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Abstract

Toolpaths in practical five-axis CNC machining are typically programmed as sequences of GO1 linear blocks. At block junctions,
curvature discontinuities and abrupt curvature variation reduce achievable feedrates and may excite vibration in high-speed machining.
This paper proposes a local corner-smoothing method that replaces each junction with parameter-synchronized dual quartic Bézier
transition segments, providing G* continuity with continuously varying tool position and orientation. An overall error envelope is
defined with respect to the programmed polyline specified by GO1 block endpoints, and Bézier control points are obtained by solving
a constrained optimization that minimizes differential smoothness energy to suppress curvature peaks and promote a more uniform
curvature distribution within tolerance. To enhance robustness near kinematic singularities, a lightweight rotary-axis stabilization
strategy based on a proxy azimuth-rate signal with soft-lock blending is incorporated to stabilize rotary commands without explicit
Jacobian evaluation, while maintaining computational feasibility for online interpolation. Junctions are further classified into two
types according to neighboring GO1 block characteristics and treated accordingly. Simulations and five-axis machining experiments
on impeller and butterfly parts demonstrate improved curvature profiles, reduced feedrate fluctuation, and higher interpolation
efficiency compared with conventional corner-transition schemes.

Keywords: Five-axis machining, Corner smoothing, Curve parameter synchronization, Real-time interpolation

1. Introduction

High-precision and complex components, such as blades, im-
pellers, and propellers, commonly found in aerospace, auto-
motive, and mold manufacturing, are typically produced using
five-axis computer numerical control (CNC) machine tools[1].
In modern CNC machining, toolpath optimization plays a critical
role in balancing high precision with operational efficiency[2]].

The overall performance of machining (speed, surface qual-
ity, and tool wear) is strongly influenced by toolpath continuity
[3L14,15]. CAM toolpaths are usually issued as GO1 segments,
and poor corner handling can cause vibration and speed loss
when tangential or curvature continuity is not maintained[6} 7]].
Curvature is another key factor for speed and stability. Reducing
corner curvature and its local variation improves interpolation
efficiency and machining time[8, [9]. Excessive curvature in-
creases stress, vibration, and wear, and can degrade surface
finish, so low-curvature continuous transitions are essential for
performance.

*Corresponding author
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Five-axis toolpaths include tool tip position (TTP) and tool
axis orientation (TAO). Existing smoothing methods are com-
monly grouped as global vs. local, and workpiece coordinate
system (WCS) vs. machine coordinate system (MCS) strategies.

Global approaches smooth the full path, often via NURBS
or related splines[10, |11} [12]; they offer high smoothness
but complicate error control due to nonlinear arc-length
parameterization[[13]. Local approaches add short transition
curves at corners, enabling direct error control by enforcing con-
tinuity at junctions; methods target both geometric (G) and para-
metric (C) continuity. G continuity ensures geometric smooth-
ness, while CF continuity enforces smooth time derivatives
for stable motion. Achieving C* continuity requires consis-
tent velocity, acceleration, and jerk within each sampling in-
terval. Representative C2/C? methods include synchronized
WCS splines[[14], cubic B-spline approximations[15]], semi-
analytical corner smoothing[16]], efficient Cc? interpolation[[17]],
constrained micro-splines[18]], and analytical C? schemes with-
out iteration[[19, 20]]. Later work uses quintic B-splines or asym-
metric splines to decouple or coordinate position—orientation
smoothing[9, 3, [21]].

In this context, G continuity is widely used because it is
less restrictive than C* continuity and offers more flexibility
in control-point selection. Yong and Cheng [22]] optimized a
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geometric Hermite cubic G! curve, and Jakli¢ and Zagar [23]
simplified boundary conditions for smoother transitions. Lu
[24] extended this to planar quintic G? curves. Xavier et al.[4]
proposed a G2 cubic B-spline corner rounding model with con-
tour/orientation tolerance control in WCS. Zhao et al.[6] used
curvature-continuous B-splines with five control points for real-
time blending and curvature control. Bi et al.[25] developed
an analytical real-time G* dual-Bézier method in MCS. Shi et
al.[26]] used quintic PH curves for analytic G* rounding. Huang
et al.[27] replaced linear corners with a cubic B-spline to raise
feedrates, and Jin et al.[28] proposed a G*> Bézier-based feed
interpolator. Sun and Altintas [29] introduced a G? method
that optimizes feedrate along transition splines under error and
kinematic limits.

Production efficiency is often assigned the highest priority,
and most existing studies aim to optimize various performance
indicators by minimizing machining time while maintaining
trajectory continuity. In this context, the selection of machin-
ing toolpaths can be likened to the determination of an opti-
mal racing line. A commonality between a racing line and
the machining error band is that both the driver and the ma-
chine tool must operate strictly within their designated spatial
boundaries. Inspired by racing cornering strategies, minimiz-
ing toolpath curvature and its derivatives greatly improves fee-
drate smoothness[30], thereby reducing unnecessary acceler-
ation—deceleration cycles and enhancing machining efficiency
and quality. In racing, when a vehicle enters a spin, the sustained
lateral G-force reaches a critical threshold [31] :

locit 2
Lateral G value(m/s*) = velocity(m/s)

Radius of curvature(m)

The turning radius governs allowable speed: larger radii en-
able higher velocities, while excessive corner curvature in CNC
machining triggers frequent acceleration—deceleration cycles
and degrades efficiency and quality. Prior work therefore empha-
sizes curvature reduction under error-band constraints, spanning
inscribed/inside strategies, circumscribed/outside strategies, and
symmetric/centered blending. Representative inside or conser-
vative approaches include inscribed cubic B-splines for 3-axis
paths (Zhao et al.[6]) and inscribed quintic Bézier rounding
(Sencer [32]). Circumscribed methods include double cubic
B-splines for five-axis G? smoothing (Xu et al.[33])) and quintic
B-spline smoothing with synchronized position—orientation for
five-axis robots (Zhang et al.[9]]). After curvature is controlled,
overlap can be eliminated, as shown by type-based elimination
(Yan et al.[34]) and LP-based elimination (Hu [21]]). These cat-
egories clarify the remaining gap: most methods reduce peak
curvature, but explicit control of curvature consistency within
the error band, together with robust singularity handling and
synchronized position—orientation smoothing, is still limited.

The racing apex, defined as the intersection point between
the vehicle’s trajectory and the innermost corner point, serves
as a critical reference for achieving optimal cornering. The opti-
mal racing strategy follows an outside-inside-outside trajectory,
where drivers begin the turn from the outer lane, approach the
apex near the inner lane, and exit the turn by returning to the

outer lane[35,36]. This trajectory pattern minimizes the turning
radius, allowing the vehicle to maintain higher speeds while
optimizing stability. The route diagram illustrating this strategy
is shown in Figure [T}
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Figure 1: Optimal racing route. (a) Global trajectory with velocity distribution.
(b) Local cornering strategy showing different apex positions.

This paper applies optimal racing trajectory design principles
to toolpath planning. The transition curves at toolpath corners
are optimized by adopting an outside-inside trajectory pattern
within the error tolerance zone, minimizing curvature. This strat-
egy enhances production efficiency while strictly adhering to
specified error tolerance constraints. Additionally, the proposed
methodology integrates impact energy constraints into the geo-
metric design of transition curves, aiming to reduce curvature
variations and generate low-curvature curves that maintain G*
continuity. This WCS-based approach guarantees stable and
uniform tool motion during high-speed machining, effectively
mitigating the time inefficiencies and vibration effects typically
caused by deceleration at angular transitions. The overall pro-
cess is illustrated in the accompanying schematic diagram.

Table summarizes the structured comparison of in-
side/outside blending strategies and highlights the innovations
of the proposed method.

The remainder of this work is structured as follows: Section[2]
introduces a smoothing method for the tool tip position toolpath
that minimizes differential smoothness energy under error-band
constraints. Section [3|presents a hyperbolic smoothing method
for the tool-axis orientation toolpath, synchronized with the TTP
parameterization. In Section 4] simulation and experimental
results are reported. Section[5]concludes the paper.

2. Generation of G*> Continuous Tool Tip Position Splines

Five-axis toolpath planning introduces two additional ro-
tational axes compared to three-axis planning. The cutter-
location (CL) data generated by CAM consists of the tool
tip position P, = [Py, Py, Pz,,,]T and tool orientation O, =
[0in, Ojn, Ok,,,]T, where n = 0, 1, ..., N represents discrete points
along the toolpath, relative to the workpiece.

In this section, we propose a quartic Bézier method for
smoothing the local corners of linear tool tip position segments,
subject to user-defined error tolerance and differential smooth-
ness energy limits. The control points of the Bézier curve are
calculated with precision to fully leverage the allowable error
tolerance, analogous to the cornering strategies used in high-
performance racing vehicles. Concurrently, differential smooth-
ness energy is applied to regulate the curvature of the transition
curve, optimizing the overall feed rate and improving machining
efficiency.
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Figure 2: Flowchart of the research methodology.

2.1. Designing Corner Transition Curves
2.1.1. Parametric Position Spline Construction

The Bézier curve with degree k inserted between two liner
segments is given by Farin as

k
B(u) = Z( ’J‘ )(1 - w7 W/ Ql, )]

=0

where 0 <u <1, Q; are the control points.

To ensure G? continuity of the toolpath at the corner, the
selected control points {Qg, Q1, Q>} and {Qy—2, Qi-1, Qx} must
be collinear respectively, necessitating a minimum of five control
points ( k > 4 ) for the entire curve. To optimize computational
efficiency in machine tool processing, the lower bound of k is
adopted, i.e. kK = 4. Consequently, a quartic Bézier curve with
five control points is selected as the optimal transition curve.
The curve is constructed with symmetry to precisely regulate its
maximum deviation, which occurs at the midpoint, ensuring it
remains within the acceptable range. As illustrated inFigure 3]
1015 = Q5| = ai.[|QQ4 | = [|Q3 Q| = it

In CNC machining, accuracy and time are the primary con-
cerns, typically reflected by contour error [38] and feedrate.
Classical local methods [19] use the Hausdorft distance between
the transition curve and the local line segment joining adjacent
interpolation points to quantify contour error, which typically
reduces to the shortest point-to-curve distance. Maximizing
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Figure 3: Toolpath position smoothing using quartic Bézier curve.

this distance within tolerance yields the smoothest admissible
curve and higher speed, but the requirement that end segments
align with the connecting line constrains the transition and limits
tool-tip smoothness.

In practice, contour error is defined as half the width of the
narrowest band enclosing the machined contour around the tar-
get path [38]]. We adopt this notion and use an error-tolerance
pipeline of width &, along the line connecting tool-tip points
to shape the curve, providing more intuitive accuracy control



Table 1: Comparison of transition strategies and implementation features for corner smoothing in CNC machining.

Papers Scope  Transition type Overlap Singularity Error envelope Solver  Real-time
H. Zhao, IIMTM, . Inscribed cubic .
2013 [6] 3-axis B-spline 0.5L recursive - 2D plane Opt(LP) v
B. Sencer, IJAMT, . Inscribed quintic .
2015 [32) 3-axis Bézier - - 2D plane Analytic -
F. Xu, IJAMT, 2018 . Circumscribed . .
B3] 5-axis cubic B-spline 0.5L adjustment - 2D plane Analytic -
G. Yan, JMP, 2023 . Asymmetrical .
34 5-axis quintic B-spline OE(type) - 2D plane Analytic -
Y. Hu, CIRP, 2024 . Asymmetrical
1] 5-axis quintic B-spline OE(LP) - 2D plane Opt(LP) -
S. Zhang, JMP, 2024 5-DoF  Circumscribed self-intersection .
. . . - 3D tube Analytic -
(O] robot  quintic B-spline avoidance
This paper 5-axis Clrcu.mscr/ll:fed self—mt.ersectlon Sf)ﬂ_lo.Ck 3D tube Opt(KKT) v
quartic Bézier avoidance mitigation

Note: OE(type): type-based overlap elimination; OE(LP): LP-based overlap elimination; Opt(LP): LP optimization; Opt(KKT): KKT/Lagrange-based optimization.

consistent with industrial standards.

Each transition curve, denoted as B; (u), is constructed based
on three adjacent CL points P;_;, P;,Pi.;. The corner angle
formed by these interpolation points is /P;_1,P;, Piy1 = a;. The
distance from point P; to the outer corner point of the error
band (highlighted by the red square in Fig[3) is defined with
respect to the position error tolerance &,;, and is expressed as
Epi = Epos sin”! (%)

To minimize the overall curvature of the transition curve while
ensuring that it remains within the defined error band, the convex
hull property of the Bézier curve requires that all the five control
points Q), Qi, Q}, Q;, Q;, lie on the boundary of the error band.
Moreover, the midpoint of the curve B(u)lu:% should coincide
with the inflection point within the error band. Let the unit di-
rection vectors of P,P;_1, P;/P;.1, Q’zPi be denoted as m, m},, m
respectively. Denote the length of 6’1—Q_’2> as ag;. Define the ratio

coeflicient between Q( Q) and Q| Q5 as b;:

Qi i
] @
o7 Qs
Then for the midpoint a of the curve, we have:
r ., 1. 3. 1 1 .
Bi(u)'“% = 1_6Q0 + ZQI + ng + ZQs + 1_6Q4
bi+5 i i g
=P + ( : )a COS(%)_SN -, 3)

i
— i
= Pi + Ep,i " Ms.

From this, the relationship between a; and b; can be derived
as.
168%,’

a; = m (4‘)

2.1.2. Minimizing Differential Smoothness Energy
The smoothness of a curve can be quantitatively characterized
by the curvature variation energy (CVE) [39]], defined as:

1
CVE = f [« (u)]*du, (3)
0

where «(u) denotes the curvature, computed as «(u) =
1B’ (w)xB” W)l

1B @l

For the quartic Bézier transition curve B(u), the curvature

«(u) is a nonlinear function, and its derivaive «’(u) results in a
high-degree rational expression. Consequently, evaluating CVE
becomes computationally intensive and unsuitable for real-time
machining applications.

To address this issue, we adopt the differential smoothness en-
ergy (DSE) as a practical approximation of CVE [40]], expressed
as

1
DSE = f || B @) || du. 6)
0

It should be noted that the energy function defined in (6} is
sensitive to parameterization. Large variations in the magnitude
of the curve’s derivatives may reduce the accuracy of this ap-
proximation. However, when applied to curves parameterized
by arc length, the DSE formulation provides a highly accurate
approximation to CVE. Therefore, it offers a computationally
efficient and reliable criterion for curvature smoothness, mak-
ing it particularly suitable for the proposed toolpath smoothing
framework.

Theorem 1. Consider the quartic Bézier curve B(u) defined by
the five control points{Qq, Q1, Q2, Q3, Q4}. Then, the differential
smoothness energy (DSE) of B(u) satisfied the following relation:

DSE = 48||Joll* + 144||J,|P%, (7
where Jy, J| are given by

Jo=Q—4Q; +6Qs —4Q3 + Qq,

(8
Ji=-Qo +2Q; —2Q3 + Q4.



Theorem|I]established the algebraic relationship between the
differential smoothness energy of a quartic Bézier curve and its
control points. Substituting the parameterized expression of the
transition curve into Eq.()), we obtain

Jo = ai (b = 3)|m| + m; |,
_ = - ®
Ji =a;(1-b) (m’I —m’z)

By further substitution and simplification, the explicit rela-
tionship between DS E' of the transition curve B;(x) and the
proportional coefficient b; can be expressed as:

: bi -3\’ N (1-bi\
DSE’:49152osf,!i[(m) +3tan2(a—)(—+) } (10)

To minimize the curve’s jerk energy, the corresponding b; is
obtained as:

2 (o
bi:9tan (2)+12. an
9tan2(%)+4

Accordingly, the expressions for a; and a;b; can be derived as:

_ 8, (9 lanz(%_i)+4)
i~ (24tan2(%)+16) cos(Z)’
3pi(cost(Z)43)

cos( % )B—cos2(£))”

a
(12)
Cll'bl' =

The above derivation established how the transition curve
passes through the corner point while minimizing the differential
smoothness energy. However,it does not ye account for the
distance between adjacent interpolation points. To avoid overlap
between neighboring transition curves, the five control points of

each transition curve (segment) are computed based on the angle
- 5 —

a;, the unit vectors m}, m5, m’, and the specified error tolerance
&p,i- The resulting expressions are given by:

‘ -
Q, =P -5, -m,
Q) =Q;, +a;-m,
Q =Q +a-m (13)
3= Fai-my,
: ) —
Qy = Q) +aibi-my,
q

QZ = Qé +ab; - mé,

where
8epi (9 tan® (%) +4) A1 <L, Aip <L;
o () te)eos(z) T
a = 16ep,,-—LiCOS(% Ay < Li, Ajy > L
4005(%) ’ B “
oA, else,
ey (0052 (%) + 3) Aip < Li, Ay < L;
cos (§) (3 -eo?(5)) T
aib; = 4 SLi COS(%) — 168, At <L, Ajp > L;
4cos<%) ’ B “
_Li B cosai+21) 1
2 (cosa; — 17) o (14)
such that A;; = %(’"—2)’ 2= %’Ll )

max {w, W}. This threshold-driven, piecewise assign-

ment guarantees a minimum spacing between successive transi-
tion segments and thus avoids excessively long or overlapping
control polygons—even near angular configurations where de-
nominators would otherwise approach zero.

2.2. Construction of Connecting Curve

The shape of each connecting segment curve is gov-
erned by four adjacent CL points. Specifically, the points
P,_1,P;, P, Py, jointly define the tool tip transition curve
Ti+1(u) for the (i + 1)-th segment, connecting P; and P;,;. As
illustrated in Figure |4} the corner connection segments can be
classified into two categories based on whether Qi"', Qi lie on
the same side of the error band boundary.

This paper employs a normal vector projection method to
evaluate the relative positions of control points for adjacent

. — - il iy
transition curves. Let D; = Piyp — Py, D = Qf =Py, Dy =

6*2 — P;,1. A stable reference direction is established via the

normal vector: N; = D; X (D} + D5),which enables robust
assessment of the distribution of control points across diverse

five-axis toolpath scenarios. By defining d| = N;- D}, d; =

ﬁ: : Bg, the positional relatinship is determined: if d} - d, < 0,

Z’l, 6*2 lie on opposite sides of the error tube; otherwise, they
are on the same side.

If on the same side, the two corner transition curves are con-
nected by a line segment. When Q}"' and Q}? are on the op-
posite side, the connecting curve T;,;(x) implements a ’lane
change” function, ensuring that the tool transitions smoothly
(G? continuous) from the one side of the error band to the other.
The control points of this connecting curve are symmetrically
distributed about the corner control point while satisfying pre-
defined length constraints within the transition region. This
guarantees G continuity between adjacent splines. Based on
these conditions, the specific analytic expression of the six con-
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trol points of Ty, (u) are defined as (T3):
i+1 — )i+l
Ty = Q4
T11+1 = TBH + @i bivy 'ml;l,
—

T;+1 — Til+1 + ajr .m§+l’

Ti+l — (yi+2 (15)
5 T %0
i+1 _ i+l i+2
TZ = TIS + aiyabiys - mll s
—

T = T + apn - mi2,

2.3. Smoothness Constraints for the Head and Tail of the Path

Unlike the intermediate transition curves, all control points are
positioned on the boundary of the error band. The first segment
curve Ty(u) should start at Py, while the last segment curve
Ty (u) should terminate at Py. Therefore, the construction of the
curves Ty(«) and Ty(u) requires independent consideration.

As Figure [6{ demonstrates, Py coincides with Tg of the first
curve Ty(u), while Tg coincides with Q(l) of the transition curve
B|(«). Furthermore, the intermediate control points TO,Tg
should align with respect to Qg symmetrically about Q;, Q)
respectively. The position of the remaining control point T‘l’
(highlighted in red square in Figure[f])is determined by applying
the minimal differential smoothness energy constraint.

The explicit expressions for the control points of the starting
and ending curves are provided in (I6) and (I7), respectively,

To(u)

—— Starting spline segment —— Corner spline segment

Figure 6: Control point setting of the head of CLs.

with the derivation detailed in the

T, = Py,
1-Q)
_)
Tg =Tg+a1b1 m} (16)
0 0 =t
T2=T3+a1-ml,

0_ S5m0, 670 _ 1m0, 170
T = 5Ty + 3T, - T3 + 3T,

TV = Py,
T) = Q}, .
T11V = TI]V + aNbN . mgv, (17)

—
TY =TY +ay -mf,

N _ _1qN_ LqN , 6N 4 5N
Ty = -5 Ty —5T) + 3T, + 5T,

3. Generation of G?> Continuous Tool Orientation Curves

In this section, the five-axis toolpath is mathematically repre-
sented using dual quartic Bézier curves. To improve computa-
tional efficiency and reduce precision loss, the tool orientation is
smoothed within the WCS. The bottom curve B(u) has been de-
fined in Section 2] while the top curve is denoted as @(u). They
jointly define the instantaneous machining state. The difference
between the two curves at the same parameters u represents
the tool orientation V(u). Tool axis interpolation is performed
by finding geodesics on the unit sphere, ensuring the shortest
transition in tool axis orientation while maintaining topolog-
ical connectivity, preventing path isolation, singularities, and
redundancies.
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3.1. Parametric Orientation Spline Construction

The inserted top quartic Bézier curves can be defined with the
following norm:

4
0,u) = Z( ‘]‘. )(1 ~ I uie, (18)

J=0

where 0 < u <1, @; are the control points. Analogous to the
tool tip position control points settings, the control points of
the upper curve also fall within the error band, ensure the G>
continuity of the joint simultaneously, see Figure

During toolpath interpolation, the bottom curve is parameter-
ized by arc length to obtain the parameter up,y,, for each inter-
polation interval. To ensure synchronization between the two
curves, the corresponding upper curve parameter u,,, also needs
to be determined. The two paths are synchronized using simple
linear parameters along the straight line, i.e. ;) = Uporom = U.

Since the tool length is constant, the orientation vector must
maintain unit magnitude ||V (u)|| = 1 and lie on the surface of the
unit sphere. The nominal tool orientation vector is

Vi) = Lo(w)—Lg(w) _ O@) - B

| Lo(w) —Lp@) Il 1| ©@) —B@w) ||’

19)

However, if the linear parameters are applied on the curve,
it will cause significant discontinuity in direction changes, re-
sulting in a reduced feed rate at the curve’s entrance and exit.
Although G continuity is achieved, a degree of freedom remains
in the determination of the tool direction. The next section de-
tails the method for setting the upper curve control points to
ensure both synchronization and smooth orientation transitions.

3.2. Optimal Control Points Locations for Asymmetric Curves

Unlike the bottom curve, the top curve might exhibit asymme-
try, as it must satisfy specific proportional constraints to preserve
continuity at the curve junctions.

0 — £om3

T -
Doy
)

Figure 8: Control polygon lengths of transition Bézier curves.

Let the unit direction vectors n’l,n’zn’3 correspond to
—_—

0,0;_1,0,0;,1, 0,0; respectively. The control point @ is de-
) -

fined by @, = O; — &,; - n;. Here &,; constrains the maxi-

mal tool orientation error. Specifically, the angle between the

—

given tool orientation vector P;O; and the tool’s actual orien-

tation V (0.5), must not exceed the given tool orientation er-

ror tolerance &,,;. Define the polygon edge lengths as follows:

|@) 05|l and ||@505|| are defined as ¢; and e;, and [|@, O || = d;c;,
—_—

l1®@5051l = fie;. The control polygon structure of the two curves

is illustrated in Figure 8] The condition for continuous direc-
tion change at the junction between a linear segment and the
transition curve can be expressed as:

®Q - (Oi—l - 80,i”3 ) ‘ B Cidi
A\~ b’
QO (Pz—l 8p,i€§_l) ‘ albl
— (20)
94 (Oi+l Eo,il; )’ ~ eif:
—A\I ~ ab:
Q4 (Pz+l _ sp,iel;l)‘ albz

The proof of (20) is given in[Appendix B| According to (T4),
the coeflicient a;, b; depend on «a;, &,; and «; respectively, i.e.
ai(a;, &), bi(a)). (20) shows that ¢;d; and e; f; are functions of
a;b;, which can deduce d;(c;, «i, €p,), fi(ei, a;, ;). Substitute
the relationship between control points into @)() , the compo-
nents of DS E' are

J! d; - 3)n 3)n
l = i i ! + i\Ji — l,
Ji = ci(1 =dpn| —ei(1 = fin,.

Finally, the representation of DS E' of the asymmetric curve,
which can be simplified to a function of ¢;, e;.

3.3. Smoothing Error Constraints for Orientation

The values of ¢; and ¢; must be selected to guarantee the upper
transition curve within prescribed error tolerance. Because the
blending curve can be asymmetrical, the maximum error in



the smoothing spline does not necessarily occur at its midpoint
0(0.5). To address this issue, we propose an alternative method
by constructing two auxiliary symmetrical curves @’ (x) with
control points located on the same side, as shown in Figure E}

Reconstruct

IPAC A R

Orientation Curve © (u) Alternative Symmetrical Curve ©'(u)

Figure 9: Alternative curve to calculate /,.

The unit vector n_g is defined along the angle bisector of the
line segment connecting the control points of @’ (u). Although
the tool orientation smoothing error cannot be directly computed,
its upper bound can be estimated using (22):

0'(0.5)

—— 0;) < &, 22
10/05)] ><8‘ 22

arccos <

By taking the equality, which corresponds to the worst-case
condition when the curve is exactly tangent to the error band,
we can derive the control polygon length limits:

& = —(d"gs)c' cos ('%) —2&04,
2

N . 23
& = —(f‘;s) L cos (ﬁ’) - 2¢&,,- 23)

Accordingly, for the upper curve to remain within the per-
missible orientation error tolerance, the control polygon lengths
must satisfy the following constraint:

168(,,,‘

_— (24)
(Kax + 5) cos ()

i
Cirei <l =

is the corresponding coefficient associated with /'

max

where ki,

(d; or f;) , B; is the corner angle.

3.4. Solving the Optimization Problem for Control Points

Sections 3.2 and 3.3 establish the requirements that the tool
orientation vector must vary continuously while remaining
within the prescribed error tolerance. These requirements trans-
late into scale and length constraints on the control polygon. By
exploiting these relationships, the initial four unknown variables
governing the placement of control points in an asymmetric
curve are reduced to two.

To resolve the remaining unknowns, we employ a Lagrange
multiplier optimization framework. The optimization objective
is to minimize the differential smoothness energy, subject to
the error constraints derived earlier. The Lagrangian function is
defined as:

L= Ejn + A1&1 + 128, (25)

with the Karush—Kuhn—Tucker (KKT) conditions expressed
as:

9L oL OL AL _
dc? de’ 0, 4, T
£1,6 <0,

s.t. = (26)
A1, 2 20,
81/11,82/12 =0.

Solving this constrained optimization problem yields the val-
ues of ¢; and e;. The corresponding parameters d; and f; can then
be obtained using (20). At this stage, the positions of all control
points on the upper curve are fully determined, completing the
construction of the dual-curve five-axis smoothing model.

4. Simulation and Experimental Results

In this section, we compare the performance of the proposed
tool path smoothing method with four widely used local smooth-
ing techniques, both at the three-axis and five-axis levels. The
transition methods selected for comparison are summarized in
Table [} which outlines key characteristics and performance
metrics of each approach.

The proposed five-axis path smoothing algorithm was imple-
mented in Python 2023 and executed on a PC equipped with
an Intel i7-13700H 2.40 GHz CPU and 2 GB of SDRAM to
generate interpolation points. The algorithm’s performance was
experimentally validated on a Litz LU-400 vertical machining
center, which is equipped with an SPIKE® sensor tool holder for
real-time cutting force detection during machining operations.
The spindle is subjected to simultaneous tension (axial load),
torque (rotational load), and bending moments (rotational load).
Data is wirelessly transmitted to a receiver, enabling visual diag-
nostics and facilitating process optimization. Figure[I0]shows
the motion modes for each axis of the five-axis CNC system.
The machine’s linear axes include the X-axis, which supports
the Y-axis and the rotary table, and the Z-axis, which carries the
spindle. The rotational axes consist of the B-axis (tilt axis) and
the C-axis (rotary axis), with the C-axis mounted on the B-axis.
The workpiece is fixed on the rotary table.

In 5-axis milling, the CAM system generates CL points from
the Computer-Aided Design (CAD) model of the part. The
primary function of a 5-axis CNC program is to convert these
CL data points into machine command data (G-code).

The configuration of rotary commands such as AB, BC, or
AC, varies with the structural design of the machine tool. In
this study, a B-C rotary type machine is employed. Through
forward kinematics transformation, the five-axis motion com-
mands ¢ = [x,y,z, Hb,OC]T in the machine coordinate system
can be converted into the tool tip position P = [Py, Py, P;]"
and tool orientation O = [0;, 0;, O;]" in the workpiece coor-
dinate system. DH notations provide a theoretical foundation
for the precise mapping of machine commands to workpiece
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Figure 10: Five-axis experimental test bed.
coordinates in five-axis machining[41].

P, = Cgcx + SQCCQBy + SQCS(JBZ + Ly,
Py = —Sgcx + C@CCQBy + C@CSQBZ +L,,
PZ = —SgBy + C@BZ + Lz,

27
0;=5¢,Se.>
0;=S¢,Co,
O = Cg,,

where (Lx, L,, LZ) represent the pivot point offset of the rota-
tion axes B and C relative to the workpiece coordinate system,
which remain constant vectors. S, C(., represent sin (-) , cos (-)
respectively.

The inverse kinematics, which transforms tool tip positions
and tool orientations to five-axis motion commands, can be listed
as:

x = Cge(Py = Ly) = So(Py — L),
vy =86.Cy,(Py — L) + Cy.Co, (P, — L,) — S, (P, — L),
2= S486,(Py — Ly) + Cy.Sg,(Py — Ly) + Cg, (P — L),

05 = arctan 2( 4|02 + 02, Oy),
Oc = arctan2(0;, O)).
(28)
In Eq. (28), the rotary command ¢ = arctan2(0;, O;) be-
comes ill-conditioned when the tool axis approaches the machine

Z direction, i.e., the XY-projection magnitude p = /07 + O3
tends to zero. To suppress abrupt C-axis motion near this singu-
lar region without Jacobian evaluation, an engineering-oriented
hybrid strategy consisting of joint soft-locking, azimuth-rate-
based velocity prediction, and weighted blending is adopted.

Let ¢ = arctan 2(Ojx, O ;) be the azimuth of the XY projec-
tion at the k-th interpolation step, Ty the interpolation period,

and wrap(-) map an angle to (-, 7]:

Pk = \’Ol'z,k + Oik’ (29)

by = S ) G0)

We use i as a physical proxy of the C-axis angular rate and
apply a decay factor to realize soft-locking. Specifically, define
a blending weight 4; € [0, 1] based on the projection magnitude:

A= clamp(pl —P o, 1), 3D
P1 = PO

where 0 < pg < p; are user-defined thresholds (lock region /

normal region). The predicted C-axis command is

O = i + T - st wf™), (32)

with sat(-) bounding the rate by wg™. The final command is
obtained by soft-lock blending

Ok = A bcior + (1= 1) 60 (33)

When p; < po, 4 = 1 and 6¢ is nearly frozen (soft-lock); when
Pk 2 p1, A& = 0 and ¢ follows the predicted update smoothly.
This lightweight procedure is suitable for point-wise real-time
interpolation loops since it only involves vector projection, angle
wrapping, and scalar blending.

The bidirectional scanning speed planning technique[42] is
employed to meet both kinematic and geometric constraints.
The nominal feedrate is determined by @), as outlined in [@].

__2\/1 ( 1 )2\/m3~]max
Vi = min| — - , , Vinax | »
[Ts Krznax Kmax — 0 Kmax K%«,ax

(34
where T is the sampling interval, ky,x is the curvature of the
segmentation point, Viax, Amax> Jmax denote the limits of the
feedrate, normal acceleration, normal jerk, and ¢ is the limit
of chord error, respectively. Once the tool position movement
is determined, the corresponding tool orientation movement is
synchronized by aligning its curve parameters with those of the
tool position.

The proposed algorithm was validated by smoothing three
distinct test toolpaths composed of linear segments, evaluated on
both three-axis and five-axis systems. The results demonstrated
that the algorithm significantly improves machining efficiency
and surface integrity while offering broad applicability across
multi-axis machining operations.

4.1. Results of Three-Axis Machining

This section provides a comprehensive comparison of three
methods in terms of path representation and kinematic perfor-
mance, using a thombic shape as a demonstration and butterfly-
shaped workpieces as a machining example. In line with this
paper, we also consider the inscribed corner rounding method
proposed by Zhao et al.[6] and the circumscribed corner round-
ing method introduced by Xu et al.[33], both of which aim to



enhance the smoothness of local toolpaths. (33) and (36)) pro-
vide an explicit formulation for the curvature extreme value of
the Zhao’s method.

s = 0B (35)
3d, cos? B
2
dy= —2 (36)
[ (%)

where 8 = ’% After substitution and simplification, derive the
expression relating the maximum curvature to the tolerance error
&, and the angle @ in Zhao’s technique:

4 cos (%)2

3, (cos (@) — 1)’ 37)

Kmax,Zhao =

The expression for the extreme value of curvature in our
method is given by (38)), with a detailed derivation provided in

the [Sppendix J.

@tan(8)+ B (2710(5)"+ 16)cos (4

)2

(38)

Kmax,our =

2
432¢,; (1 - cos (a)) (tan (%) +3

a 0.
@ ool —orososea meos | ®
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Figure 11: Curvature extreme value comparison.

According to (37)(38), when the interpolation point angle
a > 0, the condition Kmax our < Kmax.zhao 15 always valid. Fig-
ure [TTfa) shows the variation in curvature extreme values for
both approaches as a function of the interpolation point angle.
Similarly, Figure [TT[b) presents the relationship between the
curvature decay rate and arc length for both methodologies, with
data points sampled at intervals of 15 degs. The results indicate
a positive correlation between the interpolation point angle and
the rate of curvature reduction. As indicated by (34), the reduc-
tion in curvature leads to a higher velocity, resulting in shorter
machining time. To further validate the effectiveness of the pro-
posed corner smoothing algorithm under different conditions,
various user-defined error tolerances and kinematic limitations
are set for the two testing toolpaths, as summarized in Table[2]

In the rhombic demo, the sampling interval is set to 1 ms.
Figure [T2]illustrates the variation of the curvature comb with
respect to the arc length of the path. The curvature comb visual-
izes both the magnitude and direction of curvature at uniformly
distributed points along a curve. As shown in Figure[12](b), the
curvature extreme has been reduced, accompanied by a more
gradual rate of change. The maximum curvature of the entire
toolpath for the proposed method, Xu’s method, and Zhao’s
method are 12.73, 30.79, and 66.67 (1/mm), respectively.

10

Simulations Error tolerance Kinematic constraints
Vimax = 30 mm/s
rhombic Epos = 0.01 mm Amax = 300 mmy/s?
Jmax = 1000 mm/s?
Vimax = 10 mm/s
butterfly Epos = 0.1 mm Amax = 100 mmy/s?
Jmax = 500 mmy/s*
Vimax = 100 mm/s
. &pos = 0.01 mm )
impeller Amax = 1000 mm/s

Eori = 0.01°
Jax = 10000 mmy/s>

Table 2: Constraints and parameters used in three-axis simulation.

proposed method
L=1121 mm

Xu's method
L=1129 mm

Zhao's method
L=11.28 mm

@

Y axis(mm)

Y axis(mm)
Y axis(mm)

3 3

2 2
X axis(mm) X axis(mm)

H
X axis(mm)

(C) 2

~— proposed method
; Xu's method
- Zhao's method

Feedrate (mm/s)

Proposed max=12.73

10

3 13 5 o 100
Arc-length (mm) Time (s)

Figure 12: The result of smoothing the rhombic demo. (a) Toolpath with
curvature combs: the red curve denotes the smoothed trajectory, while the
blue lines indicate the magnitude and orientation of curvature; (b) Variation of
curvature magnitude along arc length; (c) the feedrate profiles.

The method is further validated through simulations and ex-
periments on a complex butterfly-shaped 3-axis workpiece, with
the G-code containing 100 points. The interpolation period is set
to 1 ms. On the PC platform, our algorithm required a total of
0.678 s to compute the interpolation points, including the time
for path generation and bidirectional scan velocity planning.
Figure [13] shows the corresponding curvature and tangential
kinematic profiles comparison. In all settings, the proposed
method maintains the defined tolerances and kinematic indica-
tors within acceptable bounds, while achieving lower curvature
and more consistent motion performance compared to the other
two approaches. It is evident that, in regions with high curvature
extremes, our method allows for a higher feedrate. The results
in a production efficiency increase of 7.83% and 11.23% com-
pared to the other two methods, respectively. By integrating
feedrate information obtained via bidirectional scanning, the
final interpolation points are generated at uniform time intervals,
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Figure 13: The result of smoothing a butterfly-shaped workpiece. (a) The
curvature comb; (b) the magnitude of curvature; (c) the tangential kinematic
profiles.

as illustrated in Figure[T4] To enhance clarity in observation, a
constant offset of 1 was applied to both x- and y-axis. As shown
in Part I of Figure[T4] it is evident that the proposed interpola-
tion path is smoother. And in part II, the proposed interpolation
toolpath appears sparser compared to the other two methods,
indicating a higher interpolation speed.

During the machining process, the forces measured by the
dynamometer at the tool tip are analyzed to optimize cutting
parameters and predict tool wear and machining quality. In this
experiment, tip milling is employed. Accordingly, the cutting
force parameters monitored by the dynamometer include axial
tension and torque along the Z-axis. The measured axial ten-
sion refers to the tensile or compressive force exerted on the
tool along its axis. Excessive axial tension can lead to tool de-
formation and vibrations, ultimately degrading surface quality.
Torque, on the other hand, represents the cutting resistance-
induced moment acting around the tool’s rotational axis. High
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Figure 14: Interpolation results.

or unstable torque may cause spindle overload, affecting the
machine’s lifespan. Therefore, real-time monitoring of tension
and torsion via the dynamometer provides an effective means
of evaluating experimental machining parameters. Figure T3]
(a) shows that while the toolpaths generated by both methods
exhibit substantial similarity, the proposed approach achieves
notably smoother corner transitions. The integration of the pro-
posed path-smoothing approach and look-ahead interpolation
algorithm leads to a notable improvement in tracking efficiency
while simultaneously maintaining high tracking accuracy. A
slight time increase was observed in the force measurement ex-
periment due to the inclusion of tool entry and exit times. In
terms of force feedback, the proposed method results in lower
axial force and more stable tension on the tool. These results
validate the effectiveness of the proposed method in improving
path smoothness and optimizing motion performance.
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—— Zhao's method
—— proposed method
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Figure 15: The butterfly-shaped milling results. (a) The machined workpiece
toolpath; (b) comparison of tool forces (tension and torque) between the two
methods.



4.2. Results of Five-axis Machining

This section presents simulations and five-axis actual machin-
ing of a typical turbo impeller part to verify the effectiveness of
the proposed algorithm in path smoothing and various kinematic
metrics. The turbo impeller, shown in Figure Figure[I6] has a
diameter of 158 mm, and the a height of 32 mm, with a tool
cutting edge length of 35 mm. GO1 commands of the toolpath
are generated by the UG NX CAM module, containing 212
spatially distributed CLs. The machining error of the finished
path is influenced by the acceptable tolerance error during the
path generation stage, which should be defined with precision.
Considering the actual working conditions, &, is set to 0.01
mm and &,,; is set to 0.01 deg. The total time to compute over
4,000 interpolation points is 2.273 s. Figure [I6]illustrates the
starting points (u = 0) of each segment of the Bézier curves
located at the top and bottom.

top curve
—— bottom curve

Figure 16: toolpath for flank milling of one blade in an impeller.

The five-axis smoothing algorithms developed by Yan and
Hu are both implemented for a comparative analysis. Specific
kinematics details are provided to offer a clearer insight into the
generated transition curves. The comparison of the velocities,
accelerations, and jerks of each axis for the three methods is
presented in Figure[T7] The tool tip velocity and tool orientation
angular velocity of the proposed method and Yan’s method are
shown in Figure[T§]

The execution time of the GO1 block is 4.471 s and 4.316 s
when smoothed using Yan’s and Hu’s transition methods, respec-
tively, compared to 4.063 s with the proposed synchronization
method. This results in a 9.1% and 5.9% improvement in the av-
erage feedrate, respectively. Additionally, the proposed method
significantly suppresses feedrate fluctuations, as demonstrated in
Figure[T7)and Figure[T8] The improved acceleration smoothness
and controlled jerk contribute to enhanced tracking accuracy and
surface quality.

The impeller is manufactured via side-edge milling. In con-
trast to tip milling, where the primary cutting direction is axial,
the bending moment provides a more representative characteri-
zation of the load behavior in side milling. Figure[T9]presents
the experimentally measured bending moment fluctuations and
the resulting workpiece surface quality. The proposed method
consistently outperforms Yan’s method in both metrics.

4.3. Real-time feasibility and computational cost

To assess the deployability in point-wise interpolation loops,
we profile the per-cycle computation time under an interpolation
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period of Ty = 1.0 ms. Fig.[20]reports the per-cycle timeline and
CPU utilization for both the 3-axis and 5-axis online executions.
The measured average computation time is 42 us (3-axis) and
116 us (5-axis), corresponding to 4.2% and 11.6% of the cycle
budget, respectively, leaving sufficient real-time margin.

We further conduct a sensitivity test by varying the interpola-
tion period T; and re-evaluating the CPU utilization. As shown
in Fig.[20] the current setting (7 = 1.0 ms) remains well below
the cycle-time limit with a conservative safety margin.

5. Conclusions

This paper proposes a five-axis local toolpath smoothing
method for GO1 corner transitions. Inspired by racing-line prin-
ciples, parameter-synchronized dual quartic Bézier curves are
constructed to achieve G2 continuity in both tool position and
orientation. Control points are determined under an overall error
envelope by minimizing the differential smoothness energy, aim-
ing to optimize the global curvature profile and dynamic behav-
ior within tolerance rather than enforcing strict local collinearity
at every segment. A lightweight singularity-mitigation strat-
egy based on proxy azimuth-rate soft-lock blending is further
integrated to stabilize rotary-axis commands without Jacobian
evaluation. Simulations, machining tests, and real-time profil-
ing confirm reduced corner curvature peaks, smoother feedrate
behavior, and sufficient computational margin for online exe-
cution, indicating strong industrial applicability to high-speed
freeform-surface and continuous-contour machining where dy-
namic stability and efficiency are prioritized.
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Appendix A. Derivation of Theorem 1

The cubic derivative of the quartic Bézier curve B () and the
control point are related as follows:

B® (1) = 24[(u — 1)Qq + (—4u + 3)Q,

(A1)
+ (614 - 3)Q2 + (—4M + I)Qg + MQ4],

note A

[u-1 ~4u+3 6u-3 —4ut1 u| .0
[Qo Q Q Q; Q4]T,then it can be expressed by

IBD@)|? =247 [ATQQTA| = 576tr|QTAATQ|.  (A2)

where

(-1
B -4u)(u—-1)
AAT = |(u—1)(6u—3)

GB-4du)(u-1)
(3 - 4u)?
(3 —4u)(6u —3)

wu-D6u-3) (A-4w)u-1) u@w-1)
B -4u)6u—-3) (1-4u)3-4u) u@B-4u)
(6u —3)? (1= 4u)6u—3) u6u-3)|.

A=4ww—-1) (1-4u)3—-4u) (1 -4u)6u-73) (1 = 4uy? u(1 = 4u)
u(u—1) u(3 —4u) u(6u — 3) u(l — 4u) u?
(A.3)
Record
2 -5 3 1 -1
1 -5 14 -12 2 1
M:6f AATdu=|3 -12 18 =12 3|, (A4
0 1 2 -12 14 -5
-1 1 3 -5 2
then
1
IBw)|I> du = 96 tr |Q"MQ
L [ ] (A.5)

= 48(Ilt, QIF + 311U, QIP)

where U, = [1,-4,6,-4,11",U, = [-1,2,0,-2,1]". let Jy =
Qo —-4Q; +6Q; —4Q3 +Q4, Ji =-Qp +2Q; —2Q3 +Qq,

the differential smoothness energy of B(u) can be written as

DSE =48 | Jo |? +144 || J; | . (A.6)



Note
A=Qp+6Q;—4Q; + Qu,
Qo +6Q2 —4Q;3 +Qq (A7)
B=-Qp—2Q3+ Qq,
then
min DS E = min (48(A —4Q,)* + 144(B + 2Q])2). (A.8)
The solution is
2A - 3B 5 6 1 1
= = — -Q-=Q3 - —Q.. A.
Q T 14Q0+7Qz 7Q3 14Q4 (A.9)
Similarly, let
=Qp +6Q, —4Q; + Qq4,
/ Qo +6Q2 —4Q; +Qq (A.10)
B =-Qp—2Q +Qq,
have
min DS E = min (48(A/ —4Q5)? + 144(Br + 2Q3)2). (A.11)
The solution is
2A’ - 3B’
Q3 = T
1 1 6 5 (A.12)
= —ﬁQo - ?Ql + 7Q2 + ﬁQm

Appendix B. Derivation of Eq. (20)

To ensure continuity, the first derivative of the orientation
vector must be equal at the junction of the transition section at
the entrance and exit. The left-hand derivative at the junction
[Q)), ©]1" between the straight line and curve is

dV(u) _ Les(uy) — Ly/(uy)
s llLe(ur) - Ly(up)l

° L. o —1> (Bl)

X ‘ Qy — Py —gpimy )“ . u e0,1],

where
4 —
Loir(ur) = O — (Oi—l - 80,1'—17113_1) )

(B.2)

Lyir(u) = Q) — (

-1
— &pli- 1m3 .

The connection point occurs at the end of the straight line
segment, where u; = 1 and Lg,(1) = 0, Lg;(1) = Q,. The
equation can be rewritten as:

(0~ 01 =)~ (@4~ (s -
g - Qi
(SR

0i (0,1 —e01ni]
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- — i i
Qf)_(Pi—l_sp.[—lmg_l) QB_(P 1= Epi- 1m’3 )
o) - Qi - e
&5 - @ Qy — (Pimt — &pim1my
@i—(o- ey F) (-r7)
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(B.3)

()

The right-hand derivative at the junction can be interpreted as:

dV(uc) _ O:(uc) — Bi(uc)
ds I ©i(uc) — Bi(uc) ||

/II Bi(uc) ll,  uc €10,1],

(B.4)
Considering that the connection is the entrance of the curve,
with uc = 0, we substitute this into the equation:

sf(@ -e)- (@ - Q)| .
1©:(0) ~ B(O)] /4 Q1 - Qi
0-0 A -
__ 0 QI -Q
100 -B,O)]lQ; - ®5)
(7).
aibi(—m'i)

().

Let the derivatives from the left and right be equal to ensure
the continuity of the directional change. The continuity at the
exit junction will be proved in the same manner. Thus, the proof
of (20) is complete.

~ 1©:(0) — B(0)]

Appendix C. Derivation of curvature explicit expression
(38)

From the symmetry property of the transition curve B(u), it
can be determined that the extreme curvature of the proposed
curve is achieved at B(u)|,_1. In the case of the Bézier curve
B(u), the first-order derivative of the midpoint is calculated using
the parameter representation method described in Section 2.1.
This is then simplified by substituting into the equations given
in (13)(14).

1 1
Br(w)l,-1 = _EQO —01+03+ 04

2
S(L42
272

Similarly, the second-order derivative of the midpoint is

(C.1
)m@—ﬁ>

1 1 1
B"(”)L,:% = 12(1Q0 5t ZQ4) €2)

=3(a+ 1)b(m; + my).

It can thus be demonstrated that the curvature extreme of the
proposed method. The curvature at the midpoint of the curve
can be expressed as follows:

Kmax,our = K (B(M)|u:%)
) HB’(M)LFL x B”(u)| :%”

“&W'%
2
(9tan 5 +8)(27tan 5 +l6>cos(‘§)

(C.3)

4325 (1 — cos (a)) (tan (3)2 N %)2
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