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Abstract 19 

Genome-wide association studies (GWAS) of quantitative traits are mostly based on 20 

linear regression, which associates genetic variants with the mean of the phenotype but 21 

has limited power to detect dynamic and context-dependent genetic effects. Quantile 22 

regression (QR) offers a powerful alternative to address this limitation, however, 23 

existing QR-based GWAS methods remain underdeveloped. Here, we introduce 24 

SPASQR, a scalable and robust QR-based framework designed for biobank-scale GWAS. 25 

SPASQR includes three key innovations: (i) convolution-smoothed quantile regression 26 

to enhance statistical power; (ii) score tests based on a retrospective framework to 27 

effectively control for relatedness; and (iii) saddlepoint approximation to accurately 28 

calibrate p-values for rare variants. In extensive simulations, SPASQR outperformed 29 

existing QR methods in both type I error control and statistical powers. Applied to 66 30 

UK Biobank quantitative traits, SPASQR detected 1,618 loci with heterogeneous effect 31 

patterns that were missed by conventional linear approaches. Notably, SPASQR achieves 32 

over 100-fold speedup relative to existing QR-based methods, with computational 33 

efficiency comparable to popular GWAS tools such as REGENIE and LDAK-KVIK. 34 

  35 



Introduction 36 

For quantitative traits, the majority of genome-wide association studies (GWAS) are 37 

based on linear regression models designed to test for genetic effects on mean value of 38 

the trait. Through decades of methodology development, the linear models have been 39 

extensively optimized to analyze large-scale biobank data with hundreds of thousands 40 

of participants while adjusting for cryptic sample relatedness1-6. Although effective to 41 

detect mean-based genetic associations, linear models may oversimplify the complex 42 

nature of biology, in which genetic effects are often highly heterogeneous and context-43 

dependent, varying with sex, age, and lifestyle factors7. This oversimplification could 44 

result in significant power loss, such that important genetic signals are missed.  45 

Quantile regression (QR) is a regression method that models the quantiles of the 46 

trait distribution rather than the mean value, allowing for the detection of more complex 47 

and dynamic association patterns8. For example, QR at low or high quantiles can more 48 

effectively identify association localized to tails of the trait distribution9. Recently, there 49 

have been a growing number of QR applications in GWAS9-15. By integrating genome-50 

wide results across a wide range of quantiles, QR-based GWAS can identify novel 51 

genetic variants with heterogeneous genetic effects that traditional linear models 52 

miss9,15. Despite important advances, QR-based GWAS methodology remains 53 

significantly less developed than conventional linear approaches.  54 

The computational burden in large-scale biobank data analyses poses a major 55 

bottleneck. While Wang et al.9 have introduced a framework based on QR rank score 56 

inference to improve efficiency, it still runs considerably slower than well-established 57 

tools such as REGENIE4. To address sample relatedness and improve statistical power, 58 

leave-one-chromosome-out (LOCO) polygenic scores (PGS) have been incorporated 59 

into null quantile regression models15 as offsets. However, inflated type I error rates 60 

persist in cases of strong sample relatedness. Additionally, existing QR-based GWAS 61 

mostly analyze common variants, with limited performance evaluation on low-62 



frequency and rare variants. Our simulations suggest that existing QR-based GWAS 63 

methods using rank score inference results in inflated type-I error for rare variants. 64 

These limitations collectively hinder a wider application of QR-based GWAS in large-65 

scale biobank data analyses.  66 

In this paper, we introduce SPASQR, a scalable, robust, and powerful method for 67 

large-scale QR-based GWAS. SPASQR employs a fast score test based on a retrospective 68 

framework16-20, treating genotypes as a multivariate random variable. By incorporating 69 

a sparse genetic relationship matrix (GRM)21 to adjust the variance of score statistics, 70 

SPASQR can effectively control for sample relatedness while maintaining low 71 

computational burden. Being a saddlepoint approximation (SPA) method, SPASQR can 72 

produce well-calibrated p-values across a wide range of minor allele frequencies (MAF). 73 

Motivated by the insight that smoothed QR estimators can be more statistically efficient 74 

than regular non-smoothed QR estimators, we leverage convolution-smoothed quantile 75 

regression22,23 (SQR) instead of classic nonsmooth quantile regression to fit null QR 76 

models, which leads to considerable improvement in the overall power of QR-based 77 

GWAS. In addition to methodological contributions, we provide a highly 78 

computationally efficient C++ implementation of the proposed SPASQR method in our 79 

GRAB package, which substantially outperforms existing QR-based GWAS tools in 80 

computation efficiency and rivals widely used tools such as REGENIE4 and LDAK-81 

KVIK6. 82 

Results 83 

An Overview of SPASQR Method 84 

SPASQR method is designed to identify genetic effects across a wide range of phenotype 85 

quantiles. Building on a retrospective framework18, SPASQR is scalable to analyze large 86 

cohorts with hundreds and thousands of participants, can effectively account for sample 87 

relatedness, and is accurate to analyze low-frequency and rare variants. A comparison 88 



of key methodological features between SPASQR and existing QR-based GWAS 89 

methods can be found in Table 1. In general, the SPASQR consists of two main steps.  90 

In Step 1, under the null hypothesis of no genetic effects, we fit a smoothed QR 91 

model for each quantile 𝜏 to adjust for the effects of covariates. In addition to standard 92 

covariates such as age, sex, and genetically-derived principal components24, we also 93 

incorporate leave-one-chromosome-out (LOCO) polygenetic scores (PGS) from 94 

LDAK-KVIK6 as offsets. SPASQR follows a retrospective framework as in SPAGRM
18 95 

and thus it is not required to fit a mixed model to control for sample relatedness, which 96 

is technically challenging for quantile regressions. The retrospective framework 97 

circumvents fitting mixed models by taking relatedness into account when computing 98 

the variance of the score statistic. It also enables an easy implementation of saddlepoint 99 

approximation since the genotypes are considered as 2)݈ܽ݅݉݋݊݅ܤ, (ߤ  random 100 

variables, whose moment generating function (MGF) has a closed form expression. 101 

In Step 2, for each genetic variant and quantile 𝜏, we construct score statistics 102 ܵ = where ۵ ,۵்(࣎)܀ = ,1ܩ) ,2ܩ … ,  ௡)் is the genotype vector, ݊ is the number 103ܩ

of participants, and ܀(࣎) is the residual vector obtained from the null model fitting at 104 

quantile 𝜏. More details on the score statistics and residuals can be found in Methods 105 

and Supplementary Note. Following the retrospective framework in SPAGRM, SPASQR 106 

treats the genotype vector ۵ as a multivariate random variable and calibrates p values 107 

by incorporating a sparse genetic relationship matrix21 (GRM) and saddlepoint 108 

approximation (SPA). The original SPAGRM method18 uses a relatively involved 109 

procedure to model relatedness, requiring the computation of Identical-By-Descent 110 

sharing probabilities and Chow-Liu trees. SPASQR greatly simplifies the SPAGRM 111 

framework by capitalizing on a score statistic scaling technique, which significantly 112 

improved its accessibility and computational efficiency. Using the Cauchy combination 113 

(CCT) method25,26, we aggregate the quantile-specific p values to calculate an overall 114 



p value. To simplify notation, when no confusion arises, we use ܀ = (ܴ1, ܴ2, … ,115 ܴ௡)் to denote 116 .(࣎)܀ 

To remain scalable for large-scale GWAS, SPASQR employs a suite of strategies 117 

to enhance computational efficiency. The LOCO PGS and sparse GRM can be reused 118 

across different quantiles. An efficient and stable quadratic majorization minimization 119 

algorithm27,28 is employed to fit null smoothed QR models. Similar to prior studies2,18,29-
120 

33, SPASQR adopts a hybrid approach incorporating both regular normal distribution 121 

approximation and SPA to calibrate p-values. We also adapt the partial normal 122 

distribution approximation idea in the fastSPA algorithm33 to the context of quantile 123 

regression to further accelerate our SPA algorithm. 124 

Simulation Studies 125 

We conducted simulation studies to evaluate type I error rates and statistical powers of 126 

SPASQR. For comparison, we applied REGENIE.QRS15, an existing QR-based GWAS 127 

algorithm, and two methods based on linear regression, REGENIE and LDAK-KVIK. 128 

We simulated genotype data based on real genotypes of White British participants from 129 

UK Biobank by performing gene-dropping simulations34. Two cohorts were generated: 130 

one includes 50,000 unrelated individuals, and another one includes 25,000 unrelated 131 

individuals and 25,000 related individuals. To mimic sample relatedness, we generated 132 

genotypes for 2,500 families of size 10, following the family structure as in SPAGRM
18. 133 

More details on genotype generation can be found in Supplementary Figures 2 and 3. 134 

We simulated 100,000 common variants (minor allele frequency, MAF > 0.05) 135 

and 100,000 low-frequency and rare variants (MAF < 0.05 and minor allele count > 136 

10)34, using genotype calls (field ID: 22418) and sequencing data (field ID: 23155), 137 

respectively. Following previous studies15, we simulated quantitative traits covering 138 

four scenarios (see Figure 1). The homogeneous errors scenario aligns with a linear 139 

model, whereas the other three scenarios, including dominance effects, heteroskedastic 140 



effects, and heterogeneous effects, deviate from the linear model and genetic effects on 141 

the phenotypic distribution are quantile-dependent. Causal SNPs were randomly 142 

selected from odd-numbered chromosomes. More details can be found in Methods.  143 

In addition to the default SPASQR method, we evaluated three modified versions 144 

including NormalQR, NormalSQR, and SPAQR, for a comprehensive comparison. SPAQR 145 

employs a standard non-smooth QR, as in REGENIE.QRS, rather than the convolution-146 

smoothed QR used in SPASQR. See Figure 2 for an illustration of quantile regression 147 

residuals produced by non-smooth QR and smoothed QR. NormalQR and NormalSQR 148 

apply a normal distribution approximation for all genetic variants without using SPA 149 

to calibrate p-values. For all QR-based GWAS methods, we first calculated quantile-150 

specific p-values at 9 quantiles 𝜏 = 0.1, 0. 2, …, 0.9  and then combined them via 151 

Cauchy combination to calculate an overall p value. More details can be found in 152 

Methods. We used PLINK235 to compute a sparse GRM using a threshold of 0.05. In 153 

the main text, we used LDAK-KVIK LOCO PGS as offsets for REGENIE.QRS and 154 

SPASQR. We also applied REGENIE LOCO PGS as offsets and the results can be found 155 

in Supplementary Notes (Supplementary Tables 2–3 and Supplementary Figures 6–7). 156 

Type I Error Rates 157 

We analyzed genetic variants on even-numbered chromosomes to evaluate type I error 158 

rates. For common and low-frequency/rare variants, we conducted more than 2× 107 159 

tests and evaluated type I error rates at significance levels 5 × 10−7 and 5× 10−5 (see 160 

Table 2, Supplementary Tables 1 and 6–7, Supplementary Figures 4–5).  161 

When testing for common variants, REGENIE shows inflated type I error rates in 162 

the presence of sample relatedness, consistent with previous reports5,6. Meanwhile, due 163 

to using LDAK-KVIK LOGO PGS as offsets, LDAK-KVIK and REGENIE.QRS 164 

exhibit a mild level of deflation, which was also noted in the LDAK-KVIK paper6. The 165 



proposed default SPASQR method, together with SPAQR, NormalQR, and NormalSQR, can 166 

accurately control type I error rates. 167 

When testing for low-frequency and rare variants, SPAQR and SPASQR can still 168 

well control type I error rates across all scenarios. Meanwhile, without incorporating 169 

SPA, REGENIE.QRS, NormalQR, and NormalSQR, fail in controlling type I error rates 170 

when analyzing rare variants, especially at a significance level of 5 × 10−7. These 171 

results are consistent with previous studies, highlighting the necessity of SPA when 172 

analyzing rare variants in QR-based GWAS. We note that the type I error inflation of 173 

QR methods based on the normal distribution approximation is more severe at extreme 174 

quantiles (Supplementary Tables 6-7) such as 𝜏 = 0.1 and 𝜏 = 0.9. Thus, the type I 175 

error inflation in the combined p value is mostly driven by test miscalibration at the  176 

low and high quantiles.  177 

Statistical Power  178 

We evaluated statistical powers for common and rare variants. For each scenario, we 179 

generated 100 sets of phenotypes and evaluated powers at a genome-wide significance 180 

level 5 × 10−8. Figure 3 illustrates the powers across different scenarios when testing 181 

for common variants. Under the homogeneous model scenario, LDAK-KVIK is more 182 

powerful than all QR-based methods, which is expected as the scenario aligns with the 183 

assumption of linear models. Using regular QR, NormalQR and SPAQR exhibit similar 184 

power to REGENIE.QRS, demonstrating that the retrospective framework performs 185 

comparably to conventional methods. Meanwhile, using smoothed QR, NormalSQR and 186 

SPASQR substantially boost statistical power, highlighting the advantages of smoothed 187 

QR over standard non-smooth QR methods. REGENIE exhibits the lowest power 188 

among the methods tested, as it is the only approach that incorporates REGENIE LOCO 189 

PGS instead of LDAK-KVIK LOCO PGS, which explains less phenotypic variance. In 190 

Supplementary Note, we demonstrate that using REGENIE LOCO PGS also reduces 191 

powers for REGENIE.QRS and SPASQR (Supplementary Figure 8). 192 



Under the other three scenarios in which genetic effects differ across quantiles, 193 

QR-based methods always outperform LDAK-KVIK and REGENIE. Using smoothed 194 

QR, NormalSQR and SPASQR are more powerful than regular-QR-based methods 195 

including REGENIE.QRS, NormalQR, and SPAQR. Power results when testing for rare 196 

variants can be found in Supplementary Figures 9-10. Since methods without 197 

incorporating SPA cannot accurately control type I error rates, we primarily compare 198 

REGENIE, LDAK-KVIK, SPASQR and SPAQR and the results are similar to those for 199 

common variants, in which QR-based methods are more powerful than linear methods 200 

when the genetic effect is heterogeneous and SPASQR is uniformly more powerful than 201 

SPAQR. 202 

UK Biobank Analysis 203 

We applied REGENIE, LDAK-KVIK, REGENIE.QRS, and SPASQR to analyze 66 204 

quantitative traits in UK Biobank36, comprising ~ 408,000 white British participants as 205 

a discovery cohort and ~ 50,000 self-identified non-British European participants as a 206 

replication cohort. For each trait, we excluded participants with missing phenotype data 207 

and applied rank-based inverse normal transformation prior to analysis. After quality 208 

control, we retained ~ 630,000 hard-called variants for LOCO PGS computation and ~ 209 

16.9 million imputed variants for association testing. In Step 1, we incorporated LDAK-210 

KVIK LOCO PGS as an offset for LDAK-KVIK, REGENIE.QRS, and SPASQR. 211 

For REGENIE.QRS and SPASQR, we applied Cauchy combination to combine 9 212 

quantile-specific p values into an overall p value as in simulation studies. Of the genetic 213 

variants whose discovery p values less than 5 × 10⁻⁸, the variants with validation p 214 

values less than 0.05 and consistent effect directions were defined as nominally 215 

replicated variants, or simply replicated variants for brevity. The replicated variants 216 

were clumped into 1Mb loci, which served as a primary unit for comparison of different 217 

methods. Due to the fact that the replication cohort has a relatively small sample size, 218 



following REGENIE.QRS15 and LDAK-KVIK6, we use 0.05 as the replication 219 

threshold instead of a Bonferroni-corrected significance level. 220 

SPASQR is more Powerful and Robust than REGENIE.QRS  221 

We grouped the 66 traits into 14 categories and aggregated the number of replicable 222 

loci for each category (see Supplementary Table 8). In total, SPASQR and 223 

REGENIE.QRS identified 22,559 and 18,793 nominally replicable loci, respectively. 224 

Meanwhile, the linear GWAS methods LDAK-KVIK and REGENIE identified 22,836 225 

and 21,450 nominally replicable loci, respectively (see Figure 3a).  226 

SPASQR identified a considerably greater number of loci than REGENIE.QRS, 227 

demonstrating the enhanced overall power of the smoothed QR approach. These results 228 

are consistent with simulation studies, in which applying smoothed QR can boost 229 

powers to detect both homogeneous and heterogeneous genetic effects. As QR-based 230 

approaches, both SPASQR and REGENIE.QRS identify genetic loci that are missed by 231 

LDAK-KVIK and REGENIE (see Figure 4b). A replicable locus discovered by SPASQR 232 

is considered missed by linear methods if all replicated variants of LDAK-KVIK and 233 

REGENIE are at least 200kb away from the lead variant. Across the 66 traits analyzed, 234 

SPASQR identified 1,618 such loci, while REGENIE.QRS only identified ~1,000 235 

(~62%), demonstrating that SPASQR can substantially enhance the ability to detect 236 

genetic variants with heterogeneous effects. 237 

Supplementary Table 9 reports the total number of genome-wide significant 238 

variants, stratified by MAF. REGENIE.QRS and NormalSQR produced an abnormally 239 

high number of significant associations for rare variants, especially in the validation 240 

cohort. These results suggest that many rare variant associations found by 241 

REGENIE.QRS and NormalSQR are likely false discoveries, highlighting that SPA is 242 

necessary to accurately control type I error rates for rare variants in QR-based GWAS. 243 



Quantile Regression Associations Replicate as well as Linear Regression 244 

We calculate replication rates for all genome-wide significant variants in the discovery 245 

cohort across 66 traits. Consistent to previous studies9,15, GWAS signals discovered by 246 

QR typically replicate at least as well as linear regression. 247 

Supplementary Figure 14 shows the replication rates for each trait at thresholds of 248 

0.05 and 0.0005. Across the 66 traits, both linear model and QR-based GWAS methods 249 

show consistent replication rates. At a threshold of 0.05, the median replication rates 250 

were between 0.6 and 0.65 for all methods evaluated. At a more stringent threshold of 251 

0.0005, the median replication rates all reduced to around 0.22. Among all genome-252 

wide significant variants in the discovery cohort, the effect directions of 96.5% were 253 

consistent to those in the replication cohort for REGENIE and LDAK-KVIK, 97.3% 254 

for REGENIE.QRS, and 96.4% for SPASQR. 255 

Examples of Heterogeneous Associations 256 

To illustrate the performance of SPASQR on real data, we present the GWAS results of 257 

glucose, apolipoprotein B, body fat percentage, sitting height, cystatin C, and vitamin 258 

D. For each trait, we demonstrate GWAS results for the four methods and highlight up 259 

to 10 loci identified by SPASQR but missed by baseline methods. Loci missed by linear 260 

regression methods are highlighted in blue, while loci missed by all three baseline 261 

methods (including REGENIE.QRS) are highlighted in orange. Results for glucose, 262 

apolipoprotein B, and body fat percentage are shown in Figures 5-7. Results for the 263 

remaining three traits can be found in Supplementary Figures 15-17. Further details on 264 

the lead SNPs of the highlighted loci are given in Supplementary Tables 10–15.  265 

 In addition to the Manhattan plots, we provide regional zoom plots for two loci per 266 

trait, selected as examples of genetic effects that are heterogeneous across quantiles. 267 

For these loci, we visualize the effect sizes ̂ߛ(𝜏) across quantiles (see Section 3 of 268 



Supplementary Note on effect size estimation). Among the 12 loci featured in regional 269 

zoom plots, rs1849554 has been previously reported in a large-scale meta-analysis 270 

study for fasting blood glucose37. The remaining 11 loci represent potentially novel 271 

findings, as they have not been reported for the same trait in the GWAS catalog38.  272 

Variant rs1849554 (IGF1R, MAF = 0.36) associated with glucose reached genome-273 

wide significance in the discovery cohort only under SPASQR ( = ݌  3.6 × 10⁻⁸ ), 274 

whereas the other three methods all fell short. IGF1R encodes the insulin-like growth 275 

factor 1 receptor, a close homolog of the insulin receptor39. Its negative effect is 276 

concentrated in the lower quantiles of trait distribution (Figure 5b). The second featured 277 

locus of glucose, rs71026083 (OAT, MAF = 0.18, INFO=0.99), is an imputed indel 278 

variant that is outside of known glycemic loci. It is GWS under QR methods but not 279 

linear methods, with a positive effect also concentrated in the lower quantiles.  280 

For apolipoprotein B, rs4334340 (B4GALNT2, MAF = 0.35) reached genome-281 

wide significance only under SPASQR (݌ =  7.8 × 10−9). This signal is in tight LD (r² 282 

= 0.796) with rs2233368 in the neighboring ABI3 (݌ =  1.2 × 10⁻⁸). Figure 6b shows 283 

that its negative effect is concentrated in the upper quantiles of the trait distribution. 284 

We also highlight a novel rare variant rs751518494 (near OPN1SW, MAF = 2.8×10⁻⁴). 285 

It is found to have a very large effect size and is GWS only under the QR methods 286 

(SPASQR ݌ =  3.3 × 10⁻⁸, REGENIE.QRS ݌ =  3.2 × 10⁻⁸) in the discovery cohort. 287 

It is worth emphasizing that this rare variant is nominally replicated by all four methods 288 

in the replication cohort (SPASQR ݌ =  0.011 , REGENIE.QRS ݌ =  0.024 , 289 

REGENIE ݌ =  8.5 × 10⁻³, LDAK-KVIK p = 4.7 × 10⁻³).  290 

 For body-fat percentage, rs4759276 (LRP1, MAF = 0.39) is GWS under all four 291 

methods in the discovery cohort. However, it is only nominally replicated by the QR 292 

methods in the replication cohort (SPASQR ݌ =  0.036, REGENIE.QRS ݌ =  0.034, 293 

REGENIE ݌ =  0.078 , LDAK-KVIK p = 0.062 ). It demonstrates an effect 294 

increasing across quantiles (Figure 7b). LRP1 encodes an endocytic adipocyte receptor 295 



whose adipocyte-specific deletion in mice reduces fat mass and confers resistance to 296 

diet-induced obesity40. The second featured locus, rs34440469 (near FOXP1, MAF = 297 

0.29), reached genome-wide significance only under SPASQR (݌ =  6.3 × 10⁻⁹), and 298 

likewise showed an effect strengthening toward the upper quantiles (Figure 7b). FOXP1 299 

encodes a transcription factor that controls adipocyte differentiation and 300 

thermogenesis41 and regulates adipose energy metabolism42, providing a plausible link 301 

to adiposity. Its regional zoom suggests that it is a regulatory hub with numerous spikes 302 

in the 1Mb window (Figure 7b).   303 

Computational Efficiency  304 

We benchmarked the computational efficiency of SPASQR against LDAK-KVIK, 305 

REGENIE, and REGENIE.QRS on a machine equipped with an AMD EPYC 9965 306 

processor (192 physical cores, 384 logical cores) and 2 TB of RAM. Using PLINK2, 307 

we simulated two PLINK bed files, each containing 10 million variants: one with a 308 

sample size of 400,000 and the other with 50,000. Of the 10 million variants, 500,000 309 

were used for LOCO PGS construction. We simulated a quantitative trait with 310 

heritability set at 40%, with all causal variants residing within the 500,000-variant set 311 

used for LOCO PGS construction.  312 

For LDAK-KVIK, REGENIE, and SPASQR, we evaluated performance using 1, 4, 313 

and 10 threads. Note that REGENIE.QRS does not support multi-threading. Table 3 314 

reports the total wall-clock time and peak memory footprint. The computation time of 315 

REGENIE.QRS and SPASQR in step 1 is not recorded as they are very fast. For step 2, 316 

LDAK-KVIK is the fastest when run single-threaded, but REGENIE and SPASQR are 317 

much more effective using multiple threads, whose wall-clock time drops substantially 318 

as thread count increases. Supplementary Note Section 4 gives more details about the 319 

multi-threading strategy in SPASQR.  320 



The original R implementation of REGENIE.QRS is not scalable in large-scale 321 

data analyses. Based on progress made in 24 hours, the projected wall-clock time to 322 

complete the genome-wide analysis at N = 400,000 exceeded one week. To make 323 

computation feasible, we reimplemented REGENIE.QRS in Python, reading genotypes 324 

through the Python library bed_reader, which substantially improved its efficiency. 325 

Even so, REGENIE.QRS remained the slowest. SPASQR is competitive in both memory 326 

footprint and computational efficiency. In particular, with 10 threads it completes Step 327 

2 in 1.15 hours at N = 400,000, roughly 16 times as fast as our Python implementation 328 

of REGENIE.QRS and over 100 times faster than the original R implementation. 329 

SPASQR is also efficient in analyzing multiple traits simultaneously. Supplementary 330 

Table 16 demonstrates results when analyzing 10 and 20 traits simultaneously. The 331 

computational efficiency of SPASQR can be attributed to several factors, including its 332 

advanced C++ implementation parallelizing computation across multiple threads, the 333 

adoption of SIMD vectorization, as well as algorithmic innovations such as the partial 334 

normal distribution approximation used in the saddle point approximation algorithm 335 

(detailed in the Supplementary Note). 336 

Discussion 337 

In this paper, we propose SPASQR, a powerful, robust, and scalable QR-based approach 338 

for GWAS of quantitative traits. Instead of fitting standard non-smoothed QR models, 339 

SPASQR employs convolution-smoothed QR, exhibiting substantial power gains in both 340 

simulation studies and real data analyses. Built on a retrospective framework, SPASQR 341 

can effectively address sample relatedness while maintaining accurate type I error 342 

control for low-frequency and rare variants. The software implementation is user-343 

friendly and highly computationally efficient, with runtime comparable to widely-used 344 

GWAS tools such as REGENIE and LDAK-KVIK, potentially facilitating broader 345 

applications of QR-based GWAS.  346 



As a QR-based approach, SPASQR can detect genetic variants with heterogeneous 347 

effects across different quantiles of quantitative traits. Such complex effect patterns 348 

may arise from gene-environment interactions, epistasis43,44, or the underlying biology 349 

of the trait itself. Across the 66 quantitative trait analyses in UK Biobank, SPASQR 350 

identified 1,618 loci missed by conventional methods, suggesting that the quantile-351 

dependent genetic effects are widespread yet have largely escaped detection. Even at 352 

well-established loci, QR offers additional insights by profiling how the effect size 353 

varies across quantiles. We emphasize that QR-based methods are not intended to 354 

replace conventional methods, but rather to complement existing GWAS findings. 355 

There are several limitations in SPASQR. As a score test approach within a 356 

retrospective framework, SPASQR implicitly assumes Hardy-Weinberg Equilibrium 357 

(HWE), that is, genotypes marginally follow a binomial distribution. This assumption 358 

is appropriate for relatively homogeneous populations, such as non-British European in 359 

real data analyses, but ill-suited for admixed populations or when participants are from 360 

multiple ancestries. To extend SPASQR to admixed populations or multi-ancestry data, 361 

we plan to employ a strategy similar to SPAmix16. More specifically, we may estimate 362 

individual-specific allele frequencies using genetically derived principal components, 363 

instead of using a fixed allele frequency for all individuals.  364 

As a single-variant approach, SPASQR has limited power for rare variants. To boost 365 

power for rare-variant associations, gene-level or region-based association analyses 366 

offer a promising direction. Widely used approaches include burden tests45-47, SKAT48, 367 

SKAT-O49, ACAT50, STAAR51. An interesting direction is to develop a meta-analysis 368 

framework that enables gene-based testing directly from single-variant summary 369 

statistics49,52-56, which will also allow for integration of results from multiple cohorts. 370 

The Z-scores produced by SPASQR may also be used as the input to the 371 

GhostKnockoff57,58 framework, which facilitates genome-wide causal variant or loci 372 

identification through controlling the false discovery rate (FDR). 373 



Beyond biomarker discovery, another application of QR GWAS is to construct 374 

quantile-specific polygenic scores. Conventional PGS for quantitative traits focus on 375 

predicting the conditional mean of the phenotype. Quantile-specific association signals, 376 

by contrast, could be used to build PGS for a specific quantile of the phenotype. 377 

Quantile-specific PGS at extreme quantiles may capture genetic predisposition toward 378 

the tails of the trait distribution. For important endophenotypes such as LDL and 379 

glucose, such quantile-specific PGS may be of clinical relevance. When combined with 380 

conformal prediction59, quantile-specific PGS may also be used to construct 381 

individualized prediction intervals60 with correct nominal coverage.  382 

QR-based GWAS refines the genetic architecture of complex traits by modelling 383 

quantiles rather than the mean value of quantitative traits. Despite its promise as a 384 

standard tool in genetic analysis, applying QR methods to large-scale GWAS remains 385 

technically challenging, particularly when addressing genetic confounders such as 386 

sample relatedness. Recently, retrospective frameworks16-20 have demonstrated 387 

robustness and generality in applying statistically powerful methods to genetic studies. 388 

In this paper, we validate the unique advantage of the framework in terms of statistical 389 

power, robustness to confounders, and scalability to large-scale biobank data analyses. 390 

Looking ahead, we expect that the retrospective framework will continue serving as an 391 

important bridge between statistics and genetics. 392 

Methods 393 

Regular Quantile Regression and Rank-score Inference 394 

We first briefly review the rank score inference of Wang et al9, in which QR assumes 395 

that 𝜏 quantile of response ௜ܻ, i.e. ܳ௒೔|௑೔,ீ೔(𝜏), depends linearly on the covariates ܺ௜ 396 

and the genotype ܩ௜ as below, 397 

ܳ௒೔|௑೔,ீ೔(𝜏)  =  ܺ௜⊤઺(𝜏) +  398 .(𝜏)ߛ௜ܩ



Regular quantile regression utilizes a non-smoothed pinball loss ߩఛ(ݎ) = 12 |ݎ| + (𝜏 −399 

ݎ(12 . To construct a score statistic at quantile level 𝜏 , the following loss function 400 

computes the null model: 401 

ఛ݂(઺) =  1݊ ∑ )ఛߩ ௜ܻ − ܺ௜⊤઺)௡
௜=1 .   402 

If we use ઺̃(𝜏) to denote the optimal solution to the above non-smooth quantile 403 

regression problem, a score statistic for quantile level τ is then: 404 

ܵఛ =   ∑ ௜ܩ̃ (𝜏 − ܫ (݁௜ (઺̃(𝜏)) < 0)) ,௡
௜=1  405 

where ݁௜ (઺̃(𝜏)) =  ௜ܻ − ܺ௜⊤઺̃(𝜏) and ۵̃ = (۷ − ۵(⊤܆૚−(܆⊤܆)܆  is the genotype 406 

vector projected onto the null space of the covariates ܆.  We call ܴ௜ = 𝜏 ܫ 407− (݁௜ (઺̃(𝜏)) < 0) non-smooth quantile regression residuals.  408 

Note that ܴ௜  takes only two possible values: 𝜏 and 𝜏 − 1. The values 𝜏 and 409 𝜏 − 1 occur in proportions 1 − 𝜏 and 𝜏 (see Figure 2), respectively. The asymptotic 410 

variance of ܵఛ is given by  411 

ఛܸ =  𝜏(1 − 𝜏)۵̃⊤۵̃. 412 

Under the null hypothesis of no genetic effects, 
ௌഓ√௏ഓ  is asymptotically standard 413 

normal61, so that we may obtain p values for the hypothesis ߛ(𝜏) = 0  using the 414 

cumulative distribution function (CDF) of a normal distribution.  415 

To aggregate the statistical evidence across different quantiles, the common 416 

practice is to combine the p values using Cauchy combination11: 417 



௖௖௧݌ = 12 − ߨ1 arctan (1݀ ∑ ௗ݊ܽݐ
௜=1 {(0.5 −  418 ,({ߨ(௜݌

where ݌௜  are the p values at different quantiles. The combined p values for each 419 

genetic variant are the primary genome-wide association results. 420 

Smoothed Quantile Regression 421 

Recent statistical literature proposes a convolution-smoothed alternative12-13 to the 422 

traditional non-smooth quantile regression model. When fitting the null model, 423 

convolution-smoothed quantile regression minimizes the following loss function: 424 

ℎ݂,ఛ(઺) =  1݊ ∑ ℓℎ,ఛ( ௜ܻ − ܺ௜⊤઺),௡
௜=1  425 

where ℓℎ,ఛ(ݑ) = ∫ ∞−∞+ (ݒ)ఛߩ ݒ)ℎܭ − ݒ݀(ݑ ℎܭ .  is a kernel density function that 426 

integrates to 1. ℎ  is a bandwidth parameter that controls the proximity of the 427 

convolution smoothed loss to the original non-smooth pinball loss. As ℎ goes to 0, the 428 

convolution-smoothed pinball loss converges to the original non-smooth pinball loss. 429 

See supplementary Figure 1 for a visualization of the smoothed QR loss function. In 430 

this work we focus on the Gaussian kernel ܭℎ(ݑ) = 1√2గℎ ݁− ೠ22ℎ2.  431 

If we use ઺̃ℎ(𝜏) to denote the optimal solution to the above smooth quantile 432 

regression problem, then a score statistic for the hypothesis ߛ(𝜏) = 0 is 433 

ܵ =  ∑ ௜௡ܩ
௜=1 [𝜏 − ࣥ (− ݁௜(઺̃ℎ(𝜏))ℎ )], 434 

where ࣥ is the cumulative distribution function of a standard normal distribution. For 435 

convenience, we also denote [𝜏 − ࣥ (− ௘೔(઺̃ℎ(ఛ))ℎ )]  as ܴ௜  and refer to them as 436 

smoothed quantile regression residuals. Unlike non-smooth quantile regression 437 



residuals which take two discrete values, smoothed quantile regression residuals range 438 

continuously in [𝜏 − 1, 𝜏], with most values still cluster near the two extremes (See 439 

Figure 2 for an illustration). The reason why smoothed quantile regression improves 440 

power over non-smooth quantile regression can be understood as an example of bias–441 

variance trade-off. Smoothing introduces a small bias—the smoothed loss no longer 442 

targets the quantile 𝜏 exactly—but in return it substantially reduces the variance of the 443 

score statistic. When the bandwidth is chosen appropriately, this variance reduction 444 

outweighs the induced bias, concentrating the test statistic and thereby increasing power. 445 

Another intuitive explanation is that under smoothed QR, the quantile regression 446 

residuals retain more fine-grained information. The residuals are no longer a binary 447 

assignment between 𝜏  and 𝜏 − 1 , and the magnitude of the residuals can be 448 

interpreted as the model’s confidence in choosing between 𝜏  and 𝜏 − 1  for a 449 

particular participant.  450 

We note that the estimation bias in ઺ does not alter the null center of the score 451 

statistic, which still remains at zero, so that the bandwidth choice bears no tangible 452 

impact on type I error control (Supplementary Tables 4-5). However, the bandwidth ℎ 453 

does influence the power of the score tests for detecting true signals to some extent 454 

(Supplementary Figures 11-12).  455 

Score Tests using Normal Distribution Approximation 456 

In a retrospective framework, assuming unrelated individuals, we model the 457 

distribution of ܩ௜  as independently distributed 2)݉݋݊݅ܤ, (ߤ , where ߤ  is the 458 

alternative allele frequency. Under the null hypothesis, we assume that the distribution 459 

of ܩ௜  conditional on the quantile regression residuals R remains unchanged, i.e. 460 ܩ௜|܀ ~ ݅. ݅. ,2)݉݋݊݅ܤ  .݀  The null expectation and variance of the score statistic ܵ 461 .(ߤ

are then given by 462 



(ܵ)ܧ = 2 ∑ ܴ௜  ⋅ ௡ߤ
௜=1 , 463 

(ܵ)ݎܸܽ = (∑ ܴ௜2௡
௜=1 ) ⋅ 1)ߤ2 −  464 .(ߤ

Notably, provided the null model includes an intercept term, we have ∑ ܴ௜௡௜=1 = 0. The 465 

term 21)ߤ − ,2)݉݋݊݅ܤ ௜ follows aܩ reflects our assumption that (ߤ  distribution. 466 (ߤ

However, this variance estimate may be inaccurate if the variant significantly deviate 467 

from the Hardy-Weinberg Equilibrium or if we impute a substantial proportion of 468 

missing variants using the column mean. Thus, we substitute ܸܽݎ(ܵ) by  469 

(ܵ)ݎܸܽ = (∑ ܴ௜2௡
௜=1 ) ⋅ 1݊ ௜ܩ)∑ − 2௡(ܩ̅

௜=1 , 470 

where ̅ܩ is the mean of the variant. Invoking a normal approximation, the association 471 

p value can be computed as 472 

௡௢௥௠݌ = 2ࣥ (−  473 ,((ܵ)ݎܸܽ√|ݏ|

where ݏ is the observed score statistic. We refer to the above normal-approximation-474 

based score test using smoothed quantile regression residuals as NormalSQR. When the 475 

non-smooth rank scores ܴ௜  = 𝜏 − ܫ (݁௜ ((𝜏)ߚ̃) < 0) are used instead to compute the 476 

score statistic and the null variance, we call the resulting test NormalQR. Notice that 477 

NormalQR is in fact the same test as the rank score inference if the covariates only 478 

include an intercept term, since ۵ − G̅ is simply ۵ projected onto the null space of 479 ૚௡ and for non-smooth quantile regression, ∑ ܴ௜2௡௜=1 ≈ ݊𝜏(1 − 𝜏). 480 

Moment Generating Function of Score Statistics 481 



It is well known that the null distribution of a score statistic is not always well 482 

approximated by a normal approximation, especially when testing for rare variants. To 483 

address this issue, we use saddlepoint approximation62 (SPA) to more accurately 484 

calibrate p values. Saddlepoint approximation relies upon the moment generating 485 

function (MGF) to compute p-values. In what follows, the residuals ܀  can be 486 

produced by a smooth quantile regression null model or a classic non-smooth quantile 487 

regression model. 488 

Recall that the score statistic is ܵ =  ∑ ܴ௜௡௜=1 ௜ܩ . Treating ܩ௜  as i.i.d. 489 2)݉݋݊݅ܤ,  random variables and ܴ௜ as fixed coefficients, the MGF of ܵ can be 490 (ߤ

computed as  491 

(ݐ)ௌܯ =   ∏[1 − ߤ  + ோ೔௧]2,௡݁ߤ
௜=1  492 

so that the cumulant generating function (CGF) can be expressed as 493 

(ݐ)ௌܭ =  log ܯௌ(ݐ) = ∑ 2 log(1 − ߤ  + (ோ೔௧݁ߤ .௡
௜=1  494 

The above CGF can be numerically expensive to evaluate due to the exp and log 495 

operations. To enable efficient computation, we turn to the partial normal 496 

approximation idea of fastSPA33. See section 1.1 of the Supplementary Note for more 497 

information. 498 

Saddlepoint approximation to calibrate p-values 499 

After obtaining the CGF, we use saddle point approximation to calibrate p values. The 500 

CGF ܭௌ(ݐ) encodes variance ܸܽݎ஼ீி(ܵ) = ௌ′′(0)ܭ = (∑ ܴ௜2௡௜=1 ) ⋅ 1)ߤ2 − (ߤ . To 501 

ensure consistency with our normal-approximation-based tests, we scale the observed 502 

score statistic as ݏ௔ௗ௝ = ݏ ⋅ (ܵ)ݎܸܽ√/(ܵ)஼ீிݎܸܽ√ , where ܸܽݎ(ܵ) =  1௡ ∑ ௜ܩ) −௡௜=1503 



2(ܩ̅ ⋅ ܴ⊤ܴ. We then use Newton’s algorithm to find root ߞ such that ܭௌ′(ߞ) = ௔ௗ௝ݏ . 504 

Next, we compute auxiliary statistics ߱ = ௔ௗ௝ݏߞ)2√(ߞ)݊݃ݏ − ((ߞ)ௌܭ  and ߥ  According to the Barndorff-Nielsen method63, the cumulative distribution 506  .(ߞ)′′ௌܭ√ߞ  505=

function of ܵ at ݏ is approximated by 507 

ܲ(ܵ < (ݏ ≈ ࣥ (߱ + ݓ1  log ߥ߱) )), 508 

and a two-sided p-value for the score test is given by ܲ(ܵ < (|ݏ|− + 1 − ܲ(ܵ <  509  .(|ݏ|

To further accelerate computation, we adopt a hybrid strategy: when |ݏ| <  510 ,(ܵ)ݎܸܽ√ݎ

we use the normal approximation to compute p values; otherwise we employ SPA as 511 

described above. In this work, we set ݎ = 2.  512 

Supplementary Note section 1.2 gives the complete workflow of SPASQR. 513 

Depending on the choice of quantile regression residuals, we obtain two variants of the 514 

saddlepoint approximation test. When smoothed quantile regression residuals are used 515 

for ܀, we refer to the method as SPASQR. When the non-smooth quantile regression 516 

residuals are used instead, we refer to the method as SPAQR. 517 

Using LOCO PGS as an Offset 518 

The tests described above rely on the key assumption that, independent to the quantile 519 

regression residuals ܀ , the distributions of ܩ௜  are independently distributed 520 2)݉݋݊݅ܤ,  This assumption may be severely violated in the presence of relatedness, 521 .(ߤ

since ܩ௜ themselves are no longer independent. However, notice that the null variance 522 

of ܵ can be decomposed as 523 

(ܵ)ݎܸܽ = ∑ ܴ௜2௡
௜=1 (௜ܩ)ݎܸܽ + ∑ ܴ௜ ௝ܴ௜≠௝ ௜ܩ)ݒ݋ܥ ,  ௝). 524ܩ



If ܴ௜ ௝ܴ  have randomly flipped signs among related pairs, then 525 ∑ ܴ௜ ௝ܴ௜≠௝ ௜ܩ)ݒ݋ܥ , (௝ܩ ≈0 through cancellation. In other words, to restore the validity 526 

of the test, it suffices to ensure that the covariance structure of ܀ is independent of that 527 

of ۵. This is commonly achieved by modeling relatedness as a random effect with 528 

covariance structure proportional to the genetic relationship matrix ઴ in linear mixed-529 

models64,65. However, mixed-model extensions66,67 of quantile regression typically 530 

involve relatively complex computation so that they may not be scalable enough for 531 

modern biobank applications. 532 

This motivates the use of leave-one-chromosome-out (LOCO) polygenic scores as 533 

an offset, which is a standard technique in modern GWAS algorithms1,4-6,18,65,68. For 534 

example, the popular GWAS software REGENIE employs stacked ridge regression to 535 

build a predictive model for the trait using all chromosomes except the chromosome 536 

being tested. The resulting predictions, referred to as LOCO predictions, are then used 537 

as an offset in step 2 of REGENIE to enhance association power and reduce inflation 538 

due to relatedness. LDAK-KVIV constructs LOCO PGS under an elastic-net prior, 539 

fitted via a novel variational Bayes solver. LOCO PGS reduces confounding from 540 

relatedness by removing a substantial portion of the polygenic background. It also 541 

improves power because the LOCO predictions capture a portion of trait heritability, 542 

thereby improving the signal-to-noise ratio for variants on the chromosome under 543 

testing. REGENIE.QRS adopted a similar idea, using LOCO PGS from REGENIE as 544 

an offset to improve power and reduce inflation in QR association studies. Here, we 545 

also adopt this established practice. We use LOCO PGS from LDAK-KVIV as an offset 546 

in the null model, since LDAK-KVIK provides the most accurate LOCO PGS to date. 547 

More concretely, we subtract the LOCO PGS for chromosome ܿ from the trait values 548 

before testing variants on chromosome ܿ. We recommend applying rank-based inverse 549 

normal transformation (INT) prior to PGS construction and prior to association testing. 550 



In our UKB analysis, association power is typically greater under INT (Supplementary 551 

Figure 13). 552 

Using sparse GRM to adjust for sample relatedness  553 

While the LOCO scheme can serve as an approximation to the full mixed-model, in 554 

practice we find that the accuracy of LOCO PGS substantially affects test calibration 555 

in the presence of strong relatedness. On the related data set constructed for our 556 

simulations, using LOCO PGS from REGENIE as an offset does not fully control for 557 

relatedness and results in type I error inflation (Supplementary Figure 6). On the other 558 

hand, using LOCO PGS from LDAK-KVIK as an offset induces noticeable deflation 559 

in type-I error (Supplementary Table 1). To protect against either inflation or deflation, 560 

SPASQR optionally incorporates a sparse genetic relationship matrix (GRM) into the null 561 

variance, following our prior work SPAGRM
18. More specifically, assuming that the 562 

marginal distribution of ܩ௜ are identical, the variance of the score statistic is 563 

(ܵ)ݎܸܽ = ∑ ܴ௜2௡
௜=1 ௚2ߪ + ∑ ܴ௜ ௝ܴ௜≠௝ ௜௝ߩ௚2ߪ =  564 ,܀઴⊤܀௚2ߪ

where ߩ௜௝ is (݅, ݆)-th entry of the genetic correlation matrix ઴. We may estimate ߪ௚2 565 

as 
1௡ ∑ ௜ܩ) − 2௡௜=1(ܩ̅  and use PLINK2 to compute a sparse GRM in which only genetic 566 

correlation coefficients above a chosen threshold (such as 0.05) are retained. The 567 

resulting variance estimate ܸܽݎ(ܵ) =  1௡ ∑ ௜ܩ) − 2௡௜−1(ܩ̅  is then used in the test 568 ܀઴⊤܀ 

statistic scaling step ݏ௔ௗ௝ = ݏ ⋅ (ܵ)ݎܸܽ√/(ܵ)஼ீிݎܸܽ√  during saddlepoint 569 

approximation. We note that for cohorts with relatively low levels of relatedness, such 570 

as the UK Biobank, the two versions of ܸܽݎ(ܵ) yield comparable GWAS results; the 571 

the GRM-aware variance is therefore recommended primarily for cohorts with 572 

substantial family structure.  573 



Smoothing Bandwidth 574 ࢎ 

Smoothed quantile regression requires the specification of a bandwidth parameter, ℎ. 575 

When ℎ is very small, smoothed quantile regression behaves overwhelmingly similar 576 

to non-smooth quantile regression. To fully realize the benefits of variance reduction in 577 

quantile smoothing, it is generally advisable to choose a non-negligible value for ℎ. On 578 

the other hand, if ℎ is very large, then our GWAS results will mostly resemble linear 579 

GWAS results. In this sense, SPASQR interpolates between GWAS based on linear 580 

regression and GWAS based on non-smooth quantile regression. 581 

In our experiments, we find that while the choice of ℎ has no tangible impact on 582 

controlling Type I error, it affects the power of our score tests to some extent 583 

(Supplementary Figures 11-12). After extensive experiments, we find that ℎ =  584 3/ܴܳܫ

performs robustly across a wide range of scenarios, where ܴܳܫ is the interquartile 585 

range of ̃܇ −  ௖ is the LOCO PGS for chromosome ܿ. 586−܇̂ ,is the trait after INT ܇̃ ,௖−܇̂

This is the default bandwidth for SPASQR. A larger bandwidth, ℎ =  yields 587 2/ܴܳܫ

power comparable to that of ℎ =  and performed similarly in our real data 588 ,3/ܴܳܫ

analysis. ℎ =  is another reasonable choice, but it produced significantly fewer 589 5/ܴܳܫ

associations than ℎ = 3/ܴܳܫ  or ℎ = 2/ܴܳܫ  in our UKB analysis. We therefore 590 

recommend using ℎ = or ℎ 3/ܴܳܫ =  in practice.  591 2/ܴܳܫ

Data Simulation 592 

When generating the phenotype, we consider the following four simulation settings, 593 

which largely mirrors the phenotype generation protocol of REGENIE.QRS15. These 594 

settings are designed to mimic genetic effects that go beyond a simple shift in the mean. 595 

In all settings, ܩ௜௟  denotes standardized genotypes of 1000 causal variants with 596 

additive effects, and ܺ௜ is a standard normal covariate with coefficient 597 .ߚ 



For the homogeneous model, we randomly selected 1000 causal SNPs from the 598 

odd-numbered chromosomes, and statistical power was defined as the proportion of 599 

these causal SNPs that were successfully identified. On the other hand, for the 600 

dominance, heteroskedastic, and heterogeneous models, we selected 100 special SNPs 601 

out of the 1000 causal SNPs to also exhibit dominance, heteroskedastic, or 602 

heterogeneous effects, respectively, and focus on power in detecting those model-603 

specific causal SNPs with complex effect patterns. 604 

Homogeneous effects Phenotypes are generated as 605 

௜ܻ = ܺ௜ߚ + ∑ ௜௟1000ܩ
௟=1 ௟ߛ + ݁௜, 606 

where ߛ௟ ∼ ߚ ,(0,0.4/1000)ࣨ ∼ ࣨ(0,0.3), and ݁௜ ∼ ࣨ(0,0.3). 607 

Dominance effects A subset of 100 SNPs has dominance effects in addition to mean 608 

effects: 609 

௜ܻ = ܺ௜ߚ + ∑ ௜௟1000ܩ
௟=1 ௟ߛ + ∑ ௜௠100ܩ̃

௠=1 ௠ߛ + ݁௜, 610 

where ̃ܩ௜௠denotes standardized genotypes of the 100 special SNPs under dominance 611 

encoding (−1)/ߤ − ,1,(ߤ −(1 − ߚ Here .(ߤ/(ߤ ∼ ௟ߛ ,(0,0.2)ࣨ ∼ ௠ߛ 612 ,(0,0.3/1000)ࣨ ∼ ࣨ(0,0.2/100), and ݁௜ ∼ ࣨ(0,0.2). 613 

Heteroskedastic effects A subset of 100 SNPs not only affects phenotype mean, but 614 

also phenotypic variability: 615 

௜ܻ = ܺ௜ߚ + ∑ ௜௟1000ܩ
௟=1 ௟ߛ + ݁௜ ⋅ (1+ ∑ ௜௠100௠=1ܩ̃  ௠), 616ߛ



where ̃ܩ௜௠ denotes standardized genotypes for the 100 SNPs that induce 617 

heteroskedasticity. ߚ ∼ ࣨ(0,0.1) ௟ߛ , ∼ ࣨ(0,0.2/500) ௠ߛ , ∼ ࣨ(0,0.5/50) , and 618 ݁௜ ∼ ࣨ(0,0.3). 619 

Heterogeneous effects  A subset of 100 SNPs has effects are active only at upper 620 

quantiles: 621 

௜ܻ = ܺ௜ߚ + ∑ ௜௟1000ܩ
௟=1 ௟ߛ + ૚(ݑ௜ > 0.7) ⋅ ௜ݑ ⋅ ∑ ௜௠100ܩ̃

௠=1 ௠ߛ + ݁௜, 622 

where ݑ௜ ∼ Uniform(0,1) represents the conditional quantile of individual ݅ , and 623 ̃ܩ௜௠denotes standardized genotypes for 100 SNPs whose effects act only when ݑ௜ >624 0.7 . Here ߚ ∼ ࣨ(0,0.1) ௟ߛ , ∼ ࣨ(0,0.3/500) ௠ߛ , ∼ ࣨ(0,0.4/50) , and the error 625 

term is ݁௜ =  with ܳ−1 being the inverse CDF of ࣨ(0,0.2). 626(௜ݑ)1−ܳ

GWAS of 66 Quantitative Traits in the UK Biobank 627 

Directly genotyped array variants were used to compute leave-one-chromosome-out 628 

(LOCO) polygenic scores (PGS) for REGENIE and LDAK-KVIK, whereas association 629 

testing was performed on imputed variants. Using PLINK2, we excluded variants with 630 

a genotype missingness rate greater than 10%, a minor allele frequency (MAF) below 631 

10⁻⁴, or a Hardy–Weinberg equilibrium p-value below 10⁻⁶; imputed variants were 632 

additionally required to have an INFO score of at least 0.8. After quality control, 633 

629,374 directly genotyped autosomal variants remained for LOCO PGS construction 634 

and 16,852,077 imputed variants for association testing, with the number of individuals 635 

carrying a non-missing phenotype ranging from 352,829 to 407,800 across traits. On 636 

the validation cohort (~ 50000 unrelated individuals), we applied an additional MAF ≥ 637 

10⁻⁴ filter (recomputed within the validation data), leaving 16,355,878 imputed variants 638 

for association testing; non-missing phenotype sample sizes ranged from 43,162 to 639 

50,067 across traits. 640 



For the QR-based GWAS methods (REGENIE.QRS and SPASQR), we considered 641 

nine quantile levels, 𝜏 = 0.1, 0.2, … , 0.9. For SPASQR, the smoothing bandwidth was 642 

set to  ℎ = IQR(̃܇ −  is the trait after rank-based inverse normal 643 ܇̃ ௖)/3, where−܇̂

transformation and ̂܇−௖  is the LOCO PGS for chromosome ܿ . All association 644 

analyses adjusted for an intercept, age, sex, age2, age×sex, age2×sex, and the top 10 645 

principal components (PCs). A sparse GRM computed by PLINK2 using variants with 646 

MAF at least 0.05 and genetic correlation cut-off 0.05 is supplied to GRAB for the 647 

discovery data set. No GRM is computed for the replication data set.  648 

A variant is considered nominally replicated if its p-value is less than 5 × 10⁻⁸ 649 

in the discovery cohort, less than 0.05 in the validation cohort, and had consistent effect 650 

directions between discovery and validation. For QR-based methods, we focused on the 651 

quantile with the smallest discovery p value to check for direction consistency. We 652 

clumped (nominally) replicated variants of each method into 1Mb loci using PLINK2 653 

(--clump-p1 5×10⁻⁸, --clump-kb 500, --clump-r2 0). We define that SPASQR have 654 

identified a locus missed by another method if all replicated variants of that method is 655 

at least 200kb away from the lead variant of the SPASQR. A locus is considered missed 656 

by linear methods if all LDAK-KVIK and REGENIE replicated variants are at least 657 

200kb away. 658 

Data Availability 659 

The individual-level genotype and phenotype data are available through formal 660 

application to the UK Biobank (http://www.ukbiobank.ac.uk). GWAS summary 661 

statistics for 66 quantitative traits in both the discovery and the replication cohort are 662 

available on Zenodo at https://doi.org/10.5281/zenodo.2094419169.  663 

Code Availability 664 

Software mentioned in this paper are available at the following sites 665 



SPASQR: https://qhengncsu.github.io/SPAsqr.github.io/ 666 

REGENIE.QRS: https://github.com/FanWang0216/Regenie.QRS 667 

LDAK-KVIK: https://www.ldak-kvik.com 668 

REGENIE: https://rgcgithub.github.io/regenie/ 669 

PLINK2: https://www.cog-genomics.org/plink/2.0/670 

 



Table 1: A comparison between SPASQR and existing QR GWAS methods. Key methodological 

features across three QR-based GWAS approaches. 

Feature QRS9 REGENIE.QRS15 SPASQR 

Control for sample relatedness ✘ ✔ ✔ 

Accurate for analyzing rare variants ✘ ✘ ✔ 

Use LOCO PGS to improve power ✘ ✔ ✔ 

Use smoothed QR to improve power ✘ ✘ ✔ 

Highly efficient at biobank scale ✘ ✘ ✔ 

 

  



Table 2: Type I error inflation ratio at significance level ૞ × ૚૙−ૠ for REGENIE, LDAK-

KVIV, REGENIE.QRS, NormalQR , SPAQR , NormalSQR , and SPASQR using more than  

2× ૚૙ૠ null tests.  LDAK-KVIK LOCO PGS are used as an offset for QR GWAS methods. Type 

I error inflation ratio is defined as type I error divided by nominal significance level. NormalSQR and 

SPASQR uses the bandwidth ℎ = IQR(̃܇ −  ௖)/3. We consider two cohorts. The unrelated−܇̂

cohort consists of 50000 unrelated individuals, while the related cohort consists of 25000 unrelated 

individuals and 25000 related individuals. Common variants have an MAF in the range (0.05, 0.5), 

while rare variants have an MAF in the range (1e-4, 0.05). Bold numbers represent uncontrolled 

type I error rates (inflation ratio greater than 2). 

 

 

 Variant Method Homogeneous Dominance Heteroskedastic Heterogeneous 

Unrelated 

Common 

REGENIE 1.21 0.96 1.13 1.45 

LDAK-KVIK 1.77 1.13 1.21 1.29 

REGENIE.QRS 1.13 0.80 0.72 1.29 

NormalQR 1.13 0.88 1.45 0.88 

SPAQR 1.13 0.88 1.45 0.88 

NormalSQR 1.45 1.05 0.96 1.21 

SPASQR 1.37 1.05 0.96 1.21 

Rare 

REGENIE 1.42 2.08 0.94 1.04 

LDAK-KVIK 1.13 1.79 1.89 1.79 

REGENIE.QRS 19.64 19.35 21.62 19.07 

NormalQR 23.19 22.43 24.43 20.62 

SPAQR 0.94 0.94 1.51 1.60 

NormalSQR 24.92 23.98 24.83 19.92 

SPASQR 0.76 0.38 0.19 0.47 

Related 

Common 

REGENIE 9.24 6.18 8.11 4.90 

LDAK-KVIK 0.72 0.72 0.40 0.96 

REGENIE.QRS 0.88 0.64 1.04 1.20 

NormalQR 1.12 0.80 0.72 0.88 

SPAQR 1.04 0.80 0.72 0.88 

NormalSQR 0.48 1.12 0.80 1.04 

SPASQR 0.48 1.12 0.80 1.04 

Rare 

REGENIE 10.73 6.50 8.47 8.19 

LDAK-KVIK 0.56 0.75 0.75 0.66 

REGENIE.QRS 13.09 17.32 17.13 22.59 

NormalQR 13.75 17.06 15.27 18.11 

SPAQR 0.47 0.94 0.47 0.56 

NormalSQR 16.57 21.94 22.41 20.24 

SPASQR 0.38 0.85 0.38 0.47 



Table 3. Computational efficiency and memory footprint of four GWAS methods in analyzing 

a single simulated trait using different numbers of threads. We used the linux command 

command /usr/bin/time -v to record the total wall clock time and peak memory footprint. 

Experiments were run on a machine equipped with an AMD EPYC 9965 processor (192 physical 

cores, 384 logical cores) and 2 TB of RAM.  

Method Step Threads N Wall (h) Peak memory (GB) 

REGENIE Step 1 1 400,000 7.76 14.4 

50,000 1.42 2.0 

4 400,000 3.53 14.3 

50,000 0.91 2.0 

10 400,000 1.96 14.3 

50,000 0.61 2.0 

Step 2 1 400,000 17.49 5.3 

50,000 1.98 3.6 

4 400,000 5.15 5.4 

50,000 0.41 3.6 

10 400,000 2.75 5.4 

50,000 0.29 3.6 

LDAK-KVIK Step 1 1 400,000 2.58 4.4 

50,000 0.56 1.6 

4 400,000 2.20 4.4 

50,000 0.51 1.6 

10 400,000 2.22 4.4 

50,000 0.39 1.5 

Step 2 1 400,000 2.48 6.6 

50,000 0.50 3.8 

4 400,000 1.42 6.7 

50,000 0.40 3.8 

10 400,000 1.43 6.7 

50,000 0.38 3.8 

REGENIE.QRS (R) Step 2 1 400,000  >168 6.24 

50,000 >24 0.84 

REGENIE.QRS (Python) Step 2 1 400,000 18.78 3.9 

 50,000 2.24 1.2 

SPASQR Step 2 1 400,000 9.23 3.1 

50,000 1.13 2.8 

4 400,000 2.51 3.5 

50,000 0.30 2.8 

10 400,000 1.15 4.2 

50,000 0.17 2.9 



 

Fig. 1: Complex genetic effects that deviate from a simple linear model. The top row displays 

trait values across three genotype groups (0, 1, 2 minor alleles); red lines connect genotype means. 

a.  Homogeneous: classical additive effects with constant within-group variance, the ideal setting 

for mean-based GWAS. b. Dominance: heterozygotes resemble minor-allele homozygotes rather 

than lying halfway, violating the additive assumption. c. Heteroskedastic: the mean effect is small, 

but trait variance grows with minor allele count. d. Heterogeneous: distinct subgroups (dashed lines) 

show divergent genotype effects, yielding a modest overall mean (solid line) that masks strong 

subgroup-specific effect. The bottom row illustrates how these genetic effects translate into varying 

effect sizes across different quantiles of the phenotype distribution. 



 

Fig. 2: Histograms of the residual ࢏ࡾ for a simulated trait (n = 50,000), for both non-smooth 

and smoothed quantile regression using bandwidths ࢎ = ૙. ૛, ૙. ૞. For non-smooth quantile 

regression, ܴ௜  takes two discrete values, 𝜏 − 1 and 𝜏 ; for smooth quantile regression, ܴ௜  ranges 

continuously in [𝜏 − 1, 𝜏]. a. histograms of quantile regression residuals at 𝜏 = 0.5. b. histograms 

of quantile regression residuals at 𝜏 = 0.8. 



 

Fig. 3: Power box plots (common variants, MAF > 0.05) at significance level 5×10⁻⁸ for REGENIE, LDAK-KVIK, REGENIE.QRS, NormalQR, SPAQR, 

NormalSQR, and SPASQR across 100 simulations. Per simulation, 1,000 causal common variants were tested under Homogeneous and 100 under the other three 

scenarios. NormalSQR and SPASQR uses bandwidth ℎ = IQR(̃܇ −  .௖)/3. The dashed green line marks the median power of REGENIE.QRS−܇̂



 

Fig. 4: Number of replicable loci discovered by different methods across 14 trait categories 

across 66 UK Biobank quantitative traits. a. Total number of replicable loci aggregated over each 

trait category for REGENIE, LDAK-KVIK, REGENIE.QRS and SPASQR. b. Number of loci missed 

by linear methods per trait category for REGENIE.QRS and SPASQR. A replicated locus is 

considered missed by linear methods if its lead variant lies at least 200 kb from every LDAK-KVIK 

and REGENIE replicated variant. 



 

Fig. 5: GWAS results for glucose (UKB field 30740) using UK Biobank white British 

individuals. a. Genome-wide Manhattan plots for REGENIE, LDAK-KVIK, REGENIE.QRS, and 

SPASQR. The red horizontal line marks the genome-wide significance threshold (p = 5 × 10⁻⁸), In 

each panel, we highlight up to 10 loci that were identified by SPASQR but missed by the baseline 

methods. Loci discovered by SPASQR but missed by both linear GWAS methods are highlighted in 

blue, while those missed by all three competing methods are highlighted in orange. b. Two GWAS 

loci with heterogeneous effect patterns. For each locus, the left panel shows the an 1Mb regional 

zoom plot, with each variant colored by its LD ²ݎ relative to the lead variant. The upper left corner 

annotates its minor allele frequency and p-values from all four GWAS methods in the discovery 

cohort. The right panel displays the quantile-specific effect size  ̂ߛ(𝜏)  estimated at 𝜏 =0.1, 0.2, … , 0.9, with error bars indicating 95% confidence intervals. Quantiles with genome-wide 

significant Wald test p values are highlighted as filled red circles. 



 

Fig. 6: GWAS results for apolipoprotein B (UKB field 30640) using white British individuals. 



 

Fig. 7: GWAS results for body fat percentage (UKB field 23099) using white British 

individuals. 
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    𝛾  l ∼ 𝒩 ( 0 , 0 . 3 / 1000 )


    𝛾  m ∼ 𝒩 ( 0 , 0 . 2 / 100 )


    e  i ∼ 𝒩 ( 0 , 0 . 2 )


    Y  i =   X  i 𝛽 +   ∑  l = 1 1000    G  i l   𝛾  l +   e  i ⋅  ( 1 +    ∑  m = 1 100      G ~  i m   𝛾  m ) ,


      G ~  i m


  𝛽 ∼ 𝒩 ( 0 , 0 . 1 )


    𝛾  l ∼ 𝒩 ( 0 , 0 . 2 / 500 )


    𝛾  m ∼ 𝒩 ( 0 , 0 . 5 / 50 )


    e  i ∼ 𝒩 ( 0 , 0 . 3 )


  B i n o m i a l  ( 2 , 𝜇 )


  𝜏 = 0 . 9


    Y  i =   X  i 𝛽 +   ∑  l = 1 1000    G  i l   𝛾  l + 𝟏 (   u  i > 0 . 7 ) ⋅   u  i ⋅   ∑  m = 1 100      G ~  i m   𝛾  m +   e  i ,


    u  i ∼ Uniform ( 0 , 1 )


  i


      G ~  i m


    u  i > 0 . 7


    u  i > 0 . 7


  𝛽 ∼ 𝒩 ( 0 , 0 . 1 )


    𝛾  l ∼ 𝒩 ( 0 , 0 . 3 / 500 )


    𝛾  m ∼ 𝒩 ( 0 , 0 . 4 / 50 )


    e  i =   Q  − 1 (   u  i )


  5 ×  10  − 8 .


    Q  − 1


  𝒩 ( 0 , 0 . 2 )


  𝜏 = 0 . 1 ,   0 . 2 ,   … ,     0 . 9 .


    h = I QR (   𝐘 ~ −     𝐘 ^  − c ) / 3


    𝐘 ~


      𝐘 ^  − c


  c


  5 × 10 ⁻ ⁸


  𝟓 ×   𝟏 𝟎  − 𝟕


  ×   𝟏 𝟎  𝟕


  5 × 10 ⁻ ⁸


  h = I QR (   𝐘 ~ −     𝐘 ^  − c ) / 3


    𝑹  𝒊


  𝒉 = 𝟎 . 𝟐 ,   𝟎 . 𝟓


    R  i


  𝜏 − 1  


  𝜏


    R  i


  [ 𝜏 − 1 , 𝜏 ]


  𝜏 = 0 . 5


  𝜏 = 0 . 8


    𝛾 ^ ( 𝜏 )


  h = I QR (   𝐘 ~ −     𝐘 ^  − c ) / 3


  r ²


    𝛾 ^ ( 𝜏 )


  𝜏 = 0 . 1 ,   0 . 2 ,   … ,   0 . 9


  p   =   3 . 6 × 10 ⁻ ⁸


  p   =   7 . 8 ×  10  − 9


  p   =   1 . 2 × 10 ⁻ ⁸


  p   =   3 . 3 × 10 ⁻ ⁸


  p   =   3 . 2 × 10 ⁻ ⁸


  p   =   0 . 011


  𝜏


  p   =   0 . 024


  p   =   8 . 5 × 10 ⁻ ³


  4 . 7 × 10 ⁻ ³


  p   =   0 . 036


    p   =   0 . 034


  p   =   0 . 078


  0 . 062


  p   =   6 . 3 × 10 ⁻ ⁹


  𝜏


    Y  i


  S =   𝐑  ( 𝝉 )  T 𝐆


    Q    Y  i |   X  i ,   G  i  ( 𝜏 )


    X  i


    G  i


    Q    Y  i |   X  i ,   G  i  ( 𝜏 )   =     X  i ⊤ 𝛃  ( 𝜏 ) +   G  i


    


    


  𝜏


    f  𝜏  ( 𝛃 ) =     


    𝛃 ~ ( 𝜏 )  


    S  𝜏 =       ∑  i = 1  n    


  𝐆 =    (   G 1 ,       G 2 ,   … ,       G  n )  T


    e  i  (   𝛃 ~  ( 𝜏 ) ) =     Y  i −   X  i ⊤   𝛃 ~  ( 𝜏 )  


    ~


  𝐗 .


    R  i = 𝜏 − I  (   e  i  (   𝛃 ~  ( 𝜏 ) ) < 0 )  


    R  i = 𝜏 − I  (   e  i  (   𝛃 ~  ( 𝜏 ) ) < 0 )  


    R  i


  𝜏


  𝜏 − 1


  𝜏


  𝜏 − 1


  n


  1 − 𝜏


  𝜏


    S  𝜏


    V  𝜏 =   𝜏  ( 1 − 𝜏 )     𝐆 ~ ⊤   𝐆 ~ .


      S  𝜏     V  𝜏


  𝛾  ( 𝜏 ) = 0


    p  c c t =  1 2 −  1  𝜋  arctan ⁡   (  1  d   ∑  i = 1  d  t a n  {  ( 0 . 5 −   p  i ) 𝜋 } ) ,


    p  i


    f  h , 𝜏  ( 𝛃 ) =     


   ℓ  h , 𝜏  ( u ) =   ∫  − ∞  + ∞    𝜌  𝜏  ( v )     K h ( v − u ) d v


  𝐑  ( 𝝉 )


    K h


 


  h


    


      𝛃 ~ h ( 𝜏 )  


  𝛾  ( 𝜏 ) = 0


  S =     ∑  i = 1  n    G  i  [ 𝜏 − 𝒦  ( −     e  i  (     𝛃 ~ h ( 𝜏 ) ) h ) ] ,


  𝒦


   [ 𝜏 − 𝒦  ( −     e  i  (     𝛃 ~ h ( 𝜏 ) ) h ) ]


    R  i


  𝜏


   [ 𝜏 − 1 , 𝜏 ]


  𝜏


  𝜏


  𝜏 − 1


  𝜏


  𝜏 − 1


  𝛃


  h


    G  i


  B i n o m  ( 2 , 𝜇 )


  𝐆


  𝜇


    G  i


    G  i | 𝐑   ~   i . i . d .     B i n o m  ( 2 , 𝜇 )


  S


  E  ( S ) = 2     ∑  i = 1  n    R  i   ⋅ 𝜇 ,


  V a r  ( S ) =  (   ∑  i = 1  n    R  i 2 ) ⋅ 2 𝜇  ( 1 − 𝜇 ) .


  V a r  ( S ) =  (   ∑  i = 1  n    R  i 2 ) ⋅ 2 𝜇  ( 1 − 𝜇 ) .


    ∑  i = 1  n    R  i = 0


  2 𝜇  ( 1 − 𝜇 )


    G  i

