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1. Other Information Spread Figures of Merit744

In the main text, we investigated information spread us-745

ing the Frobenius norm which, although not directly ex-746

perimentally measurable, provides the most robust and747

widely used characterization of information spread. Un-748

like two-point correlators, out-of-time-ordered correla-749

tors, or magnetization, which probe specific observables750

in fixed bases, the Frobenius norm in Eq. (2) in the main751

text, captures the maximal change in measurement out-752

comes and is therefore sensitive to coherent differences753

that other probes may miss. To connect this with more754

experimentally accessible quantities, let us consider the755

site-resolved magnetization difference (Fig. S1),756

Mn(t) =

∣∣∣∣ ⟨ψ1|σxn(t)|ψ1⟩ − ⟨ψ2|σxn(t)|ψ2⟩
2

∣∣∣∣ , (S1)

and the connected two-point correlator (Fig. S2),757

C2j(t) =
∣∣⟨σx2 (t)σxj (t)⟩ − ⟨σx2 (t)⟩⟨σxj (t)⟩∣∣ . (S2)

In Eq. (S2), the average ⟨...⟩ is taken over the evolved758

state |ψ1(t)⟩, so that in this approach only one initial759

state is needed, in contrast with Eq. (S1). Figure S1760

shows the site-resolved magnetization difference. Fig-761

ure S2 considers instead a single band-2 state (2, 17) and762

tracks correlation spread from site 2. Despite the differ-763

ent observables, the propagation fronts display the same764

qualitative behavior as the Frobenius norm shown in the765

main text. These results show that the tunable propaga-766

tion identified via the Frobenius norm, controlled by Jx,767

excitation separation (r = i− j), and α, can also be ob-768

served with experimentally accessible observables. Such769

tunability is absent in short-range Hamiltonians.770
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FIG. S1. (a,c) Light-cone dynamics under the projected

Hamiltonian Ĥb=3
eff for band-3 initial states (2, 20, 40; 3, 20, 40)

(notation defined in Eq. (4) in the main text), and (b) Ĥb=2
eff

for the band-2 state (2, 20; 3, 20), to which the full Hamilto-
nian converges in the large-Jx limit. Dynamics are computed

from the site-resolved magnetization
∣∣∣ ⟨ψ1|σx

n|ψ1⟩−⟨ψ2|σx
n|ψ2⟩

2

∣∣∣,
shown for α→∞ (a) and α = 0.5 (b,c) (α→∞ implemented
by retaining only nearest-neighbor couplings). Parameters:
Jx = 2, N = 100 (first 50 sites shown). (d) Light-cone pro-
files at t = 1 extracted from (a–c). These observables repro-
duce the Frobenius-norm results. In (a), no secondary light
cones appear due to purely nearest-neighbor couplings. In
(c), the central cone evolves independently of the right cone,
consistent with expectations for non-interacting bosons. Sim-
ilar behavior appears in other observables, e.g., correlation
functions (Fig. S2).

2. Light-Cone Velocity771

In this section, we analytically show the light-cone veloc-772

ity of our model to be 2Jz for the Hamiltonian projected773

on a fixed-b manifold. The projected Hamiltonian Hb
eff774

can be obtained from the effective Hamiltonian, Eq. (8)775

in the main text, with the interband coupling turned off,776

Ĥb
eff = Jz

∑
i

(
â†i âi−1 + â†i−1âi

)
+
∑
i

V (i) n̂i

+
∑
i<j

Wi,j n̂in̂j + U
∑
i

n̂i(n̂i + 1) , (S3)

where b =
∑
i ni.777

778

Moreover, we impose periodic boundary conditions so779

that V (i) = V, Wi,j =W (|i− j|), U = const.780

For b = 1, transport is only governed by the nearest-781

neighbor hopping term:782

Ĥhop = Jz
∑
i

(
â†i âi−1 + â†i−1âi

)
. (S4)

Using the Fourier transform783

âj =
1√
N

∑
k

eikj âk, â†j =
1√
N

∑
k

e−ikj â†k,

x

x

e

x

x

FIG. S2. (a–c) Light-cone dynamics under the projected

Hamiltonian Ĥb=2
eff , computed using the connected two-point

correlator |⟨σx2 (t)σxj (t)⟩−⟨σx2 (t)⟩⟨σxj (t)⟩| for the band-2 initial
state (2, 17) (notation in Eq. (4) in the main text). Panels
(a-c) show the results for three different values of the ex-
ponent α, for N = 20 and Jx = 2. Note that the appar-
ent signal dips at t ≈ 1.2 are artifacts of taking the abso-
lute value, occurring where the correlation function changes
sign. (d) Frobenius-norm dynamics with α = 0.5 for the
state (2, 17; 3, 17), demonstrating that the Frobenius-norm
signatures can be reproduced using experimentally accessible
two-point correlations. (e) Light-cone profiles at t = 0.5 ex-
tracted from panels (a–d).

.

and orthogonality 1
N

∑
j e

i(k−k′)j = δk,k′ , we obtain a784

diagonal form in momentum space785

Ĥhop = 2Jz
∑
k

cos k â†kâk.

The corresponding group velocity follows directly from786

the dispersion relation,787

vg(k) =
dE(k)

dk
= −2Jz sin k,

and is maximized at k = ±π/2, giving788

vmax
g = 2|Jz|. (S5)

This velocity is consistent with that observed in Fig. 1789

in the main text. The onsite terms V , U merely shift the790

spectrum and thus do not affect vg.791

In the large-α limit, the Hamiltonian (1) in the main text792

maps exactly to the XY Hamiltonian, whose dispersion793

relation is [44, 45]:794

ϵ(k) = −2
√
J2
x + J2

z + 2JxJz cos(2k),

and the corresponding group velocity is795

vg(k) =
4JxJz sin(2k)√

J2
x + J2

z + 2JxJz cos(2k)
.
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Maximizing vg(k) yields the Lieb–Robinson velocity796

vLR = 4 min(Jx, Jz). (S6)

This velocity is in very good agreement with the results797

shown in Figs. 1, 2, and 3 in the main text.798

3. Decay Outside the Light Cone799

Light-cone velocities are extracted from first-arrival800

times, defined as the earliest times at which ∥∆ρn(t)∥F ≥801

0.01, and obtained by linear fits to these arrival fronts.802

Outside-the-cone profiles are evaluated at fixed times by803

locating the outward-propagating wave crest and fitting804

the decay of ∥∆ρn(t)∥F beyond it (see insets in Fig. S7).805

While power-law fits in the exponent provide a conve-806

nient description, previous work on related tight-binding807

models has shown that the asymptotic decay is expected808

to follow a form of the type exp[−x log x] [11].809

To compare these possibilities, we fit the logarithm of the810

signal using two functional forms:811

log y = −kxm, (S7)

log y = −x log(ax) + b. (S8)

In Figure S3, we compare the two different fits. Both812

models capture the qualitative decay of the profile out-813

side the light cone. We therefore evaluate their relative814

performance by tracking the fitted parameters as a func-815

tion of time and by comparing the root-mean-square er-816

ror (RMSE) of the fits in log space. In practice, the817

RMSE values are comparable for the two models across818

the time window considered, indicating that both provide819

similarly good descriptions of the numerical data. Since820

the form exp(−kxm) is simpler to parameterize and inter-821

pret, we use it as the default fitting form in the remainder822

of the analysis.823

FIG. S3. Comparison of functional forms describing the
decay of the signal outside the light cone. Here x denotes
the distance from the wave crest. (a) Example profile at

t = 1 under the projected Hamiltonian Ĥb=1
eff with Jx = 2,

α = 0, and N = 20 for an initial state with an excitation
at site 2. The data are fitted using exp[−x log(ax) + b] and
exp(−kxm) with a=2.9, b=-0.5, k=1.5, m=1.4. (b) Root-
mean-square error (RMSE) of the two fits in log space as a
function of time. The comparable RMSE values indicate that
both models capture the qualitative decay behavior of the
signal outside the light cone. This analysis is not restricted
to band 1; since the bosons in our model are non-interacting,
similar results hold for any number of excitations.

4. Band Gap and Band Width824

For α = 0, the long-range interaction reduces to an all-825

to-all coupling. In this case, the Hamiltonian can be826

expressed in terms of the collective spin Sx, and the band827

energies and energy gaps are given by828

Eb =
Jx
2
(N − 2b)2 − JxN

2
, (S9)

∆Eb = Eb − Eb−1 = −2Jx (N − 2b+ 1) . (S10)

Thus, the spectrum is quadratic in b, with band gaps829

linear in b. The largest gap is between b = 0 and b = 1830

(or equivalently between b = N and b = N − 1), scaling831

as ∆E ∼ 2JxN for large N .832

833

For nonzero α, the largest gap scales as ∆E ∼ 2JxN
1−α.834

Additionally, the intraband degeneracy is lifted. Let us835

consider a basis state with the k-th spin flipped: |k⟩ =836

|+ · · · −︸︷︷︸
k

· · ·+⟩ in the b = 1 band. Each such state is an837

eigenstate of the long–range term, with energy838

Ek = Eb=0 − 2Jx
∑
j ̸=k

1

|j − k|α
= E0 − 2Jx ϵk, (S11)

where the sum over all pairs involving site k is:839

ϵk =

k−1∑
s=1

1

sα
+

N−k∑
s=1

1

sα
. (S12)

This defines a smooth external potential ϵk. For α > 1,840

the sum converges to the Riemann zeta function, ϵk →841

ζ(α). For α < 1, the sum diverges for large N as ϵk ∼842

N 1−α

1−α . The largest intraband energy difference (band843

width) occurs between a spin flip at the chain center and844

one at the edge, and is given by 2Jx δα,N , where845

δα,N = ϵN/2 − ϵ1 ≈
N 1−α

1− α
(2α − 1) , (S13)

which for large N and small α behaves as846

δα,N ≈ α(ln 2)N 1−α. (S14)

Thus, the band width for the b = 1 band is847

δE1 ∼ 2Jx δα,N ∼ 2Jxα(ln 2)N
1−α. (S15)

Comparing this with the inter-band gap, the ratio for848

small α is849

δE1

∆E1
∼ 2Jx(ln 2)αN

1−α

2JxN 1−α = (ln 2)α. (S16)

As α→ 1, the ratio becomes of order unity.850

This behavior is verified numerically in Fig. S4. The top851

panel illustrates the transition of both the band widths852

δEb and the corresponding band gaps between band b853
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and d, ∆b,d as a function of the long-range exponent α,854

showing excellent agreement with our small-α analytical855

scaling (dashed lines).856

For higher bands, the band width is further enhanced by857

an extra factor of b, with all b excitations located near858

the chain center and all b excitations near the edge being859

the two extreme cases.860

Consequently, analyzing the onset of overlap for band 1 is861

sufficient, as it implies that all higher bands have already862

entered the overlapping regime. As a consistency check,863

the b = 2 case is also included in Fig. S4 (top); notice that864

the band width δE2 merges with the gap ∆2,1 at a smaller865

α than the corresponding overlap for band 1. Thus, we866

can track the breakdown of the isolated band structure867

simply by plotting the ratio δE1/∆1,0 as it approaches868

O(1) near α ∼ 1 in Fig. S4 (bottom).869

10 2 10 1 100
0

100

200

300

En
er

gy

Band widths Eb and gaps b, d vs (N = 10, Jx = 10.0, Jz = 1.0)

E1
th
1 = 2Jx(ln 2) N 1

E2
1, 0

th
1, 0 = 2JxN 1

2, 1

10 2 10 1 100
10 3

10 2

10 1

100

Ra
tio

Ratio E1
E1, 0

 vs   (N = 10, Jx = 10.0)

numerical
theoretical

FIG. S4. Top: Band widths δEb, computed as the difference
between the largest and smallest eigenenergies within band b,
and band gaps ∆b,d, computed as the difference between the
mean eigenenergies of bands b and d, plotted as a function of α
for Jx = 10, N = 10. Solid lines show numerical results, while
dashed lines are the small-α theoretical predictions. Bottom:
Ratio of band width to band gap, δEb/∆b,d becomes O(1) at
α ∼ 1, confirming the scaling predicted in Eq. (S16).

5. Confinement Potential870

In the large-Jx regime, excitation bands become well sep-871

arated, making the band-projected Hamiltonian [Eq. (8)872

in the main text with the second term removed] quan-873

titatively accurate to describe information propagation.874

Within a fixed band, the effective dynamics is governed875

by nearest-neighbor hopping with amplitude Jz and a876

position-dependent intraband potential877

V (i) = −2Jx
∑
j ̸=i

1

|i− j|α
. (S17)

The hopping term Jz alone sets the intrinsic propagation878

velocity. For α = 0, V (i) is spatially uniform, the Hamil-879

FIG. S5. Left: Normalized intraband effective potential
(ϵn − ϵ1)/δα,N as a function of the rescaled lattice position
n/N for N = 1000, where δα,N = ϵN/2 − ϵ1 is the bandgap
defined in Eq. (S13). For small α, the potential is nearly
flat, while larger α values produce a smooth confining profile
that pulls the single-spin excitation toward the chain cen-
ter, reflecting the emergence of localized intraband structure
as long-range interactions strengthen. Right: Maximum in-
traband potential difference δα,N as a function of the decay
exponent α. For small α, long-range interactions are nearly
uniform and the potential is flat (δα,N ≈ 0). As α increases,
δα,N grows, reaching a peak at some α < 1 and becoming
N -independent in the short range regime α ≫ 1.

tonian is translationally invariant, and the light-cone ve-880

locity is analytically fixed to v = 2Jz, independent of Jx,881

in agreement with both analytical and numerical results882

(Sec. S1 2).883

For α > 0, long-range interactions lift the degeneracy884

of V (i) and generate a spatially inhomogeneous, con-885

vex confining potential. This behavior is quantified in886

Fig. S5, which shows the intraband potential profile and887

its dependence on the decay exponent α (left panel). For888

small α, the potential remains nearly flat, while increas-889

ing α produces a smooth confining structure centered890

about the middle of the chain. The corresponding max-891

imum intraband potential difference (right panel) grows892

with α, peaks at some α < 1, and then decreases and893

becomes N -independent for large α.894

When Jx ≫ Jz, the curvature of V (i) increases linearly895

with Jx, and the resulting energy mismatch between896

neighboring sites can exceed the hopping scale Jz. In897

this regime, hopping is strongly suppressed, leading to898

real-space confinement. This explains why increasing Jx899

enhances confinement for α > 0, while no such effect oc-900

curs for α = 0. This potential was also observed in [2,901

46].902

The resulting confinement is directly visible in the light-903

cone dynamics of the band-projected Hamiltonian. Fig-904

ure S6 shows Frobenius-norm density plots for dynamics905

projected onto band b = 2 as Jx is increased. As the906

confining potential deepens, transport becomes progres-907

sively localized. The light cone is also asymmetric: prop-908

agation toward the center of the chain extends over more909

sites than propagation toward the edges, a direct conse-910

quence of the convex, spatially inhomogeneous structure911

of V (i).912
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FIG. S6. Density plots of the Frobenius norm showing light-
cone dynamics generated by the band-projected Hamiltonian
Ĥb=2

eff for initial states prepared in band b = 2, (2, 14; 3, 14)
(notation defined in Eq. (4) in the main text), for N = 19
and α = 0.5. Increasing Jx (a-c) deepens the effective confin-
ing potential V (i), progressively spatially confining transport.
The resulting light cone is asymmetric: propagation toward
the center of the chain extends over more sites than propa-
gation toward the edges, a direct consequence of the convex
structure of V (i).

6. Emergence of Locality and Role of Nonlocal913

Term W914

In this section, we isolate the origin of nonlocal dynam-915

ics by comparing the evolution under the full Hamilto-916

nian (1) in the main text with one in which the nonlocal917

termW is artificially removed. Specifically, we setW = 0918

in the Hamiltonian of Eq. (8) in the main text.919

Figure S7 compares the full dynamics (W ̸= 0, left920

column) with the dynamics obtained with the band-921

restricted Hamiltonian (i.e., setting W = 0, right col-922

umn) across different interaction regimes and initializa-923

tions. RemovingW enforces strictly local, light-cone-like924

information spread in all cases shown. This shows that925

the W is the sole term responsible for nonlocal propaga-926

tion.927

FIG. S7. Density plots of the Frobenius norm showing light-
cone dynamics under the Hamiltonian (8) in the main text,
for N = 13 with different values of Jx and α. The left col-
umn corresponds to setting W ̸= 0 (the full Hamiltonian dy-
namics), while in the right column, we set W = 0. Setting
W = 0 enforces strict locality even for N1−αJx/Jz < 1, for
initializations in high-lying bands, and for 1 < α < 3. (a,b)
Band 1 initialization at N1−αJx/Jz < 1: dynamics are non-
local for the full Hamiltonian but strictly local when W = 0.
(c,d) Band 1 initialization for N1−αJx/Jz > 1: dynamics
are quasi-local for the full Hamiltonian and strictly local with
W = 0. (e,f) Initialization in a high-lying band, band 7,
(2, 10, 11, 12, 13, 14, 15; 3, 10, 11, 12, 13, 14, 15), likewise shows
nonlocal behaviour for the full Hamiltonian and locality when
W = 0. (g,h) Even when α = 1.5 with band 1 initialization,
setting W to 0 yields strictly local dynamics. Insets show the
outside-the-cone profile at the time t = 1.
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7. Role of Initial State (z vs x Basis)928

We show that the emergence of local or nonlocal infor-929

mation spread depends not only on the Hamiltonian, but930

also on the structure of the initial state. In Figure (S8)931

we consider the dynamics of the connected correlator for932

two different initial states, each containing a single lo-933

calized excitation at site i = 2, but defined in different934

bases.935

In the left panel, the initial state corresponds to a single936

spin flip relative to the fully polarized background, i.e.,937

a state of the form | ↓↑2↓ · · · ↓⟩z where z is the direction938

characterizing the nearest neighbor coupling. In this ba-939

sis, the effective term Wi,j acts as a long-range coupling940

between all site pairs, independent of the local excitation941

configuration. As a result, the dynamics immediately942

generate correlations across the entire chain, leading to943

a rapid breakdown of locality, and can be thought of as944

generating multiple nonlocal light cones emerging from945

all the sites.946

In contrast, in the x-basis case (right panel), the initial947

state is a single excitation relative to an x-polarized back-948

ground, i.e., | ←→2← · · · ←⟩x where x is the direction949

of the long-range Hamiltonian. Here, the operator Wi,j950

takes the form of a density–density interaction in the x951

basis, and therefore only contributes when multiple exci-952

tations are present. Since the initial state contains only953

a single excitation and Jx is large, the W term makes954

a very small contribution, so that information spread is955

mainly local.956

FIG. S8. Basis dependence of information spread from a lo-
calized excitation. Time evolution of the connected correlator
|Cxx2j (t)|, Eq. (S2) for two initial states containing a single ex-
citation localized at site i = 2. Left: Initial state prepared
in the z basis, for which the effective Wi,j term couples all
pairs of sites, leading to an immediate breakdown of locality
and the emergence of nonlocal correlations. Right: Initial
state prepared in the x basis, where Wi,j acts as a two-body
interaction dependent on excitations in the x basis, resulting
in strictly local propagation throughout the bulk. Parameters
are N = 14, Jz = 1, Jx = 5, and α = 0.1.

8. Tunable Nonlocality957

We demonstrate that information propagation in our958

model requires the local Jz hopping term, and that non-959

local light cones arise specifically from the interplay be-960

tween this local coupling and the long-range interaction961

W . Furthermore, we show that this dependence allows962

for precise spatial control over signal propagation.963

The need for Jz is first established by comparing pro-964

jected and full dynamics. In Fig. S9(a), we evolve the965

system under the band-projected Hamiltonian Ĥb=3
eff with966

Jz set to zero, but in the presence of a non-zero uniform967

magnetic field B in the z-direction. Despite the presence968

of B and the long-range W term, no light-cone structure969

appears. This is corroborated by the full Hamiltonian970

dynamics shown in Fig. S9(b); even without band pro-971

jection, the absence of Jz results in a suppression of in-972

formation spread for large Jx. These two panels together973

confirm that the W term alone cannot generate signal974

propagation; information spread fundamentally requires975

the local coupling provided by Jz.976

The sensitivity of the nonlocal signal to the local hopping977

profile provides a mechanism for engineering information978

propagation. In Fig. S10(a–e), we selectively restore Jz in979

specific spatial regions: Panels (a) and (b) show that dis-980

abling Jz at the boundaries (sites 1–4 or sites > 11) clips981

the light cone, confining the signal to regions where the982

local hopping is active. In panel (c), we restrict Jz = 1983

exclusively to the region surrounding the second exci-984

tation, which results in the emergence of only the cor-985

responding nonlocal light cone, while the first remains986

suppressed. Panels (d) and (e) demonstrate fine-grained987

control; by activating Jz only on sites 19–42 (panel d)988

and then specifically excluding a single site (site 40 in989

panel e), we show that the nonlocal signal can be masked990

at will. These results establish that nonlocal light cones991

originate from the synergy between the long-range W in-992

teraction and Jz hopping. By shaping the local profile993

of Jz, the presence, speed, and location of the nonlo-994

cal signal can be tuned. Consequently, local modulation995

of Jz provides a practical and experimentally accessible996

mechanism to engineer and control nonlocal information997

transport in long-range systems.998

x =5x =5

FIG. S9. Density plots of the Frobenius norm showing light-
cone dynamics under the band-3–projected Hamiltonian Ĥb=3

eff

for the initial states (2, 20, 40; 3, 20, 40) [Eq. (4) in the main
text] with N = 50, Jx = 0.5, and α = 0.5. (a) B–Jx
model with an additional longitudinal field term B

∑
i σ

z
i with

B = 0.5 and Jz = 0. (b) Full Hamiltonian (without band pro-
jection) with N=15, initial states (2, 13; 3, 13) but with Jz = 0
everywhere and a longitudinal B field turned on, as in panel
(a). These panels together confirm that the W term alone
cannot generate signal propagation; information spread fun-
damentally requires the local coupling provided by Jz.
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x =0.5 x =0.5

x =0.5

x =0.5 x =0.5

FIG. S10. Density plots of the Frobenius norm showing light-
cone dynamics under the band-3–projected Hamiltonian Ĥb=3

eff

for the initial states (2, 20, 40; 3, 20, 40) [Eq. (4) in the main
text] with N = 50, Jlong = 2, and α = 0.5. Unlike in Fig.
S9, here we set B = 0 (a–e) Hamiltonian with Jz selectively
disabled: (a) Jz = 0 on sites 1–4 and Jz = 1 elsewhere; (b)
Jz = 0 for sites > 11 and Jz = 1 elsewhere; (c) Jz = 1 only
in the region of the second light cone; (d) Jz = 1 on sites
19–42; (e) same as (d) but excluding site 40.

9. 2D Extension999
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FIG. S11. Light cones on a 2D lattice. The connected two-
point correlator, |⟨σx2,2(t)σxi,j(t)⟩ − ⟨σx2,2(t)⟩⟨σxi,j(t)⟩|, is com-

puted for the projected Hamiltonian Ĥb=2
eff at fixed time slices,

starting with a band-2 initial state with excitations at site
(2,2) and (14,14). The panels show nonlocal correlations de-
veloping between the excitations, demonstrating that corre-
lations can be programmed using a 2D lattice Hamiltonian.

We extend the model to a two-dimensional square lattice1000

with the Hamiltonian1001

Ĥ = Jz
∑
⟨r,r′⟩

σzrσ
z
r′ + Jx

∑
r<r′

1

|r− r′|α
σxrσ

x
r′ , (S18)

where r = (i, j). In the Jz term, ⟨r, r′⟩ denotes nearest-1002

neighbor coupling, i.e., r = (i, j) is coupled to nearest1003

neighbors r′ = (i ± 1, j), (i, j ± 1). Projecting onto a1004

fixed band b yields Ĥb
eff .1005

Figure S11 shows dynamics under Ĥb=2
eff for two excita-1006

tions at (2, 2) and (14, 14), using the connected correlator1007

∣∣⟨σx2,2(t)σxi,j(t)⟩ − ⟨σx2,2(t)⟩⟨σxi,j(t)⟩∣∣ .
Correlations develop nonlocally between distant regions1008

as time increases from left to right panels, demonstrating1009

programmable nonlocal light cones also in 2D systems.1010

Appendix S2: Derivation of the Intraband Signal1011

1. Model and Hamiltonians1012

In the regime where interband transitions (changing the1013

total boson number b) are strongly suppressed, we ne-1014

glect the pair creation and annihilation terms in Eq. (8)1015

in the main text. For example, if we restrict the dynam-1016

ics strictly to the b = 2 intraband block, the resulting1017

intraband Hamiltonian is:1018

Ĥb=2
intraband = Jz

∑
i

(
â†i âi−1 + â†i−1âi

)
+

∑
i

V (i) n̂i +
∑
i<j

4Jx
|i− j|α

n̂in̂j . (S1)

When the system is placed on a ring with periodic bound-1019

ary conditions (PBC), the lattice becomes translationally1020

invariant. Thus, the effective local potential V (i) be-1021

comes1022

V (i) = −2Jx
∑
j ̸=i

1

|i− j|α
≡ Vconst , (S2)

independent of the specific site i. Furthermore, since1023

Ĥintraband strictly conserves the total particle number1024

b =
∑
i n̂i, the potential term simplifies to Vconst

∑
i n̂i =1025

bVconst. This merely introduces a global energy shift to1026

the specific b-particle sector. It commutes with the rest of1027

the Hamiltonian and does not contribute to the quantum1028

dynamics within that band.1029

We are left in Eq. (S1) with a nearest-neighbor hopping1030

term and a two-body potential.1031

2. Frobenius Norm as the Boson Occupation1032

Difference1033

We measure the effect of starting in two different ini-1034

tial states, |ψ1⟩ and |ψ2⟩, using the normalized Frobenius1035

norm of the difference ∆ρn = ρ
(1)
n −ρ(2)n between the cor-1036

responding local reduced density matrices ρ
(1)
n and ρ

(2)
n ,1037

at site n:1038

∥∆ρn(t)∥F =

√
Tr(∆ρn∆ρ

†
n) . (S3)

For hard-core bosons, the local density matrix is a 2× 21039

matrix. Because the intraband Hamiltonian strictly con-1040

serves the particle number (a U(1) symmetry), local off-1041

diagonal coherences such as ⟨ân⟩ and ⟨â†n⟩ are identically1042

zero for initial conditions with a fixed number of bosons.1043
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Thus, the local density matrices are entirely diagonal:1044

ρn = diag(1 − ⟨n̂n⟩, ⟨n̂n⟩). The difference is ∆ρn =1045

diag(−∆nn,∆nn), where ∆nn = ⟨n̂(1)n ⟩ − ⟨n̂(2)n ⟩. Plug-1046

ging this into the definition:1047

∥∆ρn(t)∥F =
√
(−∆nn)2 + (∆nn)2 =

√
2|∆nn(t)| .

(S4)

After rescaling by the maximum possible norm (
√
2),1048

the normalized Frobenius norm is exactly equal to the1049

absolute difference in local boson densities: |⟨n̂(1)n (t)⟩ −1050

⟨n̂(2)n (t)⟩|.1051

3. Time Evolution and Short-Time Expansion1052

In the following, we present the calculation for the b = 21053

case to simplify the notation, but the argument applies1054

generally to bands b ≥ 2. We consider two hard-core1055

bosons initialized on a one-dimensional lattice at two dis-1056

tant sites m and q:1057

|Ψm⟩ = |m, q⟩ , (S5)

where the particle at site m acts as the “message” par-1058

ticle and the particle at site q acts as the “target.” The1059

intraband Hamiltonian takes the form of a sum of a di-1060

agonal term and a hopping term,1061

Hintraband ≡ H = D + T , (S6)

with the D term containing the diagonal interaction en-1062

ergies Wi,j =
4Jx

|i−j|α and the T term containing nearest-1063

neighbor hopping with amplitude Jz.1064

We probe information transfer by comparing the occupa-1065

tion dynamics at site q for two different initial message1066

locations, m = 2 and m = 3. The intraband signal is1067

therefore defined as1068

Fintraband(t) = |⟨n̂q(t)⟩m=3 − ⟨n̂q(t)⟩m=2| . (S7)

The time-evolved density operator is1069

n̂q(t) = U†(t)n̂qU(t), U(t) = e−iHt. (S8)

Expanding the evolution operators in powers of time1070

gives1071

U(t) = I− iHt− t2

2
H2 +

it3

6
H3 +

t4

24
H4 +O(t5),

(S9)

U†(t) = I+ iHt− t2

2
H2 − it3

6
H3 +

t4

24
H4 +O(t5).

(S10)

The occupation expectation value1072

cm(t) = ⟨Ψm|U†(t)n̂qU(t)|Ψm⟩ (S11)

can then be organized as a short-time series:1073

cm(t) =

∞∑
k=0

tkc(k)m = c(0)m +t c(1)m +t2c(2)m +t3c(3)m +t4c(4)m +O(t5).

(S12)
Since the normalized Frobenius norm reduces exactly to1074

the absolute difference in local densities, the intraband1075

signal is determined by the differences between the short-1076

time expansion coefficients,1077

∆c(k) = c
(k)
3 − c(k)2 . (S13)

The leading nonvanishing coefficient therefore determines1078

the earliest-order contribution to the signal, or more ex-1079

plicitly,1080

Fintraband(t) = tk∆c(k) +O(tk+1) , (S14)

where k is the first nonvanishing order.1081

4. Operator Path Strings and Partitioning1082

Instead of evaluating each perturbative coefficient c
(k)
m1083

separately, it is useful to organize the entire short-time1084

expansion in terms of operator strings. This provides a1085

transparent way to classify which virtual processes con-1086

tribute to the signal and which are forbidden by con-1087

straints.1088

Expanding the evolution operators in powers of time gen-1089

erates products of H acting on both sides of the number1090

operator n̂q. At perturbative order k, the generic contri-1091

bution takes the form1092

⟨Ψm|Hk−i n̂qH
i|Ψm⟩, i = 0, . . . , k. (S15)

Since each factor of H can be either D or T , every1093

term can be represented as a binary operator string1094

composed of diagonal operators and hopping operators.1095

For example, DTTT represents the ordered sequence1096

T → T → T → D.1097

The insertion of n̂q naturally partitions each string into1098

two segments,1099

⟨Ψm|Ôk · · · Ôi+1︸ ︷︷ ︸
left segment

n̂q Ôi · · · Ô1|Ψm⟩︸ ︷︷ ︸
right segment

, (S16)

where each operator Ôj ∈ {D,T}.1100

1101

The right segment originates from the forward-time evo-1102

lution operator U(t) and evolves the initial state |Ψm⟩1103

into a superposition of intermediate configurations. The1104

number operator n̂q then acts as a local measurement cut1105

through the operator string, selecting only those interme-1106

diate states in which site q is occupied. Finally, the left1107

segment, originating from U†(t), evolves the intermediate1108

configuration back toward the final state ⟨Ψm|.1109

For example, a term from the fourth-order contribution1110

⟨H2n̂qH
2⟩ (S17)



9

contains all 24 = 16 possible four-operator strings with1111

the cut fixed in the middle of the string:1112

DD|DD, DD|DT, DD|TD, DD|TT,
DT |DD, DT |DT, DT |TD, DT |TT,
TD|DD, TD|DT, TD|TD, TD|TT,
TT |DD, TT |DT, TT |TD, TT |TT. (S18)

Each operator string corresponds to a virtual quantum1113

trajectory through Hilbert space, while the position of1114

the cut (vertical bar) specifies the point at which the1115

occupation at site q is probed by n̂q.1116

5. Path Constraints and Reduction of Operator1117

Strings (Selection Rules)1118

Although the perturbation series formally contains ex-1119

ponentially many operator strings, most virtual trajec-1120

tories are eliminated by some constraints. Introducing1121

these constraints progressively allows the structure of the1122

short-time expansion to emerge naturally.1123

We recall that the initial two-particle configuration is de-1124

noted as1125

|m, q⟩ , (S19)

where m labels the message particle and q labels the tar-1126

get particle. The hopping operator T moves exactly one1127

particle by one lattice site:1128

|m, q⟩ T−→ |m± 1, q⟩ or |m, q ± 1⟩ . (S20)

The diagonal operator D acts locally by multiplying a1129

configuration by its interaction energy, without changing1130

the occupation pattern:1131

D|m, q⟩ =Wm,q |m, q⟩. (S21)

Constraint 1: Closed-Loop Constraint1132

Every perturbative coefficient appears inside an expecta-1133

tion value of the form1134

⟨m, q| · · · |m, q⟩. (S22)

Therefore, any nonzero virtual trajectory must eventu-1135

ally return to the original configuration ⟨m, q|. Since1136

each application of T changes the message or the par-1137

ticle configuration, a necessary condition for a nonvan-1138

ishing contribution is that the total number of hopping1139

operators be even. All strings containing an odd num-1140

ber of T operators vanish identically, since they cannot1141

return the system to its initial configuration.1142

Constraint 2: Measurement-Cut Hole Constraint1143

The key simplification comes from rewriting the measure-1144

ment operator as1145

n̂q = I− n̄q, (S23)

where n̄q projects onto configurations in which site q is1146

empty. Substituting this decomposition into the general1147

k-th order coefficient,1148

c(k)m =

k∑
j=0

λ
(k)
j

〈
Hk−j n̂qH

j
〉
, (S24)

gives us1149

c(k)m =

k∑
j=0

λ
(k)
j ⟨H

k⟩ −
k∑
j=0

λ
(k)
j

〈
Hk−j n̄qH

j
〉
. (S25)

The coefficients λ
(k)
j arise from the forward-backward1150

Taylor expansion of eiHtn̂qe
−iHt. At order k, they take1151

the general binomial form1152

λ
(k)
j =

1

k!
(−1)j

(
k

j

)
. (S26)

Using the binomial theorem to expand (x+ y)k,

(x+ y)k =

k∑
j=0

(
k

j

)
xk−jyj ,

and setting x = 1 and y = −1, the expansion becomes:

(1− 1)k =

k∑
j=0

(−1)j
(
k

j

)
= 0 .

For any perturbative order k ≥ 1,1153

k∑
j=0

λ
(k)
j ⟨H

k⟩ = ⟨Hk⟩
k∑
j=0

λ
(k)
j = 0 . (S27)

Therefore,1154

c(k)m = −
k∑
j=0

λ
(k)
j

〈
Hk−j n̄qH

j
〉
. (S28)

The signal is therefore entirely determined by the hole1155

operator n̄q. This operator imposes the constraint that1156

site q must be empty at the measurement cut, which1157

places three conditions on any contributing trajectory:1158

(1) the target particle must hop away from site q1159

before the cut;1160

(2) the target particle must remain away from site1161

q when the cut is applied;1162
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(3) the target particle must return afterward in1163

order to satisfy the closed-loop condition of Con-1164

straint 1.1165

These requirements immediately eliminate large classes1166

of operator strings.1167

Constraint 2a: Purely D strings containing only D op-1168

erators can never satisfy condition (1), since D does not1169

move the target particle. Consequently, all such strings1170

are annihilated by n̄q no matter where the cut is placed.1171

Constraint 2b: Conditions (1) and (3) dictate that any1172

surviving trajectory must contain at least two hopping1173

operators T : one to move the target particle away from1174

site q before the measurement cut, and another to return1175

it afterward. Generally, each T operator acts on either1176

the message (m) or target (q) particle degree of freedom:1177

|m, q⟩ → |m± 1, q⟩ → |m, q⟩,
|m, q⟩ → |m, q ± 1⟩ → |m, q⟩. (S29)

While evaluating the signal naively requires summing1178

over all such configurations, Constraint 2b simplifies the1179

summation. If a trajectory utilizes its two available T op-1180

erators exclusively for message-particle hops, the target1181

particle remains stationary at site q, violating condition1182

(1). Consequently, for all operator strings containing ex-1183

actly two T operators, both hops are strictly constrained1184

to the target particle. The only non-vanishing processes1185

are:1186

|m, q⟩ → |m, q ± 1⟩ → |m, q⟩. (S30)

Constraint 2c: The hole projector requires site q to be1187

empty at the partition, so the target particle must hop1188

away from site q before the cut and return afterward.1189

This immediately eliminates any partition in which both1190

hopping operators occur entirely on the same side of the1191

cut. If an even number of T operators appear before the1192

cut, the target necessarily performs an immediate round1193

trip and reoccupies site q before the projector acts. Like-1194

wise, if an even number of hopping operators occur after1195

the cut, the target has not yet left site q when the projec-1196

tor is evaluated. Both cases violate the vacancy condition1197

imposed by n̄q. Consequently, the only surviving parti-1198

tions are those containing an odd number of T operators1199

on each side of the cut, while the total number of T op-1200

erators in the string is even, consistent with Constraint1201

1.1202

Constraint 3: Purely T Strings1203

Operator strings consisting only of hopping operators T1204

do not contribute to the intraband signal. These trajec-1205

tories generate purely kinetic motion with no insertion1206

of diagonal interaction energies D, and therefore evolve1207

identically for both initial configurations |3, q⟩ and |2, q⟩.1208

Since all message dependence enters exclusively through1209

the interaction energies Wm,q encoded in D, purely-T1210

strings are independent of m.1211

Formally, all strings of the form T k contribute equally to1212

c
(k)
3 and c

(k)
2 , and hence cancel exactly in the difference1213

∆c(k) = c
(k)
3 − c(k)2 . (S31)

This removes all purely kinetic trajectories, leaving only1214

mixed D–T processes in which the target particle ac-1215

quires interaction-dependent phases during its virtual ex-1216

cursions.1217

6. Vanishing of Lower Orders and Emergence of1218

the Fourth-Order Signal1219

Zeroth order (t0): At zeroth order, no hopping pro-1220

cesses are available. Since Constraint 2 requires the tar-1221

get particle to leave site q before the measurement cut,1222

the hole condition can never be satisfied. Therefore, all1223

zeroth-order contributions vanish in the signal. Conse-1224

quently,1225

c(0)m = 0. (S32)

First order (t1): At first order, the only possible strings1226

are D and T . Purely (D) paths are eliminated by Con-1227

straint 2a, while a single hopping process (T ) cannot sat-1228

isfy Constraint 1 and also Constraint 3. Consequently,1229

c(1)m = 0. (S33)

Second order (t2): At second order, Constraint 1 per-1230

mits only TT or DD strings. The purely diagonal string1231

DD is eliminated by Constraint 2a, while two-hop TT1232

strings are eliminated by Constraint 3, consequently,1233

c(2)m = 0. (S34)

Third order (t3): Applying Constraint 2, the expansion1234

produces:1235

c(3)m = −1

6
⟨H3n̄q⟩+

1

2
⟨H2n̄qH⟩ −

1

2
⟨Hn̄qH2⟩+ 1

6
⟨n̄qH3⟩ .
(S35)

Constraint 1 requires an even number of hopping opera-1236

tors T . At third order, the only allowed operator strings1237

are the purely diagonal string DDD and permutations of1238

TTD:1239

TTD, TDT, DTT. (S36)

The DDD contribution is eliminated by Constraint 2a.1240

Applying Constraint 2c to the remaining strings leaves1241

the partitions1242

T |TD, T |DT, TD|T, DT |T. (S37)

The surviving partitions inherit their weights directly1243

from the Taylor coefficients multiplying each partition1244

structure in Eq. (S35). The partitions with the D opera-1245

tor to the left of the cut have coefficient 1
2 , while the ones1246

where the D operator is on the right have coefficient − 1
2 .1247
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When the terms are added up with these Taylor coeffi-1248

cient weights, the sum vanishes. Consequently,1249

c(3)m = 0. (S38)

Fourth-Order (t4):1250

At fourth order, applying Constraint 2, the expansion1251

produces:1252

c(4)m = − 1

24
⟨H4n̄q⟩+

1

6
⟨H3n̄qH⟩

− 1

4
⟨H2n̄qH

2⟩+ 1

6
⟨Hn̄qH3⟩ − 1

24
⟨n̄qH4⟩. (S39)

Expanding H = D + T generates 24 = 16 operator1253

strings, with 5 possible placements of the cut, giving 801254

formal paths. Each of these further branches into multi-1255

ple microscopic trajectories, since every hopping operator1256

T may act on either the message (m) or target (q) par-1257

ticle and in either direction, leading to up to 44 = 2561258

microscopic trajectories per operator string. This results1259

in an unwieldy number of contributions, which is pre-1260

cisely why the constraints defined earlier are useful. The1261

16 unpartitioned strings are1262

DDDD, DDDT, DDTD, DDTT,

DTDD, DTDT, DTTD, DTTT,

TDDD, TDDT, TDTD, TDTT,

TTDD, TTDT, TTTD, TTTT. (S40)

Applying Constraints 1, 2, 2a, and 3 reduces this set to1263

the 6 strings1264

TTDD, TDTD, TDDT,

DTTD, DTDT, DDTT, (S41)

Constraint 2b now fixes the message particle, since we1265

only have two T operators available and both go into1266

moving the target particle. At this stage, each of the1267

6 strings admits 5 possible placements of the measure-1268

ment cut, giving 30 partitioned contributions in total.1269

Each partition still contains 22 = 4 microscopic hopping1270

histories, corresponding to the choice of whether each T1271

acts on the left or right target hop direction. Therefore,1272

the full fourth-order sector contains up to 30 × 4 = 1201273

microscopic trajectories.1274

At this stage, Constraint 2c further reduces the cuts to:1275

T |TDD, T |DTD, TD|TD, T |DDT, TD|DT,
TDD|T, DT |DT, DTD|T, DT |TD, DDT |T .

(S42)

The surviving partitions inherit their weights directly1276

from the Taylor coefficients multiplying each partition1277

structure in Eq. (S39) and can be classified as symmetric1278

and asymmetric based on the placement of the two D1279

operators relative to the cut. The symmetric partitions,1280

with a D operator on either side of the cut, have coef-1281

ficients − 1
4 , while the asymmetric ones have coefficient1282

+ 1
6 :1283

+
1

6
T |TDD, +

1

6
T |DTD,

− 1

4
TD|TD, +

1

6
T |DDT,

− 1

4
TD|DT, +

1

6
TDD|T,

− 1

4
DT |DT, +

1

6
DTD|T,

− 1

4
DT |TD, +

1

6
DDT |T. (S43)

At this point, the partitions have already served their1284

purpose of assigning the correct Taylor weights. Since1285

all surviving terms correspond to the same underlying1286

target-particle excursions, the cut placement no longer1287

produces distinct contributions. We can therefore dis-1288

card the partition labels and regroup the terms by identi-1289

cal operator content, keeping only the effective surviving1290

structure.1291

The initial state is |m, q⟩ with energy Wq ≡ Wm,q, and1292

the intermediate energy is Ws ≡Wm,s for s = q± 1. For1293

each of the 6 strings, we get:1294

TTDD → +
1

6
J2
z

∑
s

W 2
q , TDTD → − 1

12
J2
z

∑
s

WqWs,

TDDT → +
1

12
J2
z

∑
s

W 2
s , DTDT → − 1

12
J2
z

∑
s

WqWs,

DTTD → −1

4
J2
z

∑
s

W 2
q , DDTT → +

1

6
J2
z

∑
s

W 2
q .

Combining these, we obtain the total coefficient c
(4)
m ,

c(4)m = J2
z

∑
s

(
1

12
W 2
q −

1

6
WqWs +

1

12
W 2
s

)
,

or

c(4)m =
J2
z

12

∑
s∈{q−1,q+1}

(Wq −Ws)
2 .

The leading-order intraband signal is then1295

∆c(4)m = c
(4)
3 − c

(4)
2 . (S44)

To determine the asymptotic scaling at large separation,1296

we define1297

r0 = q −m, x =
1

r0
≪ 1. (S45)

The interaction energies at neighboring sites are ex-1298

panded using1299
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(1± x)−α ≈ 1∓ αx+
α(α+ 1)

2
x2. (S46)

Since1300

Wm,s =
4Jx

|m− s|α
, (S47)

the neighboring interaction differences become1301

Wq −Wq±1 ≈ 4JxR
−α

[
∓αx− α(α+ 1)

2
x2

]
. (S48)

Squaring and summing the contributions from sites s =1302

q ± 1 yields1303

S(r0) ≡
∑
s=q±1

(Wq −Ws)
2

≈ 2α2(4Jx)
2r

−(2α+2)
0 . (S49)

The discrete signal difference between neighboring1304

message-particle positions is well approximated by a spa-1305

tial derivative:1306

∆S = S(r0 − 1)− S(r0) ≈ −
∂S

∂r0
. (S50)

Differentiating gives1307

− ∂S
∂r0

= 2α2(2α+ 2)(4Jx)
2r

−(2α+3)
0 , (S51)

and substituting this back into the fourth-order expres-1308

sion gives the asymptotic intraband signal1309

F (4)
intraband =

t4J2
z (4Jx)

2

3
α2(α+ 1)

1

r2α+3
0

+O(t5) .

(S52)

7. Derivation of the Optimal Interaction Exponent1310

αmax1311

To find the interaction exponent α that maximizes the1312

long-range signal at a fixed macroscopic distance r0, we1313

maximize the α-dependent portion of the asymptotic for-1314

mula:1315

g(α) =
α3 + α2

r2α0
. (S53)

Setting the derivative g′(α) = 0 yields1316

3α2 + 2α

r2α0
− 2 ln(r0)(α

3 + α2)

r2α0
= 0 , (S54)

and factoring out α/r0
2α (for α > 0) leaves the quadratic1317

equation1318

2 ln(r0)α
2 + (2 ln(r0)− 3)α− 2 = 0 . (S55)

Solving for the positive root gives the exact optimal α:1319

αmax =
3− 2 ln(r0) +

√
4 ln2(r0) + 4 ln(r0) + 9

4 ln(r0)
. (S56)

In the limit of very large lattices (r0 → ∞), we expand1320

the square root as
√
4 ln2(r0) + . . . ≈ 2 ln(r0). Substitut-1321

ing this into the numerator yields the asymptotic scaling:1322

αmax ≈
1

ln(r0)
. (S57)

Thus, as distance approaches infinity, the optimal expo-1323

nent approaches the all-to-all limit (α→ 0).1324

8. Analysis of Arrival of Nonlocal Signals1325

Here, we provide a quantitative analysis of the arrival1326

times of the programmable nonlocal signal.1327

We define the arrival time tarr as the time required for1328

the nonlocal signal at a target site r to reach a predefined1329

detection threshold θ. As discussed in Eq. (S52), the1330

leading-order short-time contribution to the intraband1331

signal, measured via the Frobenius norm, is given by:1332

||∆ρn(t)||intrabandF ≈ 16

3
t4J2

zJ
2
xα

2(α+ 1)
1

r2α+3
(S58)

Setting this expression equal to the threshold θ and solv-1333

ing for tarr, we obtain the explicit arrival time for the1334

nonlocal channel:1335

tarr ≈
(

3θr2α+3

16J2
zJ

2
xα

2(α+ 1)

) 1
4

(S59)

Notably, this time exhibits an algebraic scaling with dis-1336

tance, tarr ∝ r
2α+3

4 . For interaction exponents α < 1/2,1337

this results in a faster-than-ballistic propagation.1338

9. Numerical Study of the Intraband Signal1339

Here we test our analytical results for the intraband sig-1340

nal numerically, specifically checking the spatial depen-1341

dence and the dependence on Jx, N , α, and time.1342

Spatial Dependence: We examine the spatial de-1343

pendence by varying the initial excitation position j1344

(corresponding to the initial state pair (2, j; 3, j)) under1345

open boundary conditions. The top nine density plots1346

in Fig. S12 demonstrate that while the nonlocal signal1347

emerges precisely at site j, its amplitude systematically1348

decreases as j approaches the center of the chain. To1349

quantify this behavior, the lower-left panel displays1350

the integrated signal intensity within the nonlocal1351

cone – summed over the bulk sites 10 to 90 to avoid1352

edge effects – as a function of the target position j1353

for various α values. As shown, the signal decays as1354

a power law toward the middle of the chain before1355

symmetrically increasing as we approach the opposite1356
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FIG. S12. (a) The nine density plots show the Frobenius
norm for initial states (2, j; 3, j), for nine different excita-
tion positions j, evolved by the band-2 projected Hamilto-
nian Ĥb=2

eff . (b) shows the Frobenius norm signal integrated
from site 10 to site 90 at t = 0.5 versus initial excitation po-
sition j, for N = 100, Jx = 0.1, and α = 0.5. The dashed
lines show 1/rp(α) scaling of the signal, with r = j − 3, up
to mid-chain, beyond which boundary effects appear for open
boundary conditions. (c) shows the exponent p(α) for differ-
ent α values. The exponent increases as ≈ 3+2α, as predicted
by Eq. (S52).

boundary. By fitting this algebraic decay (shown in the1357

bottom-right panel), we extract the power-law exponent1358

p(α) ≈ 3 + 2α, in agreement with Eq. (S52). Deviations1359

from the predictions for j > N/2 are associated with1360

boundary conditions. See also Fig. 3 in the main text.1361

1362

FIG. S13. Frobenius norm at site 14 for α = 0.5 computed at
different times, see legend, under the projected Hamiltonian
Ĥb=2

eff . Left: dependence on system size N for initial states in
band 2: (2, 14; 3, 14) (notation defined in Eq. (4) in the main
text). The intraband nonlocal signal is independent of N ,
as analytically expected from Eq. (S52). Right: dependence
on Jx at fixed N = 20 for the same initial states, showing
the predicted ∼ J2

x scaling. Note that for large Jx, strong
confinement as shown in Fig. S6 affects the strength of the
light cone.

Dependence on Jx, N : The scaling of this nonlocal1363

signal is then studied as a function of system size N and1364

coupling Jx, as shown in Fig. S13. The left panel shows1365

that the nonlocal signal is independent of N . The right1366

panel shows a clear ∼ J2
x scaling at fixed N , consistent1367

with Eq. (S52). Deviations from the predictions at large1368

Jx are associated with confinement effects (see Sec. S1 5)1369

arising from open boundary conditions.1370

1371

Dependence on time t: To quantify the onset of1372

the nonlocal signal, we define the first-arrival (or first-1373

detection) time at the target site j, tarr(j), as the mo-1374

ment the signal strength first crosses a chosen detection1375

threshold θ. Explicitly, it is given by the minimum time1376

satisfying ∥∆ρj(t)∥F ≥ θ. Because the signal exhibits a1377

rapid short-time power-law growth scaling as t4, we vary1378

θ over several orders of magnitude (typically from 10−13
1379

to 10−3). This broad range ensures that our observa-1380

tions of the arrival dynamics are robust and independent1381

of any specific choice of detector sensitivity.1382

The resulting first-arrival times are plotted in1383

Figs. S14(a,c,e,g) as functions of the system size1384

N , site index j, long-range exponent α, and interaction1385

strength Jx, respectively, for the various thresholds θ1386

indicated in the legend. These numerical results show1387

excellent agreement with the analytical predictions1388

derived in Eq. (S52).1389

To complement these metrics, Figs. S14(b,d,f,h) display1390

the explicit temporal evolution of the signal at the1391

designated sites. The physical parameters and initial1392

conditions in each of the panels (b,d,f,h) are identical to1393

those in the arrival-time panel immediately preceding.1394

In all cases, the short-time profiles confirm the t4 scaling.1395

1396

Fixed-time scaling with α and optimal interac-1397

tion range αmax: We now examine the dependence of1398

the nonlocal signal on the long-range exponent α. From1399

panels (a–f) in Figure S15, it is visually clear that the1400

nonlocal signal is suppressed both in the fully connected1401

limit (α = 0) and the short-range limit (α → ∞). The1402

bottom-left panel (g) provides a spatial snapshot at t = 1,1403

where the nonlocal signal peaks at α ∼ 0.5. This is1404

further quantified in the bottom-right panel (h), which1405

tracks the signal at a specific target distant site j = 201406

together with the analytical prediction (dotted curve).1407

As one can see, the analytical prediction from Eq. (S52)1408

agrees very well with the numerical data. Moreover, the1409

optimal interaction exponent predicted by Eq. (S56) is in1410

agreement with the numerical results, see vertical dashed1411

line in panel (h).1412

10. Intraband signal under the Kac Prescription1413

To analyze the thermodynamic scaling of the long-range1414

interaction, we apply the standard Kac prescription in1415

the long-range case 0 < α < 1 [32–34],1416
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FIG. S14. First-arrival times and temporal growth of the
Frobenius norm signal at the nonlocal site j for projected dy-
namics Ĥb=2

eff for initial state in band 2: (2, j; 3, j) (notation
defined in Eq. (4) in the main text). Dashed lines denote
reference fits. (a) First-arrival time tarr at site j = 14 as a
function of system size N for several detection thresholds θ,
at fixed Jx = 4 and α = 0.5. (b) Corresponding temporal
profiles ∥∆ρ14(t)∥F . (c) First-arrival time versus site index j
for fixed N = 100, Jx = 0.16, and α = 0.5, shown for multiple
detection thresholds θ. (d) Corresponding temporal profiles
∥∆ρj(t)∥F for varying site index j. (e) First-arrival time at
site j = 14 as a function of interaction exponent α for fixed
N = 50 and Jx = 0.5, shown for several detection thresh-
olds θ. Dashed line corresponds to analytics from Eq. (S59).
(f) Corresponding temporal profiles ∥∆ρ14(t)∥F for varying
α. (g) First-arrival time at site j = 14 as a function of in-
teraction strength Jx for fixed α and N , shown for several
detection thresholds θ. (h) Corresponding temporal profiles
∥∆ρ14(t)∥F colored by Jx.

g h

FIG. S15. (a-f) Density plots of the Frobenius norm showing

light-cone dynamics under the projected Hamiltonian Ĥb=3
eff

with initial states prepared in band 3 (2,20,40; 3,20,40) (no-
tation defined in Eq. (4) in the main text) with Jx = 0.5 and
N = 50. The six panels differ only in the value of α. For α=0
and α → ∞ (implemented by keeping only nearest-neighbor
couplings), the nonlocal signal disappears. Panel (g) shows
the light-cone profiles at t = 1, where the secondary lobes
peak at α ≲ 1 and weaken for α > 1, while (h) quantifies
this by plotting the signal at site j = 20 versus α at t = 0.3.
The dashed curve shows the analytic short-time prediction
obtained from Eq. (S52), where r0 = |20− 3| is the message-
target separation. The black dashed vertical line corresponds
to the analytical maximum from Eq. (S57).

Jx =
Jlong

NKac(α,N)
, NKac(α,N) ≡ Nα =

1

N

∑
i<j

1

|i− j|α
,

(S60)
which ensures that the energy per site remains finite in1417

the thermodynamic limit when Jlong is kept constant.1418

For 0 < α < 1, one has NKac ∼ N1−α.1419

By substituting the Kac-rescaled coupling Jx =1420

Jlong/NKac into Eq. (S52), the intraband signal becomes:1421

F̃ (4)
intraband ≈

t4J2
z (4Jlong)

2

3N 2
Kac

α2(α+ 1)

r2α+3
0

. (S61)

Consequently, under Kac rescaling, the intraband signal1422

vanishes as 1/N2−2α in the thermodynamic limit.1423

To determine the modified optimal interaction range ex-1424

ponent α from Eq. (S61), we define1425

g̃(α) =
(α3 + α2)

r2α0 N 2
α

, (S62)

and impose the stationarity condition1426

d

dα
ln g̃(α) = 0, (S63)
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which gives1427

d

dα

[
ln(α3 + α2)− 2α ln r0 − 2 lnNα

]
= 0. (S64)

This yields the implicit equation for αmax:1428

3α+ 2

α(α+ 1)
− 2 ln r0 − 2

d

dα
lnNα = 0 . (S65)

The Kac normalization for open boundary conditions is1429

Nα =
1

N

N−1∑
r=1

N − r
rα

=

N−1∑
r=1

r−α − 1

N

N−1∑
r=1

r1−α. (S66)

For 0 ≤ α < 1, the leading asymptotic behavior is1430

Nα ≈
N1−α

(1− α)(2− α)
, (S67)

and consequently,1431

d

dα
lnNα = − lnN +

1

1− α
+

1

2− α
. (S68)

Substituting into Eq. (S65) gives1432

3α+ 2

α(α+ 1)
− 2 ln r0 + 2 lnN − 2

1− α
− 2

2− α
= 0. (S69)

In the thermodynamic limit N/r0 →∞, we have 2 lnN−1433

2 ln r0 → ∞ for any fixed 0 ≤ α < 1. The equation can1434

only be solved near α = 1 where the term 2/(1 − α)1435

diverges. We obtain1436

ln
N

r0
≈ 1

1− α
. (S70)

Hence, the asymptotic value of αmax with Kac rescaling1437

in the thermodynamic limit is:1438

αmax ≈ 1− 1

ln(N/r0)
→ 1 . (S71)

11. Numerical Study of the Intraband Signal With1439

Kac Rescaling1440

Dependence on N, Jx: Figure S16 quantifies the mag-1441

nitude of the intraband signal for α = 0.5 with Kac1442

rescaling under the projected Hamiltonian Ĥb=2
eff . With1443

Kac rescaling, the signal decreases with system size as1444

∼ N−1 (left panel), consistent with Eq. (S61), while at1445

fixed system size it grows with interaction strength as1446

∼ J2
long (right panel).1447

Dependence on α: The non-monotonic dependence1448

on the interaction exponent α is analyzed in Fig. S17.1449

Here, we show the density plots of the Frobenius norm1450

showing light-cone dynamics under the projected Hamil-1451

tonian for different α values, panels (a-f). One sees that1452

for α = 0,∞ (the latter implemented by keeping only1453

FIG. S16. Frobenius norm at site 14 and several different time
slices t for α = 0.5 under the projected Hamiltonian Ĥb=2

eff .
Left: scaling with system size N , showing ∼ N−1 scaling for
N > 100. Right: scaling with Jlong at fixed N = 20, showing
∼ J2

long scaling. The behavior is consistent with Eq. (S61).

nearest-neighbor couplings), the nonlocal signal disap-1454

pears. Moreover, in panel (g) we show the light-cone1455

profiles at t = 1. Clearly, the nonlocal cones peak at1456

α ∼ 1 and weaken in the short-range limit for α > 1.1457

Lastly, in panel (h) we plot the signal at some specific1458

site and time as a function of the interaction range α.1459

Results are shown together with our analytical predic-1460

tions, see Eq. (S71).1461

g h

FIG. S17. Density plots of the Frobenius norm showing light-
cone dynamics under the projected Hamiltonian Ĥb=3

eff with
initial states prepared in band 3 (2,20,40; 3,20,40) (notation
defined in Eq. (4) in the main text) with Jlong = 2 and
N = 50. The six panels (a-f) differ only in the value of
α. For α=0 and α → ∞ (implemented by keeping only
nearest-neighbor couplings), the nonlocal signal disappears.
(g) shows the light-cone profiles at t = 1, where the sec-
ondary lobes peak at α ∼ 1 and weaken for α > 1 while (h)
quantifies this by plotting the signal at site j = 20 versus α
at t = 0.5. The dashed curve shows the analytic short-time
prediction obtained from Eq. (S61), where r0 = |20−3| is the
message-target separation.

Finally, in Fig. S18 we verify that the results obtained1462
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in Fig. S17 using the band-projected Hamiltonian hold1463

also for the full Hamiltonian. The density plots in panels1464

(a–e) and the signal at site j = 13 in panel (f) confirm1465

that the maximal intraband signal is obtained around1466

α ≃ 1 in agreement with Eq. (S71).1467

f

g

FIG. S18. (a–e) Density plots of the Frobenius norm show-
ing light-cone dynamics under the full Hamiltonian for initial
states prepared in band 2. (f) Frobenius-norm signal at site
j = 13 versus α at t = 0.5. The dashed curve shows the an-
alytic short-time prediction obtained from Eq. (S61), where
r0 = |13−3| is the message-target separation. (g) Light-cone
profiles at t = 1 for all α values studied, illustrating the clear
nonlocal signal, which should be experimentally observable.
These profiles show that the signal outside the light cone de-
cays superexponentially.

Appendix S3: Derivation of the Interband Signal1468

The short-time expansion accurately captures the intra-1469

band dynamics because the physics is confined to a fixed1470

particle-number sector and only local virtual hopping1471

processes are involved. However, such an expansion fails1472

to correctly describe interband dynamics, which involve1473

transitions between sectors with different particle num-1474

bers. The issue originates from the structure of the time-1475

evolution operator, U(t) = e−iHt. A finite-order Taylor1476

expansion generates only polynomials in H and there-1477

fore cannot produce the energy denominators associated1478

with virtual transitions across large spectral gaps. Con-1479

sequently, the short-time expansion cannot capture the1480

strong suppression of interband processes caused by the1481

large energy separation between particle-number mani-1482

folds. To correctly capture the interband contribution,1483

one can instead use time-dependent perturbation theory1484

(TDPT), where the suppression arises naturally through1485

the energy gaps.1486

1. The Hamiltonian1487

We consider the full effective Hamiltonian of Eq. (16)1488

in Methods, which contains both intraband hopping and1489

interband pair-creation processes.1490

Ĥ(0) = Jz
∑
j

(
â†j âj+1 + â†j+1âj + â†j â

†
j+1 + âj âj+1

)
− 2

∑
i<j

Jx
|i− j|α

(n̂i + n̂j) + 4
∑
i<j

Jx
|i− j|α

n̂in̂j

+
∑
i<j

Jx
|i− j|α

. (S1)

We take the initial message state to be a single-particle1491

excitation, |i⟩ = |m⟩. The pair-creation operator a†ja
†
j+11492

couples the initial state |i⟩ = |m⟩ to the three-particle1493

state |f⟩ = |m, r − 1, r⟩.1494

2. TDPT and the Interband Energy Gap1495

Under first-order time-dependent perturbation theory1496

(TDPT), the interband pair-creation process is modeled1497

as a two-level transition driven by the weak off-diagonal1498

coupling Jz. The time-dependent probability Pm(t) of1499

finding the newly created pair at the target sites r − 11500

and r takes the classic form of a detuned Rabi oscillation,1501

Pm(t) =
4J2
z

ω2
m

sin2
(
ωmt

2

)
, (S2)

where the Rabi frequency is governed by the energy de-1502

tuning between the initial single-particle configuration1503

and the final three-particle configuration, ωm = Ef −Ei.1504

This leads to1505

A(ωm) =
2J2
z

ω2
m

(S3)

as the steady-state, time-averaged probability, which fil-1506

ters out the fast time-dependent Rabi oscillations.1507

To evaluate ωm explicitly, we partition the diagonal parts1508

of the long-range Hamiltonian Ĥ(0) into three distinct1509

physical contributions: the bare constant background1510

lattice energy Eb=0, the single-body potential V , and1511
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the two-body density-density interactions W (such that1512

E = Eb=0 + V +W ).1513

For the initial state in band 1, |i⟩ = |m⟩:1514

Eb=0 =
Jx
2

∑
i ̸=j

|i− j|−α (S4)

V (i) = −2Jx
∑
j ̸=m

|m− j|−α = Vm (S5)

W (i) = 0 (S6)

Because there is only one particle in the system, no1515

density-density pairs exist.1516

1517

For the final state in band 3, |f⟩ = |m, r − 1, r⟩, the1518

baseline energy Eb=0 is unchanged. The single-body1519

potential is now the sum of the potentials at all1520

three occupied sites: V (f) = Vm + Vr−1 + Vr. The1521

density-density interaction term W (f) sums over the1522

three unique interacting pairs formed by the particles:1523

W (f) =Wr,r−1 +Wm,r +Wm,r−1.1524

1525

Taking the exact energy difference ωm = Ef − Ei,1526

ωm = Vr + Vr−1 +Wr,r−1 +Wm,r +Wm,r−1. (S7)

Here,Wr,r−1 = 4Jx/1
α = 4Jx between the newly created1527

adjacent excitations. Also, notice that Vm disappears1528

from the gap equation, which means that the position-1529

dependent potential terms are identical for m = 3 and1530

m = 2.1531

We therefore split Eq. (S7) into terms E0 that do not1532

depend on the message position m and terms ∆Wm that1533

do depend on m:1534

ωm = E0 +∆Wm ,

E0 = Vr + Vr−1 +Wr,r−1 , (S8)

∆Wm =Wm,r +Wm,r−1 .

Only ∆Wm depends on the position m of the initial state1535

excitation.1536

3. Taylor Expansion and Validity Regime1537

To isolate the signal difference between two distinct mes-1538

sage locations (e.g., m = 2 and m = 3), we look at the1539

change in the time-averaged magnetization at site r asso-1540

ciated with the initial excitation shifting from site m = 21541

to m = 3: 2|Aω2 −Aω3 |. The factor of 2 is due to the ex-1542

istence of another process where a pair is created at sites1543

r, r + 1 instead of r − 1, r, which for large r contributes1544

with the same small probability.1545

The time averaging ⟨sin2(ωmt/2)⟩ → 1/2 leading from1546

Eq. (S2) to Eq. (S3) is valid when the integration win-1547

dow spans many oscillation cycles: Tavg ≫ 2π/E0. Fur-1548

thermore, if we focus on intermediate times 2π/E0 ≪1549

Tavg ≪ 2π/∆Wm, the Rabi oscillations associated with1550

frequencies ω2 and ω3 in Eq. (S2) remain in phase with1551

one another, and thus the time-averaged Frobenius norm1552

(the time average of the absolute value of the magnetiza-1553

tion difference) is equivalent to the absolute value of the1554

time-averaged magnetization difference,1555

Finterband = 2|Aω2 −Aω3 | . (S9)

As we will see below, E0 ∼ JxN
1−α and ∆Wm ∼1556

αJx/r
α+1, so the explicit regime of validity of this ap-1557

proximation is 2π/(JxN
1−α)≪ Tavg ≪ 2πrα+1/(αJx).1558

Because we care about the dominant scaling with sys-1559

tem size N , we can approximate the discrete sum over1560

the lattice coordinates in each V term as a continu-1561

ous integral. Then Vr, Vr−1 in Eq. (S8) each scales as1562

JxN
1−α, e.g., Vr ≈ Vr−1 ≈ −4JxN1−α/(1 − α) for pe-1563

riodic boundary conditions or for open boundary condi-1564

tions when the site r is far from the boundary. On the1565

other hand, the density-density terms W are O(Jx), not1566

growing with N . Consequently, E0 ∼ JxN
1−α, and the1567

position-dependent correction satisfies |∆Wm| ≪ |E0| in1568

the perturbative regime. We perform a first-order Tay-1569

lor expansion of the time-averaged probability function1570

A(ω) around E0:1571

A(E0 +∆Wm) ≈ A(E0) +
∂A

∂ω

∣∣∣∣
E0

∆Wm. (S10)

Evaluating the difference ∆A = A(ω3) − A(ω2), the1572

A(E0) term cancels out. Differentiating the probability1573

function yields ∂A/∂ω = −4J2
zω

−3, which gives:1574

|∆A| ≈ |∆W3 −∆W2|
4J2
z

|E0|3
. (S11)

We note that boundary conditions enter here only1575

through the single-body potential terms Vr + Vr−1 in-1576

side the denominator E0; the boundary conditions do1577

not affect the scaling behavior.1578

At large physical separations r between the message coor-1579

dinate and the pair-creation site, the discrete difference1580

between the local interactions can be approximated by1581

the first derivative,1582

|∆W3 −∆W2| ≈
∂W

∂m
≈ 4αJx
rα+1

. (S12)

For periodic boundary conditions, or for r far from the1583

boundary in the case of open boundary conditions, E0 ≈1584

Vr + Vr−1 ≈ 8JxN
1−α/(1− α), and thus1585

Finterband ≈
(1− α)3

16

J2
z

(
αJx/r

α+1
)

(JxN1−α)
3 ∝ J2

z

J2
xN

3−3αrα+1
.

(S13)
Although this scaling was derived explicitly for an ini-1586

tial state in band 1, the argument extends directly to1587

any band. For example, when initializing in band 2,1588

Eq. (S8) contains additional contributions, but each of1589

them scales as JxN
1−α. Consequently, the system-size1590

dependence remains unchanged; only the overall prefac-1591

tor, and therefore the signal magnitude, is modified.1592
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4. Modifications Under the Kac Prescription1593

The Kac prescription (in the regime 0 < α < 1) mod-1594

ifies the system by rescaling the long-range interaction1595

strength, see Eq. (S60), where the Kac factorNα scales as1596

N1−α for large N , and is, for example, given by Eq. (S67)1597

for open boundary conditions. This sensibly changes1598

the scaling of the interband signal because the macro-1599

scopic energy gap is regularized. With the substitution1600

of Eqs. (S60) and (S67), Eq. (S13) becomes1601

F̃interband ≈
α

16(2− α)3
J2
z

J2
longN

1−αrα+1
∝ J2

z

J2
longN

1−αrα+1
.

(S14)
For periodic boundary conditions, the prefactor is mod-1602

ified, but the scaling behavior is unchanged. In effect,1603

the Kac prescription replaces the 1/N3−3α scaling in1604

Eq. (S13) caused by the divergent energy gap, replacing1605

it with a much milder 1/N1−α scaling arising purely from1606

the weakened interaction strength. While the interband1607

leakage still strictly vanishes in the thermodynamic limit,1608

the Kac prescription causes it to vanish at a significantly1609

slower rate.1610

5. Numerical Investigation of the Interband Signal1611

Here we test our analytical results for the interband sig-1612

nal numerically, specifically checking the spatial depen-1613

dence and the dependence on Jx, N , and α.1614

Scaling with distance: We compute the time-averaged1615

Frobenius norm, t ∈ [0, 0.2], for open boundary condi-1616

tions (OBC) at fixed interaction strength Jx = 5 and1617

system size N = 18. The upper panel of Fig. S19 shows1618

the spatial dependence of the signal for several long-1619

range interaction exponents α. The signal decreases with1620

distance from the initial excitation and is well described1621

by an approximate power-law decay over intermediate1622

distances. Fitting the tails of the numerical data with1623

a power law ∼ rm yields exponents that for 0 < α < 11624

closely follow the TDPT prediction of Eq. (S13) with1625

m = −α − 1. This behavior is summarized in the1626

lower panel of Fig. S19, where the numerically extracted1627

exponents are compared directly against the analytical1628

prediction.1629

1630

Scaling with N : To study the thermodynamic sup-1631

pression of interband nonlocality, we compute the1632

time-averaged Frobenius norm, t ∈ [0, 0.2], at a fixed1633

probe site r = 7 while varying the system size N under1634

periodic boundary conditions for the initial states (2; 3)1635

in band 1. The upper panel of Fig. S20 shows that the1636

interband signal decreases systematically with increas-1637

ing system size for all interaction exponents studied.1638

Power-law fits of the form ∼ Np support Eq. (S13). The1639

extracted scaling exponents are summarized in the lower1640

panel of Fig. S20, where they are compared against the1641

analytical TDPT prediction of Eq. (S13), p = 3α − 3.1642
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FIG. S19. Top: Time-averaged interband Frobenius norm
in the interval t ∈ [0, 0.2], as a function of distance r for
open boundary conditions with N = 18, Jx = 20, and ini-
tial states (2; 3) in band 1. Curves are shown for α =
0.2, 0.5, and 0.9. Dotted lines denote power-law fits over
the intermediate-distance fitting window used in the analysis.
The extracted exponents are consistent with an approximate
decay ∼ r−(α+1), as given by Eq. (S13). Bottom: Ex-
tracted spatial decay exponent m obtained from power-law
fits, for the data shown in the panel on top. Numerical fit ex-
ponents are plotted as a function of α and compared against
the analytical prediction m = −α − 1 (dashed line). The
agreement supports the TDPT prediction that for α > 0, the
interband signal falls off with distance as r−(α+1).

The numerical results are broadly consistent with the1643

predicted scaling relation.1644

1645

Scaling with α: In the strongly long-range regime (α≪1646

1), the α dependence in the denominator of Eq. (S13),1647

N3−3αrα+1, is subleading compared to the linear α fac-1648

tor in the numerator. The dominant overall scaling be-1649

havior is then governed strictly by lnFinterband ∼ lnα1650

or Finterband ∼ α. This scaling behavior is corroborated1651

numerically in Fig. 1(h) in the main text, where the time-1652

averaged interband signal at site j = 10 is plotted against1653

α, demonstrating that the signal strength scales linearly1654

as ∼ α for α < 1. For α > 1, the factors in the denomi-1655

nator of Eq. (S13) dominate the α dependence, and the1656

signal rapidly decays to zero.1657

Scaling with Jx: Fig. S21 shows the Frobenius norm1658

signal at a fixed site r = 13 for N = 15 and α = 0.5.1659

In addition to the band-1 initial states, results are shown1660

for initial states in bands 2 and 3. In all cases, the initial1661

excitations are far from site 13, so intraband contribu-1662

tions are negligible, and the interband signal dominates.1663

In all cases we observe ∼ J−2
x scaling of the signal for1664

large Jx, consistent with Eq. (S13).1665
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FIG. S20. Top: Time-averaged interband signal, t ∈ [0, 0.2],
at fixed probe site r = 7 as a function of system size N
for periodic boundary conditions with initial states (2; 3) and
Jx = 5. Curves are shown for α = 0.2, 0.5, and 0.9. Dashed
lines denote power-law fits of the form ∼ Np. Bottom: Ex-
tracted system-size scaling exponent p obtained from power-
law fits, Np, for the data shown in the top panel. Numerical
exponents are plotted as a function of α and compared against
the TDPT prediction p = 3α− 3 (dashed line). The observed
agreement supports the analytical prediction.

FIG. S21. Interband nonlocality at α = 0.5 scales as
∥∆ρn(t)∥interbandF ∼ J−2

x . The signal at site 13, time-
averaged over t ∈ [0, 2], is shown for configurations initialized
to b1(2; 3), b2(2, 5; 3, 5) and b3(2, 5, 7; 3, 5, 7) for N = 15.

6. The Interband Signal for α = 01666

The interband signal in Eq. (S13) vanishes for the spe-1667

cial case of α = 0. Physically, this is due to the fact1668

that the two-body interaction is all-to-all, independent1669

of distance, and thus ∆Wm in Eq. (S8) does not actu-1670

ally depend on the initial excitation position m. Thus,1671

one may think that the interband signal vanishes in this1672

special case. However, in Fig. S22, we see that there is1673

indeed a nonzero signal, and the signal decays either with1674

the same J−2
x scaling as in the α > 0 case (illustrated in1675

Fig. S21) or with the faster J−3
x decay for b = 1. Despite1676

an apparent similarity, the origin of the interband signal1677

is quite different for α = 0.1678

The dominant effect for α > 0, considered in Sec. S3 31679

above, arises from jumps out of the initial band, e.g.,1680

FIG. S22. Interband nonlocality at α = 0
scales as ∥∆ρn(t)∥interbandF ∼ J−2

x . The signal at
site 13, time-averaged over t ∈ [0, 2], is shown for
configurations initialized to b1(2; 3), b2(2, 5; 3, 5),
b3(2, 5, 7; 3, 5, 7), b5(2, 5, 7, 9, 11; 3, 5, 7, 9, 11), and
b7(2, 5, 7, 9, 11, 13, 15; 3, 5, 7, 9, 11, 13, 15) for N = 15.

from band 1 to band 3, through creation of an excitation1681

pair. For α = 0, on the other hand, the dominant process1682

is a virtual process where a pair is destroyed and another1683

pair is created, ending up in a final state that is in the1684

same band as the initial state (with no energy gap).1685

As a toy model, one can take periodic boundary condi-1686

tions (so that the V term in the Hamiltonian is position-1687

independent) and consider a 4-dimensional Hilbert space1688

spanned by the vacuum state |b = 0⟩ and three band-21689

states that are separated from it by energy 4NJx: |1, 2⟩,1690

|1, 3⟩, and |r − 1, r⟩ for some r ≥ 5. States |1, 2⟩ and1691

|r−1, r⟩ are directly coupled to the vacuum state |b = 0⟩1692

via pair creation/annihilation, proportional to Jz, while1693

states |1, 2⟩ and |1, 3⟩ are coupled to each other by the1694

hopping term, also ∝ Jz. Here we start in state |1, 2⟩ or1695

|1, 3⟩ and study the probability of an excitation appear-1696

ing at site r, which in the toy model is just the probability1697

of being in state |r − 1, r⟩. In this case, one can confirm1698

analytically that after averaging over oscillations at short1699

times t ∼ 1/(NJx), the time-averaged probabilities and1700

their difference scale as J2
z /(NJx)

2.1701

The scaling Finterband ∼ J−2
x for α = 0 is observed in1702

Fig. S22, for initial states in bands 2, 3, 5, and 7. In each1703

case, the interband signal arises from a virtual process1704

where an excitation pair in an initial state in band b is1705

annihilated and a distant pair at sites r− 1, r is created.1706

Notably, the distant pair can be created at any distance1707

with equal probability; thus, the interband signal for α =1708

0 is position-independent, in contrast with the ∼ r−1−α
1709

falloff with distance from the source in the α > 0 case,1710

seen in Eq. (S13).1711

Of course, this virtual process is not available for initial1712

states in band b = 1, since there is no initial pair to an-1713

nihilate. In this special case, the ∼ J−2
x interband signal1714

is absent, and the leading contribution to the Frobenius1715

norm signal appears at higher order, Finterband ∼ J−3
x .1716
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Appendix S4: Competition Between Intraband and1717

Interband Dynamics and the Critical Controllability1718

Regime1719

In this section, we estimate the parameter space wherein1720

the causal landscape can be controllable, meaning that1721

the programmable nonlocal signal dominates over the un-1722

programmable background noise. To estimate a bound-1723

ary, we compare the algebraic decay profiles of the in-1724

traband and interband Frobenius norms derived in the1725

preceding sections.1726

A key conceptual distinction between the two behaviors1727

lies in their respective temporal evolution. The unpro-1728

grammable interband signal Finterband is driven by virtual1729

transitions across a large energy gap ∆E ∼ JxN
1−α. It1730

undergoes extremely fast fluctuations on a microscopic1731

timescale τ ∼ 1/∆E, quickly saturating to a persis-1732

tent, time-averaged steady-state background floor. Con-1733

versely, the programmable intraband signal Fintraband1734

represents resonant, physical particle transport governed1735

by the kinetic hopping rate Jz. It grows continuously for1736

short times as a power law (t4), and we can evaluate it1737

at the relevant transport timescale t ∼ 1/Jz.1738

Therefore, a controllable causal light cone requires1739

that at the characteristic transport timescale, the pro-1740

grammable signal must overcome the time-averaged in-1741

terband noise floor:1742

Fintraband

(
t ∼ 1

Jz

)
> Finterband. (S1)

Dropping purely numerical prefactors to focus on the1743

scaling with respect to the system parameters, the two1744

foundational behaviors follow:1745

Fintraband(t) ∼ t4J2
zJ

2
xr

−(2α+3)
0 , (S2)

Finterband ∼ J2
zJ

−2
x N−3(1−α)r

−(α+1)
0 , (S3)

where α < 1 represents the long-range interaction expo-1746

nent, N is the system size, and r0 is the spatial separation1747

between the source and target sites.1748

Below, we estimate an upper bound for the critical radius1749

below which the causal landscape is controllable without1750

and with the Kac rescaling prescription.1751

1. Regime Without Kac Rescaling1752

When the long-range coupling strength Jx is held con-1753

stant as N → ∞, substituting the characteristic trans-1754

port time t = 1/Jz into the short-time expansion of the1755

intraband signal yields:1756

Fintraband

(
t ∼ 1

Jz

)
∼ J−2

z J2
xr

−(2α+3)
0 . (S4)

Demanding that this signal dominates the interband1757

background gives the inequality:1758

J−2
z J2

xr
−(2α+3)
0 > J2

zJ
−2
x N−3(1−α)r

−(α+1)
0 . (S5)

Isolating the distance variable r0 allows us to extract a1759

critical distance, rc, below which the system remains con-1760

trollable:1761

rα+2
0 <

(
Jx
Jz

)4

N3(1−α), (S6)

which provides the scaling behavior for the critical radius1762

of controllability:1763

rc ∼

[(
Jx
Jz

)4

N3(1−α)

] 1
α+2

. (S7)

Because 1−α > 0 for all long-range profiles in this regime,1764

the term N3(1−α) diverges in the thermodynamic limit.1765

As a result, rc → ∞ as N → ∞. This implies that1766

without Kac rescaling, the unprogrammable background1767

noise is perfectly suppressed by the interband energy gap,1768

rendering the entire macroscopic length of the chain con-1769

trollable.1770

2. Regime with Kac Rescaling1771

To maintain an extensive total energy as the system1772

size scales up, the standard Kac prescription rescales1773

the long-range coupling parameter such that Jx ∼1774

Jlong/N
1−α, where Jlong is kept constant. Under this1775

transformation, the scaling profiles of our signals are al-1776

tered:1777

Fintraband

(
t ∼ 1

Jz

)
∼ J−2

z J2
longN

−2(1−α)r
−(2α+3)
0 ,

(S8)

Finterband ∼ J2
zJ

−2
longN

−(1−α)r
−(α+1)
0 . (S9)

Notice that due to the regularization of the global en-1778

ergy gap, the interband noise now falls off much more1779

slowly with system size (∼ N−(1−α)). Crucially, the pro-1780

grammable intraband signal now explicitly decays with1781

system size as N−2(1−α).1782

Setting up the inequality under the Kac prescription1783

gives:1784

N−2(1−α)r
−(2α+3)
0 >

(
Jz
Jlong

)4

N−(1−α)r
−(α+1)
0 . (S10)

Solving for the new boundary of the controllable region1785

gives:1786

rα+2
0 <

(
Jlong
Jz

)4
1

N1−α , (S11)

so the critical distance under Kac rescaling becomes:1787

rc ∼

[(
Jlong
Jz

)4
1

N1−α

] 1
α+2

. (S12)
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Since 1 − α > 0, in the strict thermodynamic limit1788

(N → ∞), the critical radius shrinks to zero (rc → 0).1789

This occurs because the programmable signal decays1790

faster with system size than the unprogrammable back-1791

ground noise floor (N−2(1−α) ≪ N−(1−α)).1792

Thus, under a standard Kac rescaling, localized nonlo-1793

cality cannot survive in the infinite-size limit for a fixed1794

α < 1.1795

Appendix S5: Validity of the Projected Hamiltonian1796

and Interband Leakage1797

To justify the use of the projected Hamiltonian Ĥb
eff , we1798

analyze the stability of the isolated band b = 1 against1799

leakage into the b = 3 manifold.1800

Using first-order time-dependent perturbation theory,1801

the transition probability from the initial state in band b1802

to a specific final state |ψf ⟩ in band b+2 is given by the1803

time-averaged rate:1804

P i→f ≈
2|⟨ψf |Ĥ|ψi⟩|2

∆E2
, (S1)

where ∆E ∼ JxN
1−α represents the energy gap be-1805

tween bands. Given the interband coupling strength1806

|⟨ψf |Ĥ|ψi⟩| ∼ Jz and the presence of ∼ N reachable1807

states in the higher manifold, the total global leakage1808

probability Pleak =
∑
f P i→f scales as:1809

Pleak ∼
(
Jz
Jx

)2

N2α−1. (S2)

For α > 1/2, this global probability diverges with system1810

size N , suggesting that the global wave function mixes1811

significantly.1812

Despite this global mixing, the projected Hamiltonian1813

provides a valid description for local differential observ-1814

ables (e.g., the Frobenius norm ∥∆ρn(t)∥F ) for all α < 1.1815

Indeed, the local leakage density ⟨n̂n⟩leak ∼ Pleak/N ∼1816

N2α−2 strictly vanishes as N →∞ for all α < 1.1817
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