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Abstract

In this paper, we investigate an elliptic boundary value problem involving a nonlinear
logarithmic Robin boundary condition. The problem is formulated on a smooth bounded
domain of R? with mixed Dirichlet~Neumann-Robin boundary conditions. We introduce
an iterative linearization scheme based on a sequence of linear problems and establish
the the existence and uniqueness of the weak solution. A rigorous convergence analysis
is provided using a local Lipshitz estimate of the logarithmic nonlinearity. We also
study, qualitative properties of the solution and validate the theoretical results through
numerical experiments based on finite element approximations.

Keywords: Elliptic equations, logarithmic nonlinearity, nonlinear Robin boundary condi-
tion, fixed point iteration, finite element method

Mathematics Subject Classification (2020): 35J25, 35J61, 65N30, 35B45.

1 Introduction

In this paper, we study a Laplace equation supplemented with a nonlinear Robin boundary
condition involving a logarithmic nonlinearity. More precisely, we consider the following
problem:

( Au =0 in Q,
v =0 on I'p,
(P) % :¢ on FN,
on
gu + go(x)uln(e—i—uQ) =g on I'pg,
n

where Q@ C R? is a bounded domain with Lipschitz boundary I' = 9. The boundary is
decomposed into three pairwise disjoint measurable parts, satisfying

IN=T=TpUTyNUTg,
FDQFN:FDOFR:FNQFR:@,
o(l'p) >0, o(T'y) >0, o(I'r) >0,



where o denotes the surface measure on 0f).
The data are assumed to satisfy the following regularity conditions

¢€ LZ(FN)v ¢§é0, gGLQ(FR)v Y e CO(E)

Boundary value problems with mixed boundary conditions arise in many physical, chemical
and engineering applications. In the stationary case, such processes are typically governed by
Laplace’s equation, where the unknown represents, for example, a temperature distribution
or an electrostatic potential.

The Dirichlet condition prescribes the state variable, while the Neumann condition de-
scribes a prescribed flux through I'yy. The nonlinear Robin condition on I'r models an
exchange mechanism between the system and its surrounding environment. In classical
framework, Robin boundary conditions are usually linear, typically written as

ou
- te(r)u=g.

on

Such problem have been extensively studied. In particular, in the context of corrosion
detection in thin metallic plates, the Robin coefficient ¢ represents the corrosion intensity.
Existence and uniqueness results, as well as inverse identification problems associated with
this coefficient, have been investigated by Jaoue et al. [6}7].

More generally, semilinear elliptic problems with mixed boundary conditions have re-
cieved considerable attention. When the nonlinear boundary term has polynomial growth,
the analysis can be carried out using Sobolev trace embeddings and classical variational
methods.

Recently, nonlinear Robin boundary conditions have attracted increasing interest. Be-
nameur et al. [2| considered a quadratic nonlinear Robin condition of the form

oLk plau vt =g,
and establishing existence and uniqueness in an appropriate Hilbert space V' C H'(€2). These
results were extended by Elhechmi [10] to a larger class of polynomial nonlinearities. In both
works, the authors introduced iterative schemes based on sequence of linearized problems
whose solutions converge to the solution of original nonlinear problem.

A more general nonlinear boundary interaction was investigated by Elhechmi et al. 3],
where an exponential Robin condition was considered:

Ot pla)(e™ — el = g
The convergence analysis in that framwork required refined estimates of Sobolev embedding
constants and suitable control of the exponential growth.
However, in many pratical situations, boundary interactions cannot be accurately described
by either linear, polynomial or exponnential laws. This motivates the study of more general
nonlinearities. In particular, logarithmic terms arise in models involving saturation effects
and moderate growth phenomena; see for instance [14,16].

In the present work, we focus on the nonlinear Robin condition

ou 2
Ot papuin(e + ) =g,

The function
F(u) = uln(e + u?)



has an intermediate growth between linear and polynomial behavior. Indeed,
uln(e + u?) ~u asu —0, while wln(e+u?)~2uln|u| as|ul — oco.

Therefore, this nonlinearity grows slower than polynomial nonlinearities, but faster than
linear law. This intermediate behaviour requires specific estimates in trace spaces and leads
to analytical difficulties different from the classical semilinear framework.

Although logarithmic nonlinearities have been widely studied in other context, espe-
cially for nonlinear Schrédinger equations (see Cazenave [5]), most existing results concern
nonlinear terms acting in the interior of the domain. To the best of our knowledge, ellip-
tic problems involving logarithmic nonlinearities acting through Robin boundary conditions
remain insufficiently studied.

The objective of this paper is to fill this gap by developing a complete analysis of problem
(P). Our main contributions are summarized as follows:

e we establish a variational framework adapted to the logarithmic Robin boundary con-
dition;

e we construct an iterative linearization scheme based on a sequence of linear problems
and prove the existence and uniqueness of each iterate;

e we prove a rigorous convergence analysis using a local Lipschitz estimate of the loga-
rithmic boundary operator;

e we investigate qualitative properties of the weak solution, including regularity and
positivity;
e we validate the theoretical results through numerical experiments based on finite ele-

ment approximations.

The remainder of this paper is organized as follows. Section [ introduces the functional
framework and preliminary estimates. Section 3| is devoted to construction of the iterative
sequence and the well-posedness of the associated linearized problems. The convergence of
the iterative scheme is established in section 4] In section [p, we investigate the qualitative
properties of the weak solution. Numerical experiments illustrating the performance of the
proposed method are presented in section [} Finally, section [7] concludes the paper.

2 Functional framework and preliminary results

2.1 Variational setting
For 1 < ¢ < oo, we denote by W14(£2) the Sobolev space

Wh(Q) = {u € LUQ); Vu € (LI(2))*},
endowed with the norm

lullwaey = (lllzag) + 1Vullzagey)
In particular, H'(Q) = W12(Q).

Since, problem (P) involves an homogeneous Dirichlet boundary condition on I'p, the
natural functional framework is the space V defined by:

V={ve H(Q);v=0o0nTp}.



The space V is a Hilbert space when endowed with the inner product
(u,vyy = / Vu-Vodz.
Q
Indeed, by the Poincaré inequality, the condition

<ua u>V =0

implies that u = 0 in V, so that (-, )y defines an inner product on V.
The associated norm is given by

1/2
ully = (/Q \Vu|2dx) = |Vl 120, Yu € V.
Moreover, this norm is equivalent to the usual H'-norm on V.

2.2 Trace estimates

Let 7 denote the trace operator:

T: V- H%@Q),
u |—>U|3Q.

This operator is linear and continuous with respect to ||| z2(a0)-
The following trace embedding result will be used throughout the paper.

Lemma 2.1. [9]. Let Q C R? be a bounded and Lipschitz domain. Then
HY(Q) — L9(09Q),  Vq< oo.
Moreover, there exists a constant Cq such that
lullzogan) < Collullme), — we HY Q). (1)

Since the norm |.||y is equivalent to the H! norm on V, we deduce that there exists a
constant 3, > 0 such that

lull aan) < Bollullv, VueV. 2)

where
,Bq = inf {C >0 ; ||u”Lq(8Q) < CHUHV, Yu € V}

Remark 2.2. In the particular case where 2 = D(0, 1), the unit disk of R?, sharper estimates
for the trace embedding constant are available. In particular, Elhechmi et al. [3] proved that

H'2(5(0,1)) = LU(S(0,1)),  q=2,

and

[ flzacso,1)) < Agllfllmr2es0,1y) (3)
where, for g > 2,

q —2 =2\ ¢
/\q:<clq203 q 2) . (4)

Here C7, Cy are universal constants.



2.3 Admissible set and assumptions

In what follows we assume thatintroduce the following notations and assumptions:

¢€L*(Tn), ¢#0 and ¢ >0.

g€ L*Tgr) and g¢>0.

Mo = B2 (ol 2y + 9l L2rs)) -

e The Robin coefficient is assumed to belong to the admissible set

(bad = {CO(FR)v 2 > 07 ||90||L°°(FR) < a}’

where

€

3 Construction of the iterative sequence

In this section, we introduce an iterative linearization procedure for problem (P). The main
idea is to replace the nonlinear logarithmic Robin term by a sequence of linear boundary
operators evaluated at the previous iteration.

Let ugp = 0. For given u, € V, we define u4; as the solution of the following problem:

A'LLk»+1 =0 in Q,
Uk4-1 =0 on FD,
0
(Py) Uk+1 =¢ only,
on
ou
bl pupiiIn(e +ui) =g onTlp.

\  On

Thus at each iteration, the logarithmic coeffichient is frozen using the previous approximation
Uk

The weak formulation of (Py) is obtained by multiplying the equation by an arbitrary test
function v € V' and integrating by parts.

We obtain
ar(ug+1,v) = U(v), Yv eV,
where
ar(u,v) = / Vu-Vudzr + / o(x)In(e + ui)uv ds
Q T
and

l(v):/ (bvds—i—/ guds,
Ty T'r

It is clear that for k = 0, we recover the linear problem, which is well-posed and admits a
unique solution u; € V. Precisely, referring to [6], we have the following result.

Lemma 3.1. The first linear problem (Py) admits a unique solution uy € V.. Moreover, this
solution satisfies the uniform bound

|ully < Mo with Mo = 52<H¢HL2(FN) + HgHm(rR))- (6)

5



Hence, the sequence of problems (Py) is well-defined.
Our main objectives are to prove that:

e for all k € N, the problem (Py) admits a unique solution ux1 in the space V,

e the sequence (uy) converges to u which is the unique solution of the problem (P).

3.1 Existence and Uniqueness of the iterarive sequence

Theorem 3.2. For all k € N, the problem (Py) admits a unique solution ugyq in V.
Moreover this solution satisfies,

lupsallv < My with Mo = B (6|2 + lgllzaen) ) (7)

Remark 3.3. The problem (Py) is easily shown to be equivalent to the following variational
problem
- { find u € V such that

P
(Fe) ag(u,v) =1l(v) Yv eV,
where the bilinear form ag(-,-) and the linear form [(.) are defined above.

In order to establish the existence and uniqueness of a solution to (Pk), we apply the
Lax—Milgram theorem. This requires proving that the bilinear formag(-,-) is continuous
and coercive on V' x V, and that the linear functional [(-) is continuous on V.

Proof. Continuity of a,:

Using the Cauchy—Schwarz inequality, we have for all u,v € V

lag(u,v)| < ‘/ Vu - Vo dz| +|/ o(x) ln(e+uz)uvds|
Q r

< [Vl [Vollza + lellieqen) [ uln(e + ol ds. (8)

g
Since Inz < 2 — 1 for all z > 0, we obtain In(e +¢) < 1+ ¢ for all ¢ > 0.
By this inequality and along with the continuous Sobolev embeddings (V <+ L*(I'g), we
deduce:

/\uln(e—l—ui)vdsg/ lul(1 + [ug ) 0] ds
I'r

I'r
< llull 2w ol 2y + Nkl Zage pyllull Lap 0]l L g
< B3llullv [[vllv + BiMg |ullv [[o]lv
< (8 + 8103 )l ol (9)
Combining equations and @D, we get
ax(u,0)] < ullv ol + el o) (83 + 8323 lulv el

< (1+a(83 + 81D Iullvlollv- (10)
Thus
lak(,0)] < lullv ol
with
v=1+a (B3 + BiMY). (11)

Hence, aj is continuous on V x V.



Coercivity of ay:

For any v € V, we have
ar(u,u) = / |Vu|? de —|—/ ¢ In(e 4 u3) u® ds.
Q I'n

Since ¢ > 0 and In(e + ui) > 1, almost everywhere on I'g, the boundary integral is non-
negative. Therefore
ar(u,u) > [|ulf?.

which proves coercivity.

Continuity of [:

Using the Cauchy-Schwarz inequality and the continuity of the trace mapping, we find for
any v € V

]l(v)lg‘/r ¢vds|+‘/r guds|

< Nl ey lollzae ) + Nolaalollza)
< B2 (16l z2n) + llgllzzqr) ) ol

Hence, the linear form [(-) is continuous on V.

Conclusion of the step: Since all requirements of the Lax-Milgram theorem’s are satis-
fied, the variational problem (Fj) admits a unique solution ug+q € V. O
3.2 Uniform Estimate

Taking v = uj,, as a test function in (Py1) yields:

/V|uk+1|2dx—|—/ pup, g In(e +ui)ds =
Q

T'r I'n

Pugy1 ds+ / g Upy1ds.
I'r

Using again the non-negativity of the boundary term on the left-hand side, we get:

% < /F (Gupsn|ds + /F g g ds
N R

< B9l 2 + I6l2) e llv

< Mo||ug1|lv

It follows directly that
uks1lly <My forall g > 0.

Consequently, the sequence generated by the the iterative scheme remains bounded in the
closed ball B, (0, My).



4 Convergence of the iterative section

In this section, we prove that the sequence (ug)gen, converges in V to a function wu,
which is the unique solution of problem (P). We first establish a contraction estimate which
is required to prove the convergence result.

Let wy = ugy1 — ug, where uy and ugy1 are the respective solutions of problems (P;_1) and
(P)-
Then the error term wj, satisfies the following problem:

[ Awy, —0 inQ,
Wi =0 onlI'p,
0
% =0 on FN,
ow
aink + pln(e + ui)upyr — In(e +ui_)ux] =0 on g

4.1 Contraction estimate

Proposition 4.1. There exists a positive constant p < 1 such that, for all k € N*, we have:
lwllv < pllwg-1]lv.
Proof. Applying Green’s formula, the variational formulation satisfied by wy, is given by:
/vak -Vvdzx + /F (p[ukH In(e + uy) — uy In(e + u%,l)} vds =0, YveV, (12)
R

we rewrite the nonlinear boundary term as follows:

g1 In(e +u2) — ug In(e +ui_,) = wi In(e +u) + uk<ln(e +u2) —In(e + ui,l)).
Choosing v = wy, as the test function, we obtain:

/Q IVwy|? do + /F ® [wk In(e +uj) + uk(ln(e +u3) —In(e + u%_l)ﬂ wpds=0. (13)
R

Rearranging the terms and keeping the non-negative trace terms on the left-hand side
yields:

/|Vwk\2dx+/ gaw,%ln(e+u%)ds§/
Q I'r I'r

1
Since ¢ > 0 and the map t — In(e + ¢) is —-Lipschitz continuous on [0, c0), we obtain the
e

pointwise estimate:

pwiu [In(e +uf) —In(e +uj_)]|ds.  (14)

1 1
|In(e + uj) — In(e 4+ uj_,)| < g’ui —up_y| < g!Uk + g1 || wi—1)- (15)

Substituting this into our integral inequality produces:

1
lanll [ 1Van do < el [ o+ o] |

R



Applying the Holder inequality on the boundary domain I'r leads to:

1
w5 < lllzoe ey llunll o lun + we—1llzaw g Ikl pa@ g lwe-1llza@y) - (16)

Using the triangle inequality : |lug +ug—1z2ry) < llukllary) + [luk—1llzary,), The contin-
uous Sobolev embedding trace theorem, along with the estimation , we obtain:

4
lwrlli < =Nl oo ey B MG wr v g1 v

QN

Simplifying by ||wg||v, we conclude:

lwellv < pllwg-1llv,

where the contraction constant is explicitly defined by:

2
p= Bi M§ |||l oo (1 p)-

Under the assumption that o] e, satisfies the condition (5)), we have p < 1, which
complete the proof. O

4.2 Existence of a solution to problem (P)

Theorem 4.2. The sequence (ug)gen converges in V' to w, which is the unique solution of
problem (P).

Proof. By the contraction estimate [4.1
Jwrllv < pllwg—1llv  Vk>1 with p <1,

we obtain
i1 — wellv < p%llur — wolly < p"Mo.

o0

Then the series Z wy, converges in the Hilbert space V' to an element S € V. Consequently,
k=2

the sequence (ug)ren converges to an element u in V.

Specifically, we have

u= lim upy1 =54+wu inV.
k—o0

It remains to prove that u is the unique solution to the original problem (P).

Since uy, — w strongly in V', and each wuy, solves the linear problem (Py), we can pass to
the limit both inside the domain 2 and on the boundary parts I'p and I'y. More precisely,
since the differential and trace operators are continuous, we have

Aup =0in Q = Au=0in €,
ur =0on I'p = wu=0onIp,
0 0
7uk:00nFN — —u:OonFN.
on on
It now remains to identify the limit in the nonlinear Robin boundary condition. We need
to prove that

lim |JugIn(e +ui_;) — uln(e + U2)”L1(FR =0.
k—o00



First, we split the terms as follows:
upIn(e +up_;) —uln(e + u?) = (up — u)In(e +ui_,) + u(In(e + ur_,) —In(e + u2))
Taking the L'(I'g)-norm and applying the triangle inequality yields

|ug In(e +ui_;) —uln(e + u2)||L1(FR) = / ‘uk In(e +uj_;) —uln(e + u2)’ ds

Ir

< /F ‘(Uk: —u)In(e + Ui—l)‘ ds (17)

+)
I'r

(ug —u)In(e + ui,l)‘ ds and Iy = /
I'r

u(ln(e—i—u%,l) —ln(e—I—uz))‘ds (18)
Let us denote these two integrals by

11:/
I'r

Using the real analytic inequality In(e +¢) < 1 + ¢ for all ¢ > 0, Cauchy-Schwarz inequality,
and the continuous Sobolev trace embedding along with the estimation (7)), we obtain:

Ilg/ ’ukfu’(quu%_l) ds
g

3/ ]uk—u‘ds—l—/ ‘uk—u‘u%,lds
I'r I'r

< Vo(l'r) Huk - uHL2(FR) + Huk‘ - uHL2(FR)Huk*1Hi4(FR)
< [fun = “HL?(FR)(\/ o(l'r) + /BEM(?)
< Bo(VoTr) + B33 ) fux = ul|, (19)

where (2, B4 are the continuous embedding constant into L?(I'g) and L*(T'r) respectively.

u(In(e + ui_y) — In(e + u?)) ’ ds.

1
Since the map t + In(e +#2) is —= Lipschitz continuous on R, the second integral Iy can be

Ve
bounded by

1

Igg/ lu||ug—1 — u| ds
ol
1

< e ol e =l
1
= e Bg”““v”“’f—l — ully,
1
S L —y (20)
Combining the equations , and , we obtain:

|ug In(e +ui_) —uln(e + U2)||L1(FR) < {52 (\/O’(FR) + ﬁ%Mg) + \}é ,6’22M0] l|luk—1 — uHV

Since the sequence (uy) converges strongly to u in the Hilbert space V, taking the limit as
k — oo yields

lim ||uk ln(e + Ui_l) — 'LLII](B + UQ)”LI(FR) =0.

k—o0

Thus, passing to the limit in the nonlinear Robin boundary condition establishes that
0
({Tu +o(x)uln(e +u?) =g on Tg.
n

We conclude that u is a weak solution of problem (P). O

10



4.3 uniqueness result
Let u and v be two solutions to problem (P), and set w = u — v. By proceeding as in
equation , we obtain:
/ Vuw - Vzdx+/ gp[uln(e + u?) — vln(e+v2)}zds =0, VzeV,
Q Tr
Testing this formulation with z = w gives

/|Vw|2dac+/ cp[uln(e+u2)—vln(e—i—vQ)}(u—v)ds:O, VzeV.
Q '

Define
G(t) = tln(e + t%).
2

Then G'(t) = In(e + %) + > 0 for all t € R.

e+ t2

Hence G is strictly increasing.
Therefore, since ¢ > 0, the second integrand is non negative.
Thus, we get

Jwl? = /Q Vol de = 0,

Consequently, we conclude that w = u — v = 0, which proves the uniqueness of the solution
to problem (P).
We are now in position to state the main result.

Theorem 4.3. The original problem (P) admits a unique solution u € V' such that

[ully < Mo. (21)

5 Qualitative Properties of the Solution

In this section, we study some qualitative properties of the weak solution of problem (P),
we establish regularity results and a positivity property under suitable assumption.

5.1 Regularity of the solution

In order to establish the regularity properties of the weak solution, we introduce the
following assumptions:

(H1) Q C R? is a bounded domain with Lipschitz boundary 9 = Tp UT y U .

(H2) The interface set
Y= (fD ﬂfN) @] (fD QFR) U (TN QFR)

is assumed to be locally flat or locally smooth.

(H3) The boundary data satisfy
peL’(Ty), gelLP(l'r), p>2.
(H4) The Robin coefficient satisfies
¢ € Dog = {C°(TR), ¢ >0, el poo(rg) < -

11



Theorem 5.1. Assume that hypotheses (H1)—(H4) hold. Then the weak solution u of
problem (P) satisfies
ue Whi(Q), 2 <q<d

Moreover,
_ 2
ue C™(Q), where y=1-7=
q
Proof. Let u € V be the weak solution of problem (P):
Au 0 in €,
U =0 on I'p,
(P) Ou =¢ on I'n,
on
0
% + o(z)uln(e +u?) =g on Ip.
We rewrite the Robin Boundary condition as
ou

=9 o(x)uln(e + u?) on I'p.

Since v € V. C H'(Q) and Q C R? is bounded with Lipschitz boundary, the trace theorem
implies
ujpn € L1(0Q) Vg < oo.

Moreover, the function
F:t—tln(e+t?)

has at most cubic growth, indeed
IF(t)] = |t|In(e + %) < C(1 + |t*)

for some constant C' > 0. Therefore,

uln(e + u?) € LP(T'R), Vp < oo.
Since ¢ € L*°(I'g) and by assumption (H3) g € LP(T'r), we deduce that

g — p(z)uln(e +u?) € LP(T'R) Vp < o0.
Therefore, The Neumann-type boundary data on each boundary component belong to L
space with p > 2.
Applying the regularity theory of elliptic equations with mixed boundary conditions (see
Grisvard [12]) we deduce that
we WH(Q), 2<qg<4

We note that the condition g < 4 is due to the possible singularities generated at the junction
points Dirichlet, Neumann and Robin boundary parts.

Finally, since 2 C R? and ¢ > 2, the Sobolev embedding theorem gives

WLQ) < COVQ),  with 4y —=1- .
q

Consequently,
u e CO(Q).

12



5.2 Positivity of the solution

For the positivity result, we assume in addition the following condition:

(H5) The boundary portions I'p, I'y and I'p are of class C? in a neighborhood of their
relative interior points.

Theorem 5.2. Assume that
¢>0 on Iy, g>0 on TIg.
Then the weak solution of problem (P) satisfies
u(z) >0 Vx € ).

Proof. Since Au = 0 in €2, the function u is harmonic in 2. By the weak maximum principle
[11]

min % = min u.
Q

Then the minimum is attained at some point xg € 9€:

u(zp) = min u.
Q

Assume, by contradiction that,
u(zp) < 0.

We examine the possible location of x.

(i) The point z( belongs to I'p
By the Dirichlet condition,
u=20 on I'p,

Hence,
u(zg) =0

which contradicts the assumption that the minimum is negative.

(ii) The point z(y belongs to I'y
Since u atteints its minimum at xo € 'y, Hopf’s boundary point lemma (see [11]) implies

ou
— 0
5, (20) <
In other hand,
O _ 450 on Iy
on

which is impossible.

(iii) The point z( belongs to I'g
Assume that u(zg) < 0. Again, by Hopf’s lemma %(xo) < 0.
using the Robin boundary condition,

0
8% +upln(e +u?) =g onTpg,

13



we deduce
g(w0) < p(wo)u(wo) n(e + u(xo)?).

Since
©(xg) >0, 1In(e+u(z)?) >0, wulxy) <O,

the right-hand side is negative, and consequently
g($0) < 07

which contradicts the assumption g > 0 on I'g.
Therefore, a negative minimum cannot occur any part of the boundary.
Consequently,

uw>0 in Q.

6 Numerical validation

In this section, we present several numerical experiments designed to validate the accuracy,
robustness, and convergence properties of the proposed iterative linearization scheme for
solving the elliptic problem with a nonlinear logarithmic Robin boundary condition.

To evaluate the performance of the method, we consider the exact quadratic solution

u(z,y) =2° —y* +3,

which satisfies Au =0 in .

Identification and Precision of Geometric Boundaries Tri-Boundary Partitioning on the Unit Disk

104 e Dirichlet (Fp: x=0) 1.004
e Neumann (My: x=1)
® Robin (Fz:y=0,1)

0.8

0.6

> > 0.004

0.4+
-0.254

-0.501
0.2

=0.751
e Dirichlet (p)

o Robin ()
0.0 -1.004 e Neumann Spécifié (I'y)

0.0 0.2 0.4 0.6 0.8 1.0 -1.0 -0.5 0.0 0.5 1.0
Figure 1: Geometric partitioning of the boundaries for the square and disk domains.

The numerical implementation is carried out in the FEniCS environment using quadratic
Lagrange finite element (P3). In order to demonstrate the robustness of the algorithm, the
numerical study is performed on two distinct geometries:

1. Polygonal domain (unit square): 2 = (0,1).
The boundary 0f2 is divided into flat segments. This configuration serves as a primary
check of the treatment of Dirichlet, Neumann, and Robin boundary conditions.

14



2. Curved boundary domain (unit disk): Q = {(x,y) € R?, 22 +y? < 1}.
The unit outward unit normal vector is given by: 7@ = (z,y)".
This geometry allows us to evaluate the capability of the iterative scheme to accurately
approximate nonlinear boundary terms on curved interfaces without loss of precision.

The geometric partition of the boundary conditions with the associated computational
meshes are illustrated in Figure

6.1 Iterative scheme and convergence analysis

The originality of our approch lies in the construction of the sequence of linearized subprob-
lems (Py). At each iteration, the nonlinear term: In(e + u?) is evaluated using the solution
obtained at the previous iteration (k — 1).

Consequently, the nonlinearity is incorporated directly into the Robin Boundary bilinear
form.

This strategy avoids the use of global nonlinear solvers, such as Newton-Raphson methods,
wich are often sensitive to the choice of the initial approximation wuyg.

In the present computations, a simple constant initialization of wug is sufficient to ensure
convergence. The stopping criterion of the fixed-point algorithm is based on the successive

error
Juk — uk—1ll2(0)

E succ —

)

lukll 220

with tolerance e = 10~7.

6.2 Discussion of numerical results

To evaluate the efficiency of the method, we present both the sucvessive residual error and
the absolute error with respect to the exact solution. The numerical results demonstrate the
performance of the proposed linearization scheme.

For both geometries, the fixed fixed-point algorithm converges within approximately 12 it-
erations to satisfy the prescribed stopping criterion.

The evolution of the errors with respect to the iteration number is represented on semi-
logarithmic scales in Figure [2| (square domain) and Figure [3| (disk domain).

Successive Error Evolution True Absolute Error Evolution

-1 ]
—e— Successive Error [Jug — Ug—1] 10 .

—& True Error [|Uexact = UcalllL?
1072 4 ~

10724 ~u

Error Norm L?

Iteration (k)

(a) Semi-log plot of the successive error.

Error Norm L?

1074 4

1075 4

1074

10774

10784

Iteration (k)

(b) Semi-log plot of the exact error.

Figure 2: Error evolution for the square domain.

The linear decay observed on the semi-logarithmic plots provides strong numerical evidence
of the geometric convergence of the iterative linearization scheme.
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Successive Error Evolution True Absolute Error Evolution

0 ]
10 —e— Successive Error [luy — Ug—1[l.2 N —8- True Error ||Uexact — Ucaill.2

-1
10 \

Error Norm
=
2

Error Norm
-

g - - --R--B--8

T T T T T T 107 T T T T T T
2 4 6 8 10 12 2 4 6 8 10 12
Iteration (k) Iteration (k)

(a) Semi-log plot of the successive error. (b) Semi-log plot of the exact.

Figure 3: Error evolution for the disk domain.

We observe that while the successive fixed-point error ||ug — ugy1|r2 falls below the pre-
scribed tolerence of 10~7 for both geometries, the true absolute error ||u — uy| 72 exhibits a
differnt behavior.

On the square domain, it reaches the expected precision, whereas on the unit disk, the error
stagnates around ~ 2 - 1073,

This behavior is classical geometric artefact in finite element methods: a geometric error of
order O(h?) is naturally introduced due to the approximation of curved boundaries. This
error acts as an irreducible lower band, reflecting the geometric approximation of the domain
rather than a limitation of the fixed-pont iterative scheme.

Next, to more evaluate the accuracy of the method at the nonlinear interface, the nu-
merical and exact solutions are compared along the entire boundary of the domain.
The solution profiles shown in the figure [4] show an almost excellent agreement between
the calculated solution and the exact solution over the whole boundary. Furthermore, the
smooth transitions observed near the junctions between the different boundary portions (for
example, between I'y and T'g) confirm the consistency of the variational formulation and
the absence of numerical artifacts. Moreover, we focus on the Robin interface I'g, where the

Solution Comparison along the full Boundary aQ Solution Comparison along the full Boundary aQ

4.00 — Exact Solution 4.00
== Calculated Solution

—— Exact Solution
2.00 == Calculated Solution

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Boundary Angle (rad) Angle heta (rad)

Figure 4: Comparison between the exact and computed solutions along the whole boundary.

nonlinear boundary condition is imposed.
The profiles extracted along the Robin boundary (Figure |5) reveal an excellent agreement
between the exact and computed solutions.

Finally, we conclude that the numerical experiments confirm that the proposed iterative
method is stable, accurate and efficient for slving elliptic problems with nonlinear logarithmic
Robin boundary conditions.
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Solution on Robin Boundary I Solution on Robin Boundary I

4.001 — Exact (y=0) 304y peem—ee—————————
—— Calculated (y =0) [ \

375 — Exact(y=1)
—— Calculated (y=1) 2.8

26

24

2.2

«  Exact Robin Zone
2.00 20 == Calculated Robin Zone

4 0.6 0.8 1.0 -2 -1 0
Spatial position x Angle heta (rad)

Figure 5: Comparison between the exact and computed solutions along the Robin boundary T'g.

7 Conclusion

In this paper, we have studied an elliptic boundary value problem with a nonlinear loga-
rithmic Robin boundary condition. After estblishing an appropriate variational framework,
we proved the existence and uniqueness of a weak solution by introducing an iterative lin-
earization procedure. The well-posedness of each linearized problem was obtained via the
Lax—Milgram theorem, and the convergence of the iterative sequence was established under
a suitable admissibility condition on the Robin coefficient.

We also investigated qualitative proporties of the solution. In particular, regularity re-
sults were derived using elliptic regularity theory for mixed boundary value problem, and a
positivity property was established under natural assumptions on the boundary data.

Finally, numerical experiments performed with the finite element methodin the FEniCS
environment confirmed the theoretical analysis. The proposed iterative scheme exhibits fast
convergence, numerical stability, and excellent agreement with the exact solution on both
polygonal and curved domains.

Future work will focus on inverse identification problems involving logarithmic Robin
coeflicient.
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