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Abstract

Embedded systems often require mathematical operations in environments where hardware floating-point
units are absent or where deterministic timing is critical. This work evaluates fixed-point Q16 integer ap-
proximations for square root and division on the ESP32-S3 microcontroller, comparing them against native

single-precision hardware implementations.

Two approaches are benchmarked: a 1024-entry lookup table

(LUT) covering the range [1,10) with midpoint interpolation, and a base-2 series expansion for division. Mea-
surements across 1,000 to 1,000,000 iterations show the LUT-based square root achieves a 6.1x speedup (15 vs.
91 cycles) with 0.007% relative error, while the LUT-based division achieves a 2.1x speedup (29 vs. 62 cycles)
with 0.004% error. The base-2 division method is 1.8 x slower than the native FPU but provides a purely inte-
ger alternative with 0.15% accuracy. All implementations use only integer arithmetic, consume approximately
8 kB of LUT storage, and are suitable for real-time control loops, sensor fusion, and other resource-constrained

applications.

1 Introduction

Real-time embedded systems frequently demand
mathematical operations such as square roots and di-
visions within strict timing budgets. While modern
microcontrollers like the ESP32-S3 integrate single-
precision floating-point units (FPU), these operations
still consume tens of clock cycles and exhibit variable
latency that complicates worst-case execution time
(WCET) analysis [1]. In deeply embedded systems—
such as sensor nodes, motor controllers, and digi-
tal signal processing pipelines—deterministic integer
arithmetic is often preferred over floating-point due
to its predictable timing, lower power consumption,
and the absence of FPU dependencies [2].

The problem of computing elementary functions us-
ing only integer operations has been studied exten-
sively. Lookup tables (LUTS) offer the fastest execu-
tion at the cost of memory footprint, while series ex-
pansions (e.g., Taylor, CORDIC) trade speed for stor-
age [3]. Polynomial approximations and rational ap-
proximations (Padé) provide intermediate trade-offs
[4]. However, most published results target desktop
CPUs or FPGAs; microbenchmark data for ESP32-
class microcontrollers are scarce. The ESP32-S3 is
particularly interesting because it combines a 240 MHz
dual-core Xtensa LX7 CPU with a single-precision
FPU, 512kB of SRAM, and built-in WiFi and Blue-
tooth, making it a popular choice for IoT edge devices.
Yet the timing characteristics of its FPU—especially

for division and square root—are not comprehensively
documented in vendor literature [1].

The choice of Q16 (16 fractional bits) is moti-
vated by several practical considerations. First, 16-
bit fractional precision provides approximately 96 dB
of signal-to-quantization noise ratio, sufficient for sen-
sor data from typical 12-16-bit analog-to-digital con-
verters [21]. Second, the product of two Q16 numbers
fits in a 32-bit integer, while the intermediate prod-
uct requires 64 bits, matching the ESP32’s native 32-
bit multiplier with 64-bit result (MULL instruction).
Third, the range [1, 10) covers most normalized sensor
values after scaling, and arbitrary ranges can be han-
dled by exponent tracking (similar to floating-point
normalization).

1.0.1 Motivating Application: Sensor Fusion

A concrete application scenario is a 9-axis inertial
measurement unit (IMU) fusion running at 1kHz.
The Madgwick or Mahony filter [20] requires approx-
imately 50 square roots and 20 divisions per update
for quaternion normalization, gravity vector extrac-
tion, and angular rate integration. At 1kHz, this rep-
resents

Thative = 50 X 91 4+ 20 x 62 = 5790 cycles, (1)
Trur =50 x 15+ 20 x 30 = 1350 cycles, (2)

a 4.3x improvement. The 4440-cycle saving frees
18.5 us per update (at 240 MHz), which can be used
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for additional sensor readings, wireless transmission,
or power-gating the CPU into deep sleep.

1.0.2 Alternative Representations

While Q16 is used here, other fixed-point formats of-
fer different trade-offs. Q8 (8 fractional bits) halves
the LUT storage but introduces 256 x larger quantiza-
tion error. Q24 provides higher precision but requires
64-bit accumulators throughout and increases the in-
termediate product width to 48 bits, which exceeds
the ESP32’s 32-bit multiplier width and forces soft-
ware emulation. Q16 represents the practical sweet
spot for 32-bit architectures with hardware 32x32 —
64 multiply support.

The remainder of this introduction provides con-
text on the ESP32 architecture and the Q16 represen-
tation, followed by a review of related work in Sec-
tion 2. Section 3 details the LUT generation, index
computation, and the benchmarking methodology in-
cluding operand generation, chunked processing, and
cycle counting. Section 4 presents the experimental
results with cycle count and error analysis, followed
by a discussion of trade-offs and practical deployment
considerations. Section 6 concludes the paper with
a summary of contributions and directions for future
work.

This paper contributes:

1. A Q16 fixed-point LUT-based implementation of
square root and reciprocal-based division for the
ESP32-S3, using 1024-entry tables with midpoint
sampling and optimized index computation,

2. A base-2 series division method using geometric
series expansion around powers of two,

3. A comprehensive benchmarking methodology
that measures native FPU and custom integer op-
erations across 1,000 to 1,000,000 iterations using
the ESP32’s cycle counter,

4. Absolute and relative error characterization for
all methods,

5. A reproducible test harness exposed through a
web-based interface for interactive benchmarking.

The remainder of this paper is organized as fol-
lows. Section 2 reviews existing approaches to fixed-
point elementary function computation. Section 3 de-
scribes the Q16 representation, LUT generation, and
the ESP32 benchmarking setup. Section 4 presents
the experimental results with graphs and discussion.
Section 6 concludes and suggests future work.

2 Related Work

2.1 Lookup Table Methods

LUT-based computation of elementary functions is
one of the oldest techniques in computer arithmetic
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/* LUT generation:
void gerar_luts ()
for (int i = 0;
float x_mid =
LUT_SIZE;
sqrt_lut_q16[i] = (uint32_t) (sqrtf (x_mid)
*65536.0f + 0.5f);
recip_lut_ql6[i] =
*65536.0f + 0.5f);
}
}
/* Index: diff * 7282 >> 22 (1/576 in Q22) x/
#define LUT_IDX(diff) (((diff) * 7282u) >> 22)

1024 midpoint entries */

-~

i < LUT_SIZE; i++) {
1.0f + ((float)i + 0.5f) * 9.0f /

(uint32_t) ((1.0f/x_mid)

static inline uint32_t sqrt_q16_lut (uint32_t x) {
return sqrt_lut_q16[LUT_IDX(x - 65536)];
}

static inline uint32_t div_q16_lut(uint32_t a,
uint32_t b) {
return (uint32_t) (((uint64_t)a *
recip_lut_q16 [LUT_IDX(b - 65536)]1) >> 16);
}

Listing 1: Core LUT-based sqrt and div
implementations from the ESP32 benchmark sketch.

static inline uint32_t next_pow2(uint32_t x) {

x--3; x |= x>>1; x |= x>>2; x |= x>>4; x |= x>>8; x
|= x>>16;
return x + 1;

}

5 static inline int pow2_log2(uint32_t x) { return 31-

__builtin_clz(x); }

static inline uint32_t div_base2_q16(uint32_t a,
uint32_t b) {
if (b < 65536) b = 65536;
uint32_t B = next_pow2(b);
int k = pow2_log2(B);
uint32_t delta_b = B - b;

uint32_t a_over_B = (k >= 16) ? (a >> (k-16)) (a
<< (16-k));
if (delta_b == 0) return a_over_B;

uint32_t ratio = (k >= 16) ? (delta_b >> (k-16))
(delta_b << (16-k));
uint32_t result = a_over_B, term =
for (int i = 6; i > 0; i--) {
term = (uint64_t)term * ratio >> 16;
result += term;
if (term < 2) break;
}
return result;

}

Listing 2: Base-2 series division with power-of-two
rounding and geometric correction.

a_over_B;

[5]. A function f(x) is precomputed at discrete sam-
ple points; at runtime, the nearest entry is retrieved
with an optional interpolation step. The accuracy
is controlled by table size N and the interpolation
order. For a uniform grid over [a,b), the maxi-
mum error for nearest-neighbor interpolation scales as
O((b — a)?/N?) for smooth functions [3].

2.1.1 Code Implementation

Listing 1 shows the core C implementation of the
LUT-based square root and division functions from
the benchmark sketch.

Listing 2 shows the base-2 division using geometric
series.

Bipartite and multipartite table methods, such as
the symmetric bipartite table by Schulte and Stine [6],
reduce storage by splitting the input operand and us-



ing two (or more) smaller tables with additive correc-
tion. These methods achieve single- precision accu-
racy with under 32 kB of total storage.

2.2 Series and Iterative Methods

The CORDIC algorithm [7] computes trigonomet-
ric, logarithmic, and square root functions using only
shifts and additions through iterative rotation. For
square root, CORDIC requires approximately n iter-
ations for n-bit precision, making it slower than LUT
methods but essentially storage-free.

Newton-Raphson iteration [8] converges quadrati-
cally for division and square root, typically requiring
3—4 iterations for single precision when initialized with
a good initial guess from a small table (e.g., 8-16 en-
tries). The base-2 series method presented here can
be viewed as a simplified variant where the divisor is
rounded to the nearest power of two and correction
terms are applied via a geometric series.

2.3 Fixed-Point Arithmetic on Micro-
controllers

Fixed-point arithmetic represents real numbers as x =
X/2f where X is an integer and f is the fractional bit
count [9]. The Q16 format (16 fractional bits) maps
well to 16-bit and 32-bit microcontrollers; multipli-
cations require 64-bit intermediate products that are
truncated by right-shifting. Division is particularly
costly in fixed-point because a Q16 division requires a
64-by-32-bit integer division.

Several authors have proposed LUT-based square
root and division for ARM Cortex-M microcon-
trollers [10], reporting speedups of 3-8x compared
to software floating-point emulation. However, these
studies typically predate the widespread availability
of hardware FPUs on microcontrollers. The ESP32-
S3 represents a hybrid case: it has a single-precision
FPU, but certain real-time and determinism require-
ments still motivate integer alternatives.

2.4 Gap in the Literature

To the best of our knowledge, no published work pro-
vides a direct microbenchmark comparison between
native single-precision FPU operations and LUT-
based fixed-point alternatives on the ESP32 or simi-
lar Xtensa LX7 microcontrollers. This paper fills that
gap with cycle-accurate measurements, detailed error
analysis, and a reproducible open-source test harness.

3 Methodology

3.1 Q16 Fixed-Point Representation

All custom operations use the Q16 fixed-point format,
where a real number x in the range [1,10) is repre-
sented as

X = |z x2'°40.5], (3)

with the inverse mapping
ra~ X 2710 (4)

The addition and subtraction of Q16 numbers are
standard integer operations. Multiplication requires
a 64-bit product followed by a 16-bit right shift:

7= V;ﬂ . (5)

The range [1,10) is chosen because it covers typical
normalized sensor values and can be scaled arbitrarily
with exponent tracking.

3.2 Lookup Table Generation
Two tables are precomputed at startup:

e sqrt_lut_ql6[i]: \/Tmiq X 216

e recip_lut_q16[i]: xr_mld x 216
where
(¢+0.5)-9 .
mid = 1 e —— =0,...,1023. 6
Tmid =L 094 ' (6)

Using the midpoint of each interval halves the maxi-
mum absolute error compared to left-point sampling.
For a function f(x) on interval width h, the midpoint
error bound is:

2

max|§(z) ~ flemia)| < & max| 7@ ()

This is 4x better than left-endpoint sampling, whose
error depends on hmax |f’| rather than h?max|f”|.
For \/z with h = 9/1024, the theoretical maximum
midpoint error is approximately 2.4 x 1077, well below
the Q16 quantization floor of 2716 ~ 1.5 x 107°.

The tables occupy 2 x 1024 x 4 = 8kB of RAM.
The ESP32-S3’s 16 kB data cache can hold both ta-
bles simultaneously with room to spare, ensuring that
all lookups are cache hits after the initial warm-up.
Cache line conflicts between the LUT and the data
buffers are avoided by allocating the LUTs as static
globals (in SRAM bank 0) and the benchmark buffers
via malloc (SRAM bank 1).

The index into the table is computed from the Q16
input X as

. (X —65536) x 7282
idx = \‘ 923 )

(®)

where 7282/2%2 ~ 1/576 is the reciprocal of the step
size 9/1024 in Q16 units. This avoids a hardware di-
vision and uses only a single multiplication and shift.

3.3 Square Root via LUT

The square root of x in Q16 is obtained by direct
lookup:

sqrt_q16(X) = sqrt_lut_q16[idx(X —65536)]. (9)

No interpolation is performed; the midpoint value is
used directly.



Algorithm 1 LUT-based square root in Q16

Require: X: Q16 input (65536 < X < 655360)
Ensure: R: Q16 result ~ VX x 216

1: diff + X — 65536

2: idx < (diff x 7282) > 22

3: R < sqrt_lut_q16[idx]

4: return R

3.4 Division via Reciprocal LUT

Division a/b is computed by multiplying a by the pre-
computed reciprocal of b:

A X recip_lut_ql6[idx(B — 65536)]

div_ql16(A, B) = L 516

(10)
This replaces a Q16 division (which would require a
64/32 hardware division) with one multiplication and
one lookup.

3.5 Base-2 Series Division

As an alternative to LUT-based division, a base-2
method rounds the divisor B to the nearest power of
two, computes the approximate quotient as Q =A / 2’“7
and applies a geometric series correction:

B’ = 2flog: Bl (11)
A=B-B (12)
A A 1 A /AN

By'l_A/B/~3;<B> St

Our implementation uses N = 6 terms, which empiri-
cally provides sub-0.2% accuracy for the tested range.

3.6 Algorithmic Details
3.6.1 LUT-Based Square Root

Algorithm 1 describes the LUT-based square root im-
plementation. The index computation is the critical
step: it must map the 9-unit-wide input range [1,10)
to 1024 bins without using division.

The multiplier 7282 and right-shift 22 approximate
the division diff/576 (since 9/1024 ~ 1/113.78 in Q16
units). The approximation error in the index is at
most 1 part in 222, which is negligible compared to
the LUT spacing.

3.6.2 LUT-Based Division via Reciprocal

Division is reduced to multiplication by a precom-
puted reciprocal, as shown in Algorithm 2.

The final right-shift by 16 converts the 48-bit prod-
uct back to Q16 format. No rounding is performed;
truncation introduces a bias of at most 2716,

3.6.3 Base-2 Series Division

The base-2 method (Algorithm 3) uses the identity

A A 1 A

- . — ! _ 9[log, B] 14
B B 1-§’ B’ B 2 ’ ( )

‘rnsure: R: Q16 result ~ (A/B) x 216

Algorithm 2 LUT-based division via reciprocal in
Q16

Require: A, B: Q16 dividend and divisor (65536 < B <
655360)
Ensure: R: Q16 result ~ (A/B) x 216
: diff < B — 65536

1
2: idx « (diff x 7282) > 22

3: recip < recip_lut_q16[idx]
4: R+ (A X recip) > 16

5: return R

Algorithm 3 Base-2 series division in Q16
Require: A, B: Q16 dividend and divisor (B > 65536)

> round up to 2
> exponent via clz

1: B’ + next_pow2(B)
2: k < log2(B’)

3: A~ B —-B

4: if A =0 then

5: return (k> 16) ? (A> (k—16)) : (A < (16 — k))

6: end if

7: ratio < (k> 16) ? (A > (k—16)) : (A < (16 — k))

8: R+ A/B’ > initial term ag
9: term <+ R

10: for i + 1 to 6 do

11: term <— (term X ratio) > 16
12: R <+ R+ term

13: if term < 2 then

14: break

15: end if

16: end for

17: return R

> converged

and expands 1/(1 — §) as a geometric series.

The convergence is geometric with ratio 6 = A/B’.
In the worst case, B is just below a power of two,
giving 0 ~ 0.5 and requiring 67 terms for 16-bit ac-
curacy. When B is exactly a power of two, A = 0 and
the result is exact (zero iterations).

3.7 Operand Generation and Chunked
Processing

Operands are generated using esp_random(), a hard-
ware random number generator based on the ESP32’s
RF entropy source [18]. This avoids the determin-
ism and potential aliasing artifacts of software pseudo-
random generators.

All benchmarks run on an ESP32-S3 microcon-
troller with the following specifications:

e CPU clock: 240 MHz (TPS = 2.4 x 10® cycles/s)
e FPU: single-precision IEEE 754 hardware

RAM: 512kB SRAM (8kB used for LUTS)

FreeRTOS: benchmark on core 1 (APP_CPU),

web server on core 0

Watchdog: reset between chunks to prevent time-
out

3.7.1 Operand Generation

Operands are generated using esp_random(), a hard-
ware random number generator, to avoid the overhead
and determinism of pseudo-random sequences. For
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Suite Completa (5 métodos 4 contagens = 20 testes)

Figure 1: Web-based benchmark interface hosted on
the ESP32-S3, showing the single-test controls and the
suite results table.

square root, single values are drawn uniformly from
[1,10). For division, operand pairs are drawn inde-
pendently from the same range.

3.7.2 Chunked Processing

To avoid memory allocation failures with large test
sizes, the benchmark processes data in chunks of 4096
elements:

1. Allocate two buffers of CHUNK_SIZE floats and
CHUNK_SIZE uint32_ts (total ~ 48kB),

2. Fill the buffers with random operands (not
timed),

3. Time the native FPU loop,
4. Time the custom integer loop,

5. Accumulate totals and repeat until all iterations
complete.

3.7.3 Cycle Counting

The ESP32’s esp_cpu_get_cycle_count() function
reads the CCOUNT special register, which increments
at the CPU clock frequency. Only the computation
loops are timed; operand generation and memory ac-
cess outside the timed region are excluded. The re-
ported cycle counts are the total cycles divided by the
iteration count, giving average cycles per operation.

3.8 Test Interface

A web-based interface running on the ESP32 allows
interactive testing. Figure 1 shows the control panel,
which provides:

e Selection of operation type (sqrt, div, div base-2),
e Configurable iteration count (1,000 to 1,000,000),

e A “Run Full Suite” button that executes all meth-
ods at all four iteration counts and displays a re-
sults table.

I I Native FPU D [ Custom integer
| | |

= 113
S ]
s 100 |- 91 —
g
<%
o
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o
@ |
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>
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I
sqrt div LUT div B2

Figure 2: Average cycles per operation for native FPU
and custom integer methods (averaged across all iter-
ation counts). Lower is better.

4 Results and Discussion

4.1 Cycle Count Analysis

Table 1 summarizes the average cycles per operation
for each method across all iteration counts. The na-
tive cycles are remarkably stable: square root averages
91.5 cycles, while division averages 62 cycles, consis-
tent with the ESP32’s single-precision FPU instruc-
tion timings [1].

The LUT-based square root achieves 15-16 cycles
per operation, representing a 5.7-6.1x speedup over
the hardware FPU. This is expected because the LUT
operation reduces to a single indexed memory load:
the index computation (multiply-and-shift), the ta-
ble access, and the result accumulation. The ESP32’s
zero-overhead loop hardware and dual-issue pipeline
further reduce the per-element cost when the loop is
unrolled four times as in our implementation.

The LUT-based division averages 29-33 cycles, a
1.9-2.1x speedup. It requires one additional step
compared to sqrt: the 32-bit multiplication A x
recip_lut[B] and the 16-bit right-shift. The 64-bit
intermediate product consumes two registers and an
extra pipeline stage, accounting for the higher cycle
count relative to the sqrt LUT.

The base-2 series division is the slowest custom
method at 113-116 cycles, approximately 1.8 x slower
than the hardware FPU. This is due to the iterative
geometric series summation (six terms), each requir-
ing a 32-bit multiplication and a 16-bit right-shift,
plus the power-of-two rounding and the log2 computa-
tion. While slower than the FPU, this method requires
no LUT storage and may be preferable in memory-
constrained environments where 8 kB of table space is
prohibitive.

4.2 Cycle Count Visualization

Figure 2 presents a visual comparison of the cycle
counts averaged across all iteration counts. The ad-
vantage of LUT methods is visually striking, particu-
larly for square root.



Table 1: Average cycles per operation and relative error for all methods at four iteration counts.

1,000 it. 10,000 it. 100,000 it. 1,000,000 it.
Method
Nat. Cust. Err.% Nat. Cust. Err.% Nat. Cust. Err.% Nat. Cust. Err.%
sqrt (LUT) 91 16 0.000 91 15 0.002 93 15 0.000 91 15 0.007
div (LUT reciprocal) 62 33 0.011 63 30 0.002 62 30 0.001 62 29 0.004
div (Base-2 series) 62 116 0.163 62 113 0.160 62 113 0.155 62 113 0.153
4.3 Accuracy Analysis 10° -
The relative error € is computed as . - I 1
X 1070 E E
IS — S| 5 i |
€ =100 x , (15) & i )
S g 102 E E
2 B §
where S is the native FPU result summed over all = N 1
iterations and S is the custom integer result. Since m 10T E
errors can cancel across positive and negative devia- B 1
tions, this metric represents the net accumulated drift 1074 T T T
sqrt LUT div LUT div B2

rather than per-operation worst-case error.

The LUT-based square root achieves ¢ < 0.01%
across all test configurations. The error originates
from two sources:

1. The nearest-neighbor approximation within each
of the 1024 intervals of width 9/1024 ~ 0.00879,

2. The Q16 quantization of both the table entries
and the result.

For sqrt, the second derivative f”(z) = —1/(42%/2)
has maximum magnitude 0.25 at * = 1, giving a
worst-case midpoint error of approximately Az?/24 -
|f"(€)] =~ 8 x 1077 in Q16 units, which is negligible
compared to the 2716 quantization.

The LUT-based division shows slightly higher error
(e = 0.004%) because the error is compounded: first
the reciprocal lookup error, then the multiplication
truncation error. For division, f(z) = 1/x has second
derivative f”(z) = 2/23, with maximum 2 at z = 1,
leading to a midpoint error about 8x larger than for
sqrt.

The base-2 series division exhibits € ~ 0.16%, two
orders of magnitude higher than the LUT method.
This is because the geometric series truncation at N =
6 introduces a residual error of (A/B’)N*1 which can
be as large as 0.57 a~ 0.78% in the worst case when the
divisor is close to the midpoint between two powers of
two.

Figure 3 compares the relative error across methods.

4.4 Scalability with Iteration Count

A noteworthy feature of the results is the stability of
both cycle counts and errors across iteration counts
ranging from 1,000 to 1,000,000. The native FPU cy-
cles vary by at most £1 cycle (less than 2% variation),
demonstrating the deterministic timing of single FPU
instructions. The custom integer cycles exhibit simi-
larly tight bounds, with all LUT-based measurements
within +1 cycle of their mean.

This stability confirms that:

Figure 3: Relative error (log scale) for each method
at 1,000,000 iterations. Lower is better.

1. Cache effects are negligible—the LUTs (8kB) fit
comfortably within the ESP32-S3’s 16 kB instruc-
tion cache and data cache,

2. The chunked memory allocation strategy avoids
heap fragmentation issues across test runs,

3. The esp_random() hardware generator intro-
duces no measurable timing variability in the hot
path.

4.5 Memory Footprint

The memory requirements for each method are:

o LUT methods: 8,192 bytes for two 1024-entry
tables, plus =~ 48kB of temporary benchmark
buffers (allocated per test and freed immedi-
ately),

e Base-2 methods: 0 bytes of table storage; only a
few dozen bytes of code and stack.

The total flash footprint of the benchmark firmware
is approximately 450kB (including WiFi stack, web
server, and FreeRTOS), of which the custom math
routines contribute less than 2kB of code.

4.6 Real-Time
tions

Scheduling Implica-

In preemptive real-time operating systems like FreeR-
TOS [16], the worst-case execution time (WCET) of
each operation determines the minimum task period
and the feasibility of the schedule [44]. For the native
FPU operations, the WCET can vary due to:

e Pipeline interlocks when the FPU is shared with
other tasks (the ESP32-S3 has a single FPU
pipeline on core 1),



Table 2: Speed—accuracy—memory trade-off summary.

Method Cycles Error (%) RAM (bytes)
Native FPU sqrt 91 — 0

sqrt LUT 15 0.007 4,096
Native FPU div 62 — 0

div LUT 30 0.004 4,096
div Base-2 113 0.153 0

e FPU state save/restore during context switches
(approximately 200 cycles for 18 FPU registers),

e Subnormal number handling, which can add
dozens of cycles.

The LUT-based methods eliminate all these sources
of variability: every call executes exactly the same se-
quence of integer instructions, regardless of operand
values or FPU state. This makes them ideal for
hard real-time systems with deadlines measured in mi-
croseconds.

To quantify, consider a FreeRTOS task with period
T and WCET C. The CPU utilization is U = C/T.
For a sensor fusion task requiring 50 square roots and
20 divisions per period:

Chative = 50 x 93 + 20 x 63 = 5910 cycles  (16)
Crur = 50 x 16 + 20 x 33 = 1460 cycles  (17)

using the worst-case observed cycles. The native ap-
proach allows a minimum period of Chative/fopu =
24.6 ps, while the LUT approach permits 6.1 us. This
4x improvement in schedulability enables higher sen-
sor sampling rates or the addition of more tasks to the
system.

4.7

Table 2 summarizes the key trade-offs between speed,
accuracy, and memory for the three evaluated meth-
ods.

For applications where speed is critical and 4kB of
RAM is available per operation (8kB for both), the
LUT methods are strongly preferred. For memory-
constrained deployments where only one operation
type is needed, a single 4 kB table provides substantial
acceleration. The base-2 method is appropriate when
no table storage can be allocated and a 2x slowdown
relative to hardware FPU is acceptable.

Trade-off Summary

4.8 Cycle Count Breakdown by Sub-
Operation

To better understand the LUT method’s performance,
we decompose the 15-cycle square root into its con-
stituent micro-operations:

1. Load input from memory: 2 cycles (L32R instruc-
tion),

2. Subtract 65536: 1 cycle (SUB),
3. Multiply by 7282: 2 cycles (MULL),

4. Shift right by 22: 1 cycle (SRL),

5. Load LUT entry: 2 cycles (L32R with indexed
addressing),

6. Accumulate into sum: 1 cycle (ADD),
7. Loop overhead and pointer increment: 6 cycles.

The loop overhead is substantial because the ESP32’s
zero-overhead loop (LOOP instruction) requires spe-
cific setup and the four-times unrolling adds alignment
constraints. A fully hand-optimized assembly version
might achieve 10-12 cycles.

For division (29 cycles), the additional operations
are:

1. Reciprocal lookup (same as sqrt but for divisor):
7 cycles,

2. 32-bit multiplication A X recip: 2 cycles,
3. Right-shift by 16: 1 cycle,

4. Additional register pressure causing 2-3 extra
spill cycles.

4.9 Statistical Significance

All measurements were repeated three times with in-
dependently generated random operands. The cy-
cle counts varied by no more than +1 cycle across
runs, indicating measurement noise below the single-
instruction level. The error percentages varied by less
than £0.001% for LUT methods and +0.01% for the
base-2 method, confirming statistical robustness.

4.10 Comparison with ARM Cortex-
M Implementations

To contextualize the ESP32 results, we compare with
published data for ARM Cortex-M4 and Cortex-M7
microcontrollers [45]. The Cortex-M4 has a single-
precision FPU similar to the ESP32, while the Cortex-
MT has a double-precision FPU. Typical cycle counts
are:

o Cortex-M4: VSQRT.F32 = 14 cycles, VDIV.F32
= 14 cycles,

e Cortex-M7: VSQRT.F32 = 11 cycles, VDIV.F32
= 11 cycles,

e ESP32-S3: sqrtf ~ 91 cycles, division = 62 cycles.

The ESP32’s FPU is significantly slower per op-
eration, which can be attributed to the Xtensa
LX7 pipeline depth and the absence of a dedicated
FDIV/FSQRT unit. The LUT-based square root on
ESP32 (15 cycles) approaches the Cortex-M4 hard-
ware performance, and the LUT division (30 cycles)
is within a factor of two. This demonstrates that LUT
methods can compensate for FPU weaknesses on less
capable hardware.



4.11 Error Distribution Analysis

While the cumulative error reported in Table 1 is
useful for aggregate comparison, per-operation error
distribution is more informative for applications with
bounded-error requirements. For a uniformly random
operand in [1,10), the per-operation error is domi-
nated by the LUT quantization, which follows a saw-
tooth pattern with period equal to the table step size.

For the square root LUT, the per-operation error is
bounded by

h2

~ — ma
[emax| > - A%

1" ()], (18)

where h = 9/1024 =~ 0.00879 is the table spacing and
f(x) = a. With f"(x) = —1/(42/?), the maximum
of [f"(z)| on [1,10) is 0.25 at & = 1. Substituting:

92 x 0.25

max| X ———— ~ 2.4
lemax| ~ g5 002 x

1077, (19)
which is well below the Q16 quantization floor of
2716 ~ 1.5x107°. The dominant error source is there-
fore the Q16 rounding, not the LUT interpolation.

For the reciprocal LUT, f(x) = 1/x has f"(z) =
2/z3, with maximum 2 at # = 1. The per-operation
error bound is

92 x 2

max| X ————— ~ 1. 176, 2
[emax| % = 004z ® 19 %10 (20)

still below the quantization floor but approximately
8% larger than for sqrt, consistent with the experi-
mental results showing ¢ &~ 0.004% for division versus
0.002% for sqrt.

4.12 Comparison with Newton—

Raphson Correction

A natural question is whether adding a single Newton—
Raphson (NR) iteration to the LUT output could
achieve the full IEEE 754 single-precision accuracy (1
ULP) at acceptable cost. For square root, the NR iter-
ation is: )

Toi1 = 5 (mn + ;n) : (21)
which requires one additional division, one addition,
and one shift. If implemented using the LUT recipro-
cal for the division, the total cost becomes 1542 x 30+
4 ~ 79 cycles, approaching the native FPU’s 91 cycles
but still providing a modest 15% speedup. The accu-
racy would improve to approximately 1 ULP (2716 in
Q16), or 1.5 x 10~? relative error—about 500x better
than the LUT alone.

For division, the NR iteration is:

Tn+l = Tnp X (2 —bx Tn), (22)

starting with the LUT reciprocal as rg. This requires
two multiplications and one subtraction per iteration.
At two iterations (for 16-bit accuracy), the total cost is
30+2x (2x1642) ~ 98 cycles, slower than the native

FPU. However, a single NR iteration would cost 30 +
34 ~ 64 cycles, comparable to native, while reducing
error to approximately 1076,

The Newton-Raphson correction thus occupies an
interesting middle ground: it trades the LUT’s speed
advantage for accuracy approaching hardware FPU
levels, without requiring any hardware divider beyond
the integer multiplier. This trade-off is most attrac-
tive when the LUT’s 0.004-0.007% error is marginally
insufficient but full FPU accuracy is not required.

4.13 Threats to Validity

Several factors limit the generalizability of these re-
sults:

1. The measurements cover only the operand range
[1,10). Extrapolation to wider ranges would re-
quire either range reduction (e.g., extracting ex-
ponent bits) or larger tables.

2. Cycle counts include loop overhead (branch,
counter increment, pointer advance). The un-
rolled loop reduces this overhead but does not
eliminate it entirely.

3. The error metric is cumulative across all itera-
tions; individual worst-case errors may be higher
than the reported averages.

4. Only the ESP32-S3 was tested. Results may differ
on other Xtensa cores (e.g., ESP32, ESP32-S2) or
other microcontrollers.

5 Applications to Sustainable
Development Goals

The fixed-point approximations presented in this work
have direct applicability to several United Nations
Sustainable Development Goals (SDGs), primarily
through their use in low-power, real-time embed-
ded systems deployed in resource-constrained environ-
ments.

5.1 SDG 3: Good Health and Well-
Being

Portable medical devices—such as pulse oximeters,
glucometers, and ultrasound probes—require real-
time signal processing with strict power budgets [20].
The LUT-based square root is directly applicable to:

e RMS computation in electrocardiogram (ECG)
and electromyography (EMG) signal processing,

e Magnitude calculation from I/Q samples in digi-
tal stethoscopes and Doppler ultrasound,

e Normalization of sensor readings in continuous
glucose monitors.



At 15 cycles per square root, a 5 kHz processing loop
consumes only 75,000 cycles per second (0.03% of a
240 MHz CPU), leaving ample headroom for protocol
stacks and user interface rendering.

5.2 SDG 7: Affordable and Clean En-
ergy

Smart grid sensors and solar micro-inverter controllers
require division operations for power calculation:

P = ‘/rms X Irms X CO8 ¢7 (23)

where RMS values require square roots of mean-square
accumulations. The LUT approach reduces the com-
putational cost of each RMS update by 6x, enabling
higher update rates or lower clock speeds for the same
throughput. At lower clock speeds, dynamic voltage
and frequency scaling (DVFS) can reduce energy con-
sumption by 40-60% [13].

5.3 SDG 11: Sustainable Cities and
Communities

Structural health monitoring (SHM) systems use ac-
celerometer arrays to detect bridge and building vi-
brations [43]. The Fast Fourier Transform (FFT) at
the core of spectral analysis requires numerous square
root and division operations for magnitude and phase
computation. A 1024-point FFT with 50% overlap
at 100Hz update rate requires approximately 1,500
square roots per second. The LUT method reduces
this from 136,500 to 22,500 cycles, cutting CPU load
from 0.057% to 0.009%.

5.4 Quantitative Impact Estimation

For a typical battery-powered sensor node with a
500mAh Li-ion battery at 3.3 V:

e Native FPU processing: 136,500 cycles/s at
240 MHz — 5.7 x 10~ of CPU time — ~ 0.19pA
average current,

e LUT processing: 22,500 cycles/s — 9.4 x 1075 —
~ 0.03 pA average current.

While these numbers appear small, in a network of
10,000 nodes the aggregate saving amounts to 1.6 mA,
translating to reduced battery replacement frequency
and lower electronic waste.

6 Conclusion and Future Work

This paper presented a systematic evaluation of Q16
fixed-point integer approximations for square root and
division on the ESP32-S3 microcontroller. The key
findings are:

1. LUT-based square root achieves a 6.1x speedup
over hardware FPU with 0.007% relative error,
using 4kB of LUT storage.

2. LUT-based reciprocal division achieves a 2.1x
speedup with 0.004% error, using 4kB of LUT
storage.

3. Base-2 series division provides a zero-storage al-
ternative with 0.15% error but is 1.8 x slower than
the FPU.

4. All results are stable across iteration counts from
1,000 to 1,000,000, confirming deterministic tim-
ing and negligible cache effects.

5. The total LUT storage of 8 kB is well within the
ESP32-S3’s SRAM capacity and fits in its data
cache.

7 Algorithmic Complexity Anal-
ysis

The time complexity of each method can be expressed
in terms of basic integer operations:

e LUT square root: O(1) — one subtract, one
multiply-and-shift, one load, one add. Exactly 4
operations plus loop overhead,

e LUT division: O(1) — same as sqrt plus one
additional multiply and right-shift (6 operations),

e Base-2 division: O(logn) in the worst case,
where n is the number of bits of precision. The
geometric series requires k iterations where k =
[log, /5 2'°]. For § = 0.5 (worst case), k = 16,
but our implementation caps at 6 iterations for
practical convergence within 0.2% error.

The space complexity also differs markedly:

o LUT methods: O(N) where N is the number
of table entries. Our implementation uses N =
1024, consuming 4 kB per table,

e Base-2 method: O(1) — no storage beyond a few
registers and the program code.

For embedded applications, the LUT’s O(1) time
complexity is particularly important because it elim-
inates timing variability due to operand-dependent
iteration counts. In real-time systems, this simpli-
fies WCET analysis from requiring loop bound an-
notations (which may be difficult to verify for data-
dependent convergence criteria) to simple path anal-
ysis.

7.1 Instruction Count Breakdown

Table 3 provides a detailed breakdown of the
assembly-level instructions for each method, based on
inspection of the GCC -Os output.

The instructions-per-cycle (IPC) figures reveal that
the LUT methods are limited by memory latency (load
instructions dominate), while the base-2 method is
limited by the multiply pipeline (8 multiplies with



Table 3: Instruction count breakdown per operation
(GCC -0Os).

Instruction type sqrt LUT div LUT div B2

Load (L32R) 2 3 2
Subtract (SUB) 2
Multiply (MULL) 1 2 8
Shift (SRL/SLL) 1 1 4
Add/accumulate (ADD) 1 1 6
Branch (BGEZ/BLT) 1 1 6
Move (MOV) 1 2 4
Total instructions 8 11 32
Estimated cycles 15 30 113
IPC (instructions/cycle) 0.53 0.37  0.28

data dependencies). Improving IPC would require
either assembly-level instruction scheduling or the
ESP32’s dual-issue capability, which the compiler’s
-0s configuration does not fully exploit.

These results demonstrate that LUT-based fixed-
point approximations can significantly outperform
hardware FPU units on modern microcontrollers while
providing predictable, deterministic timing and elimi-
nating FPU dependency. This is particularly valuable
for:

e Hard real-time control systems where worst-case
execution time must be guaranteed,

e Sensor fusion pipelines running at high update
rates (e.g., 10+ kHz),

e Systems where the FPU must be powered down
for energy saving,

e Bare-metal environments without FPU context-
switching support.

7.2 Power Consumption Analysis

Although not directly measured in this work, the
power implications of LUT-based vs. FPU compu-
tation can be estimated from first principles. The
ESP32-S3’s FPU consumes approximately 3-5mW
when active (estimated from Espressif’s power char-
acterization data). At 1,000 sensor fusion updates per
second, the native approach requires 5.91 x 10 FPU
cycles per second, keeping the FPU pipeline active for
about 2.5% of the time, contributing roughly 0.075—
0.125mW of FPU power.

The LUT approach uses only integer ALU opera-
tions, which consume less power per operation than
the FPU (roughly 60-70% of FPU power per operation
on the same process node). Moreover, at 1.46 x 10°
cycles per second, the ALU is active for only 0.6%
of the time. The combined savings from lower per-
operation power and reduced active time could reach
0.1-0.15mW per device, which, while modest for a
single node, becomes significant at scale.

For battery-powered sensor networks with 100,000
nodes operating on two AA batteries (3,000mAh at
3V), a 0.1mW saving translates to approximately
33 A less current draw, extending battery life by

10

roughly 180 days in continuous operation. This aligns
with the sustainability goals discussed in Section 5.

7.3 Future Work

Several promising directions remain for future inves-
tigation:

1. Extending the LUT approach to larger operand
ranges through floating-point exponent extrac-
tion (range reduction),

2. Implementing quadratic interpolation (bipartite
tables) to reduce table size while maintaining ac-
curacy,

Porting the methods to other architectures (ARM
Cortex-M, RISC-V) for cross-platform compari-
son,

Evaluating power consumption differences be-
tween FPU and integer implementations,

5. Applying the same methodology to other ele-
mentary functions (sine, cosine, arctangent, log-
arithm),

Investigating the use of SIMD (ESP32-S3’s op-
tional vector instructions) to further accelerate
LUT lookups,

Developing an automated tuning framework that
selects the optimal table size and interpolation
order for given accuracy and memory constraints,

Combining LUT methods with small Newton—
Raphson corrections to achieve single-precision
(IEEE 754) accuracy,

Implementing the same methods in assembly lan-
guage using the Xtensa LX7’s optional 32-bit
multiplier to push cycle counts below 10 per op-
eration,

10. Extending the suite to trigonometric functions
(sin, cos, tan) using the same LUT methodology
with quarter-wave symmetry for storage reduc-

tion,

11. Investigating the use of Goldschmidt’s algorithm
for division [63] as an alternative to the geomet-
ric series approach, potentially achieving better

accuracy—speed trade-offs,

12. Porting the benchmark harness to the ESP32-C6
(RISC-V) and ESP32-P4 (dual-core with FPU)

for cross-architecture comparison,

13. Analyzing the impact of cache misses on LUT
performance across different microarchitecture

generations,

14. Developing an automated offline optimizer that,
given accuracy and memory constraints, selects
the optimal combination of table size, interpola-

tion order, and correction method.



5 // Drop-in Q16
s uint32_t x_ql6 =

3 float r

8 Practical Deployment Consid-
erations

8.1 Integration with Existing Code-
bases

The LUT-based functions are designed as drop-in re-
placements for existing floating-point code. The call-
ing convention is:

// Original floating-point:

float r = sqrtf(x);
float d a / b;

replacement:
(uint32_t)(x * 65536.0f +

0.5f);

uint32_t a_ql16 = (uint32_t)(a * 65536.0f +
0.5f);

uint32_t b_ql16 = (uint32_t) (b * 65536.0f +
0.5f);

uint32_t r_qlé6
uint32_t d_qlé

= sqrt_ql16_lut(x_ql16);

= div_ql16_lut(a_ql16, b_ql6);
(float)r_ql6 / 65536.0f;
(float)d_ql6 / 65536.0f;

float d

The conversion overhead (three multiplications and
three casts) is approximately 20 cycles, amortized over
repeated use. In practice, entire processing pipelines
can be kept in Q16 format with conversion only at the
I/O boundary.

8.2 Scaling to Arbitrary Ranges

The [1, 10) operand range can be extended to arbitrary
real numbers through exponent extraction, analogous
to floating-point normalization:

1. Let £ = m x 2° where 1 <m < 2,

2. If m > 10, repeatedly divide by 10 and increment
exponent,

3. Compute the function on m using the LUT,
4. Adjust the result by the exponent.

For square root, the exponent adjustment is:

Vm x 105 &~ /m x 10%/2,

requiring a small table of 10¥/2 for integer k or an
iterative scaling loop.

(24)

8.3 Compiler Optimization Considera-
tions

The benchmark code was compiled with ESP32 Ar-
duino core 3.0.2 using GCC 12.2 with -0s optimiza-
tion (optimize for size), which the Arduino IDE uses
by default. Recompiling with -02 or -03 would likely
reduce cycle counts by 5-10% through better instruc-
tion scheduling and register allocation. Key optimiza-
tion opportunities include:
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e Forcing the LUT arrays into the 32-bit SRAM
address space (the ESP32’s 8-bit and 16-bit load
instructions are slower than 32-bit),

e Using the Xtensa LOOP instruction for zero-
overhead loop control instead of software branch-
and-decrement,

e Aligning the LUT arrays to 256-byte boundaries
to avoid cache line splits.

9 Reproducibility

All experiments were conducted using a publicly avail-
able Arduino sketch that implements the complete
benchmark harness. The sketch includes:

e LUT generation functions with configurable table
size,

e All three custom methods (LUT sqrt, LUT divi-
sion, base-2 division),

e A web-based interface for interactive testing (Fig-
ure 1),

e An automated suite runner that executes all
method—count combinations and displays a con-
solidated results table,

e Cycle-accurate timing via
esp_cpu_get_cycle_count (),
e Hardware random number generation via

esp_random().

The choice of Arduino framework rather than ESP-
IDF is deliberate: it lowers the barrier to reproduc-
tion for researchers and practitioners who may not
be familiar with the ESP-IDF build system. The
sketch compiles with Arduino IDE 2.x and the ESP32
board package version 3.x. All configuration param-
eters (LUT size, chunk size, operand range, iteration
counts) are exposed as compile-time constants.

To reproduce the results:

1. Flash the sketch to an ESP32-S3 (or ESP32) us-
ing Arduino IDE,

2. Connect to the serial monitor to obtain the IP
address,

3. Navigate to the web interface in a browser,

4. Click “Run Full Suite” to execute all 20 test com-
binations,

5. The results table appears automatically upon
completion.

The entire benchmark completes in approximately 60
seconds, depending on WiFi connection quality and
CPU clock configuration. The web interface provides
real-time progress updates via polling, so the user can
observe each test completing. Results remain available
until the next suite run or device reset.



The complete source code and benchmark harness
are available as an Arduino sketch, providing a re-
producible platform for further research and prac-

tical deployment.

Researchers are encouraged to

extend the harness with additional methods (e.g.,
CORDIC, polynomial approximation) and contribute
results from other microcontroller architectures.
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