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Abstract

This study introduces and demonstrates an EOQ-type inventory management

model for deteriorating items. It is tailored to take into account more realistic

features of demand and inventory behavior. In reality, demand for many products

usually starts at zero, it often starts at a positive level because of factors such as

advertisement or advance bookings. Building on this idea, the model considers an

initially positive, linearly increasing demand that finally changes into a ramp-type

demand, which stabilizes after a specific time. The deterioration of items is con-

sidered proportional to time, showing a slight decrease in item quality or utility

during storage time. In order to deal with this, the model uses different discount

policies for the pre-deterioration and post-deterioration stages, which are opera-

tional techniques that increase demand and decrease inventory losses. The model

is presented for a single-item system with no shortages, constant holding costs,

and an infinite planning horizon. Closed-form formulas for the optimal inven-

tory policy are constructed and demonstrated using MATLAB-based numerical

illustrations and sensitivity analysis with graphical representations. These for-

mulas also show how key parameters such as discount levels, the deterioration

rate, and advertisement-driven initial demand impact system performance. This
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work extends existing ramp-type demand models by using a two-phase discount-

ing policy and specifically considering non-zero initial demand, which provides a

deeper understanding of optimal inventory management.

Keywords: Inventory EOQ management, Advertisement effect, Two-phase
discounting scheme, Non-zero initial demand, General Ramp-type demand

MSC 2020: 90B05 , 90B60 , 91B24

1 Introduction

Managing the inventory of deteriorating products is a very important for industries
such as food production, medicine, fashion, and electronics. These products have to
deal with two parallel problems, they are likely to deteriorate over time and their
demand patterns change periodically. The classical EOQ models, which consider a
constant demand rate and no deterioration effect, are not suitable in such cases.
Real-world demand is rarely stable, it usually starts at a nonzero level (caused by
advertising or pre-orders), increases slowly, and finally stabilizes, similar to a ramp-
type demand pattern. At the same time, deterioration is natural, medicines lose their
efficiency, food deteriorates, and electronic products get expired.

Over the last few decades, researchers have developed inventory theory by inte-
grating deterioration, shortages, trade credit, and advertising into EOQ models. For
example, in 2006, Manna et al. [1] proposed an EOQ framework with a ramp-type
demand function and time-dependent deterioration, while Skouri et al. [2] extended it
with a general time-dependent demand function. Wu and Zhao [3] demonstrated the
role of the stock-dependent demand function and trade credit, showing that adver-
tising and product display have a significant effect on people’s purchasing habits.
Recently, Rabiu and Musa [4] considered discounting policies to control demand dur-
ing deterioration. Other studies introduced non-zero initial demand to demonstrate
the reality of product launch events and advertising-driven early sales.

Even after all these developments, almost all models handle these characteristics
separately. There is still no complete model that considers all the following factors

• non-zero initial demand due to advertising,
• general ramp-type demand function with stabilization,
• time-dependent linear deterioration, and
• dual discounts applied before and after deterioration.

In order to fulfill this requirement, this research presents an infinite-horizon inven-
tory model without shortages that integrates all of these characteristics. This will offer
managers a more advanced tool for pricing and replenishment decisions.
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2 Literature Review

A number of factors are important to consider when studying inventories of deteri-
orating items. Among these, demand is most important since it manages the entire
inventory system, and the rate of deterioration measures the inherent nature of the
considered items. In addition, characteristics such as pricing and discount policies,
allowances or restrictions on shortages, inflationary effects, and the time value of
money also an important impact on inventory management. By considering differ-
ent combinations of these characteristics, researchers can formulate different kinds of
inventory models, each tailored to capture specific real-world situations.

Classical and Deteriorating Inventory Models

For perishable or degradable items, the deterioration rate is another important char-
acteristic in the study of inventory management, which represents a gradual decrease
in product quality or usefulness. Depending on the quality of the items and the condi-
tions under which they are stored, researchers will have to consider many important
factors when studying deterioration. At the beginning, EOQ models considered con-
stant demand and ignored the consideration of deterioration effects. Following that, the
research in this field got started, and Ghare and Schrader [5] introduced deterioration
into inventory systems for the first time. Since then, researchers have developed mod-
els that demonstrate deterioration effects under different conditions, such as constant
deterioration [6, 7], exponential decay [8, 9], or Weibull distributions [10, 11].

Ramp-Type and Time-Dependent Demand Models

In the literature, inventory models generally demonstrated two categories of demand
functions, deterministic and stochastic. Deterministic demand can be expressed in
different forms, such as constant demand [12, 13], time-dependent demand [14, 15],
stock-dependent demand [16, 17], and price-dependent demand [18]. On the other
hand, stochastic demand considers uncertainty and is usually expressed by stochas-
tic processes such as Brownian motion or probability distributions such as Poisson or
normal distribution. Ramp-type demand is a specific form of deterministic demand
in which demand increases continuously to a maximum level and then stabilizes after
a specific time. To represent real purchase behavior, Hill [19] introduced ramp-type
demand models. Manna and Chaudhuri [1] further extended this model by demon-
strating an EOQ model with a ramp-type demand function and time-dependent
deterioration. In order to address different production and shortage phases, Skouri et
al. [2] proposed a model for partial treatments of stabilization. Recent work of Chauhan
et al. [20] has used ramp-type demand to seasonal and fashion goods, considering
inflation, backorder discounts, and increasing holding costs.

Demand Influences: Advertising and Pricing

Demand can be significantly affected by advertising, especially for new items, where
effective use of advertising can increase sales. To demonstrate this, researchers have
integrated advertising into inventory models in different ways. In 2013, Shah et al.
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[21] proposed a model with generalized costs, deterioration, and non-linear price-
advertising effects. In 2015, Palanivel and Uthayakumar [22] studied inflation-linked
pricing with advertisement-sensitive demand. In 2017, Manna et al. [23] demon-
strated a model for deteriorating items with exponential advertising. Later on, these
works extended using integration of demand to advertising frequency, perishables
with trade credit [24], reliability [25], Weibull deterioration with credit [26], and
non-instantaneous deterioration under payment delays [27].

In parallel to advertising, pricing techniques with applicable discounts, play an
important role in inventory research. Weatherford et al. [28] and Petruzzi et al. [29]
demonstrated independent impacts of temporary discounts in inventory models, which
motivated further research on dynamic pricing. For instance, the researchers in [30],
[31], and [32] investigated pricing inventory interactions under different assumptions.
This concept further extended in 2000 by Khouja et al. [33], who considered multiple
discounts to sell excess inventory. The research of Rabiu and Musa [4] introduced
selling-price discounts in ramp-type deteriorating models, showing their significance in
maximizing profit. However, most of these models considers a single type of discount
and do not differentiate between pre- and post-deterioration phases.

Recent Reviews and Extensions

Deteriorating inventory research is classified at the standard level by detailed reviews
of Raafat [34] and Li et al. [35]. More recently, Karimi [36] provided a post-2018
classification of deteriorating inventory models into 18 classes and 33 subclasses,
including demand structures, deterioration functions, shortages, financial condi-
tions, and solution methods. Although there are improvements, these reviews show
that there is still scope for models that integrate different real-world challenges,
such as advertising-driven demand, time-dependent deterioration, and dual-discount
techniques.

Research Gaps

From the above review, several gaps are identified:

1. Non-Zero Initial Demand Due to Advertising:Most of the classical inventory
models considers ramp-type demand which starts from zero. Only few of them
considers non-zero initial demand that comes from advertising or pre-orders, which
is important to realistic modeling.

2. General Ramp-Type Demand Function: Past research has generally used
functional forms (linear, trapezoidal, exponential) for ramp-type demand. There is
more to know about the flexibility in accepting any general positive function f(t)
that stabilizes at a fixed period r.

3. Dual Discount Mechanism: Existing inventory models usually consider a single
price or a backorder discount. The role of separate pre-deterioration (da) and post-
deterioration (db) demand discounts is rarely considered.
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4. Time-Proportional Deterioration: In ramp-type demand problems, the simpler
and more practical linear deterioration of time does not receive much consideration
as Weibull or exponential deterioration.

5. Unified Infinite-Horizon Framework: Previous inventory models consider
advertising, ramp-demand, deterioration, and discounts separately. Very few mod-
els integrate all these factors under an infinite horizon with no shortages (and later,
with shortages). This can increase both theoretical flexibility and practical use.

This paper bridges the above research gaps by developing an inventory model
without shortages. It simultaneously considers advertising-induced non-zero initial
demand, a general ramp-type demand function stabilizing after a fixed time. In addi-
tion, the model integrates time-linear deterioration and distinct demand discounts
before and after deterioration. These characteristics are considered in our order-specific
model under infinite-horizon. The study provides a more advanced and practical tool
for industries managing deteriorating products under dynamic demand conditions.

3 Assumptions and notations

This section lists the notations used and assumptions considered in developing the
model.

Notations

I Inventory at time t = 0.
I(t) Inventory level at time t.
Id(t) Inventory level after deterioration time.
Id Inventory at deterioration time t = d.
d Time when deterioration started.
d1 Discount on demand before deterioration.
d2 Discount on demand after deterioration.
t1 Inventory cycle time.
D(t) Deterioration rate.
D1(t) Demand rate before deterioration time.
D2(t) Demand rate after deterioration time.
o Ordering cost per order.
A Advertisement cost per cycle.
h Holding cost per unit per time.
H Holding cost per cycle.
cd Deterioration cost per unit.
DC Deterioration cost per cycle.
AC Average total inventory cost per time.
C Purchasing cost per unit.
P Selling price per unit.
AP Average profit per cycle time.

Assumptions

We complete the inventory model considering the following environment:
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• The inventory model deals with a single type of item.
• Planning horizon is assumed to be infinite.
• Holding cost remains constant over time.
• Replenishment rate is considered unlimited.
• Lead time for replenishment is assumed to be negligible.
• Deterioration rate varies proportionally with time.
• The model does not allow shortages.
• Demand at the beginning is non-zero because of advertisement.
• Advertisement cost is constant per cycle.

4 Problem Description

We consider a single-item inventory management model for deteriorating items over
an infinite planning horizon. The model is motivated by real-world situations where
demand is influenced by advertising and evolves dynamically with time, while prod-
ucts gradually decreases their quality due to deterioration. The model is considered
to run without shortages, with replenishment cycles repeat in the same way. The
following notations and assumptions explain the formulation.

Pre-deterioration demand D1(t): Before deterioration begins (0 ≤ t ≤ d),
demand is modeled as a linear, time-dependent function

D1(t) = α+ βt, (1)

where α > 0, β ≥ 0. The constant α is the positive initial demand because of adver-
tising, promotional campaigns, or advance bookings. The parameter β is the growth
in demand over time because of increasing customer awareness or expanding market
acceptance.

Post-deterioration demand D2(t): After deterioration begins (t ≥ d), demand
follows a ramp-type function

D2(t) =

{

f(t), t < r

f(r), t ≥ r
, (2)

where f(t) is a general positive function. This formulation represents a gradual
increase in demand up to a stabilization point t = r, after that demand remains
constant at f(r). A structure like this is consistent with product life-cycle behavior,
where demand increases rapidly in the initial stages and then reaches its peak level
as the market develops.

Discount-adjusted demand: To balance customers demand, discounts are incor-
porated into both demand phases. Before deterioration, the effective demand is scaled
by

da = (1− d1)
−p, p ∈ R, (3)

6



while after deterioration, demand is adjusted by

db = (1− d2)
−q, q ∈ R. (4)

Here, d1 and d2 are the discounts, and p, q are parameters controlling their intensity.
This structure reflects how discounts stimulate sales differently in the pre- and post-
deterioration periods.

Deterioration function: The deterioration of items is a time-dependent function
and proportional to the storage duration:

D(t) = ξt, (5)

for some constant ξ > 0. This linear form represents situations where items gradually
lose quality at a rate increasing with time, such as food spoilage, chemical degrada-
tion, or technology obsolescence. The parameter ξ is the sensitivity of the item to
deterioration with time.

Model Formulation

In consideration of the above assumptions and the additional condition that shortages
are not allowed, our aim in this paper is to develop and investigate an order-level
inventory model for deteriorating items under a finite replenishment rate. At the
starting time t = 0, the inventory level is I, and at the deterioration time t = d, the
inventory level is Id. Before deterioration starting time t = d, the inventory level I(t)
at time t, is affected by the linear demand D1(t). After the deterioration time t = d,
the inventory level Id(t) at time t is affected by the ramp-type demand D2(t), which
has a fixed stabilization time t = r. Finally, when t = t1, the inventory falls to zero,
and the process itself starts repeating. This can be seen in Fig. 1.

Fig. 1 Diagram representing the model

7



Thus, we have the following differential equations describing the changes in the
inventory level in respect of the time within the cycle time [0, t1].

dI(t)

dt
= −daD1(t), 0 ≤ t ≤ d, (6)

with boundary conditions I(0) = I and Id(d) = Id;

dId(t)

dt
= −D(t)Id(t)− dbD2(t), d ≤ t ≤ r, (7)

with initial condition Id(d) = Id;

dId(t)

dt
= −D(t)Id(t)− dbD2(t), r ≤ t ≤ t1, (8)

with terminal condition Id(t1) = 0.

Utilizing the functions D1(t), D2(t) and D(t) defined in the equations (1), (2) and
(5) respectively, the differential equations (6), (7) and (8) becomes

dI(t)

dt
= −daβt− daα, 0 ≤ t ≤ d, (9)

with boundary conditions I(0) = I and Id(d) = Id;

dId(t)

dt
+ ξtId(t) = −dbf(t), d ≤ t ≤ r, (10)

with initial condition Id(d) = Id;

dId(t)

dt
+ ξtId(t) = −dbf(r), r ≤ t ≤ t1, (11)

with terminal condition Id(t1) = 0.

Now, we solve the three ordinary differential equations on the intervals 0 ≤ t ≤ d,
d ≤ t ≤ r and r ≤ t ≤ t1 respectively, with the given boundary/initial/terminal
conditions.

Integrating both sides of equation (9) with respect to t, we get

I(t) =

∫

(

− daβ t− daα
)

dt = −daβ
t2

2
− daαt+ Constant.

Using I(0) = I, we have Constant = I. Hence,

I(t) = I − da

(

β

2
t2 + αt

)

, 0 ≤ t ≤ d. (12)
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In particular, the inventory level at t = d (which is the initial condition for the
next interval) is

Id = I(d) = I − da

(

β

2
d2 + αd

)

. (13)

Utilizing the integrating factor e
∫
ξtdt = e

ξt2

2 and integrating both sides of equation
(10) from t = d to an arbitrary t ∈ [d, r], we get

Id(t) = e−
ξt2

2



Id(d) e
ξd2

2 − db

t
∫

d

f(s) e
ξs2

2 ds



 .

Substituting Id(d) = Id obtained in (13), we get

Id(t) = e−
ξt2

2





(

I − da

(

β

2
d2 + αd

))

e
ξd2

2 − db

t
∫

d

f(s) e
ξs2

2 ds



 , d ≤ t ≤ r.

(14)
Note that Id(r) is the value at t = r can be obtained from equation (14), that is

Id(r) = e−
ξr2

2





(

I − da

(

β

2
d2 + αd

))

e
ξd2

2 − db

r
∫

d

f(s) e
ξs2

2 ds



 . (15)

Similarly multiplying by integrating factor and integrating the equation (10)
between an arbitrary t ∈ [r, t1] and the point r, we get

Id(t) = e−
ξt2

2



Id(r) e
ξr2

2 − dbf(r)

t
∫

r

e
ξs2

2 ds



 .

Now substituting Id(r), we get

Id(t) = e−
ξt2

2





(

I − da

(

β

2
d2 + αd

))

e
ξd2

2 − db

r
∫

d

f(s) e
ξs2

2 ds

−dbf(r)

t
∫

r

e
ξs2

2 ds



 , r ≤ t ≤ t1. (16)

Applying the terminal condition Id(t1) = 0, we obtain the following required
inventory function Ir(t1) depending on t1 to reach I(t1) = 0 by the terminal time t1.

Ir(t1) = da

(

β

2
d2 + αd

)

+ dbe
−

ξd2

2





r
∫

d

f(s) e
ξs2

2 ds+ f(r)

t1
∫

r

e
ξs2

2 ds



 . (17)
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In this case, we use the required inventory function Ir depending on t1 to calculate
the following cost functions and finally we will optimize the average profit.

From the piece wise solutions in equations (12), (14) and (16), we clearly see I(t)
depends on I and I depends on t1 only via the linear factor Ir(t1).

Consequently, the holding cost can be written as

H(t1) = h

t1
∫

0

I(t; t1)dt

= h

d
∫

0

[

Ir(t1)− da

(

β

2
t2 + αt

)]

dt

+h

r
∫

d

e−
ξt2

2





(

Ir(t1)− da

(

β

2
d2 + αd

))

e
ξd2

2 − db

t
∫

d

f(s) e
ξs2

2 ds



 dt

+h

t1
∫

r

e−
ξt2

2





(

Ir(t1)− da

(

β

2
d2 + αd

))

e
ξd2

2 − db

r
∫

d

f(s) e
ξs2

2 ds

−dbf(r)

t
∫

r

e
ξs2

2 ds



 dt. (18)

The total units demanded is

Q(t1) = da

d
∫

0

D1(t)dt+ db

t1
∫

d

D2(t)dt

= da

(

αd+
β

2
d2
)

+ db

r
∫

d

f(t)dt+ dbf(r)(t1 − r). (19)

Total purchasing cost is
PC(t1) = CIr(t1). (20)

The deterioration cost is

DC(t1) = cd (Ir(t1)−Q(t1))

= cd



Ir(t1)− da

(

αd+
β

2
d2
)

− db

r
∫

d

f(t)dt− dbf(r)(t1 − r)



 . (21)
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Total selling revenue is

SR(t1) = PQ(t1)

= P



da

(

αd+
β

2
d2
)

+ db

r
∫

d

f(t)dt+ dbf(r)(t1 − r)



 . (22)

Average profit is

AP (t1) =
SR(t1)− (PC(t1) +H(t1) +DC(t1) + o+A)

t1
. (23)

To optimize the average profit, we now solve the differential equation

dAP (t1)

dt1
=

1

t1

(

dSR(t1)

dt1
−

dPC(t1)

dt1
−

dH(t1)

dt1
−

dDC(t1)

dt1

)

−
1

t1
AP (t1) = 0. (24)

Now
dSR(t1)

dt1
= P

dQ(t1)

dt1
= Pdbf(r),

dPC(t1)

dt1
= C

dIr(t1)

d(t1)
= Cdbf(r)e

ξ
2
(t2

1
−d2),

dDC(t1)

dt1
= cd

(

dIr(t1)

dt1
−

dQ(t1)

dt1

)

= cddbf(r)
(

e
ξ
2
(t2

1
−d2)

− 1
)

,

and utilizing Leibniz rule with the terminal condition I(t1; t1) = 0, we get

dH(t1)

dt1
= h



I(t1; t1) +

t1
∫

0

∂I(t; t1)

∂t1
dt



 = h

t1
∫

0

∂I(t; t1)

∂t1
dt.

Rewriting in terms of I(t; t1) and differentiating the equations (12), (14) and (16)
partially with respect to t1, we get

t1
∫

0

∂I(t; t1)

∂t1
dt =

d
∫

0

∂I(t; t1)

∂t1
dt+

r
∫

d

∂I(t; t1)

∂t1
dt+

t1
∫

r

∂I(t; t1)

∂t1
dt.

Hence

dH(t1)

dt1
= hdbf(r)



de
ξ
2
(t2

1
−d2) + e

ξt2
1

2

r
∫

d

e−
ξt2

2 dt+ e
ξt2

1

2

t1
∫

r

e−
ξt2

2 dt



 .

Consequently, form (24), the optimal condition is

dbf(r)
(

P + cd − (C + cd))e
ξ
2
(t2

1
−d2)

)

−
dH(t1)

dt1
−AP (t1) = 0. (25)
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5 Numerical Computations and Sensitivity Analysis

Setting the parameter values as α = 53, β = 3, d = 2.23, r = 2.83, ξ = 0.073, d1 =
0.153, d2 = 0.253, p = 1.23, q = 0.93, P = 63, C = 23, h = 1.53, cd = 0.83, o = 123, A =
203 and considering f(t) = kt, where k = 673, the optimal (calculated using MAT-
LAB code provided at the end of this section) cycle time is obtained t∗1 = 4.398487.
Also, the average profit is AP ∗ = 33240.415246 for the inventory is I∗ = 6913.181974.

To investigate the stability and reliability of the proposed inventory model, a
detailed sensitivity analysis (calculated using MATLAB code provided at the end of
this section) has been conducted. This is done by varying a key parameter at a time
while keeping the remaining parameters fixed. The results are presented in the cor-
responding tables and illustrated by the three-dimensional plots in the corresponding
figures. The tables and figures demonstrate the variations in the optimal cycle time
t∗1, the inventory level I∗, and the average profit AP ∗.

Table 1 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of α and β.

α β t∗
1

I∗ AP∗

53.000 2.500 4.398775 6912.874483 33227.624146
53.000 2.667 4.398679 6912.976971 33231.887745
53.000 2.833 4.398583 6913.079440 33236.151449
53.000 3.000 4.398487 6913.181892 33240.415246
53.000 3.167 4.398390 6913.284327 33244.679133
53.000 3.333 4.398294 6913.386746 33248.943111
53.000 3.500 4.398198 6913.489147 33253.207183
50.000 3.000 4.400062 6911.626791 33170.533602
51.000 3.000 4.399537 6912.145668 33193.824668
52.000 3.000 4.399012 6912.664031 33217.118586
54.000 3.000 4.397961 6913.699244 33263.714697
55.000 3.000 4.397435 6914.216090 33287.016934
56.000 3.000 4.396910 6914.732429 33310.321938

Fig. 2 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

α and β.

The first set of experiments examines the influence of the demand-related param-
eters α and β (see Table 1 and Fig. 2). It is observed that the cycle time remains
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nearly unchanged. There are only minor fluctuations, varying from 4.39 to 4.40 units.
This indicates that replenishment intervals are largely unaffected by changes in these
parameters. The inventory level demonstrates a slow but steady increase as both α

and β increase, showing a moderate sensitivity. In contrast, the average profit is more
responsive, showing clear improvement as α increases and, to a lesser extent, with
changes in β. This suggests that profitability is more strongly influenced by demand
scaling than by the shape of the demand function.

Table 2 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of ξ and d.

ξ d t∗
1

I∗ AP∗

0.0750 2.000 4.227623 6897.380717 34919.812652
0.0750 2.067 4.266987 6879.578982 34356.803147
0.0750 2.133 4.307135 6859.576101 33782.468992
0.0750 2.200 4.348040 6837.316490 33197.149650
0.0750 2.267 4.389674 6812.751872 32601.155940
0.0750 2.333 4.432013 6785.841079 31994.771763
0.0750 2.400 4.475032 6756.549968 31378.254257
0.0600 2.200 4.618188 7562.791930 35731.359491
0.0650 2.200 4.519294 7299.536526 34831.892321
0.0700 2.200 4.429705 7058.767290 33989.243549
0.0800 2.200 4.273192 6632.626480 32450.349677
0.0850 2.200 4.204262 6442.603796 31744.377654
0.0900 2.200 4.140511 6265.514260 31075.406540

The second set of experiments considers the impact of the deterioration parameter
(ξ) and the demand parameter (d) (see Table 2 and Fig. 3). Here, the effects are more
pronounced. As the deterioration rate ξ increases, the cycle time becomes shorter,
reflecting the need for quicker replenishment when items are prone to faster decay.
Inventory levels decline sharply with higher values of ξ, while average profit also falls
significantly, dropping from 35,731 to 31,075 units as ξ increases from 0.06 to 0.09. A
similar negative effect is observed with increasing d, where both inventory and profit
tend to decline. These findings highlight the critical importance of managing product
deterioration, as even small increases in ξ can substantially erode both operational
and financial performance.

Fig. 3 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

ξ and d.
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Table 3 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of d and r.

d r t∗
1

I∗ AP∗

2.200 2.600 4.359455 6389.408148 31605.952442
2.200 2.700 4.367736 6623.928771 32476.176634
2.200 2.800 4.376922 6855.110462 33279.865567
2.200 2.900 4.386861 7082.549559 34018.901098
2.200 3.000 4.397420 7305.824036 34695.241049
2.200 3.100 4.408481 7524.493102 35310.924461
2.000 2.800 4.255542 6913.969686 35023.274686
2.100 2.800 4.315369 6887.054204 34164.264459
2.300 2.800 4.440107 6817.966356 32371.181144
2.400 2.800 4.504838 6775.485992 31439.176865
2.500 2.800 4.571033 6727.568635 30484.686107

Fig. 4 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

d and r.

Now the joint effect of the starting point of deterioration (d) and the replenish-
ment rate (r) is analyzed in Table 3 and Fig. 4. Both parameters influence the cycle
time, which lengthens steadily with higher values of either d or r. In this case, the
inventory level increases considerably with larger r and decreases as d becomes larger.
This shows a mixed response, demonstrating a trade-off between demand intensity
and replenishment capacity. The effect on profitability is particularly noteworthy. As
r increases from 2.6 to 3.1, average profit increases consistently, reaching above 35,000
units. Again, increasing d leads to a decline in profit, with values dropping below
31,000 units at d = 2.5. This demonstrates that while a higher replenishment rate
supports profitability, excessive demand growth puts pressure on costs and reduces
overall profit.

The results in Table 4 and Fig. 5 show that variations in d1 have only a marginal
impact. For example, when d1 increases from 0.12 to 0.17 (with ξ fixed at 0.075), the
cycle time changes only from 4.3680 to 4.3659, inventory increases slightly from 6825.47
to 6827.38, and profit rises from 32,868.87 to 32,962.67. In contrast, ξ demonstrates
a much stronger effect. Increasing xi from 0.06 to 0.09 (with d1 = 0.15) shortens
the cycle time from 4.6371 to 4.1593, reduces inventory from 7553.77 to 6253.49, and
decreases profit significantly from 35,452.53 to 30,810.36. This highlights ξ as a critical
factor, with higher values directly declining system performance.
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Table 4 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of ξ and d1.

ξ d1 t∗
1

I∗ AP∗

0.0750 0.1200 4.368026 6825.151835 32869.594987
0.0750 0.1300 4.367633 6825.563480 32887.433487
0.0750 0.1400 4.367228 6825.985500 32905.736982
0.0750 0.1500 4.366813 6826.418285 32924.523139
0.0750 0.1600 4.366387 6826.862251 32943.810458
0.0750 0.1700 4.365949 6827.317806 32963.618696
0.0600 0.1500 4.637125 7553.765541 35452.529824
0.0650 0.1500 4.538152 7289.780080 34554.916260
0.0700 0.1500 4.448510 7048.392633 33714.349947
0.0800 0.1500 4.291952 6621.285607 32180.139221
0.0850 0.1500 4.223023 6430.890019 31476.702113
0.0900 0.1500 4.159285 6253.488086 30810.361136

Fig. 5 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

ξ and d1.

Table 5 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of d2
and p.

d2 p t∗
1

I∗ AP∗

0.25 1.15 4.398774 6887.209992 33104.040019
0.25 1.18 4.398628 6887.354333 33110.503211
0.25 1.21 4.398481 6887.499353 33116.998909
0.25 1.24 4.398333 6887.645059 33123.527260
0.25 1.27 4.398184 6887.791452 33130.088433
0.25 1.30 4.398035 6887.938536 33136.682597
0.23 1.24 4.397638 6721.994501 32352.640976
0.24 1.24 4.397985 6803.768223 32733.189395
0.26 1.24 4.398681 6973.708243 33524.041999
0.27 1.24 4.399029 7062.045482 33935.141924
0.28 1.24 4.399378 7152.749280 34357.257527

As presented in Table 5 and Fig. 6, p has very little effect within the tested range.
When p rises from 1.15 to 1.30 (with d2 = 0.25), cycle time remains constant at about
4.3986, inventory increases only from 6887.23 to 6887.94, and profit increases slightly
from 33,103.84 to 33,136.01. On the other hand, d2 exhibits a more notable impact.
When d2 increases from 0.23 to 0.28 (with p = 1.24), cycle time increases modestly
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Fig. 6 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

d2 and p.

from 4.3976 to 4.3994, inventory increases from 6721.99 to 7152.75, and profit increases
from 32,352.64 to 34,357.26. This indicates that p is relatively unimportant and d2
plays a constructive role in increasing profit.

Table 6 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of q and P .

q P t∗
1

I∗ AP∗

0.9360 60.0000 4.309877 6555.547915 29637.107078
0.9360 61.2000 4.346057 6705.153574 31091.419596
0.9360 62.4000 4.381273 6852.428793 32558.400416
0.9360 63.6000 4.415575 6997.485729 34037.518631
0.9360 64.8000 4.449010 7140.428050 35528.280310
0.9360 66.0000 4.481621 7281.351820 37030.224794
0.9000 62.4000 4.380980 6781.240227 32231.055440
0.9120 62.4000 4.381078 6804.886760 32339.788571
0.9240 62.4000 4.381176 6828.616183 32448.903147
0.9480 62.4000 4.381370 6876.324882 32668.281744
0.9600 62.4000 4.381467 6900.304743 32778.548443

Table 6 and Fig. 7 illustrate that q has a moderate effect and P strongly operates
on the system performance. For instance, when q increases from 0.90 to 0.96 (with
P = 62.4), inventory increases from 6781.43 to 6899.64, profit increases from 32,230.67
to 32,778.47, and cycle time remains steady near 4.386. By contrast, increasing P

from 60 to 66 (with q = 0.936) leads to a slight increase in cycle time from 4.3099 to
4.4816, an increase in inventory from 6555.55 to 7281.35, and an increase in profit
from 29,637.11 to 37,030.22. These results confirm that P is one of the most powerful
levers for enhancing inventory and profit.

The sensitivity analysis with respect to the holding cost h, and purchase cost C

reveals that both parameters have a negative effect on the inventory level (see Table
7). As C increases with fixed h, the optimal cycle time t∗1 consistently decreases,
indicating shorter replenishment intervals at higher purchase costs. Simultaneously,
the inventory level I∗ and average profit AP ∗ decrease sharply, with profit decreasing
from 38,065 at C = 20 to 28,638 at C = 26, highlighting the detrimental impact of
increasing purchase cost. Variation in h with fixed C shows a similar but less effect.
Also, higher holding costs reduce both inventory and profit while slightly decreasing
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Fig. 7 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

q and P .

Table 7 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of h and C.

h C t∗
1

I∗ AP∗

1.5400 20.0000 4.579609 7700.771797 38065.431879
1.5400 21.2000 4.504910 7370.273846 36075.014212
1.5400 22.4000 4.431837 7054.729837 34138.400994
1.5400 23.6000 4.360213 6752.599513 32254.191555
1.5400 24.8000 4.289877 6462.530639 30421.188278
1.5400 26.0000 4.220681 6183.328341 28638.377786
1.3000 22.4000 4.497195 7336.601054 35395.685487
1.3800 22.4000 4.475126 7240.748088 34971.879741
1.4600 22.4000 4.453342 7146.813126 34552.813042
1.6200 22.4000 4.410604 6964.435028 33728.562459
1.7000 22.4000 4.389635 6875.868506 33323.218875

the cycle length. The three-dimensional surface plots in Fig. 8, with downward-facing
slopes, confirm these results. This shows that minimizing purchase and holding costs
is essential to maintain higher inventory levels and profitability.

Fig. 8 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

h and C.

The sensitivity analysis for the demand scaling factor k and deterioration cost
parameter cd demonstrates adverse effects on the inventory level (see Table 8). When
cd increases at fixed k, both the cycle time and inventory decrease slightly, leading to a
gradual fall from 33, 660 at cd = 0.6 to 33, 509 at cd = 1.0. In contrast, varying k with
constant cd produces a strong positive effect. Higher values of k significantly increase
inventory levels and profits, while cycle time remains nearly unchanged. For example,
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Table 8 Sensitivity analysis table of t∗
1
(Cycle time), I∗

(Inventory) and AP∗ (Average profit) in respect of k and cd.

k cd t∗
1

I∗ AP∗

k cd t∗
1

I∗ AP∗

680.00 0.600 4.405793 7014.686486 33660.909691
680.00 0.680 4.403345 7004.221743 33630.377073
680.00 0.760 4.400904 6993.797709 33599.900026
680.00 0.840 4.398470 6983.413360 33569.486343
680.00 0.920 4.396044 6973.068702 33539.133036
680.00 1.000 4.393625 6962.763542 33508.839244
500.00 0.840 4.388497 5144.430564 25011.280618
560.00 0.840 4.392543 5757.443139 27863.915424
620.00 0.840 4.395796 6370.435608 30716.660499
740.00 0.840 4.400706 7596.380015 36422.373119
800.00 0.840 4.402603 8209.338100 39275.306971

profit increases from 25, 011 at k = 500 to 39, 275 at k = 800, showing the dominance
of demand growth in improving inventory outcomes. The sensitivity graphs in Fig.
9 illustrate these changes clearly, where inventory and profit surfaces slope upward
with respect to k but downward with respect to cd. This shows that maximizing profit
requires reducing deterioration costs and achieving higher demand growth.

Fig. 9 Sensitivity graphs of t∗
1
(Cycle time), I∗ (Inventory) and AP ∗ (Average profit) in respect of

k and cd.

The overall sensitivity analysis demonstrates that the proposed inventory model is
generally stable with respect to minor parameter fluctuations. Indeed, the inventory
levels and profits are considerably more sensitive than the cycle time. The deterio-
ration rate ξ and replenishment rate r come up as more important than the other
parameters. These two have significant impacts on profitability and inventory perfor-
mance. Also, the unit revenue P and the demand scaling factor play critical roles in
enhancing stock levels and returns, without significantly altering cycle length. In con-
trast, purchase cost, holding cost, and deterioration cost negatively affect inventory
and profits, though their effects are relatively moderate compared to demand and
replenishment factors. These findings highlight two key managerial priorities. First is
controlling deterioration through preservation technologies and efficient cost manage-
ment. Second is to enhance demand growth and optimize replenishment policies. By
focusing on these high-impact levers, the industry can increase profitability, enhance
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system stability, and ensure more efficient inventory management under diverse market
and operational conditions.

OPTIMIZE_AP_ROOT  Find t1*, I*, AP* 
 
funcƟon [t1_star, I_star, AP_star, TP_star] = opƟmize_AP_root() 
% OPTIMIZE_AP_ROOT  Find t1*, I*, AP* by solving t1* TP'(t1) - TP(t1) = 0 
% Uses boxed equaƟon and parameters taken from your example (f(t)=673*t). 
% 
% Usage: 
%   [t1_star, I_star, AP_star, TP_star] = opƟmize_AP_root() 
 
%% ---------------- Parameters (from your example) ---------------- 
alpha = 53; beta = 3; 
d = 2.23; r = 2.83; 
xi = 0.073; a = xi/2; 
d1 = 0.153; d2 = 0.253; p = 1.23; q = 0.93; 
da = (1 - d1)^(-p); 
db = (1 - d2)^(-q); 
 
C = 23; P = 63; 
h = 1.53; cd = 0.83; 
o = 123;        % ordering cost per cycle 
A_cost = 203;   % adverƟsement cost per cycle 
 
% sales funcƟon 
k = 673; f = @(t) k.*t; 
fr = f(r); 
 
% Precompute integrals that don't depend on t1 
RelTol = 1e-9; AbsTol = 1e-12; 
I_part = integral(@(t) f(t), d, r, 'RelTol',RelTol, 'AbsTol',AbsTol);      % ∫_d^r f(t) dt = k/2 (r^2 - 
d^2) 
A_int  = integral(@(s) f(s).*exp(a*s.^2), d, r, 'RelTol',RelTol, 'AbsTol',AbsTol); % ∫_d^r f(s)e^{a 
s^2} ds 
Jd_neg = integral(@(t) exp(-a.*t.^2), d, r, 'RelTol',RelTol, 'AbsTol',AbsTol);    % ∫_d^r e^{-a t^2} 
dt 
 
% constants for convenience 
const_da_part = da*(alpha*d + 0.5*beta*d^2); 
 
% deĮne funcƟon handles used below 
Eint_pos = @(t1) integral(@(s) exp(a.*s.^2), r, t1, 'RelTol',RelTol, 'AbsTol',AbsTol); % ∫_r^{t1} 
e^{a s^2} ds 
Jr_neg = @(t1) integral(@(t) exp(-a.*t.^2), r, t1, 'RelTol',RelTol, 'AbsTol',AbsTol);    % ∫_r^{t1} 
e^{-a t^2} dt 
 
% Bridge: I(t1) 
I_of = @(t1) const_da_part + db.*exp(-a.*d.^2).*( A_int + fr.*Eint_pos(t1) ); 
 
% SR (revenue) 
Q_of = @(t1) const_da_part + db.*( I_part + fr.*(t1 - r) ); 
SR_of = @(t1) P .* Q_of(t1); 
 
% PC 
PC_of = @(I) C .* I; 
 
% DC 
DC_of = @(I,t1) cd .* ( I - db.*I_part - db.*fr.*(t1 - r) ); 
 
% Holding cost H(t1): numeric via piecewise I(t) integrated 0..t1 
TI_piece = @(Ʃ, t1, Ireq, alpha_loc, beta_loc) ( ... 
    (Ʃ <= d) .* ( Ireq - da.*( alpha_loc.*Ʃ + 0.5.*beta_loc.*Ʃ.^2 )) + ... 
    (Ʃ > d & Ʃ <= r) .* ( (Ireq - da.*( alpha_loc.*d + 0.5.*beta_loc.*d.^2 )) .* exp(-a.*(Ʃ.^2 - 
d.^2)) ... 
        - db .* arrayfun(@(Ʃh) integral(@(s) f(s).*exp(a.*(s.^2 - Ʃh.^2)), d, Ʃh, 'RelTol',RelTol, 
'AbsTol',AbsTol), Ʃ) ) + ... 
    (Ʃ > r) .* ( db .* fr .* arrayfun(@(Ʃh) integral(@(s) exp(a.*(s.^2 - Ʃh.^2)), Ʃh, t1, 
'RelTol',RelTol, 'AbsTol',AbsTol), Ʃ) ) ... 
); 
 
H_of = @(Ireq, t1, alpha_loc, beta_loc) h .* integral(@(Ʃ) TI_piece(Ʃ, t1, Ireq, alpha_loc, 
beta_loc), 0, t1, 'RelTol',1e-8, 'AbsTol',1e-11); 
 
% H'(t1) closed form from your derivaƟon: 
Hprime_of = @(t1) h .* db .* fr .* ( ... 
    exp(a.*(t1.^2 - d.^2)).*( d + exp(a.*d.^2).*Jd_neg ) + exp(a.*t1.^2).*Jr_neg(t1) ... 
); 
 
% TP(t1) 
TP_of = @(t1) SR_of(t1) - ( PC_of(I_of(t1)) + H_of(I_of(t1), t1, alpha, beta) + DC_of(I_of(t1), t1) 
+ o + A_cost ); 
 
% TP'(t1) analyƟc form (component derivaƟves subsƟtuted) 
% I'(t1) = db * fr * exp(a*(t1^2 - d^2)) 
Iprime_of = @(t1) db .* fr .* exp(a.*(t1.^2 - d.^2)); 
TPprime_of = @(t1) db .* fr .* ( P + cd - (C + cd).*exp(a.*(t1.^2 - d.^2)) ) - Hprime_of(t1); 
 
% The Įnal equaƟon (boxed): F(t1) = t1*TP'(t1) - TP(t1) = 0 
F_of = @(t1) t1 .* TPprime_of(t1) - TP_of(t1); 
 
%% ---------------- Robust brackeƟng then fzero ---------------- 
t1_leŌ = r + 1e-6; 
t1_right = r + 20; 
Nscan = 400; 
tgrid = linspace(t1_leŌ, t1_right, Nscan); 
 

Fvals = nan(size(tgrid)); 
for ii = 1:numel(tgrid) 
    try 
        Fvals(ii) = F_of(tgrid(ii)); 
    catch 
        Fvals(ii) = NaN; 
    end 
end 
 
% Įnd sign changes 
idx = Įnd(~isnan(Fvals)); 
bracket_found = false; 
t1_star = NaN; 
 
for ii = 1:(length(idx)-1) 
    i1 = idx(ii); i2 = idx(ii+1); 
    if Fvals(i1)*Fvals(i2) < 0 
        leŌ = tgrid(i1); right = tgrid(i2); 
        try 
            t1_star = fzero(F_of, [leŌ right], opƟmset('TolX',1e-8,'Display','oī')); 
            bracket_found = true; 
            break; 
        catch 
            % try next bracket 
        end 
    end 
end 
 
% if no sign-change bracket found, try fzero with single iniƟal guess near best F (max abs) 
if ~bracket_found 
    % try a guess at locaƟon of min absolute F 
    [~, imin] = min(abs(Fvals)); 
    guess = tgrid(imin); 
    try 
        t1_star = fzero(F_of, guess, opƟmset('TolX',1e-8,'Display','oī')); 
        bracket_found = true; 
    catch 
        % last resort: try fzero on the full interval (may fail) 
        try 
            t1_star = fzero(F_of, [t1_leŌ, t1_right], opƟmset('TolX',1e-8,'Display','oī')); 
            bracket_found = true; 
        catch ME 
            warning('Root Įnding failed: %s', ME.message); 
            t1_star = NaN; 
        end 
    end 
end 
 
%% ---------------- Compute I*, TP*, AP* if root found ---------------- 
if isnan(t1_star) 
    I_star = NaN; TP_star = NaN; AP_star = NaN; 
    fprinƞ('No root found for F(t1). Try expanding search interval or adjust tolerances.\n'); 
else 
    I_star = I_of(t1_star); 
    TP_star = TP_of(t1_star); 
    AP_star = TP_star ./ t1_star; 
 
    % print results 
    fprinƞ('t1* = %.6f\n', t1_star); 
    fprinƞ('I*  = %.6f\n', I_star); 
    fprinƞ('AP* = %.6f\n', AP_star); 
end 
 
end 
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Sensitivity Analysis 
 
funcƟon ex1_sensiƟvity_alpha_beta() 
    % ---------------- Base Parameters ---------------- 
    d = 2.23; r = 2.83; 
    xi = 0.073; a = xi/2; 
    d1 = 0.153; d2 = 0.253; p = 1.23; q = 0.93; 
    da_const = (1 - d1)^(-p); 
    db = (1 - d2)^(-q); 
 
    C = 23; P = 63; 
    h = 1.53; cd = 0.83; 
    o = 123;        % ordering cost per cycle 
    A_cost = 203;   % adverƟsement cost per cycle 
 
    % sales funcƟon 
    k = 673; f = @(t) k.*t; 
    fr = f(r); 
 
    % Precompute Įxed integrals 
    RelTol = 1e-9; AbsTol = 1e-12; 
    I_part = integral(@(t) f(t), d, r, 'RelTol',RelTol, 'AbsTol',AbsTol); 
    A_int  = integral(@(s) f(s).*exp(a*s.^2), d, r, 'RelTol',RelTol, 'AbsTol',AbsTol); 
    Jd_neg = integral(@(t) exp(-a.*t.^2), d, r, 'RelTol',RelTol, 'AbsTol',AbsTol); 
 
    Eint_pos = @(t1) integral(@(s) exp(a.*s.^2), r, t1, 'RelTol',RelTol, 'AbsTol',AbsTol); 
    Jr_neg = @(t1) integral(@(t) exp(-a.*t.^2), r, t1, 'RelTol',RelTol, 'AbsTol',AbsTol); 
 
    % Alpha-beta range (Ɵght range around previous example) 
    alpha_vals = linspace(50, 56, 7); 
    beta_vals  = linspace(2.5, 3.5, 7); 
 
    % Prepare result arrays 
    t1_star_mat = nan(length(alpha_vals), length(beta_vals)); 
    I_star_mat  = nan(size(t1_star_mat)); 
    AP_star_mat = nan(size(t1_star_mat)); 
 
    % ---------------- SensiƟvity Loop ---------------- 
    for i = 1:length(alpha_vals) 
        for j = 1:length(beta_vals) 
            alpha = alpha_vals(i); 
            beta  = beta_vals(j); 
 
            % constants that depend on alpha, beta 
            const_da_part = da_const*(alpha*d + 0.5*beta*d^2); 
 
            % I(t1) 
            I_of = @(t1) const_da_part + db.*exp(-a.*d.^2).*( A_int + fr.*Eint_pos(t1) ); 
 
            % Q(t1) 
            Q_of = @(t1) const_da_part + db.*( I_part + fr.*(t1 - r) ); 
            SR_of = @(t1) P .* Q_of(t1); 
 
            % Costs 
            PC_of = @(I) C .* I; 
            DC_of = @(I,t1) cd .* ( I - db.*I_part - db.*fr.*(t1 - r) ); 
 
            % Inventory proĮle 
            TI_piece = @(Ʃ, t1, Ireq, alpha_loc, beta_loc) ( ... 
                (Ʃ <= d) .* ( Ireq - da_const.*( alpha_loc.*Ʃ + 0.5.*beta_loc.*Ʃ.^2 )) + ... 
                (Ʃ > d & Ʃ <= r) .* ( (Ireq - da_const.*( alpha_loc.*d + 0.5.*beta_loc.*d.^2 )) .* exp(-
a.*(Ʃ.^2 - d.^2)) ... 
                    - db .* arrayfun(@(Ʃh) integral(@(s) f(s).*exp(a.*(s.^2 - Ʃh.^2)), d, Ʃh, 
'RelTol',RelTol, 'AbsTol',AbsTol), Ʃ) ) + ... 
                (Ʃ > r) .* ( db .* fr .* arrayfun(@(Ʃh) integral(@(s) exp(a.*(s.^2 - Ʃh.^2)), Ʃh, t1, 
'RelTol',RelTol, 'AbsTol',AbsTol), Ʃ) ) ... 
            ); 
            H_of = @(Ireq, t1, alpha_loc, beta_loc) h .* integral(@(Ʃ) TI_piece(Ʃ, t1, Ireq, 
alpha_loc, beta_loc), 0, t1, 'RelTol',1e-8, 'AbsTol',1e-11); 
 
            % H'(t1) 
            Hprime_of = @(t1) h .* db .* fr .* ( ... 
                exp(a.*(t1.^2 - d.^2)).*( d + exp(a.*d.^2).*Jd_neg ) + exp(a.*t1.^2).*Jr_neg(t1) ... 
            ); 
 
            % TP(t1) 
            TP_of = @(t1) SR_of(t1) - ( PC_of(I_of(t1)) + H_of(I_of(t1), t1, alpha, beta) + 
DC_of(I_of(t1), t1) + o + A_cost ); 
 
            % TP'(t1) 
            Iprime_of = @(t1) db .* fr .* exp(a.*(t1.^2 - d.^2)); 
            TPprime_of = @(t1) db .* fr .* ( P + cd - (C + cd).*exp(a.*(t1.^2 - d.^2)) ) - Hprime_of(t1); 
 
            % F(t1) 
            F_of = @(t1) t1 .* TPprime_of(t1) - TP_of(t1); 
 
            % Bracket search 
            t1_leŌ = r + 1e-6; 
            t1_right = r + 10; 
            Nscan = 200; 
            tgrid = linspace(t1_leŌ, t1_right, Nscan); 
            Fvals = arrayfun(@(t) F_of(t), tgrid); 
 
            idx = Įnd(~isnan(Fvals)); 

            root_found = false; t1_star = NaN; 
            for ii = 1:(length(idx)-1) 
                if Fvals(idx(ii)) * Fvals(idx(ii+1)) < 0 
                    try 
                        t1_star = fzero(F_of, [tgrid(idx(ii)), tgrid(idx(ii+1))]); 
                        root_found = true; break; 
                    catch 
                    end 
                end 
            end 
 
            if root_found 
                I_star = I_of(t1_star); 
                TP_star = TP_of(t1_star); 
                AP_star = TP_star / t1_star; 
 
                t1_star_mat(i,j) = t1_star; 
                I_star_mat(i,j)  = I_star; 
                AP_star_mat(i,j) = AP_star; 
            end 
        end 
    end 
    % ---------------- Numerical Table ---------------- 
    fprinƞ('\nSensiƟvity Analysis Table:\n'); 
    fprinƞ('%8s %8s %12s %12s %12s\n', 'Alpha', 'Beta', 't1_star', 'I_star', 'AP_star'); 
    fprinƞ('%s\n', repmat('-', 1, 60)); 
    for i = 1:length(alpha_vals) 
        for j = 1:length(beta_vals) 
            fprinƞ('%8.3f %8.3f %12.6f %12.6f %12.6f\n', ... 
                alpha_vals(i), beta_vals(j), ... 
                t1_star_mat(i,j), I_star_mat(i,j), AP_star_mat(i,j)); 
        end 
    end 
    % ---------------- Plots ---------------- 
    [Agrid, Bgrid] = meshgrid(beta_vals, alpha_vals); 
 
    Įgure; 
    surf(Agrid, Bgrid, t1_star_mat); 
    xlabel('\beta'); ylabel('\alpha'); zlabel('t1^*'); 
    Ɵtle('SensiƟvity of t1^*'); 
 
    Įgure; 
    surf(Agrid, Bgrid, I_star_mat); 
    xlabel('\beta'); ylabel('\alpha'); zlabel('I^*'); 
    Ɵtle('SensiƟvity of I^*'); 
 
    Įgure; 
    surf(Agrid, Bgrid, AP_star_mat); 
    xlabel('\beta'); ylabel('\alpha'); zlabel('AP^*'); 
    Ɵtle('SensiƟvity of AP^*'); 
end 
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6 Conclusion

In the paper, we introduced and demonstrated an EOQ-type inventory model for
deteriorating items under a realistic setting where demand, deterioration, and market-
ing effects interact dynamically. Our model clearly includes the impact of advertising
by considering a nonzero initial demand that increases linearly in the early phase,
whereas traditional models assume zero initial demand. After deterioration begins, the
demand is represented by a general ramp-type function that stabilizes over time. This
demonstrates the natural life cycle of many consumer goods and deteriorating items.
In addition, the deterioration of items has been represented as proportional to time,
showing the gradual loss of item quality during storage. To address practical pricing
strategies, separate discounting policies have been applied in the pre-deterioration
and post-deterioration phases. This offers flexibility for the industry to stimulate
demand and reduce inventory losses.

The model is formulated using closed-form expressions for the inventory dynam-
ics for a single-item system without shortages over an infinite horizon. To validate
the analytical findings, the model is examined numerically through a series of com-
putational experiments. A numerical example is provided to illustrate the model.
Also, graphical sensitivity analyses are conducted to investigate the effects of key
parameters, including the deterioration rate (ξ), demand growth parameters (α, β),
discount levels (d1, d2), and advertising-driven initial demand. The sensitivity results
confirmed that each of these parameters has a significant impact on the optimal cycle
length, total cost, and average profit.

The numerical investigations show several important insights. For instance, an
increase in advertisement-driven initial demand significantly improves profitability by
reducing the average cycle cost and inventory holding period. The dual discounting
policy effects in both stimulating early demand and preventing losses during the
deterioration phase. Moreover, sensitivity graphs demonstrated that higher deterio-
ration rates shorten the optimal cycle length. This leads the industry to adopt faster
replenishment policies. Similarly, adjustments in the discount parameters provided a
practical lever for balancing profit with sales acceleration. These findings highlight the
importance of jointly considering advertising, deterioration, and pricing techniques
when formulating inventory models.

Overall, the study extends classical ramp-type demand models by integrating
advertising effects, a two-phase demand structure, time-proportional deterioration,
and dual-discount techniques into a single model. The combination of analytical
derivations, numerical validation, and sensitivity analysis provides both theoretical
contribution and practical guidance. Future research may extend the present work by
incorporating shortages, trade credit, or stochastic demand patterns, as well as multi-
item or supply-chain settings. This will further enhance the applicability of the model
in complex real-world environments.
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