies the mag-
nitude of the intraband signal for a = 0.5 with Kac
rescaling under the projected Hamiltonian HY32. With
Kac rescaling, the signal decreases with system size as
~ N1 (left panel), consistent with Eq. (S61), while at
fixed system size it grows with interaction strength as
~ Ji e (right panel).

Dependence on «: The non-monotonic dependence
on the interaction exponent « is analyzed in Fig. S17.
Here, we show the density plots of the Frobenius norm
showing light-cone dynamics under the projected Hamil-
tonian for different o values, panels (a-f). One sees that
for a = 0,00 (the latter implemented by keeping onlyis:

(2,14;3,14), Jiong =2, J;=1,a=0.5, N varied
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FIG. S16. Frobenius norm at site 14 and several different time
slices t for &« = 0.5 under the projected Hamiltonian I:Ié’f?z.
Left: scaling with system size N, showing ~ N ! scaling for
N > 100. Right: scaling with Jiong at fixed N = 20, showing
~ Jﬁmg scaling. The behavior is consistent with Eq. (S61).

nearest-neighbor couplings), the nonlocal signal disap-
pears. Moreover, in panel (g) we show the light-cone
profiles at ¢ = 1. Clearly, the nonlocal cones peak at
a ~ 1 and weaken in the short-range limit for v > 1.
Lastly, in panel (h) we plot the signal at some specific
site and time as a function of the interaction range .
Results are shown together with our analytical predic-
tions, see Eq. (S71).
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FIG. S17. Density plots of the Frobenius norm showing light-
cone dynamics under the projected Hamiltonian HY;® with
initial states prepared in band 3 (2,20,40; 3,20,40) (notation
defined in Eq. (4) in the main text) with Jiong = 2 and
N = 50. The six panels (a-f) differ only in the value of
a. For a=0 and o — oo (implemented by keeping only
nearest-neighbor couplings), the nonlocal signal disappears.
(g) shows the light-cone profiles at ¢ = 1, where the sec-
ondary lobes peak at & ~ 1 and weaken for « > 1 while (h)
quantifies this by plotting the signal at site j = 20 versus «
at t = 0.5. The dashed curve shows the analytic short-time
prediction obtained from Eq. (S61), where 1o = |20 — 3| is the
message-target separation.

Finally, in Fig. S18 we verify that the results obtained
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in Fig. S17 using the band-projected Hamiltonian holda
also for the full Hamiltonian. The density plots in panelsas
(a—e) and the signal at site j = 13 in panel (f) confirmam
that the maximal intraband signal is obtained aroundas
a ~ 1 in agreement with Eq. (S71). L1
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FIG. S18. (a—e) Density plots of the Frobenius norm show-
ing light-cone dynamics under the full Hamiltonian for initial™’
states prepared in band 2. (f) Frobenius-norm signal at sité*
j = 13 versus a at t = 0.5. The dashed curve shows the an***
alytic short-time prediction obtained from Eq. (S61), wherd®
ro = |13 — 3| is the message-target separation. (g) Light-congso
profiles at t = 1 for all « values studied, illustrating the clear
nonlocal signal, which should be experimentally observable.
These profiles show that the signal outside the light cone de-
cays superexponentially.
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Appendix S3: Derivation of the Interband Signal

The short-time expansion accurately captures the intra-

band dynamics because the physics is confined to a fixed

particle-number sector and only local virtual hoppingses
processes are involved. However, such an expansion failgsor
to correctly describe interband dynamics, which involveses
transitions between sectors with different particle numssoo
bers. The issue originates from the structure of the timessio
evolution operator, U(t) = e~ **. A finite-order Taylowsu

16

expansion generates only polynomials in H and there-
fore cannot produce the energy denominators associated
with virtual transitions across large spectral gaps. Con-
sequently, the short-time expansion cannot capture the
strong suppression of interband processes caused by the
large energy separation between particle-number mani-
folds. To correctly capture the interband contribution,
one can instead use time-dependent perturbation theory
(TDPT), where the suppression arises naturally through
the energy gaps.

1. The Hamiltonian

We consider the full effective Hamiltonian of Eq. (16)
in Methods, which contains both intraband hopping and
interband pair-creation processes.

a0 =73 (a}aﬁl +al,a;+akal )+ djdj+1)
J

e . Je ..
-9 7|Z_7j|a(ni+nj) +4Z |Z,7]|anmj
1<J i<j
J,
—T S1
t2 i — (81)
1<J

We take the initial message state to be a single-particle
excitation, |i) = |m). The pair-creation operator a}a; 41
couples the initial state |i) = |m) to the three-particle

state |f) = |m,r — 1,7).

2. TDPT and the Interband Energy Gap

Under first-order time-dependent perturbation theory
(TDPT), the interband pair-creation process is modeled
as a two-level transition driven by the weak off-diagonal
coupling J,. The time-dependent probability P,,(t) of
finding the newly created pair at the target sites r — 1
and r takes the classic form of a detuned Rabi oscillation,

4J2 5 [ wmt
P,(t) = ) sin <2> ,

where the Rabi frequency is governed by the energy de-
tuning between the initial single-particle configuration
and the final three-particle configuration, w,, = F; — E;.
This leads to

(52)

22

2
Wn

Alwm) = (S3)

as the steady-state, time-averaged probability, which fil-
ters out the fast time-dependent Rabi oscillations.

To evaluate wy, explicitly, we partition the diagonal parts
of the long-range Hamiltonian H®) into three distinct
physical contributions: the bare constant background
lattice energy FEjp—g, the single-body potential V', and
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the two-body density-density interactions W (such thatss

E=FE_q+V+ W) 1552
For the initial state in band 1, |¢) = |m): 1553
1554
J . —a 555

Bro= 23 i~ (51]

i#]

VO =2l Y m— =V (),
. J¢m 1557
w@ =0 (S6)sss

1559
Because there is only one particle in the system, nqs,

density-density pairs exist. 1561

1562
For the final state in band 3, |f) = |m,r — 1,7), thes,
baseline energy FEjp—g is unchanged. The single-bodyse,
potential is now the sum of the potentials at allss
three occupied sites: VU = V,, + Viq + V.. Thas
density-density interaction term W) sums over thes
three unique interacting pairs formed by the particlesjse
W(f) = Wr,r—l + Wm,r + Wm,r—l- 1569

1570
Taking the exact energy difference w,, = Ef — Ej, 1571

Wm = er + ‘/7’71 + Wr,rfl + Wm,'r + Wm,r71~ (87)
Here, W, ,_1 = 4J,/1% = 4J, between the newly created
adjacent excitations. Also, notice that V,,, disappearss:
from the gap equation, which means that the positionsss
dependent potential terms are identical for m = 3 andsw
m = 2.

We therefore split Eq. (S7) into terms Fy that do not
depend on the message position m and terms AW, that

do depend on m:
1575

1576

wm = Eq + AW, ,
1577
EO = ‘/r + V;«—l + Wr,r—l ) (881578
AWp, =W r + Wiy 1. 1579

1580
Only AW, depends on the position m of the initial stat@ss
excitation. 1582

3. Taylor Expansion and Validity Regime

1583
To isolate the signal difference between two distinct messses
sage locations (e.g., m = 2 and m = 3), we look at thess
change in the time-averaged magnetization at site r asso-
ciated with the initial excitation shifting from site m = 2
tom = 3: 2|A,, — Au,|. The factor of 2 is due to the ex-
istence of another process where a pair is created at sites
r, r+ 1 instead of r — 1, r, which for large r contributessss
with the same small probability. 1587
The time averaging (sin®(w,t/2)) — 1/2 leading fromsss
Eq. (S2) to Eq. (S3) is valid when the integration winssso
dow spans many oscillation cycles: Thye > 27/ FEy. Furiseo
thermore, if we focus on intermediate times 27/Ey <isa
Tave < 27 /AW,,, the Rabi oscillations associated withse
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frequencies we and ws in Eq. (S2) remain in phase with
one another, and thus the time-averaged Frobenius norm
(the time average of the absolute value of the magnetiza-
tion difference) is equivalent to the absolute value of the
time-averaged magnetization difference,

]:interband = 2|sz - Aw3| . (Sg)

As we will see below, Ey ~ JyN'™® and AW,, ~
aJ,/r*TL so the explicit regime of validity of this ap-
proximation is 27/(J, N'7%) < Thye < 20T/ (a0 dy,).
Because we care about the dominant scaling with sys-
tem size N, we can approximate the discrete sum over
the lattice coordinates in each V term as a continu-
ous integral. Then V., V,._; in Eq. (S8) each scales as
JN1= eg, V., =V, | ~ —4J,N'=%/(1 — «) for pe-
riodic boundary conditions or for open boundary condi-
tions when the site r is far from the boundary. On the
other hand, the density-density terms W are O(J;), not
growing with V. Consequently, Ey ~ J,N'~%, and the
position-dependent correction satisfies |AW,,| < |Ep| in
the perturbative regime. We perform a first-order Tay-
lor expansion of the time-averaged probability function
A(w) around FEjy:
0A

A(E() + AWm) ~ A(Eo) + —

AW,,,.
ow o

(S10)

Evaluating the difference AA = A(ws) — A(ws), the
A(Ep) term cancels out. Differentiating the probability
function yields 0A/0w = —4J2w =3, which gives:

4J?

(S11)
We note that boundary conditions enter here only
through the single-body potential terms V,. 4+ V,._; in-
side the denominator FEy; the boundary conditions do
not affect the scaling behavior.

At large physical separations r between the message coor-
dinate and the pair-creation site, the discrete difference
between the local interactions can be approximated by
the first derivative,

oW dad,
om ot
For periodic boundary conditions, or for r far from the

boundary in the case of open boundary conditions, Fy ~
V,+ V1 ~8J,N'=%/(1 — ), and thus

(1—a)® J2 (afs/r*") J?
16 (JxNka)S J2N3-3apatl’
(S13)
Although this scaling was derived explicitly for an ini-
tial state in band 1, the argument extends directly to
any band. For example, when initializing in band 2,
Eq. (S8) contains additional contributions, but each of
them scales as J,N'~%. Consequently, the system-size
dependence remains unchanged; only the overall prefac-
tor, and therefore the signal magnitude, is modified.

|AW3 — AW2| ~

(S12)

-Enterband ~
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4. Modifications Under the Kac Prescription

The Kac prescription (in the regime 0 < a < 1) mod-
ifies the system by rescaling the long-range interaction
strength, see Eq. (S60), where the Kac factor NV, scales as
N1~ for large N, and is, for example, given by Eq. (S67)
for open boundary conditions. This sensibly changes
the scaling of the interband signal because the macro-
scopic energy gap is regularized. With the substitution
of Egs. (S60) and (S67), Eq. (S13) becomes

~ o J? J?

Finterband = = x
mterband = 163 — )3 JZ, N1-aratl

(S14)
For periodic boundary conditions, the prefactor is mod-
ified, but the scaling behavior is unchanged. In effect,
the Kac prescription replaces the 1/N373% scaling in
Eq. (S13) caused by the divergent energy gap, replacing
it with a much milder 1/N*~< scaling arising purely from
the weakened interaction strength. While the interband
leakage still strictly vanishes in the thermodynamic limit,
the Kac prescription causes it to vanish at a significantly
slower rate.

5. Numerical Investigation of the Interband Signal

Here we test our analytical results for the interband sig-
nal numerically, specifically checking the spatial depen-
dence and the dependence on J,, N, and a.

Scaling with distance: We compute the time-averaged
Frobenius norm, t € [0,0.2], for open boundary condi-
tions (OBC) at fixed interaction strength J, = 5 and
system size N = 18. The upper panel of Fig. S19 shows
the spatial dependence of the signal for several long—1
range interaction exponents «. The signal decreases with
distance from the initial excitation and is well described””
by an approximate power-law decay over intermediate,,
distances. Fitting the tails of the numerical data with,,,
a power law ~ r™ yields exponents that for 0 < a < 1,
closely follow the TDPT prediction of Eq. (S13) with,
m = —a — 1. This behavior is summarized in the,,
lower panel of Fig. S19, where the numerically extracted,,,
exponents are compared directly against the analytical
prediction.

643

652
1653

1654

Scaling with N: To study the thermodynamic sups,
pression of interband nonlocality, we compute the,
time-averaged Frobenius norm, t € [0,0.2], at a fixed,,,
probe site r = 7 while varying the system size N under

periodic boundary conditions for the initial states (2;3)ess
in band 1. The upper panel of Fig. S20 shows that thasse
interband signal decreases systematically with increasseeo
ing system size for all interaction exponents studiedise
Power-law fits of the form ~ N? support Eq. (S13). Thess
extracted scaling exponents are summarized in the lowersss
panel of Fig. S20, where they are compared against theasss
analytical TDPT prediction of Eq. (S13), p = 3a — 3uses

2 l—apa+l
JlongN T
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FIG. S19. Top: Time-averaged interband Frobenius norm
in the interval ¢ € [0,0.2], as a function of distance r for
open boundary conditions with N = 18, J, = 20, and ini-
tial states (2;3) in band 1. Curves are shown for a =
0.2,0.5, and 0.9. Dotted lines denote power-law fits over
the intermediate-distance fitting window used in the analysis.
The extracted exponents are consistent with an approximate
decay ~ r~ (@t as given by Eq. (S13). Bottom: Ex-
tracted spatial decay exponent m obtained from power-law
fits, for the data shown in the panel on top. Numerical fit ex-
ponents are plotted as a function of o and compared against
the analytical prediction m = —a — 1 (dashed line). The
agreement supports the TDPT prediction that for a > 0, the
interband signal falls off with distance as r—(@+1),

The numerical results are broadly consistent with the
predicted scaling relation.

Scaling with «a: In the strongly long-range regime (o <
1), the a dependence in the denominator of Eq. (S13),
N3—3apatl ig subleading compared to the linear o fac-
tor in the numerator. The dominant overall scaling be-
havior is then governed strictly by In Finterband ~ Ina
or Finterband ~ «. This scaling behavior is corroborated
numerically in Fig. 1(h) in the main text, where the time-
averaged interband signal at site j = 10 is plotted against
a, demonstrating that the signal strength scales linearly
as ~ «a for a < 1. For a > 1, the factors in the denomi-
nator of Eq. (S13) dominate the o dependence, and the
signal rapidly decays to zero.

Scaling with J,: Fig. S21 shows the Frobenius norm
signal at a fixed site r = 13 for N = 15 and o = 0.5.
In addition to the band-1 initial states, results are shown
for initial states in bands 2 and 3. In all cases, the initial
excitations are far from site 13, so intraband contribu-
tions are negligible, and the interband signal dominates.
In all cases we observe ~ J_2 scaling of the signal for
large J,,, consistent with Eq. (S13).
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FIG. S20. Top: Time-averaged interband signal, ¢ € [0,0.2],
at fixed probe site r = 7 as a function of system size Mt
for periodic boundary conditions with initial states (2;3) andes
Jo = 5. Curves are shown for a = 0.2,0.5, and 0.9. Dashedess
lines denote power-law fits of the form ~ N?. Bottom: Exuess
tracted system-size scaling exponent p obtained from powersggs
law fits, NP, for the data shown in the top panel. Numerical
exponents are plotted as a function of & and compared against
the TDPT prediction p = 3a — 3 (dashed line). The observedos
agreement supports the analytical prediction. 1687
1688

1689

10'2'
1690
10*3»
1691
107* ® b1, slope=-2.1
A b2, slope=-1.9 1692
107° m b3, slope=-1.9
1693
107 1694
1077 1695
1696
1697
FIG. S21. Interband nonlocality at « = 0.5 scales as

[ 0) 7
averaged over t € [0,
to b1(2;3), b2(2,5;3,

Jo 2.  The signal at site 13, time—égg
], is shown for configurations initialized

2
5) and b3(2,5,7;3,5,7) for N =15. "

1701

6. The Interband Signal for a =0 1702

1703

1704

The interband signal in Eq. (S13) vanishes for the spe’
cial case of & = 0. Physically, this is due to the fact™
that the two-body interaction is all-to-all, independent™
of distance, and thus AW, in Eq. (S8) does not actu™
ally depend on the initial excitation position m. Thus;®
one may think that the interband signal vanishes in this™
special case. However, in Fig. S22, we see that there i§™°
indeed a nonzero signal, and the signal decays either with™
the same J 2 scaling as in the a > 0 case (illustrated in

Fig. S21) or with the faster J 3 decay for b = 1. Despitern.
an apparent similarity, the origin of the interband signalss
is quite different for a = 0. 1714
The dominant effect for o > 0, considered in Sec. S3 3ns
above, arises from jumps out of the initial band, e.g.ins
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FIG. S22. Interband  nonlocality at o = 0
scales as ||Apy(t)|mterband J;2. The signal at
site 13, time-averaged over ¢ € [0,2], is shown for
configurations  initialized to  b1(2;3), b2(2,5;3,5),

b3(27577;375,7)7 b5(2757779711;3757779711)7
b7(2,5,7,9,11,13,15;3,5,7,9,11, 13, 15) for N = 15.

and

from band 1 to band 3, through creation of an excitation
pair. For a = 0, on the other hand, the dominant process
is a virtual process where a pair is destroyed and another
pair is created, ending up in a final state that is in the
same band as the initial state (with no energy gap).

As a toy model, one can take periodic boundary condi-
tions (so that the V term in the Hamiltonian is position-
independent) and consider a 4-dimensional Hilbert space
spanned by the vacuum state |b = 0) and three band-2
states that are separated from it by energy 4NJ,: |1,2),
[1,3), and |r — 1,7) for some r > 5. States |1,2) and
|r —1,r) are directly coupled to the vacuum state |b = 0)
via pair creation/annihilation, proportional to J., while
states |1,2) and |1,3) are coupled to each other by the
hopping term, also « J,. Here we start in state |1,2) or
|1,3) and study the probability of an excitation appear-
ing at site r, which in the toy model is just the probability
of being in state |[r — 1,7). In this case, one can confirm
analytically that after averaging over oscillations at short
times ¢ ~ 1/(NJ,), the time-averaged probabilities and
their difference scale as J2/(NJ,)2.

The scaling Finterband ~ J5 2 for a = 0 is observed in
Fig. S22, for initial states in bands 2, 3, 5, and 7. In each
case, the interband signal arises from a virtual process
where an excitation pair in an initial state in band b is
annihilated and a distant pair at sites r — 1, r is created.
Notably, the distant pair can be created at any distance
with equal probability; thus, the interband signal for a =
0 is position-independent, in contrast with the ~ =17
falloff with distance from the source in the o > 0 case,
seen in Eq. (S13).

Of course, this virtual process is not available for initial
states in band b = 1, since there is no initial pair to an-
nihilate. In this special case, the ~ J 2 interband signal
is absent, and the leading contribution to the Frobenius
norm signal appears at higher order, Finterband ~ J 3.
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Appendix S4: Competition Between Intraband and
Interband Dynamics and the Critical Controllability
Regime 1759

1760

In this section, we estimate the parameter space whereid’
the causal landscape can be controllable, meaning that
the programmable nonlocal signal dominates over the un-
programmable background noise. To estimate a bound-
ary, we compare the algebraic decay profiles of the ins,,
traband and interband Frobenius norms derived in the,,
preceding sections.

A key conceptual distinction between the two behaviors
lies in their respective temporal evolution. The unpro-
grammable interband signal Fipterband is driven by virtual
transitions across a large energy gap AE ~ J,N'~<, It
undergoes extremely fast fluctuations on a mlcroscoplc o
timescale 7 ~ 1/AFE, quickly saturating to a persis- e

tent, time-averaged steady-state background floor. Con-""

versely, the programmable intraband signal Fmtraban;w
represents resonant, physical particle transport governe
by the kinetic hopplng rate J,. It grows continuously for
short times as a power law (1), and we can evaluate it
at the relevant transport timescale ¢ ~ 1/.J,.

Therefore, a controllable causal light cone requires,
that at the characteristic transport timescale, the pro-
grammable signal must overcome the time-averaged in-

. 1772
terband noise floor:
1773

1774

(S 11775

1776

1
Fintmband <t ~ ) > Enterband-
J.

Dropping purely numerical prefactors to focus on thew
scaling with respect to the system parameters, the two
foundational behaviors follow:

~ #4722y Pt (52)
(S3)

1778

-Fintraband( )

Enterband ~ JZZJ;2N73(17Q)T0_(Q+1)7
where a < 1 represents the long-range interaction expo;_
nent, IV is the system size, and r¢ is the spatial separation_
between the source and target sites. e
Below, we estimate an upper bound for the critical radiug,
below Wthh the causal landscape is controllable without

1783
and with the Kac rescaling prescription. 1ree

1. Regime Without Kac Rescaling

1785

When the long-range coupling strength J, is held con?
stant as N — oo, substituting the characteristic trans?
port time ¢t = 1/ J into the short-time expansion of the
intraband signal yields:

1786

1 _
Entraband (t ~ J> J 2<]2 (2a+3) (S4>787

z

Demanding that this signal dominates the interband
background gives the inequality:

20

I 2J2 —(2a+3) > JQJ—ZN 3(1-a), f(a+1) (S5)

Isolating the distance variable rg allows us to extract a
critical distance, r., below which the system remains con-

trollable:
4
ke (Jr> N3(—a)

JZ (56)

which provides the scaling behavior for the critical radius
of controllability:

i 1
L~ Jr Nd(lfa) )
()

Because 1—a > 0 for all long-range profiles in this regime,
the term N3(1=®) diverges in the thermodynamic limit.
As a result, 7. — oo as N — oo. This implies that
without Kac rescaling, the unprogrammable background
noise is perfectly suppressed by the interband energy gap,
rendering the entire macroscopic length of the chain con-
trollable.

(S7)

2. Regime with Kac Rescaling

To maintain an extensive total energy as the system
size scales up, the standard Kac prescription rescales
the long-range coupling parameter such that J, ~
Jiong/N' =%, where Jiong is kept constant. Under this
transformation, the scaling profiles of our signals are al-
tered:

1 —(2a
Fintraband (t ~ J) ~ Jz_2J120ngN_2(1—a)7.0 (2 +3),
z
(S8)

—(=a), et D) (gg)

Entcrband ~ J Jlong
Notice that due to the regularization of the global en-
ergy gap, the interband noise now falls off much more
slowly with system size (~ N~(1=%). Crucially, the pro-
grammable intraband signal now explicitly decays with
system size as N—2(1=),
Setting up the inequality under the Kac prescription
gives:

N—Q(l—a)ra(2a+3) > ( J

4
) e PR 3 1)
Jlong

Solving for the new boundary of the controllable region

gives:
4
Ji 1
a+2 ong
o <( Jz) Ni-a’

so the critical distance under Kac rescaling becomes:

1
- Jlong 4 1 at2
¢ J, Nl-« .

(S11)

(s12)
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Since 1 — a > 0, in the strict thermodynamic limit
(N — o0), the critical radius shrinks to zero (r. — 0).
This occurs because the programmable signal decays
faster with system size than the unprogrammable backzsos
ground noise floor (N 201 « N—(1-)), 1806
Thus, under a standard Kac rescaling, localized nonloso?
cality cannot survive in the infinite-size limit for a fixedsos
a<l1. 1809

Appendix S5: Validity of the Projected Hamiltonian
and Interband Leakage

1810
To justify the use of the projected Hamiltonian H’, wesn
analyze the stability of the isolated band b = 1 againstisi
leakage into the b = 3 manifold. 1813
Using first-order time-dependent perturbation theoryisa
the transition probability from the initial state in band bss
to a specific final state 1) in band b+ 2 is given by thess
time-averaged rate: 1817

21

5 2 HP

i=f~ AE?2 ’ (E;]')

where AE ~ J,N'~% represents the energy gap be-
tween bands. Given the interband coupling strength
[{(Yr|H|;)| ~ J. and the presence of ~ N reachable
states in the higher manifold, the total global leakage
probability Peax = D f P, scales as:

T\? \2ae
BeakN (J) N2a 1~

x

(S2)

For oo > 1/2, this global probability diverges with system
size N, suggesting that the global wave function mixes
significantly.

Despite this global mixing, the projected Hamiltonian
provides a valid description for local differential observ-
ables (e.g., the Frobenius norm ||Ap,(t)||r) for all @ < 1.
Indeed, the local leakage density (7ip)ieak ~ Pleak/N ~
N?22=2 gtrictly vanishes as N — oo for all o < 1.
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