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Abstract

Central finite-difference stencils for the Hessian require evaluations on both sides of each point and are
therefore difficult to apply directly near a domain boundary, on scattered points, or when measurements are
missing, without additional treatment. We develop an interior-only Hessian recovery framework—the KR
defect framework—in which the three evaluation points used per direction, {x, x + Rh, x + h}, lie strictly
inside the segment joining two interior points, so that no evaluation outside the domain is ever required. For
f € C3(2) on a convex domain 2 c R™, the normalised KR defect recovers directional curvature from these
interior evaluations. We present eight theorem statements with accompanying proofs—covering curvature
recovery, a local limit, a reconstruction formula using the minimal n(n + 1) /2 measurements, a uniqueness
principle, a stability estimate, a boundary-interior property, and rotational invariance—together with an
entrywise dimensional consistency proposition and an explicit complexity statement. The method is first-
order consistent, O(h); the design objective is not to improve asymptotic order on structured interior grids,
where central differences already achieve 0 (h?), but to enable interior-only recovery where central
differences are not directly applicable. We evaluate the framework on boundary-constrained problems (non-
convex domains and an Euler-Bernoulli beam near its supports), scattered data, and missing-sensor
scenarios, with full statistical reporting, and we introduce an adaptive step-selection rule that substantially
reduces boundary error in low-noise settings while exposing an explicit truncation-noise trade-off. An open-
source implementation reproducing all experiments is publicly available.

Keywords: Hessian recovery; derivative-free methods; interior-only sampling; generalised finite differences;
uniqueness; stability; boundary-constrained problems; scattered data.

MSC 2020: 65D25; 65N06; 26B35; 49M37.

1 Introduction

1.1 The interior-only recovery problem

Estimating the Hessian of a function from point evaluations is a basic task in numerical
analysis, arising in structural health monitoring, magnetic resonance elastography,
geophysical inversion , and derivative-free optimisation . The standard tool—the central
finite-difference (FD) stencil—estimates the (i, i) Hessian entry from the three points {x —
he;, x, x + he;}. This stencil is second-order accurate and highly effective in the interior of
a structured grid.

It carries, however, a structural restriction: it requires the point x — he;. When x lies within
h of the boundary in the —e; direction, that point falls outside (2, and the stencil cannot be



evaluated without additional treatment such as one-sided stencils, ghost points, or
extrapolation. The same restriction reappears, in different form, on scattered point sets,
where no axis-aligned neighbour exists, and under sensor failure, where the required
neighbour is missing. These are precisely the situations that dominate in practice: the most
critical bending stresses occur at structural supports; the most diagnostically relevant
stiffness contrasts occur at organ boundaries; and physical sensors are rarely placed on a
perfect grid and sometimes fail.

This paper studies the following question: can second-order derivative information be
recovered using only evaluations guaranteed to lie inside the domain? We give a constructive,
affirmative answer—the KR defect framework—and analyse both its guarantees and its
limitations. The framework samples three points per direction, all interior to the segment
[x,x + h] c 2, and reconstructs the Hessian from the minimal number of such
measurements.

1.2 Scope and honest positioning

We state at the outset what the method does and does not offer, so that its contribution is
not mistaken for a claim it does not make. The framework is first-order consistent, O (h),
whereas central differences are 0(h?); on smooth interior grids central differences are
both more accurate and faster, and our experiments in Section 5.6 confirm this. The
framework is likewise not designed to compete on accuracy with moving least squares
(MLS) or radial-basis methods when evaluations are cheap: those methods use many
neighbours and are typically more accurate. The KR framework is intended for the specific
regime in which evaluations must remain interior, in which each evaluation is expensive, or
in which a uniqueness or stability guarantee from a minimal measurement set is required.
Section 6 gives concrete guidance on when the method is, and is not, the appropriate
choice.

1.3 Contributions

The paper makes the following contributions.

1. Aninterior-only Hessian recovery framework (Section 2), whose three sampling
points are provably interior on convex domains (Theorem 15).

2. Eight theorem statements with accompanying proofs, including a uniqueness
principle (Theorem 11) and a stability estimate (Theorem 14), presented as central
theoretical contributions and discussed relative to prior work in Section 3.

3. A dimensional analysis (Section 4): an entrywise consistency proposition whose
bound does not depend explicitly on the ambient dimension, an explicit complexity
statement, and an explanation of an aggregate-metric artifact.

4. An adaptive step-selection rule (Section 5.2) that substantially reduces boundary
error in low-noise settings, together with an explicit and experimentally supported
truncation-noise trade-off.



5. Ten numerical experiments with full statistical reporting, and a publicly available
open-source implementation reproducing them (Section 7).

1.4 Related work

The central difference formula was formalised through the work of Gregory, Taylor, and
Euler and is standard . One-sided stencils avoid the backward evaluation but place a point
outside the segment [x, x + h], which may violate domain constraints on annular or
multiply-connected regions. Generalised finite differences (GFD) and mesh-free finite
differences handle scattered geometry through local weighted least-squares fits over node
neighbourhoods. MLS and radial-basis-function differentiation are standard on irregular
domains. Finite-element Hessian recovery, such as superconvergent patch recovery and L2
projection, post-processes finite-element solutions on meshes. The derivative-free
optimisation literature constructs implicit Hessian models for minimisation rather than
explicit recovery. The KR defect specialises, for the weight K, to the classical Jensen gap
studied as a function of the interpolation parameter; a companion paper established the
one-dimensional case. Section 3 compares the framework with GFD in detail.

2 The KR Defect Framework

2.1 Definitions and standing assumptions

Assumption 1. (Standing assumptions) (A1) 2 c R" is bounded, open, convex, with
Lipschitz boundary. (A2) f € C*(22). (A3) (K,R) € A:={(K,R):K>0,R>0,K+R=1};
for uniform results, (K,R) € As :={K>6 >0}. (A4)x €, h=sv#0,vE S, 5s>0,
x+he€el

Definition 2. (KR defect and normalised KR defect) Under Assumption 1, the KR defect is
D¢(x,h; K,R) :=Kf(x) + Rf (x + h) — f(x + Rh), and the normalised KR defect is
Dr(x,iK,R)  Kf(x)+Rf (x+sv)—f(x+Rsv)

bp(x, K R) = KRIRIZ KRs?

The three evaluation points are x, the interior point z = x + Rh, and x + h. Because z =

Kx + R(x + h) with R € (0,1), it is a strict convex combination of x and x + h;

Equation [eq:defect] is thus the Jensen gap evaluated at z, and Equation [eq:phi| normalises
it into a dimensionless curvature estimator. The denominator KR h||? is strictly positive
under Assumption 1.



Interior-only sampling near a boundary

The interior-only sampling geometry. The three KR evaluation points x, x + Rh, and x + h
(black) all lie inside the domain, with x + Rh strictly between x and x + h (Lemma 3). The
central finite-difference point x — h (red) falls outside the domain near the boundary and
cannot be evaluated (Theorem 15).

2.2 Preliminary lemmas

Lemma 3. (Interior sampling) Under Assumption 1,z :=x + Rh = Kx + R(x + h) € 2 and
lies strictly between x and x + h.

Proof. Convexity of 2 and R € (0,1) give (1 — R)x + R(x + h) = x + Rh € (; strictness
follows from R € (0,1). O

Corollary 4. (Star-shaped extension) If (1 is star-shaped with respect to x and x + h € 1},
then x + Rh € ().

Lemma 5. (Taylor form) For g € C> anda,a+s € 2, gla+s) = g(a) + Vg(a)'s +
fol(l —t) sTHy(a +ts)sdt.

Lemma 6. (Hessian difference estimate) Under Assumption 1, for all t € [0,1], |vT[Hf(x +
th) — He(x + tRh)]vl < wy, (s), where wy , is the modulus of continuity of Hy; consequently
| J5 (1 =€) vT[Hp(x + th) — Hy(x + tRD)]v dt| < 1/2 wy ().

Lemma 7. (Polarisation) For symmetric A, u"Av = 1/2[(u+v)"A(u + v) —u"Au —

vT Av), and the n(n + 1)/2 forms {e;e|, 1/2 (e;e]" + eje] )}i<; span Sym,, (R).

Lemma 8. (Poincaré-Wirtinger) For bounded connected Lipschitz  there is Cp(2) > 0
with llull,z < CpllVull,2 for u € Hy (02); for convex Q2 of diameter d, Cp < d/T.

2.3 Main theorems

Theorem 9. (Curvature recovery) Under Assumption 1 with (K,R) € Ag, there exist £ €
(x,x + h) and a residual E with |E| < 1/26 wa(s) such that ®¢(x,h; K,R) =

1/2 vTH (&) v+ E.



Proof. Taylor-expand f(x + h) and f(x + Rh) about x (Lemma 5) and substitute
into [eq:defect]. Using K + R = 1, the value and gradient terms cancel, leaving Dy = R

fol(l —t) h"Hy(x + th)h dt — R*s? fol(l — t) v He (x + tRh)v dt. Writing H; (x + th) —
RH;(x + tRh) = KHy(x + th) + R[Hf(x + th) — Hf(x + tRh)] and dividing by KRs? gives
@ = [[(1— ) v Hp(x + thyvdt + E with E = R/K [, (1 - t) v [Hp(x + th) —

He(x + tRh)]v dt. The weighted mean value theorem applied to the first integral yields
1/2 v Hp(§)v for some & = x + th, T € (0,1); the bound on E follows from Lemma 6. O

Theorem 10. (Local limit) Under Assumption 1 with (K,R) € Ag, lirgl+¢>f (x,sv;K,R) =
S—
1/2 vTHp(x) v, uniformly in (K,R) € As and v € S™~*, with error at most 1/2 wp,(5)-

Proof. By Theorem 9, &, € (x,x + sv) so [|€, — x|l < s = 0; uniform continuity of Hf bounds
both the main term deviation and |E| by multiples of WH (s), independent of (K, R) on
Ags. O

Theorem 11. (Uniqueness principle) Under Assumption 1, if ¢ = @, for all admissible
(x,h,K,R), then f; — f, is affine.

Proof. Let g = f; — f,; then @; = 0, and [eq:11] gives vTHg(x)v = 0 for all v, x. By Lemma 7,
Hy = 0, hence g is affine. O

Theorem 12. (Reconstruction) Under Assumption 1, Hy(x) is determined by n(n + 1) /2 KR
measurements (= dimSym,, (R), necessary and sufficient): (Hf)ii = 2limg_, @ (x,se;; K, R),
and fori < j withv;; = (ei + ej)/\/f, (Hf)ij = lims_,02¢>f(x,svi]-; K,R) —-1/2 (Hf)ii —

1/2 (Hf)jj.

Theorem 13. (Consistency) Under Assumption 1 with (K,R) € As, |®¢(x,sv; K,R) —

1/2vTHp(x)v| < 1/2 wa(s) =0 (wa(s));forf € C3 this is O(s). Consistency alone does

not imply convergence, which requires the stability of Theorem 14.

Theorem 14. (Stability) Under Assumption 1 withn < 3, f € H2(2) N C2(2), flan = O,
and |¢>f| < ¢ everywhere, there exists C(2,n) > 0 (for 2 = (0,d) < R with normalised
constants, C = (d/m)?) such that "f"L°°(!2) <C(2,n)e

Proof sketch. |¢>f| < & with Theorem 10 gives ||H; iiop < 2¢ pointwise, hence |Af| < 2ne.

Elliptic H! and H? estimates, Poincaré (Lemma 8), and the Sobolev embedding H? & L*
for n < 3 combine to the stated bound. The restriction n < 3 is exactly the embedding
condition2 —n/2 > 0.0

Theorem 15. (Boundary-interior property) Under Assumption 1, x, x + Rh, x + h € (2
with x + Rh € (x,x + h) strictly, whereas central FD requires x — h (outside { near the
boundary) and one-sided FD requires x + 2h & [x,x + h]. Corollary 4 extends this to star-
shaped domains.



Proof. Immediate from Lemma 3. O

Theorem 16. (Rotational invariance) For orthogonal Q and g(x) = f(Qx),
@, (x, h; K,R) = @:(Qx, Qh; K, R) and Hy(x) = Q" Hp(Qx)Q.

2.4 Reconstruction algorithms

f,x € 0, step s > 0, weights {Kj, ..., K,,,} symmetric H € Sym,,(R) H;; « 2 Ef(x,sei) v <
(ei + e])/\/f ﬁl} — 25f(x,svij) - 1/2 ﬁii — 1/2 ﬁ,], I:Tji — ﬁl] H

x, baseline hy, factor y € (0,1/2], floor hp,j, = 0, domain 2 d « dist(x, 32) h(x) « max
(min(hg, yd), hmin) H from Algorithm [alg:hessian] with step h(x)

3 Relation to Generalised Finite Differences

Because the KR stencil samples interior points that need not be grid-aligned, its
relationship to generalised finite differences (GFD) and mesh-free finite differences
requires careful statement. We compare them in Table 1 along five axes. The two
approaches are not strict competitors in every regime: GFD is a flexible weighted least-
squares fitting framework, whereas the KR method is a critically-determined operator
carrying uniqueness and stability statements. They are suited to different questions, and
we do not claim that KR supersedes GFD in general.

Comparison of the KR framework with generalised finite differences. Entries describe
structural differences in formulation and guarantees, not claims of superiority. Statements
about the absence of a result in the GFD literature are made to the author’s knowledge.

Aspect GFD / mesh-free FD KR (this work)

Formulation Weighted least-squares fit of a local Single normalised defect from
polynomial over a node three interior evaluations per
neighbourhood, then analytic direction; no polynomial fit
differentiation

Reconstruction Over-determined; local system size Critically determined; exactly
grows with the neighbourhood n(n+ 1)/2 = dimSym,,
(typically 15-30 nodes in 2D) measurements, the minimum

possible

Assumptions Sufficiently rich neighbourhood; user- x,x + h € £ convex; interior
chosen weight function and basis sampling point then guaranteed
affect the result inside (Lemma 3)

Guarantees Consistency results established; a Uniqueness and stability under
uniqueness theorem of the present stated conditions

type is not known to the author inthe  (Theorems 11, 14)
standard GFD literature

Cost / order Cost per point scales with Fixed three evaluations per
neighbourhood size; order depends on direction; first-order O (h)



Aspect GFD / mesh-free FD KR (this work)

basis

4 Dimensional Analysis

Proposition 17. (Dimension-independent entrywise consistency) Under the assumptions
of Theorem 13, each recovered entry satisfies |Hl-’§R (x) —H;;(x)| =0 (a)Hf (h)), with a

constant that does not depend explicitly on the ambient dimension n; for f € C3 the bound is
O(h).

Proof. Each diagonal entry is formed from one directional defect and each off-diagonal
entry from three (Algorithm [alg:hessian]). Every defect obeys the n-independent bound of
Theorem 13; a fixed number of them per entry preserves the bound with an n-independent
constant. O

Remark 18. Proposition 17 concerns individual entries; it does not assert dimension-
independence of the full-matrix error in a matrix norm, and we make no such claim (see
Section 5.5).

Proposition 19. (Complexity) Recovering the full Hessian by Algorithm [alg:hessian]| over
m weights requires 3mn(n + 1) /2 = 0(mn?) function evaluations, 0(n?) arithmetic
operations beyond those evaluations, and 0 (n?) memory. Each entry is computed
independently; the procedure assembles no global linear system.

Remark 20. (Reconstruction structure) The reconstruction computes each entry
independently and therefore does not solve a dimension-dependent local linear system as part
of the reconstruction procedure; the arithmetic conditioning of that step does not depend on
the ambient dimension. Some scattered-data schemes, including certain GFD and MLS
implementations, do form and solve a local least-squares system whose conditioning depends
on the neighbourhood; the behaviour is implementation-dependent, and we make no general
claim about all such methods.

5 Numerical Experiments

All experiments use Python with NumPy on identical hardware. Unless stated, the KR
estimator averages over m = 9 weights K € {0.1, ...,0.9}. Statistical experiments report
mean, standard deviation, and 95% confidence intervals (CI, computed as ¥ + 1.96 /+/N).
Experiments are ordered by the strength of the claim they support, beginning with the
boundary-constrained setting that motivates the method.

5.1 Boundary-constrained recovery on non-convex domains

Table 2 recovers the Hessian entry H;; of f(x,y) = sin(2mx)cos(2my) near the boundaries
of three non-convex domains. At each “near-boundary” position, central FD requires a point



outside the domain and is not applicable, whereas the KR stencil remains interior
(Theorem 15) and returns an estimate.

Hessian H,, recovery near boundaries of non-convex domains (h = 0.04). “N/A” marks
positions where central FD requires an out-of-domain evaluation. KR returns an estimate at
every position; the larger errors at near-boundary points are consistent with the O (h) bound
of Theorem 13.

Domain Position (x;,x,) True H;; KRerror FD status
Annulus (inner boundary) (0.31,0.00) 1.235 0.773 N/A
Annulus (interior) (0.60,0.00) —5.933 0.701 OK
L-shape (corner) (0.03,0.25) —-3.014 0.803 N/A
L-shape (interior) (0.25,0.25) —5.785 0.682 OK
Rectangle+hole (near) (0.21,0.00) 0.000 0.001 N/A

5.2 Adaptive step selection near a beam support

We recover the signed second derivative u”(x) = q/2EI x(x — 1) of a simply-supported
beam (q = 103, EI = 10% L = 1), whose bending moment vanishes at both supports.
Table 3 compares a fixed step h = 0.04 with the adaptive rule of Algorithm [alg:adaptive]
(¥ = 0.05, noiseless). Because the true value vanishes at the supports, the fixed-step
relative error grows there (up to 95.5%), while the adaptive rule holds it below 2.5%,
reducing the mean relative error from 28.8% to 1.9% (Figure 2). Central FD is not
applicable at x = 0.02 or x = 0.98.

Adaptive versus fixed step for beam second-derivative recovery (noiseless). The absolute error
is roughly uniform; the fixed-step relative error grows near the supports only because the true
value vanishes there. Adaptive stepping restores a uniform relative accuracy.

X True u”(x) Fixed-h error (%) Adaptive error (%)

0.02 —0.00098 95.5 2.4
0.05 —0.00238 36.9 2.4
0.10 —0.00450 17.2 2.2
0.30 —0.01050 3.6 1.4
0.50 —0.01250 0.2 0.1
0.70 —0.01050 4.0 1.5
090 —0.00450 18.3 2.2
095 —-0.00238 38.9 2.4
098 —0.00098 44.6 2.5

Mean relative error 28.8 1.9



Beam second-derivative recovery

100
‘f —A- fixed step h = 0.04
1 —0@— adaptive (y =0.05)
80 !
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position along beam x

Relative error in the recovered beam second derivative along the span. With a fixed step
(triangles) the relative error grows sharply near the supports, where the true value vanishes;

the adaptive rule of Algorithm [alg:adaptive] (circles) holds it below 2.5% across the span.
Central differences are not applicable at x = 0.02 or x = 0.98.

5.2.0.1 Truncation—noise trade-off.

The estimator divides by KR||hlI?, so measurement noise of standard deviation ¢ induces a
Hessian-entry error scaling as ¢ /h?, while truncation scales as h. This yields the heuristic
model E(h) = Ch + C'ch™%, minimised at h* = (2C'a/C)'/3; the noise term was verified to
scale as h™2 to within 3%. Table 4 reports the mean relative beam error against y at several
noise levels: smaller y is best in the noiseless limit, but the optimal y increases with noise.
The method is therefore not tuned to a single y; the appropriate value depends predictably
on the noise level, and a floor h,;, or a noise-aware y (o) (Section 6) prevents step collapse.

Sensitivity to y: mean relative beam error (%). The best y per row is in bold; the optimum
shifts to larger y as noise grows, consistent with the h™2 noise scaling.

Noise o y=01 y=03 y=05

0 (noiseless) 3.8 10.3 15.5
107° 33 10 16
1078 278 38 21

1077 2632 270 120



Sensitivity to y under noise

noise level
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boundary shrink factor y

Mean relative beam error as a function of the boundary shrink factor y at three noise levels
(logarithmic vertical axis). In the noiseless limit smaller y is better; as noise grows the optimal
y increases, reflecting the h™2 noise amplification of the truncation-noise trade-off.

5.3 Scattered data

Table 5 recovers the Hessian of f(x,y) = e*siny + cosx e” at 500 random points in
[0.1,0.9]2. KR uses three evaluations per point; MLS uses all neighbours within bandwidth
r = 0.2. MLS attains a lower mean RMSE because it uses far more information; KR attains
lower variance and uses a fixed three evaluations, which is advantageous when evaluations
are expensive. Central FD is not applicable without a structured grid. We do not claim KR
improves on MLS accuracy; it does not.

Hessian RMSE on 500 scattered points (meanztstd, 500 estimates). MLS is more accurate but
uses many more evaluations; KR uses exactly three per point.

Method Mean RMSE Std RMSE Evaluations/point
KR (3 evaluations) 0.0520 0.0261 3

MLS (bandwidth r = 0.2) 0.0338 0.0353  many (neighbourhood)
Central FD not applicable —

5.4 Missing data

Table 6 reports KR recovery of f = sin(mx)cos(my) on a 25 X 25 grid under four sensor-
failure patterns. KR uses the nearest available neighbour as sampling partner and degrades
gracefully; central FD requires a complete grid and is not applicable for any pattern.

KR error under four missing-data patterns (h = 0.05; 95% CI over 80 evaluation points).
Central FD is not applicable for any pattern.

Pattern Missing (%) Mean error Std 95% CI

Random removal 40.0 1.109 1.540 [0.772,1.446]



Pattern Missing (%) Mean error Std 95% CI

Central block 21.9 0.340 0.164 [0.304,0.376]
Boundary sensors 42.2 0.216 0.115 [0.191,0.241]
Clustered failure 16.0 0.340 0.164 [0.304,0.376]

5.5 Behaviour with ambient dimension

Table 7 recovers the Hessian of f(x) = }; cos (x;) (diagonal Hessian) atx = (1/2,...,1/2).
We report the per-entry diagonal error—the honest accuracy measure—alongside the
aggregate matrix RMSE and the evaluation count.

Dimensional behaviour (f = Y,; cos x;, h = 0.05, m = 9). Per-entry diagonal error is constant
in n (Proposition 17); evaluations grow as 0(n?) (Proposition 19). The aggregate RMSE
decreases as a metric-averaging effect, explained below, and must not be read as improved
accuracy.

n Per-entry diagonal error Aggregate matrix RMSE Evaluations

2 0.01232 0.00909 27
5 0.01232 0.00641 135
10 0.01232 0.00523 495
20 0.01232 0.00452 1,890
50 0.01232 0.00403 11,475
80 0.01232 0.00390 29,160
Dimensional behaviour
0.014 - —Q0— per-entry diagogal error
0.012 o =i~ ag%regate matrix RMSE
0.010 A
A
g 0.0084 \
o \
“ 00064 A
A~~§
0.004 - e N A
0.002 A
0.000 T T T T T
0 20 40 60 80

ambient dimension n

Dimensional behaviour for f = Y,; cos x;. The per-entry diagonal error (circles) is essentially
constant in n, consistent with Proposition 17. The aggregate matrix RMSE (triangles)
decreases, but only because the fixed per-entry errors are averaged over n? entries
(Equation [eq:rmse]); this is a metric-averaging effect, not improved accuracy.



5.5.0.1 Why the aggregate RMSE decreases.

If the per-entry error is Eg,g 0n each of the n diagonal entries and E, ¢ on each of the n? —
n off-diagonal entries (true value zero here), then

nE% _ + (n2 —n)E? EZ
RMSE = \/ diag — of = ‘;‘lag +(1-1/n)E%;.

As n grows, the large diagonal errors are averaged over n? entries and the RMSE tends to
the small off-diagonal floor E ¢, not to zero; Equation [eq:rmse| matches the measured
values in Table 7 to six significant figures. The per-entry diagonal error is unchanged
across all tested n, consistent with Proposition 17 (Figure 4). Apparent reductions in
aggregate RMSE are thus attributable to averaging over an increasing number of small off-
diagonal entries and should not be interpreted as improved reconstruction accuracy.

5.6 Convergence order

Table 8 measures the convergence order of KR and central FD for f(x,y) = e**¥ at
(0.5,0.5), withp = log(Eh/Eh/z)/logZ. KR attains p = 0.98 ~ 0(h), as predicted by
Theorem 13; central FD attains p =~ 1.88 ~ 0(h?) and is more accurate on this smooth
interior grid (Figure 5). This is an explicit and expected limitation of KR, stated here so that
it is not discovered only in the results.

Convergence order for f = e**Y. KR is first-order; central FD is second-order and more
accurate on smooth interior grids—an explicit limitation of the present method.

h KR error pg_g FDerror pgp

0.200 0.0888 — 0.0167 —
0.100 0.0456 096 0.0042 1.99
0.050 0.0233 097 0.0011 1.94
0.025 0.0118 098 0.0003 1.87

Meanp 0.98 1.88



Convergence order

101 E

1072 4 =O~ K-R (measured)

—A— Central FD (measured)
1 ---- O(h) reference
1034 0O(h?) reference

absolute error in Hiz

1074 5

T
101
step size h

Convergence order for f = e**Y at (0.5,0.5). The KR error (circles) follows the O(h) reference
slope; the central-difference error (triangles) follows the O (h?) reference slope and is smaller
on this smooth interior grid. This first-order behaviour is a deliberate trade-off for interior-
only applicability, not an implementation deficiency.

5.7 Noise robustness

Table 9 reports H,, estimation error for f = e**Y under three noise models (¢ = 1073,
1000 Monte Carlo trials). On this smooth interior grid, central FD is more stable under all
three models—a further explicit limitation, consistent with the h~2 noise scaling discussed
in Section 5.2.

Estimation error under measurement noise (o = 1073, 1000 trials). Central FD is more noise-
stable on this smooth interior grid.

Noise model KRmean KRstd FD mean FD std
Gaussian 0.474 0.594 0.187 0.236
Impulsive (10% outliers)  1.454 2.028 0.421 0.734
Correlated 0.185 0.183 0.058 0.074

6 Discussion

6.0.0.1 When to use the framework.

The KR framework is the appropriate choice when evaluations must remain interior
(structural supports, organ walls, holes), when data is scattered or partly missing, when the
domain is non-convex, or when a uniqueness or stability certificate from a minimal
measurement set is required. Central finite differences remain preferable on smooth
interior grids, where they are more accurate (0(h?) versus 0(h); Table 8), more noise-



stable (Table 9), and faster; MLS or radial-basis methods are preferable when evaluations
are cheap and accuracy is paramount (Table 5).

6.0.0.2 Adaptive stepping and the trade-off.

Fixed-step KR suffices in the interior. Near boundaries the adaptive rule of

Algorithm [alg:adaptive]| substantially reduces the relative error in low-noise settings
(Table 3), but the h™2 noise amplification means the boundary benefit is bounded under
significant noise (Table 4). We therefore do not claim boundary error is eliminated; rather,
it is made controllable through y, whose appropriate value grows with the noise level. A
noise-aware rule y = y(o), or a floor h,;,, is a natural refinement.

6.0.0.3 Limitations.

The method is first-order; the stability estimate is established only for n < 3; the stability
constant is not available in closed form for general domains; and the boundary-interior
guarantee requires convexity (extended to star-shaped domains by Corollary 4). A
magnetic resonance elastography application, in which the relevant stiffness contrasts
occur at organ boundaries, is a plausible future use of the framework; we stress that this
paper does not demonstrate an elastography result, and the demonstrated evidence is the
structural and scattered-data setting.

7 Reproducibility

An open-source Python implementation reproducing every experiment in this paper is
publicly available, installable via a standard package manager, and archived with a
persistent identifier. It depends only on NumPy and includes a validation suite in which
each test corresponds to a theorem of Section 2.

8 Conclusion

We have developed an interior-only framework for Hessian recovery in which all sampling
points are provably inside the domain, and we have analysed its guarantees—curvature
recovery, a local limit, a reconstruction formula on the minimal measurement set, a
uniqueness principle, a stability estimate, a boundary-interior property, rotational
invariance, and dimension-independent entrywise consistency—together with its explicit
limitations, chiefly its first-order accuracy and its noise sensitivity relative to central
differences on smooth grids. The framework is intended not as a general replacement for
finite differences but as a tool for the boundary-constrained, scattered, and missing-data
settings in which central differences are not directly applicable. An adaptive step-selection
rule improves boundary accuracy in low-noise settings, subject to an explicit truncation-
noise trade-off. Future work includes extending the stability estimate beyond n < 3, a
noise-aware adaptive rule, and application-specific forward models.
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