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Abstract

Electromagnetic—mechanical coupling problems are widely encountered in engi-
neering applications. Traditional methods mostly adopt a solution paradigm
that combines spatial finite element semi-discretization with temporal integra-
tion schemes. This paradigm may introduce numerical dissipation, energy drift,
or fail to preserve the underlying symplectic structure during long-term transient
simulations. To address these issues, this paper introduces a space-time finite
element mesh and establishes a unified space—time discrete variational frame-
work for electromagnetic-mechanical coupling problems, thereby avoiding the
conventional treatment that separates spatial discretization from temporal inte-
gration. Based on the discrete variational formulation, a unified one-step recursive
scheme applicable to both nondissipative and dissipative systems is constructed,
enabling the displacement field and electromagnetic fields to be solved within a
unified discrete framework. Through three benchmark examples—including pure
electromagnetic field problems, elastodynamic problems, and sequentially cou-
pled electromagnetic-mechanical problems—the proposed method demonstrates
its capability to accurately solve different types of physical problems within a
unified framework and preserve the symplectic structure of nondissipative sys-
tems. This paper provides a unified computational approach for electromagnetic



fields, structural dynamics, and electromagnetic—-mechanical coupling problems,
enabling accurate and long-term stable transient simulations.

Keywords: electromagnetic-mechanical coupling, space-time finite element method,
discrete variational method, symplecticity-preserving, recursive scheme

1 Introduction

The coupling between electromagnetic fields and mechanical deformation is a common
physical phenomenon in power equipment, pulsed electromagnetic devices, and pre-
cision electromagnetic structures. When conductors are subjected to large-amplitude
alternating currents, time-varying electromagnetic fields induce eddy currents within
the conductor, which interact with the magnetic field to generate transient Lorentz
forces, thereby exciting elastic vibrations and dynamic deformations of the struc-
ture [1]. Although the deformation amplitudes remain small under normal operating
conditions, the transient electromagnetic forces may reach tens or even hundreds
of megapascals. Repeated electromagnetic loading can induce structural fatigue and
cumulative damage, while excitation frequencies close to the natural frequencies of the
structure may lead to resonant amplification [2]. Therefore, the accurate prediction
of the transient mechanical response of conducting structures under electromagnetic
forces is of considerable engineering significance for the safety assessment and fatigue
life evaluation of power equipment.

In response to this engineering demand, researchers have carried out extensive
numerical modeling and simulation work for various electromagnetic-mechanical cou-
pling problems. In the field of electromagnetic forming, Yu et al. [1] implemented a
sequential coupling simulation of electromagnetic tube compression on the ANSYS
multiphysics platform, employing spatial finite element discretization combined with
Newmark time integration. In the analysis of electromagnetic actuators and electric
machines, Abba and Rachek [3] discretized the electromagnetic and displacement fields
using two-dimensional triangular elements and treated the time derivatives with a
weighted finite difference scheme, thereby establishing a transient coupled dynamic
model for electromagnetic actuators. Merzouki et al. [4] constructed a strongly coupled
model of the two-dimensional transient magnetic field and multi-turn winding circuits
for permanent magnet synchronous motors, with triangular elements for spatial dis-
cretization and a Galerkin scheme for time marching, solving the resulting nonlinear
algebraic system via Newton—Raphson iteration to achieve high-fidelity transient sim-
ulation of the motor start-up process. Riiberg et al. [5] developed a coupled finite
element—boundary element simulation framework, discretizing the solid region with
finite elements and the surrounding air region with boundary elements, and solved
the quasi-static eddy current Maxwell problem using the backward Euler method.
Gebhart et al. [6] addressed the difficulty of enforcing the Coulomb gauge constraint
in nondissipative magneto-mechanical coupling problems by proposing three energy-
based constraint schemes grounded in variational principles, thereby achieving a fully
coupled solution of the static magneto-mechanical problem. Lei et al. [7] employed



an upwind finite volume method to solve the eddy current problem and simulated
the complete transient electromagnetic-mechanical coupling process of a metallic pro-
jectile under pulsed electromagnetic coil excitation, from current-driven acceleration
to free flight. Wang et al. [8] investigated the bidirectional magneto-mechanical cou-
pling in magnetic shape memory alloys, spatially discretizing the displacement and
magnetic fields using the absolute nodal coordinate formulation and the finite ele-
ment method, respectively, and integrating the equations of motion in time with the
generalized-a method to study the dynamic mechanical response of the material under
cyclic compression. It can be seen from the above works that the prevailing numer-
ical approaches for electromagnetic—mechanical coupling overwhelmingly follow the
paradigm of spatial finite element semi-discretization paired with a dedicated time
integrator. Within this paradigm, spatial discretization and temporal integration are
two relatively independent methodological components: spatial accuracy is governed
by finite element interpolation theory, whereas temporal accuracy is controlled by the
integration scheme and step size [9]. While symplectic time-marching schemes can
be combined with spatial FEM discretizations to preserve geometric structure, such
constructions require deliberate, model-specific design [10, 11]. Without a tailored
structure-preserving integrator, long-duration transient simulations may suffer from
numerical dissipation or energy drift.

To fundamentally overcome the limitations inherent in the space—time separation
paradigm, space-time finite element methods were introduced [12]. These methods
treat time as an independent dimension on an equal footing with space and per-
form a unified discretization over the space-time domain, with temporal integration
accomplished by finite element interpolation and numerical quadrature in the same
manner as spatial integration. Consequently, the variational structure of the continu-
ous problem can be naturally extended to the discrete level, providing a methodological
foundation for preserving the geometric properties of the discrete system. In the con-
text of electromagnetic problems, space-time finite element methods have achieved
a series of significant advances. Gangl et al. [13] discretized the two-dimensional
magneto-quasi-static eddy current equation using tensor-product space-time finite ele-
ments on a three-dimensional space-time computational domain, proved the unique
solvability of both the continuous and discrete space-time variational formulations
via the Babuska—Necas theory, and substantially enhanced the computational effi-
ciency of transient eddy current simulations of rotating electric machines through
space-time parallelization. Hauser et al. [14] addressed the vectorial wave equation
derived from the time-dependent Maxwell equations by constructing two conform-
ing tensor-product space-time finite element formulations—a Galerkin—Petrov scheme
and, via a modified Hilbert transformation, a Galerkin—Bubnov scheme; the former
was shown to be conditionally stable, while the latter achieved unconditional sta-
bility, both attaining optimal convergence rates in space-time norms. Miyashita et
al. [15] reformulated the scalar and vector Poisson equations under the Coulomb gauge
as a single Hodge—Laplace problem on a four-dimensional space-time domain within
the framework of finite element exterior calculus, and employed cubic space-time ele-
ments to solve a periodic steady-state electromagnetic field problem under a unified
mathematical framework. The above works have achieved high-accuracy numerical



solutions to single-field electromagnetic problems using different space-time finite ele-
ment strategies, yet none has incorporated the mechanical field into the discrete
framework. In the domain of solid mechanics and multi-physics coupling, space-time
finite element methods grounded in variational principles have also progressed rapidly.
Wriggers et al. [16] addressed transient wave propagation and impact problems in
one-dimensional elastic bars using the space-time virtual element method based on
Hamilton’s variational principle, endowing the space-time mesh with the capabil-
ity of locally varying time-step sizes; this framework was subsequently extended to
two-dimensional elastodynamics [17]. Antonietti et al. [18] constructed a space-time
discontinuous Galerkin discretization on tensor-product prismatic space-time meshes
for the viscoelastic wave equation, and proved the stability and hp-convergence of the
scheme in the energy norm through an appropriate choice of numerical fluxes. Junker
et al. [19] proposed a unified variational material modeling framework on the space-
time cylinder by extending the Hamilton principle of stationary action, employing
continuous Galerkin discretization in space and discontinuous Galerkin discretization
in time, and incorporating thermo-mechanically coupled wave propagation, viscoelas-
ticity, elastoplasticity with hardening, and gradient-enhanced damage into a single
space-time variational discrete system, for which well-posedness was established. From
a more general mathematical perspective, Celledoni et al. [20] constructed arbitrary-
order tensor-product space-time finite element discretizations and rigorously proved
local and global energy conservation laws as well as discrete multisymplectic conser-
vation laws, thereby providing a theoretical foundation for the structure-preserving
analysis of space-time finite element methods. In addition, at the continuum vari-
ational level, Ricoeur and Wingen [21] established a unified weak formulation for
coupled electrodynamic—thermomechanical four-field problems by merging Hamilton’s
and Jourdain’s variational principles; however, this work remained at the level of con-
tinuum variational theory and did not provide a space-time-discrete solution scheme.
It can be seen from the foregoing that current space-time finite element methods have
achieved substantial progress for single-field electromagnetic problems as well as for
mechanical and thermo-mechanical coupling problems. Nevertheless, the extension of
space-time finite element methods to electromagnetic-mechanical coupling problems
has rarely been reported, and the existing electrodynamic—mechanical coupling the-
ory at the continuum variational level also lacks a corresponding space-time discrete
solution scheme.This extension is nontrivial because electromagnetic and mechanical
fields usually involve different finite element spaces and governing structures.

Based on the above background, this paper presents a unified space-time finite
element framework for electromagnetic—mechanical sequential coupling problems,
grounded in Hamilton’s variational principle. At the continuum level, the varia-
tional functionals for the full-wave electromagnetic field and for elastodynamics are
separately formulated, and the total variational equation of the coupled system is con-
structed by incorporating the virtual work of the Lorentz force under the assumption
of sequential coupling. At the discrete level, hexahedral-prismatic space-time grid ele-
ments are introduced: the magnetic vector potential is discretized with edges, while
the electric scalar potential and the displacement field are discretized with nodes. A
discrete variational principle for the coupled system is established on the space-time



grid, from which the discrete variational equations are derived. By partitioning and
reordering the degrees of freedom according to time steps, a single-step recurrence
solution scheme is obtained that involves only the states at two adjacent time instants.
For the sequentially coupled problem, the electromagnetic and mechanical subsystems
can each be advanced independently. Theoretical analysis shows that, in the nondis-
sipative case, the transfer matrix of the recurrence scheme automatically satisfies the
symplectic condition, and the discrete evolution preserves the symplectic structure of
the continuum problem.

The remainder of this paper is organized as follows. Section 2 presents the govern-
ing equations of the electromagnetic-mechanical coupling problem in their continuous
form and develops the associated variational principle. Section 3 introduces the space-
time grid elements for discretizing the coupled system, establishes the space-time
discrete variational principle for the electromagnetic—-mechanical coupling problem,
constructs a unified single-step recurrence solution scheme for the two fields, and
proves the symplecticity of this scheme in the conservative case. Section 4 verifies
the correctness of the proposed method through three numerical examples. Section 5
summarizes the work presented in this paper.

2 Governing equations of the
electromagnetic-mechanical coupling problem

Consider a three-dimensional solid conductor occupying a domain 2 C R? as the con-
trol volume. Its electromagnetic field boundaries are divided into I'g and 'y, and its
displacement field boundaries are divided into I', and I',,, with the boundaries corre-
sponding to the same physical field being mutually non-overlapping. This paper solves
for the electromagnetic field over the entire control domain as well as the deformation
of the conductor itself induced by the Lorentz force and other external forces. The
problem is formulated under the assumptions of linear isotropy, small deformations,
and the absence of mechanical damping. The influence of displacement field variations
on the electromagnetic field is neglected, and the motional electromotive force gener-
ated by conductor displacement as well as its effect on the geometric boundaries of
the electromagnetic field are not taken into account; hence, this constitutes a sequen-
tial coupling problem. This section presents the governing equations of the problem in
detail, including the governing equations of the electromagnetic field and those of elas-
todynamics accounting for electromagnetic forces, and constructs a unified continuous
energy functional for the electromagnetic and displacement fields.

2.1 Governing equations of the full-wave electromagnetic field

For any electromagnetic field problem, the fundamental equations are Maxwell’s
equations, which describe the relationships among the physical quantities of the



electromagnetic field. Their differential form is given as follows [22]

oD
H=J +—— s5
V x J+8t +J
0B
VxE:—E; (1)
V-B=0;
V'D:psa

where Vx denotes the curl operator, V- denotes the divergence operator, H is the
magnetic field intensity (A/m), E is the electric field intensity (V/m), B is the mag-
netic flux density (T), D is the electric flux density (C/m?), J. is the conduction
current density, J is the impressed source current density (both in A/m?), and p, is
the volumetric free charge density (C/m?). To render the above system uniquely solv-
able, appropriate boundary conditions must be supplied. On the outer boundary I'p,
the normal component of the magnetic flux density is prescribed to be zero, and on
the outer boundary I'py, the tangential component of the magnetic field intensity H
is prescribed to be zero:
n-B=0, onIp, 5
nx H=0, onTy, 2)
where n denotes the outward unit normal vector on the boundary surface.
For problems without eddy current dissipation, the above electromagnetic field
quantities satisfy the following constitutive relations

B =uH,
D— 3)
=c¢F,
where p is the magnetic permeability (H/m), numerically equal to the product of the
vacuum permeability 1o and the relative permeability p, (i = popr); € is the permit-
tivity (F/m), numerically equal to the product of the vacuum permittivity ey and the
relative permittivity e, (¢ = go&,). For cases involving eddy current dissipation, the
constitutive relation between the current density and the electric field intensity must
also be introduced, corresponding to Ohm’s law at the microscopic level

J.=0E, (4)
where o is the electrical conductivity (S/m).
Since a curl field is divergence-free, it follows from Eq. (1) that a vector potential

A can be introduced to represent B via its curl:

B=V x A, (5)



where A is called the magnetic vector potential (T-m). Substituting Eq. (5) into the
second equation of (1) yields

Vx(E—l—%?):O. (6)

Since a scalar gradient field is irrotational, a scalar potential function ¢ can be
introduced to facilitate the representation of E:

0A

E=_-22=
ot

- V@ﬂ (7)

where V denotes the gradient operator, and ¢ denotes the electric scalar potential
in volts (V). Substituting Eqgs. (5) and (7) into Eq. (1) together with the boundary
condition (2) in combination with the constitutive equations (3)—(4), we can derive
the full-wave Maxwell equations

1 . ..
;VXVXA+JA+UV¢+5A2+5V¢:JS (8)

and the boundary conditions

nxA=0onTIg,

1 9
—-VxAxn=0onTIg. )
"

formulated in the A-¢ gauge. Equation (8) only yields a vector equation for A; an
additional scalar constraint equation for ¢ is required to close the system of equations.
Taking the divergence of both sides of Eq. (8), we can obtain the current continuity
equation expressed in terms of A and ¢

V. (aA oV +eA? 4 €V<,b) V. J.. (10)

Equations (8)—(10) constitute the governing equations of electromagnetic fields for
full-wave scenarios.
2.2 Governing equations of elastodynamics

For elastodynamic problems, three fundamental sets of equations are involved: the
momentum balance equations, constitutive equations, and geometric equations, which
are introduced separately here.

1. momentum balance equations

pii = Lo + f,, (1)



where p denotes the material density with units of kg/m?; u represents the dis-
placement vector in meters (m); o is the Cauchy stress vector with units of pascals
(Pa); f, stands for the volume force density, whose unit is also Pa; and

9 9 0
ox o 0z
LT 0 i 0
- oy ox 0z ’
9 0 9
0z Jy Oz

represents a matrix of differential operators.
In sequentially coupled electromagnetic-mechanical problems, Lorentz force fr,
arises when electric current passes through the conductor:

fL:JCXBZU(—A—Vga)X(VXA). (12)

The Lorentz force also acts as a body force. Accordingly, Eq. (11) can be rewritten
when the Lorentz force is taken into account:

pit =LY + f, + fr. (13)

. elastic constitutive equations
For linear isotropic materials, the constitutive equations are given by Hooke’s
law, which describes the stress-strain relationship:

o = .DEE7 (14)

where Dp is the elastic matrix with units of Pa; € denotes the engineering strain
vector, which is dimensionless.
. geometric equations

The geometric equations describe the geometric relationship between strain and
displacement

e = Lu, (15)

which hold under the small-strain assumption. By substituting Eqgs. (14) and (15)
into Eq. (13), the displacement-formulated governing equations of elastodynamics
accounting for Lorentz force are derived:

pii = LTDpLu + f, + fr. (16)

The corresponding boundary conditions read
(17)

The first expression in Eq. (17) represents the prescribed boundary displacement
u, corresponding to the Dirichlet boundary condition, while the second one denotes



the prescribed boundary load f, which corresponds to the Neumann boundary
condition.

2.3 Variational principle for continuous electromechanical
coupled systems

The aforementioned governing equations are expressed in differential form. The the-
oretical foundation of the space-time finite element method lies in the variational
principle, which converts the solution of the original partial differential equations
into a stationary-value problem of the action functional; the geometric structure of
the system can be naturally preserved after discretization. In this section, the con-
tinuous variational formulations for the electromagnetic field and elastodynamics are
derived separately to verify their equivalence to the differential governing equations.
Finally, a unified variational framework for the coupled system is established under
the sequential coupling assumption.

2.3.1 Continuous variational functional for full-wave
electromagnetic fields

For full-wave electromagnetic fields formulated with the A—¢ representation, the
Lagrangian density of the conservative system equals the difference between the
electric energy density and magnetic energy density:

1 1
Ly = §ET€E - §BTVB + AT, — pap, (18)

where v = i Substituting the potential relations (5) and (7) yields

1. T, 1
L (A, ) = 5g(A n w) (A v w) —3(V x )T (V x A)+AT T —pyp. (19)

Integrating the Lagrangian density over the space-time cylinder Q X [to, t1] yields the
action functional for electromagnetic fields.

b 1 /. T /. 1
Sear (A, p) = / / [25(A +Ve) (A+Vp) = 5u(Vx AT (T x A)+ A", - psw} At
to Q

+ A a0 — ATTA + poll, o — @il 0,
(20)
where denotes the conjugate canonical generalized momentum of the magnetic
vector potential A.

Iy = = A Q IIg0=— = A Q
A0 = "5, /96( 0+V<,00)d , a0 A, /95( 1+V<P1)d(,)
21

The subscript digits denote the corresponding time instants, where 0 stands for the
instant ¢ = ¢ and 1 for ¢ = ¢;. IL, is the conjugate canonical generalized momentum




associated with the electric scalar potential ¢, defined in the same form as in Eq. (21).

_ 0Spum 0SEMm

»,0 8@0 »,1 8301

= 0. (22)

This generalized momentum is identically zero, since Sgj; only involves the spatial
gradient Vi of ¢ and contains no time derivative ¢. The variation corresponding to
Eq. (20) reads:

t . T, .,
5Smnt (A, @) = / / [g <6A + V&p) (A + W) UV xSA)T(V x A) + 6ATT, — dpp,| dQdt
to Q

+0A0 a0 — 0ATTIA + 6poll, 0 — dpiTl, 1.
(23)
2.3.2 Continuous variational functional of elastodynamics

For conservative elastodynamic systems formulated in terms of displacement, the true
displacement renders the action functional of the system stationary. The corresponding
Lagrangian density is given by:

1 1
Liech = ipﬂ'Ti” - §€TDE€ + quv- (24)

Substituting the strain-displacement relation (15) gives

1 1
Luneeh = §paTa - 5(Lu,)TDE (Lu) +uT f,. (25)

Integrating the Lagrangian density over the space-time cylinder 2 X [tg, 1], yields the
action functional for displacement fields.

b 1 1
Smech (W) = / /Q {2/)11T'd — i(Lu)TDE (Lu) + quv} dQdt + uoTpy — ui Tp,
to
(26)

where p denotes the conjugate canonical generalized momentum of displacement u

o aS?nech

Po Dug

aSmeC .
= / pitgdQ, py = — 1 :/PuldQ (27)
Q duy Q

and the subscripts represent the corresponding time instants. Then, the variation
corresponding to Eq. (26) is written as

b 1 1
0Smeeh (1) = / /Q {2 pouTa — 5<5uTLTDELu + ou’ fv] dQdt+0ug T po—du, Tpy.
to
(28)
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2.3.3 Unified total variational formulation for sequentially coupled
system

The total action functional S of the coupled continuous electromagnetic-mechanical
field is the sum of the electromagnetic field action Sgjs, the displacement field action
Smech, and the coupling action Seoupie [23, 24].

S = SEM (A7 SD) + Smech (u) + Scouple (A> L, ’U,) ) (29)

where Seouple = fttol Jo uT fr dQdt = :Ul Jo uT [U(—A—V(p) X (V X A)} dQdt denotes
the work exerted by the Lorentz force over the displacement field.
Taking the variation of Eq. (29) yields

0S =06SEMm (A, (,0) + 8Smech (U) + (SScouple (A, ) u)

_ (5AT aSE]W 85'EM +6’U,T aSrnech +6AT aScouple

aScouple +(5’U;T aScouple

94 1%, ou A %, ou

aSE'M aSEM aScou le aScou le aSmech 8Scou le
_ T T P P! T P
= <5A A +0p g + A 9A +d0p ay ) +du ( P + S

(30)
Since the present work adopts a one-way sequential coupling assumption for the elec-
tromagnetic-mechanical problem, the structural displacements have a negligible effect
on the electromagnetic field distribution and boundary geometry under the small-
deformation condition. Consequently, the electromagnetic subsystem can be solved
independently of the displacement field [25]. In this case, the coupling term acts only
on the mechanical subsystem, while the electromagnetic field variation is unaffected
by the displacement, so that 0Scouple/0A and 0Scouple/ ¢ are both zero. The Lorentz
force produced by the electromagnetic field acts as a body force load, and the work
done by this body force enters the mechanical subsystem solely through the virtual
work form 0uT OSeouple/u = [ [, ouT f, A dt. Substituting Eqs. (23) and (28)
into Eq. (30) yields

b . T , .
05 = / / [5 (5A + V&P) (A + V@) —v(V x 5A)T (VxA) +5ATT, — 590,)5] dQdt
to Q

ty 1 1 At
+ / / —potTa — =ouT LDy Lu + 6u” f, | dQdt + / duT fr,dQdt
to Jo L2 2 o Ja

+6A0 A — 0A " TLa 1 + dpolly 0 — dp1Tl, 1 + g  po — duy  pr.

(31)
The above constitutes the variational equations of the coupled electromagnetic-
mechanical field under sequential coupling.

When eddy current dissipation is taken into account, Joule heating constitutes an
irreversible thermodynamic process that cannot be incorporated into the Lagrangian
functional of a conservative system. Following the principle of virtual work and
Rayleigh dissipation function theory, it is therefore introduced as an additional vari-
ational term, ensuring that the sign of the dissipated power is consistent with the

11
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second law of thermodynamics:
ty
SR = — / / (6A + Vép) o (A + w) dQdt. (32)
to JQ
Then, Eq. (31) becomes
2 . T,
5S = / [5 (5A + V5go) (A + w) — (V% 64)" (V x A) +5ATT, — 5%] dodt
to Q
t1 .
- / / (6A + Vip) o (A + ch) dodt
to Q

t1 1 1 At
+ / / [p(mTu — ~ouTL"DpLu + 6u” fv} dQdt + / / suT fr,dQdt
to Jo L2 2 o Ja

+ 5A0THA,0 — (5A1THA,1 + 5(,001_[%0 - 5@11_[%1 + 5UOTp0 — 5U1Tp1.

(33)
Setting the variation of the above expression to zero yields the continuous form of the
electromagnetic—mechanical coupling equations. In the next section, the field variables
will be interpolated using space-time elements, and the resulting discrete expressions
will be substituted into the continuous variational equations to seek the stationary
value of the functional over a finite-dimensional approximation subspace, ultimately
leading to the discrete recurrence scheme.

3 Space-time discrete variational framework for the
electromagnetic—-mechanical coupling problem

In solving electromagnetic-mechanical coupling problems, conventional approaches
typically follow the paradigm of spatial semi-discretization combined with a time inte-
grator: the spatial derivatives are first discretized by the finite element method to
obtain a system of ordinary differential equations in time, which is then advanced
step by step using a dedicated time integrator. For conservative systems, the spatial
discretization preserves the symplectic geometric structure of the Hamiltonian system
in the temporal direction; however, the introduction of a time integrator may destroy
this structure. Unless a symplectic integrator is manually constructed for the specific
problem at hand, the numerical solution will inevitably introduce spurious numerical
damping or energy drift, compromising the accuracy of long-term simulations. In con-
trast, the space-time finite element method performs a unified discretization in both
space and time, with the temporal integration accomplished by finite element inter-
polation and numerical quadrature, rather than by an external time-stepping scheme.
This “time-embedded-in-space” treatment intrinsically preserves the variational struc-
ture of the continuous problem: by seeking the stationary value of the continuous action
restricted to a finite-dimensional subspace, the discrete evolution mapping derived
from the variational formulation naturally satisfies the symplectic condition for con-
servative systems without introducing an additional time integration scheme. Even
for dissipative systems involving Joule losses, the unified variational discretization of

12



the space-time finite element method retains the positive semi-definiteness of the dis-
sipation term and the correct sign of the power balance, thereby ensuring consistency
with the physical dissipation mechanism and improving long-term numerical stability.

Based on the continuous total variational equation established in Section 2, this
section employs hexahedral-prismatic space-time grid elements, with edge elements
for the magnetic vector potential A and nodal elements for the electric scalar poten-
tial ¢ and the displacement field u, to construct the space-time discrete variational
functional of the electromagnetic-mechanical coupling system. Through variational
integration, single-step recurrence solution schemes are derived for the electromagnetic
and mechanical subsystems, and the recurrence scheme is shown to be symplectic for
conservative systems.

3.1 Hexahedral-prismatic space-time grid element

O Electric potential — Magnetic vector potential ¢ Displacement components

Fig. 1: Schematic of the hexahedral-prismatic space-time grid element

Consider the hexahedral-prismatic space-time grid element illustrated in Fig. 1.
The discrete field variables consist of the electric scalar potential , the magnetic vector
potential A, and the displacement field uw. The potentials ¢ and the displacements w
are discretized using nodal elements, with four degrees of freedom per node — one for
the electric scalar potential and three for the displacement components. The magnetic
vector potential A is discretized using edge elements, with one degree of freedom per
edge representing the tangential integral of A along that edge. This space-time grid
element is a four-dimensional element encompassing the three spatial dimensions and
the temporal dimension, which are mutually orthogonal. The shape functions of the
space-time element depend on both the spatial coordinates and the time coordinate,
and can therefore be expressed in the following form

N(2,1) = N (@) ® (1),

- (34)
W (z,t) =W (z)® (1),
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where N(z) denotes the spatial nodal shape function and W (x) the spatial edge
shape function, both of which depend only on the spatial coordinates, while ®(¢) is the
temporal shape function, depending solely on time. Accordingly, for the space-time
grid element shown in Fig. 1, the electric scalar potential, displacement, and magnetic
vector potential at any interior point can be interpolated in the following form

¢ (@,1) = Nowp®,
u (x,t) = Nyu®, (35)
A(x,t)=WA®,

where A
N, = [Nl Ny - Nlﬁ] =N® [‘1)0 ‘1’1}7

Ny=[N®@I3 Ny@I3 -+ Nig @ I3]
=N®I;o [0 & (36)
=N, ® [® &1],
W= [W, Wy - Wyl =W [& o],
*® denotes the element nodal electric potential vector, u® the element nodal displace-
ment vector, and A€ the element edge tangential integral vector of the magnetic vector
potential, with ® representing the tensor product. Since the space-time grid element

shown in Fig. 1 contains only two temporal nodes, each of the vectors ¢¢, u¢ and A°
can be decomposed into components at ¢t = tg and components at t = t1:

0 = [T ofT] " u = [ugT usT), AC = [AGT A¢T)" (37)

In Eq. (36), N, = N ® I3, where N = [Ny Ny --- Ng] is a row vector composed of
the nodal shape functions of the standard eight-node first-order hexahedral Lagrange
element, and W = [Wl Wg e ng] is a matrix formed by the edge shape functions
of the conventional first-order hexahedral Nédélec element. The explicit forms of these
functions are not the focus of this paper; the reader is referred to [26].

3.2 Space-time discrete energy functional

When the electromagnetic field is discretized using the space-time grid elements intro-
duced in Section 3.1, the electric field intensity and magnetic flux density within an
element can be expressed in the following matrix-vector form

E=-WA® - VNg® = -Wd,A° - VNI ¢°,

. (38)

B=VXWA*=VxW®,4A°
where @4 = [®g ®1] ® I and @, = [P¢ ®;] ® I are the temporal shape function
matrices, whose dimensions are determined by the interpolation targets. Substituting
the above expressions into the continuous action variation equation of the electromag-
netic field, Eq. (23), yields the electromagnetic field action variation at the element
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level
6SEm =0 XTK X +0XTFry + 60X Ty — 06X, ', — 6 XTK, X, (39)

where X = [A°T 1], X, = [A§T T |1, X1 = [AFT ¢¢T)T; T1y and II; corre-
spond to the generalized momenta of the electromagnetic field at ¢ = 0 and t = At,
respectively, and are automatically defined by the following relations

0SEMm I :_35}5M7 (40)

H =
o7 ax, ! X,

which correspond respectively to the continuous forms in Egs. (21) and (22);
PTWTeW o, — <I>T(V xW)'v(VxW)®, ®TWTVNS,
<I>T(VN) Tewd T (VN)'eVN&,

k=
(41)

is the stiffness matrix contributed by the conservative part of the electromagnetic field;

e[,

is the stiffness matrix contributed by the dissipative part of the electromagnetic field;

dQdt,

i3 WTaW<I> A ®IWTGVN®,

AT | dodt, 42
®I(VN) LW, ®I(VN) ovN®, “2)

t
' WTJ,dQdt

Feu = | 0
l o, ~NTp,d0dt

is the space-time load vector of the externally applied excitation of the electromagnetic
field.

Then, the displacement field is discretized using the space-time grid elements, and
the strain and stress within an element can be expressed as

e=B®,u’,

N (44)

o =Dge =DgB®,u,
where B is the strain—displacement matrix (constructed from the spatial gradients
of the nodal shape functions), Dg is the elasticity matrix, and ®, = [®g ®1] ® Ioy
is the temporal shape function matrix for the displacement field. Based on Eq. (44),
the tensor-product form of the space-time shape functions allows the temporal inter-
polation and the spatial interpolation within a space-time grid element to be carried
out separately. Substituting the above expressions into the continuous action varia-
tion equation of the displacement field, Eq. (28), yields the displacement field action
variation at the element level

6Smeen = ou T K uf + 6u" F, + dug po — dui p,, (45)
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where pg corresponds to the generalized momentum at ¢ =ty and p; corresponds to
that at ¢t = t;, satisfying the following relations

8Smech 8Smech
Po aug y P1 3“’? ) ( )
corresponding to the Eq. (27); and
t1
K, = / («I)ENUT pN., &, — <I>EBTDEB<I>U> aodt,
fo (47)

t1
F, = / &' NT f,dQdt,
t(] Q

are the stiffness matrix of the discretized displacement field and the load vector
excluding the Lorentz force, respectively.

Adding Eq. (39) and Eq. (45) and introducing the work done by the Lorentz force
via the principle of virtual work yields the variation of the total action functional S
of the electromagnetic—mechanical coupled system at the element level

0S =6XTK X +0X " Fry + 06X Iy — 06X, I — 6 XTK>, X

48
+ suTK, u + suTF, + 6u8Tp0 — 6upr1 + (5ueTFL, (48)

where F, = ttol fQ Q’ENqu dQ dt. Setting the variation in Eq. (48) to zero yields

{(K1 ~Ko) X + Fen + QoI — QT =0 (49)

K,u®+F, + Fp + Qipy — QTp1 =0’

where Qq, Q1, Q07 and Ql are Boolean extraction matrices satisfying the following
conditions

Xo=QuX, X1 =1 X, uj =Qou’, uf = Qu’. (50)
When X, Iy, u§, and py are known, Eq. (49) can be solved directly as a linear
system; however, this is not the most efficient computational approach. In the next
section, the matrices involved in the variational process are analyzed in detail, and a
simpler recurrence solution scheme is derived.

3.3 Recurrence solution scheme based on the space-time grid
element

To improve computational efficiency, the global discrete variational equations obtained
in Section 3.2 are reordered by partitioning the degrees of freedom according to their
temporal nodes. The global variables are split into the state at t = tg, i.e. Xg, I1j, uo,
Po, and the state at t = 1, i.e. X1, II1, w1, p;. Eliminating the intermediate variables
through block-matrix simplification yields an implicit recurrence scheme that relates
the states at two adjacent time instants.

16



For the electromagnetic field, corresponding to the first equation in Eq. (49), the
block-reordered equation is

[KX,OO KX,M} {Xo} N {I?X,oo I?x,m] [Xo] N [FX,O] N {Ho ] —0, (51)

Kx0 Kxau] [Xa Kx 10 Kx 1] [X1 Fx. -1,
where . ) .
1 1 1
Koo — | M=o q;gdi_ K, [,; @3dt C. [, Pa®odt |
, CT [ @yt K. [ ®3dt
K — M5 ftf)l (I)Oq)ldt - K’U fttol q)oq)ldt CE j;tl <I>O<I>1dt
xoor CT [ @y, at K. [ @o®,dt|’
t1 + =+ t1 ty =
Koy — | Ml P1®dt -~ K, i@t ng;11<1>1c1)0dt |
, Ce [, ©10pdt K. [, @ ®qdt
t1 1 t tr =
KX = ME ftﬂl (?}%dii KU tol (I)%dt CE ftolt?lqgldt )
, CT [ @bt K. [ o3dt
B M [ eabodt ©, [ @3] o [M, [ @ebidt C, [ @o®dt
BTN CT [P egbodt K, [ @3at) T N T | OF [ @odidt K, [ @o®idt|
A M, [, ®18odt C, [,' ®10dt] o M, [ @, bydt C, [ @2t
KX,I() = T tol . | 7KX,11 — T t(Jl . Ly ;
CT [} ®190dt K, [, ®1®odt Cr [\ &ybydt K, [} ®3dt

)

t 4 t s
0 20 o WAT;ISdet] P l o 1 Jo WAT%]sdet
—fto o3 fQN psdQdt —fto D, fQN psdQ2dt
The detailed derivation and the definitions of the sub-block matrices are provided in
Appendix A.

For the displacement field, corresponding to the second equation in Eq. (49), the
block-reordered equation is

K00 Ku10| |u§ F,o+ Frp Do
) ) _|_ ? ? = ()7 52
[Ku,(n K, 11| |uf F,1+Fr, * —p1 (52)

Fxo= l

where . .
1, 1
K, =M, / d2dt — K / P2dt,
to to
tl . . tl
Kooo=M, | &ddt— KE/ Oyd,dt,

to to

e t
Koo = Mp/ b, dodt — KE/ O, Dy,
to to

t1 A t1
K, = Mp/ Pt — KE/ didt,
to to
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t1 ty
Fu’oz/ <1>0/ NTf,dQdt, F,, :/ @1/ NTf,ddt,
to Q to Q

t1 t1
FL,():/ @0/ N, frdQdt, Fp, :/ <I>1/Nqudet.
tO Q to Q

The detailed derivation and the definitions of the sub-block matrices are provided in
Appendix B.

Comparing Eqs. (51) and (52) shows that both can be written in the following
two-variable recurrence form

{Zﬂ =P-T {‘;ﬂ . (53)

Depending on the integration strategy adopted for the temporal shape functions in the
sub-block matrices—such as exact integration or reduced integration—various solution
schemes can be constructed, all of which, however, retain the same unified recurrence
structure.

3.4 Symplecticity of the recurrence scheme

When eddy current dissipation is absent, the conductivity ¢ = 0, the matrix Kx
vanishes automatically, and the electromagnetic and displacement fields become mutu-
ally independent conservative systems. In this case, since linear shape functions are
employed in the present space-time grid element, it can be readily verified that the
following relation holds for any integration strategy of the temporal shape functions:

T T
Kx o= Kx,10 ,Kx00 = Kx,11,Kuy10=Kuo1 ,Kuoo= Ky1- (54)

In this case, the transfer matrix T in Egs. (51) and (52) can be uniformly written in
the following simplified form

M, 1 '[M I MM, M
T= T = -1 T —1|> (55)
M, —I| |M; M, My M, — M{" M, M,
where M is a symmetric matrix. Since
I
T
T [_I } T
_ _MlMO_T MlMO_TMl - M, I M()_lMl ‘2\4’0_1
T Myt My "M, ~I | |M,M;'M, - M§ MM, (56)
=My MM+ My MM My M, Mt
L MM, My | MM M - M MM
[
=)

18



the transfer matrix T is symplectic [27]. Therefore, in the absence of dissipation,
the recurrence scheme derived from Egs. (51) and (52) is automatically symplectic,
regardless of the integration strategy adopted for the temporal shape functions.

4 Numerical examples

To systematically validate the correctness of the proposed method, three numerical
examples are presented in this section, following the progressive logic of “single-
field first, then coupled”. These examples verify the performance of the method for
nondissipative electromagnetic field problems, elastodynamic problems, and electro-
magnetic-mechanical coupling scenarios, respectively.

4.1 Cubic resonant cavity

This example considers a standard cubic cavity benchmark [15] to verify the correct-
ness of the electromagnetic space-time recurrence scheme. A unit cube Q = [0, 1] is
taken as the computational domain with perfect electric conductor (PEC) boundary
conditions. The material parameters are normalized to unity, with ¢ = 1 and p = 1,
both expressed in dimensionless form.

To construct a test case that admits an analytical solution, a source term satisfying
the following equation is introduced:

Feym (t,x,y, z) =pdt + Jpdz + J,dy + J,dz

)sin (72) (27t)
+ 372 sin (1) cos (my) sin (72) [1 — cos (2nt)] dy
( (m2) (2mt)

+ 372 cos (mx) sin (my) sin (72) [1 — cos (27t)] dx (57)
(

)
— 672 sin () sin (7y) cos (72) [1 — cos

The corresponding analytical solution is

ugm (4,2, Y, z) =pdt + Ayde + Aydy + A.dz
=sin (7x) sin (7y) sin (72) [1 — cos (27t)] dt
) [1 — cos (27t)] dz (58)
) [1 — cos (2nt)] dy
— 2sin (7x) sin (7y) cos (72) [1 — cos (27t)] dz,

+ cos (mz) sin (7y) sin (72

+ sin (7z) cos (my) sin (72

where p =0 on 092, V- A =0, and A xn =0 on 092, with n denoting the outward
unit normal to the boundary.

The computation is carried out using the space-time finite element recurrence
scheme proposed in this paper, with reduced integration adopted for the temporal
shape functions. The spatial domain is discretized with a 10 x 10 x 10 hexahedral
mesh, and the time interval [0, 2] is uniformly partitioned into 400 subintervals with a
step size of At = 0.005, yielding a total simulation duration of 2. The spatial and tem-
poral discretizations are combined into a global space-time mesh via tensor-product
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construction. To eliminate the non-uniqueness of the solution arising from the gauge
invariance of the magnetic vector potential A, the tree-cotree gauge condition [28] is
employed in the numerical computation of A. The implementation proceeds as fol-
lows: a connectivity graph is formed by traversing all edges of the mesh; a minimum
spanning tree that covers all nodes is designated as the set of tree edges, with the
remaining edges forming the cotree; the tangential degrees of freedom of A on the
tree edges are removed from the algebraic system; only the degrees of freedom on the
cotree edges participate in the assembly and solution of the system; after solving, the
degrees of freedom on the tree edges are restored to zero.

|Bezact |

Fig. 2: Contours of the magnetic flux density and the electric field intensity at t = 0.8

Figure 2 shows the contours of the magnetic flux density and the electric field
intensity at t = 0.8. The results obtained by the proposed method are denoted by the
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subscript ”STFEM”, while the exact analytical solution is denoted by the subscript
7exact”. As shown in Fig. 2, the STFEM solutions agree well with the analytical
solutions. To quantify the error more precisely, the following formulas are used to
compute the discrete-time L2 relative errors of the magnetic flux density and the
electric field intensity:

v 1/2
(Z HBSTFEM (tk) — Begact (tk)”§>
k=0

erp = N 1/2 ’
(go 1 Besaer (1) ||§>
N Lo (59)
(k OLESTFENf@k)—-E%ﬂwtukH@>
erg = ’

~ 1/2
(z | Besact <tk>§)
k=0

where N = 400 is the number of time steps. Evaluating Eq. (59) yields a relative error
of erg = 5.3359 x 10~ for the magnetic flux density B and erg = 6.0226 x 10~*
for the electric field intensity E, both remaining at the order of 10~#, which further
confirms the accuracy of the proposed scheme.

According to the analysis in Section 3.4, the proposed scheme is automatically
symplectic for nondissipative electromagnetic field problems. A simple numerical test is
designed here to verify this property. The source term is again constructed according to
Eq. (57), and the system’s free evolution is studied after the external source is removed.
To avoid a sudden energy jump caused by an abrupt removal of the loading, the source
term is smoothly attenuated. Specifically, the original loading Fgy(t) obtained from
the analytical solution is multiplied by a temporal modulation function g(t):

Fpa (t) =g (t) Feu (t), (60)
where
1, t<0.1;
1 t—0.1
- 1 <t<0.15;
g (t) 5 [l—i—cos(W 005 )}, 0.1 <t<0.15 (61)
0, t>0.15.

Figure 3 presents the temporal evolution of the system energy computed by the
STFEM method. As shown in Fig. 3, after the external loading is gradually removed,
both the electric and magnetic field energies oscillate over time and exhibit a clear char-
acteristic of mutual conversion. Meanwhile, their sum, i.e., the total electromagnetic
energy, remains essentially constant once the external excitation ceases, exhibiting
only minor periodic oscillations attributable to numerical errors. This corroborates
the symplecticity of the proposed method.
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Fig. 3: System energy evolution computed by the STFEM method

4.2 Free vibration of a simply supported thick plate

This example is intended to verify the solution accuracy and symplecticity of the pro-
posed space-time finite element recurrence scheme for purely elastodynamic problems.
A simply supported rectangular thick plate is considered, with side lengths a = b =1,
thickness h = 0.1, elastic modulus £ = 100, Poisson’s ratio A = 0.3, and density
p = 1, all expressed in dimensionless form. The spatial domain is discretized with a
10 x 10 x 4 hexahedral mesh, and the time interval is uniformly partitioned into 5000
subintervals with a step size of At = 0.001, yielding a total simulation duration of 5.
The spatial and temporal discretizations are combined into a global space-time mesh
via tensor-product construction. The initial condition is generated from a static anal-
ysis: a uniform pressure ¢ = 2 is applied to the top surface of the plate, and the initial
displacement field is obtained by solving the static equilibrium equation; the initial
velocity is set to zero. At t = 0 the external load is removed, and the plate undergoes
free vibration.

To assess the solution accuracy, the following three approaches are employed for
cross-validation: (1) the space-time finite element recurrence scheme proposed in this
work, with two variants distinguished by the integration strategy adopted for the tem-
poral shape functions—STFEM-RI (reduced integration) and STFEM-AI (accurate
integration); (2) the built-in ODE45 solver in MATLAB [29, 30], which is based on
an embedded Runge-Kutta method and serves as a high-accuracy symplectic numer-
ical reference solution; (3) the backward Euler method [31], which is employed as a
non-symplectic reference for comparison.

Figures 4 and 5 show, respectively, the full time-history comparison and the
absolute error of the plate center deflection. The space-time finite element solutions
obtained with both STFEM-AI and STFEM-RI exhibit stable, constant-amplitude
oscillations over the entire time span. The absolute errors of both integration strate-
gies relative to the ode45 reference solution remain below the 1073 level, and no
appreciable difference in accuracy is observed between the two strategies. By contrast,
the backward Euler solution exhibits monotonic amplitude decay —a characteristic
manifestation of the numerical dissipation inherent in non-symplectic schemes— and
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Fig. 4: Full time-history comparison of the plate center deflection computed by dif-
ferent methods
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Fig. 5: Absolute error comparison of the plate center deflection computed by different
methods
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center computed by STFEM

its absolute error accumulates continuously with simulation time. Figure 6 presents
the phase portrait of the deflection versus generalized momentum at the plate center.
The phase trajectories of both the STFEM-AI and the STFEM-RI form reasonably
regular closed ellipses, indicating that the discrete system retains the intrinsic symplec-
tic geometric structure of the continuous problem under both quadrature strategies.
In summary, this example demonstrates that the proposed space-time finite element
recurrence scheme achieves satisfactory solution accuracy for elastodynamic problems;
both quadrature strategies yield results in close agreement with the high-accuracy ref-
erence solution, and stand in clear contrast to the numerical dissipation exhibited by
the backward Euler method.

4.3 Three-dimensional rectangular direct current busbar

This example is intended to verify the correctness of the proposed space-time finite
element recurrence scheme for electromagnetic-mechanical coupling problems. Con-
sider a long straight busbar conductor as shown in Fig. 7, with an axial length L = 100
mm and a rectangular cross-section with width w = 4 mm and thickness d = 2 mm.
The conductor is grounded and clamped at the z = 0 end, satisfying ¢ = 0, while the
z = L end is current-fed and mechanically free. A perfect magnetic conductor (PMC)
boundary condition, n x A = 0, is prescribed on the face y = 0. At ¢t = 0s, an exter-
nal source current is applied to the end face z = L, with the total current gradually
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Fig. 7: Schematic diagram of the busbar example

ramping up from 0 A to Imax = 50 A according to the following time variation:

t
— ) A <1 <0.05s:;
, 50(0.05> . 0s<t<0.05s;

50 A, 0.05s <t <0.08s.

(62)

The current load is uniformly applied to the cross-sectional nodes as a source
term in the ¢ equation and is subsequently transferred to the magnetic field via
electromagnetic coupling.

The conductor is modeled as an isotropic material with electrical conductivity o =
10 S/m, magnetic permeability 4 = 47 x 1077 H/m, permittivity ¢ = 8.854 x 10712
F/m, elastic modulus E = 1.2 x 10*! Pa, Poisson’s ratio A = 0.3, and density p =
8960 kg/m3. The current flowing through the conductor alters the internal electric
and magnetic field distributions, thereby generating a Lorentz force that acts on the
conductor and induces structural displacements.

The electromagnetic field distribution is first computed using the full-wave recur-
rence scheme for eddy-current problems proposed in Section 3, with the gauge
condition enforced via the tree-cotree gauge [28]. The Lorentz force distribution is
then evaluated from the computed electromagnetic fields, and subsequently supplied
as a body force load to the mechanical recurrence scheme of Section 3 for solving the
conductor displacements. Reduced integration is adopted for the temporal shape func-
tions in both schemes. The spatial domain is discretized with a 4 x 4 x 100 hexahedral
mesh, and the time interval of total duration 0.08s is uniformly partitioned into 800
subintervals with a step size At = 1 x 10~%s. The spatial and temporal discretizations
are combined into a global space-time mesh via tensor-product construction.

With the PMC boundary condition applied on one face and assuming a uni-
form current density J, = I(t)/(dw), the closed-form solution of the one-dimensional
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Poisson equation can serve as the reference solution for the magnetic field:

0A,
Jy

B, (yvt) = = /Lon (U) - y) 3 B, = By =0. (63)

The corresponding Lorentz force density can be evaluated analytically:

fy(yvt):Jsz:,u']zz(w_y)a fe=f.=0. (64)

This force is directed along the positive y-axis and decays linearly from its maximum
value at y = 0 to zero at y = w. The cross-sectional static force density is then given
by

d rw
0= [ [ £ ) dude = Gtz (65)

Based on the Euler-Bernoulli beam theory, when a cantilever beam is subjected to
a time-varying uniform line load ¢, the dynamic deflection at the free end can be
expressed in the following analytical form via the modal superposition method [32]:

w(z,t) = 3 T i tq(T)fOL@n(s)dssinw —7)|dr
( 70*23071( )Wn[) pAfOLQO%(S)dS [ n(t )]d , (66)

where @, (x) = cosh(B,x) — cos(Bnz) — ay[sinh(B,z) — sin(B,x)], with 8, satisfy-
ing the characteristic equation cosh(g,L)cos(B,L) +1 = 0, a,, = [cosh(B,L) +
cos(B,L)]/[sinh(B,L) + sin(B,L)], and w, = B2\/EI/(pA), in which A is the

cross-sectional area and I the area moment of inertia.
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Fig. 8: Computed B, and its absolute error at z = 0.75 mm, z = 49.5 mm inside the
conductor at t = 0.08s
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Fig. 9: Computed displacement at the midpoint of the free end face of the conductor
and its absolute error

Figures 8(a) and 8(b) respectively present the comparison of the computed B, at
x = 0.75mm, z = 49.5 mm inside the conductor at ¢t = 0.08 s and the corresponding
absolute error. Figures 9(a) and 9(b) respectively show the comparison between the
transient displacement response at the midpoint of the free end face of the conductor
at t = 0.08s and the reference solution based on Eq. (66), together with the corre-
sponding absolute error. As shown in Fig. 8(b), the absolute errors in the magnetic
field results remain on the order of 10~°, confirming the correctness of the electro-
magnetic coupling computation. It can be observed from Figs. 9(a) and 9(b) that the
displacement results are consistent with the trend of the reference solution: in the
phase t < 0.05s, the displacement grows as I2(t) o t?, and stabilizes thereafter for
t > 0.05s, while the absolute error remains steadily at the order of 10~8. In summary,
this example establishes a full-chain electromagnetic-to-mechanical coupling verifica-
tion for the rectangular cross-section busbar, from the electromagnetic field to the
displacement field. The comparison with the analytical reference solutions confirms
the accuracy of the proposed space-time finite element-based coupling framework.

5 Conclusion

This paper has presented a unified space-time finite element framework for electromag-
netic-mechanical sequential coupling problems. Grounded in Hamilton’s variational
principle, the framework introduces hexahedral-prismatic space-time grid elements
and establishes a discrete variational principle together with a single-step recurrence
solution scheme for the coupled system within a unified variational discrete formula-
tion. The scheme has been shown to automatically preserve the symplectic structure
in the nondissipative case.

The correctness of the proposed method has been validated through three numer-
ical examples. In single-field verification of electromagnetic problems, the space-time
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finite-element solutions agree well with analytical or high-accuracy reference solu-
tions. In the long-time simulation of the free vibration of a simply supported thick
plate, both the displacement amplitude and the total energy obtained from the sym-
plectic recurrence scheme remain stable, standing in clear contrast to the numerical
dissipation exhibited by the backward Euler method. In the coupled example of
a direct-current busbar under short-circuit conditions, the transient results of the
electromagnetic—mechanical sequential coupling are consistent with the reference solu-
tions, demonstrating that the present framework accurately captures the structural
dynamic response driven by the Lorentz force.

The above results indicate that the proposed space-time finite element framework
can simultaneously ensure the accuracy and long-time numerical stability of elec-
tromagnetic field solutions, elastodynamic solutions, and their sequential coupling,
without the need for additional structure-preserving integrators. The present work
is based on the small-deformation assumption and does not account for the feed-
back of the displacement field on the electromagnetic field distribution. Future work
may consider extending the framework to two-way coupling or nonlinear problems
and incorporating space-time adaptive discretization strategies to further enhance
computational efficiency.
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Appendix A

This appendix presents a detailed analysis of the matrices appearing in the first

equation of Eq. (49) and derives the recurrence solution scheme for the electromag-

netic field. We begin with a detailed examination of the sub-block matrices within the
block matrix K. Let

K00 K101

K, = ) )

! [Kmo Kin
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where
tl . ~ ~ .
K0 = / / STWTeWd, — @4 (V x W)Tw (V x W)@ ,d0dt
to Q
t

1 . . tl

:/ qﬁME@Adp/ K, ® ,dt
to to

| M3 ML [ Doddt

_ 1o 3 Re K, [l 03dt K, [ 9y®,dt
M. [,' ®;Podt M. [,' ®idt

K, [ ®,®ydt K, [ @3t |’

(A1)
t1 . t1 |
K = / / SIWTVN®,dQdt = / ®NC. P dt
to Q to
. . A2
e [ dp@qdt C. [ @@y dt (42)
C|C [, i dt C. [, D Dydt ]
t1 t1
K1,10:/ /QE(VN)TEWQAdetz/ @ CId ydt
to JQ to
. . A3
_|er ftg Ddodt CT [1* @b, dt (A3)
- |CF [, @ dpdt CF [} @, dt |’
t1 t1
Ky = / / ®L(VN)'eVN®,dQdt = / PLK. B dt
to JQ to
A4
| Koy edar K[ @,0dt (44)
K[ 000t K. [ @3dt
and
M. = | WreWdQ, (A5)
Q
~A\T ~
K,,:/ (VXW) V(VXW)dQ, (A6)
Q
C.= / WTeVNdQ, (A7)
Q
~\T N
K. = / (VN) eVINAQ. (A8)
Q

Next, the sub-block matrices within K5 are analyzed. Let
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where . ,
1 1
Ko = / / TWIoWd ,dQdt = / &M, d ,dt
to Q

to
. . A9
_ [Mg [ @ododt M, [ <I>0<I>1dt] (49)

M, [,} ®1d0dt M, [, ®1dydt

tl tl
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to Q to

(A10)

)
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t1 ty
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t1 AT R t1
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to JQ to

(A12)
_ [ K, [ o3dt K, [ <I>0<I>1dt]

K, [ &100dt K, [ ®3dt

and
- N ~\T “ ~ ~
M, = / WToWdQ, K, = / (VN) oVNAQ, C, = / WToVNdQ.
Q Q Q

Then, analyzing the load term yields

[ @ [, WTJ,dQdt
_ ftoltcpl Jo W J.dQat
— [} ®o [, NTp,dQdt
— Ji} @1 Jo NTpodQdt
(A13)
Substituting Eqs. (A1)-(A11) into the first equation of Eq. (49) and reordering the
degrees of freedom according to the temporal nodes yields
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h
where t 2o f oo b s
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x00 CT [ Pyt K. [0 o3dt |’
o _ | M [ @b, dt — K, [ @,®,dt C. [} &y, dt
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Appendix B

This appendix presents a detailed analysis of the matrices appearing in the second
equation of Eq. (49) and derives the recurrence solution scheme for the displacement
field. We begin with an analysis of the block matrix K,:

ty
K, = / / (tI)ENEpNu@u—QJEBTDEB@u> andt
t Q
Otl . . ty
_ / ST M, b, dt - / BT K p®,dt

to to

_ [ M, [ ®3dt M, [ dod,dt
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M, [ &dodt M, [ d3dt Kp [ .00dt Kp [ 03dt |’
(B15)
where
M, = / NIpN,d9,
Q
Kp = / BTDgBd.
Q
Then, analyzing the load vector yields
b . " @ [, NT f,dQdt
Fu:/ /QENEfUdet: ) 0 Jo Jfrfv = {FHO}
to JQ 0 1 Jo Ny fodQdt F,q (B16)
t t1 Y
1 N ) N, frdQdt
FL:/ /@ENqudet: 0 0 Jo v Jr _ |:FL70:|.
to JO fto Py [, Ny frdQdt Fr

Substituting Eqs. (B15)—(B16) into the second equation of Eq. (49) and reordering
the degrees of freedom according to the temporal nodes yields

K00 Ky10| |u§ F,o+Frp Po
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where
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