
Integrated photonic multigrid solver for partial
differential equations
Wolfram Pernice 

Heidelberg University https://orcid.org/0000-0003-4569-4213
Timoteo Lee 

Heidelberg University https://orcid.org/0009-0007-3236-8407
Frank Brückerhoff-Plückelmann 

University of Heidelberg https://orcid.org/0009-0009-7713-6735
Jelle Dijkstra 

Ruprecht-Karls-Univ Heidelberg
Jan Pawlowski 

Heidelberg University

Article

Keywords:

Posted Date: September 2nd, 2026

DOI: https://doi.org/10.21203/rs.3.rs-10339976/v1

License:   This work is licensed under a Creative Commons Attribution 4.0 International License.  
Read Full License

Additional Declarations: There is NO Competing Interest.

https://doi.org/10.21203/rs.3.rs-10339976/v1
https://doi.org/10.21203/rs.3.rs-10339976/v1
https://orcid.org/0000-0003-4569-4213
https://orcid.org/0009-0007-3236-8407
https://orcid.org/0009-0009-7713-6735
https://doi.org/10.21203/rs.3.rs-10339976/v1
https://creativecommons.org/licenses/by/4.0/


Integrated photonic multigrid solver for partial differential1

equations2
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Solving partial differential equations underpins quantitative modelling across physics,9

engineering and the natural sciences, but high-accuracy simulations increasingly push10

conventional high-performance computers to their limits. Many of these problems reduce to11

large, sparse linear systems whose solution is limited not only by arithmetic cost, but also by12

the sequential and communication-bound nature of established digital algorithms. Current13

trends in general-purpose digital hardware are not well aligned with these properties,14

resulting in the utilization of only a small fraction of the peak performance. Specialised15

photonic processors offer ultralow-latency matrix-vector operations, yet analog noise has so16

far prevented optical solvers from reaching the accuracies required for demanding scientific17

simulations. Here, we show the synergy between multigrid methods and low-latency photonic18

matrix-vector multipliers. We develop a mixed-precision photonic multigrid framework that19

offloads the computationally demanding smoothing algorithm to the optical domain. Within20

this framework, we construct integrated photonic multigrid solvers based on a photonic21

crossbar array. The solvers converge with residual norms below 10−10 for Poisson and22

Schrödinger problems and reduces high-precision digital operations by 60% and 80%,23

respectively. Extending the approach with an adaptive multigrid scheme for lattice quantum24

chromodynamics, we find reductions of up to 97% for ill-conditioned systems with small25

quark masses, potentially improving computational speed and efficiency by more than an26

order of magnitude. Using the strengths of high-precision digital and low-latency photonic27

computing, the integrated photonic multigrid solvers present an exciting trajectory to28

increase computational power in the post–Moore’s law era.29
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Introduction30

Solving partial differential equations (PDEs) quickly and efficiently is fundamental to all natural31

sciences and engineering, ranging from fluid mechanics and atmospheric modelling to lattice32

quantum chromodynamics1–4. Numerically approximating the solution on a discretized grid, as33

illustrated in Fig. 1a, allows to study systems without an analytical solution. However, high-accuracy34

PDE solutions require increasingly fine discretizations, resulting in linear systems with billions35

of unknowns. Solving them can account for up to 99% of the computational cost of large-scale36

simulations2. In recent decades, continued development in semiconductor technology has enabled37

more powerful PDE solvers. As Moore’s law begins to slow down and with the end of Dennard’s38

scaling, innovations in hardware and algorithms are essential for future technological growth5, 6.39

On the algorithm side, mixed-precision methods are increasingly important tools for extracting40

performance from digital high-performance computing systems7. Here, software and algorithms41

are co-optimized to partially utilize low-precision operations reducing computational cost while42

maintaining high-accuracy solutions. However, this optimization only leverages a fraction of the43

maximum performance of high-performance computing systems due to the mismatch between44

the parallel nature of modern general-purpose digital hardware and the sequential nature of PDE45

solvers1, 8. In this context, new computing paradigms and hardware-algorithm co-design are crucial46

to sustain the needed performance growth5, 6.47

Specialized analog processors provide an interesting alternative to modern general-purpose parallel48

digital hardware. By implementing multiplications and accumulations in the physical domain,49

their latency is greatly reduced9, 10, which is optimal for the sequential nature of PDE solvers8.50

Especially intriguing are optical matrix accelerators, as photons, unlike electrons, can transmit51

information without being subject to ohmic losses and capacitive charging11–13. Optical accelerators52

excel at broadcast and weight architectures, which perform matrix multiplications in a single clock53

cycle, enabling speedups of more than two orders of magnitude in comparison to conventional54

graphics processing units9. Due to the optimal properties of ultra-low latency in-memory photonic55

processors for solving PDEs, multiple photonic PDE-solving approaches have been proposed56

in the literature, including data-driven machine learning approaches14, offloading matrix-vector57

multiplications from standard iterative solvers to the optical domain15, and directly incorporating the58

algorithms on the hardware16–18. However, none of these approaches currently achieves the accuracy59

required for many state-of-the-art applications, e.g., lattice quantum chromodynamics calculations.60

Co-optimizing hardware and algorithms through mixed-precision methods is an intriguing approach61

to both benefiting from ultra-low-latency computations and mitigating the inherently noisy nature of62

analog processors19–22. In this hybrid configuration, the analog accelerator performs most operations63

at low precision and the digital systems sparsely perform high-precision correction steps to ensure64

convergence with high accuracy, as illustrated in Fig. 1b. Although first hybrid approaches based65
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on the iterative refinement method demonstrate the potential of this approach for numerically easy66

problems with low condition number20–22, it remains elusive to deploy efficient hybrid solvers in a67

wide range of large-scale problems.68

Here, we develop a mixed-precision photonic multigrid (MPPMG) framework that offloads69

computationally expensive smoothing operations to the photonic domain. In this way, we exploit70

the low latency of photonic data processing while obtaining high-accuracy solutions for a wide71

range of large-scale calculations. We construct integrated photonic multigrid solvers by72

implementing a Richardson’s smoother on a photonic crossbar array for in-memory computation,73

benchmark the convergence for the Schrödinger and Poisson equations, and demonstrate the74

advantage of the MPPMG framework for numerically hard lattice quantum chromodynamics75

calculations with high condition numbers.76

Mixed-Precision Photonic Multigrid Framework77

To develop high-accuracy, low-latency hybrid photonic solvers, we exploit the mathematical78

properties of multigrid methods. These are considered the most efficient approach for a wide range79

of PDE problems3. Most multigrid methods consist of a smoother that reduces high-frequency error80

components, and transfer operators that connect different grid levels. By solving the transferred81

problem on coarser grids, the method efficiently removes the error across all frequencies. This idea82

can be made precise by looking at the decomposition of the error of the solution estimate into83

oscillatory components given by the eigenvectors of the matrix A. That is,84

ek := x− xk =
V−1
∑

n=0

cnvn, (1)

where xk is the current solution estimate, x is the real solution, vn are the eigenvectors of A,85

and V is the dimension of the matrix. By first damping the high-frequency error components,86

which cannot be accurately represented on coarser grids, multigrid ensures that the remaining87

error can be transferred to the coarse levels without significant loss of information. The remaining88

low-frequency error components, which are numerically harder to eliminate, are then reduced by89

solving a considerably cheaper coarse-grid problem. The resulting error correction is subsequently90

transferred to the finer grids to improve the current solution estimate.91

In the MPPMG framework, we offload the computationally demanding smoothing operations to the92

low-latency analog photonic domain and optimize the hybrid solvers for each problem by selecting93

which multigrid components are retained in the high-precision digital domain, as illustrated in94

Fig. 1c. In this configuration, the multigrid method remains robust to analog noise when used as a95

preconditioner for standard solvers, provided that the photonic smoother sufficiently attenuates the96

relevant high-frequency error components. In other words, we transform noise-sensitive hard97

problems into developing photonic smoothers, which is considerably easier. We provide a more98
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detailed analysis of the framework and optimization in the Supplementary Information. Finally, we99

highlight that any analog PDE solver with smoothing properties can benefit from the MPPMG100

approach, opening the possibility to explore innovative hardware-algorithm solutions while101

achieving high-accuracy solutions.102

Low-Latency Richardson Smoother103

We implement a Richardson smoother based on the integrated photonic processor array shown in104

Fig. 2a. It consists of a 9x3 crossbar array storing the matrix weights for in-memory computing,105

high-speed electro absorption modulators (EAMs) to convert the input vectors to the optical106

domain, and photodetectors (PDs) to readout the results of the matrix vector multiplications. The107

photonic processor performs the computations by manipulating the intensity of the optical light108

pulses rather than relying on logical gates. Two pulses are accumulated via superposition, and the109

matrix weights are stored in the optical transmission of the computational memory. Thus, a full110

matrix-vector multiplication reduces to an optical transmission measurement, and the lower bound111

of the latency is given by the pulse propagation time. As the optical bandwidth of the integrated112

photonic circuit spans several THz, the pulse shape does not deteriorate during propagation. To113

harness the ultra-low latency of photonic data processing, the system is interfaced by high-speed114

digital-to-analog converters (DACs) and analog-to-analog converters (ADCs) operating at 4 GS/s115

and 2 GS/s, respectively 23. Since the information is directly stored in the optical intensity, noise116

sources, like thermal noise in the readout chain, directly impact the precision of the photonic117

computation. Fig. 2b shows the measured result vs the ideal result for 100 random matrix vector118

multiplications. The accuracy is similar to fixed-point operations with 4 bits.119

The Richardson smoother naturally maps onto the photonic processor. A single Richardson’s120

iteration is defined as:121

xk+1 = xk + ω(b− Axk), (2)

where xk is the current solution estimate and ω is a tunable parameter which we set to the inverse of122

the approximate spectral radius of A, also see the Supplementary Information. The computational123

cost and the latency of one iteration are dominated by the matrix-vector multiplication (MVM) of124

the matrix A describing the discretized PDE and the current estimate xk. Since A is constant, we125

store it within in the computational memory, whereas the current estimate xk is encoded via the126

high-speed DACs and EAMs. Similarly, we obtain the result of the MVM from the high-speed PDs127

and ADCs. In Fig. 2c, we test the photonic smoother on a manually chosen initial estimate x0 of the128

solution with an error containing all frequency components. While the analog noise impacts the129

smoother, we obtain a large attenuation of the high-frequency components, necessary for reaching130

high-accuracy solutions.131
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High-Accuracy Photonic Multigrid Solvers132

Algorithms for solving Poisson-like equations, also known as Poisson solvers, find applications in133

astrophysics, chemistry, mechanics, electromagnetics, statistics, and image processing24, 25. Here,134

we construct a photonic Poisson solver within the MPPMG framework and calculate the electric135

field of a parallel-plate capacitor (PC), described by the Poisson equation136

∇2u(y, z) = f(y, z) =
ρ

ϵ
, (3)

which we discretize by using the finite-difference method (FDM). Then, the linear equations have137

the shape138

−4ui,j + ui+1,j + ui−1,j + ui,j+1 + ui,j−1 = h2fi,j, (4)

where we choose h = 1 for simplicity. To solve the parallel capacitor problem, we need to use139

the correct boundary conditions25. This leads to fi,j = 0, except at the two plates where we have140

fi,j = 2 and fi,j = −2 for the respective plates, and to a matrix with a condition number of κ = 467.141

The condition number, also see Eq. (11), determines the numerical difficulty of the problem. Typical142

hybrid solvers based on the iterative refinement method reported in literature20–22 solved linear143

systems with condition numbers κ ∈ [1, 100]. Finally, we obtain the electrical field by calculating144

the gradient of the potential u.145

We solve this problem using an MPPMG solver that consists of a conjugate gradient (CG) solver146

with a smoothed aggregation algebraic multigrid preconditioner with two levels combined with an147

outer iterative refinement (IR) loop. The photonic multigrid solver reaches the accuracy of purely148

digital systems with a residual |r| = 10−10, which is orders of magnitude better than the 85-98%149

accuracy achieved by purely photonic solvers14–18, also see Fig. 3a&b. At the same time, the150

photonic solver reduces the digital double-precision operations by 60% compared to a purely digital151

solver, shown in Fig. 3c. We use a digital twin of the photonic processor, also see Supplementary152

Information, to investigate the dependency of the performance gain on the accuracy. The emulated153

processor with 8-bits DACs and ADCs, and Gaussian noise, explained in the Methods Section,154

behaves similarly as the photonic system, whereas considerably reducing the noise can potentially155

decrease the number of digital operations by 80%, since the solver converges with less iterations.156

In addition to linear systems, the MPPMG framework also supports eigenvalue solvers. Eigenvalue157

problems are central to many scientific and engineering fields, from quantum chemistry and materials158

science to imaging, data mining, and structural analysis. The locally optimal block preconditioned159

conjugate gradient (LOBPCG) method, which requires a good preconditioner to work efficiently,160

is widely used for these problems26–34. Hence, the MPPMG eigensolver consists of an LOBPCG161

solver with a smoothed aggregation algebraic multigrid preconditioner with three levels. We test this162

on the quantum quartic anharmonic oscillator (QQAO), which does not have analytical solutions,163
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and which is described by the eigenvalue problem164

1

2

(

−
∂2

∂y2
+ y2 + 2µy4

)

φ(y) = Eφ(y). (5)

We use again FDM to discretize y in the domain [-3,3] with 120 points separated by a distance of165

h = 0.05, and we get the matrix166

Hij =
1

2

(

2δi,j − δi,j+1 − δi,j−1

h2
+
(

y2j + 2µy4j
)

δi,j

)

, (6)

with a condition number of κ = 971 for µ = 0.25. The hybrid photonic eigensolver uses 80% less167

double-precision operations than the digital eigensolver for the QQAO to converge to the same168

accuracy defined by |r| = 10−10, see Fig. 3d-3f. In this way, photonic multigrid solvers deploying169

low-latency photonic matrix-vector multipliers can considerably accelerate the solution of a wide170

range of large-scale problems without sacrificing accuracy.171

Accelerating Lattice Quantum Chromodynamics Calculations172

Lattice quantum chromodynamics (LQCD) describes the interactions between quarks and gluons,173

as illustrated in Fig. 4a. LQCD calculations rank among the most demanding applications in174

computational science, routinely utilizing a substantial portion of global supercomputing resources1.175

Future scientific objectives will require computing platforms that deliver at least an176

order-of-magnitude increase in performance beyond current exascale systems, highlighting the177

importance of jointly optimizing hardware architectures and numerical algorithms35. Here, we178

extend the MPPMG framework with an adaptive scheme that enables the solver to effectively179

address the phenomenon of critical slowing down, where the condition number κ diverges as the180

physical quark mass approaches physically realistic values1, 36. The adaptive part can be seen as the181

training phase of the algorithm, where it learns to construct a multigrid solver able to deal with the182

critical slowing down.183

Using the low-latency photonic Richardson smoother within the adaptive MPPMG framework184

creates a hybrid solver that efficiently deals with LQCD calculations with small physical quark185

masses, where we encounter linear systems with high condition numbers. To investigate the186

potential of these solvers, we deploy the emulated adaptive MPPMG solver on calculations with187

the Wilson-Dirac operator of the 2D U(1) Schwinger model, which is a widely used benchmark for188

developing and testing new LQCD solvers36. We solve 100 linear systems using a similar MPPMG189

solver as the Poisson problem, with the addition of the adaptive part, which consists of the photonic190

smoother and the IR method, also see Supplementary Information. The Wilson-Dirac matrix has191

the form192

Dx,y[U ] =−
1

2

2
∑

µ=1

[(1− γµ)U
µ
x δx+µ̂,y

+(1 + γµ)U
µ†
x−µ̂δx−µ̂,y

]

+ (2 +m)δx,y ,

(7)
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where γµ are the Euclidean gamma matrices, U are the gauge link configurations, and m is the bare193

quark mass. We solve the normal equation with DD† as the matrix A, where both matrix-vector194

multiplications are processed individually with the digital noisy operations described in the Methods195

Section. In Fig. 4b, we compare the MPPMG approach with hybrid approaches based on the196

iterative refinement method. The MPPMG solver is not affected by the critical slowing down, while197

the performance of the hybrid IR-solver collapses for small physical quark masses. In other words,198

the MPPMG approach completely outperforms current hybrid approaches based on the iterative199

refinement method on problems with high condition numbers. Note that the physical quark mass200

becomes zero at a negative value of the bare quark mass parameter because the two quantities201

are not directly equivalent in the Wilson discretization. In Fig. 4c, we solve linear systems with202

m = −0.063 for 10 different gauge links configurations with an average high condition number of203

κ = 4× 105, each with 10 different random RHS with an accuracy defined by |r| = 10−10. More204

details are included in the Methods Section and in the Supplementary Information. To estimate205

the performance gains of the proposed solver for a single RHS, we compare the performance of206

the standard solver with that of the emulated hybrid MPPMG solvers, whose computational cost207

is the combined cost of the adaptive part and solving a single RHS. The hybrid solvers reduce the208

double-precision digital operations by 87-97%, which is equivalent to a maximum performance gain209

both in terms of speed and energy consumption of 8-30, according to Eq. (10). Finally, we highlight210

that these adaptive multigrid approaches are successful in several settings, but are challenging to211

deploy efficiently due to the considerable cost of the adaptive procedure37, as demonstrated in212

the Supplementary Information. By offloading most of the adaptive part to the ultra-low latency213

optical domain, the applicability of this robust “black-box” solver could be extended to different214

numerically hard large-scale calculations with high condition number κ. Hence, enhancing current215

high-performance computing systems with application-specific photonic processors could open new216

exciting paths for algorithmic development not possible with current digital hardware.217

Discussion218

The mixed-precision photonic multigrid framework developed here provides a flexible route to219

harness low-latency photonic computation for high-accuracy scientific computing. We demonstrate220

the approach for eigenvalue calculations through the Schrödinger equation and linear systems221

through the Poisson equation and lattice quantum chromodynamics (LQCD) calculations, where we222

deploy an adaptive scheme for the latter. The key idea is to offload the computationally demanding223

smoothing operations to the photonic domain, while operations in the high-precision digital domain224

ensure high-accuracy solutions. This separation allows the solver to reach residual norms below225

10−10, which is several orders of magnitude beyond the accuracy reported for fully photonic226

solvers14–18. The finite precision and accuracy during the photonic smoothing process therefore227

mainly affects the convergence rate and the digital workload, rather than the final attainable accuracy.228

With the integrated photonic matrix processor used here, whose accuracy is comparable to 4-bit229

fixed-point arithmetic, the number of high-precision digital operations is reduced by 60-80% for the230
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Poisson and Schrödinger equations and by up to 97% for the LQCD calculations. This is equivalent231

to one order-of-magnitude gain in performance, with additional gains expected for larger systems19
232

and from the multi-precision extensions discussed in the Supplementary Information.233

The compatibility with LQCD calculations is particularly significant because it places photonic234

acceleration in a regime that is both scientifically important and numerically demanding. The235

systems studied here reach average condition numbers up to order 105, far beyond the comparatively236

benign problems with condition numbers of order 1 to 100 addressed in recent hybrid photonic solver237

demonstrations20–22. LQCD has long driven the development of specialized computing architectures,238

reflecting the exceptional cost of these simulations and their importance for quantitative studies of239

the strong interaction19, 38–40. At the same time, further acceleration on modern general-purpose240

parallel hardware is increasingly limited by communication costs, low arithmetic intensity and241

the sequential nature of the algorithms1, 41. Our results show that MPPMG solvers can address242

this difficult class of sparse, ill-conditioned systems without sacrificing the accuracy required for243

scientific simulation.244

The MPPMG framework is not restricted to the specific photonic processor used in this work. Any245

analog platform that can provide an effective smoothing operation can, in principle, be embedded246

into the framework. This makes the approach a natural interface between numerical analysis and247

emerging analog hardware. While featuring less bandwidth than its photonic counterpart, electronic248

analog in-memory computing is attractive for dense operators. Due to the smaller component size,249

more than four million analog in-memory computing cells can be integrated on-chip with an overall250

computation accuracy of 3-4 bits42. In photonics, scaling to larger matrices will likely require weight251

encoding across multiple degrees of freedom12. Free-space photonic processors offer a promising252

route by exploiting an additional spatial dimension for parallelism and weight storage43. As these253

systems grow, their efficiency can improve, pointing towards matrix processing with less than one254

photon per multiply and accumulate operation44. In contrast, it remains difficult to efficiently use255

very low-precision digital tensor cores for sparse matrix-vector multiplications45, which highlights256

the opportunity for physical processors whose native strength is low-latency linear computation.257

Photonic multigrid solvers have the potential to provide transformative performance gains for258

large-scale calculations. Its strength lies in using the photonic processor where it is most effective,259

for repeated low-latency smoothing operations, while retaining digital computation for260

high-precision steps. In this role, low-precision optical matrix processing becomes a useful261

high-accuracy computational primitive rather than an isolated analog approximation. The integrated262

photonic multigrid solver therefore combines photonic bandwidth, analog parallelism and digital263

reliability within a single numerical architecture. This provides a scalable path towards accelerating264

partial differential equations and related sparse scientific computing problems without sacrificing265

the robustness expected from established digital solvers.266
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Figure 1: Hybrid Partial Differential Equation Solver. a) Many complex theoretical models, for

example, describing the physics of nucleons in the framework of lattice quantum chromodynamics

(LQCD), can not be solved analytically. Discretizing the system enables numerical approximation

but leads to large, sparse linear systems, like the LQCD matrix found on the SuiteSparse matrix

collection46, which are hard to solve, even on the current generation of supercomputers35. b)

We develop hybrid, mixed-precision partial differential equation solvers that leverage both the

advantages of high-precision digital computation and low-latency analog computation. The majority

of the computation is offloaded to the analog domain to improve the time-to-solution, while a few

high-precision digital operations ensure high-accuracy convergence. c) We use multigrid methods,

transferring the problem to multiple coarser discretization levels. At each level, we eliminate

high-frequency error components using an analog smoother to transfer the problem to the coarser

grids. At the coarsest level, described by the smallest linear system, we cheaply solve the problem

and use this as an error correction to improve the solution estimate on the finer grids. Using this

hybrid multigrid solver as a preconditioner, we drastically reduce the number of digital operations

while maintaining high accuracy.
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Figure 2: Ultra-low Latency Photonic Smoother. a) The photonic smoother deploys a crossbar

array for in-memory computation. Electro-absorption modulators (EAMs) encode the input vector

z and store the matrix weights A while photodiodes (PDs) read out the result y of the matrix-vector

multiplication. The underlying crossbar routing mesh optically distributes the input vector to

the individual matrix cells and accumulates the respective weighted inputs. The analog photonic

computation itself avoids pipelining at optical data rates, enabling ultra-low latency computation.

b) The photonic circuit encodes and processes information directly in the amplitude of light

pulses rather than deploying an abstract binary encoding. Thus, physical noise sources directly

impact the accuracy of the computation. For 100 random matrix-vector multiplications, the photonic

processor exhibits an L2 relative error of 7.7%, comparable to 4-bit digital fixed-point arithmetic, see

Supplementary Information. c) The initial error has different frequency components, as described in

Eq. (1), and the task of the smoother is to dampen the high-frequency ones. While the analog noise

affects the output of the photonic smoother compared to the same smoother in the digital domain,

we still obtain the required attenuation of the high-frequency error components to efficiently reach

high-accuracy solutions.
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Figure 3: High-Accuracy Photonic Multigrid Methods. a) and d) We use the ultra-low latency

photonic smoother in the proposed mixed-precision photonic multigrid (MPPMG) framework to

calculate the electric field of a parallel capacitor and the first eigenpairs (φn, En) of the quantum

quartic anharmonic oscillator. b) and e) While the solution accuracy of fully analog solvers is

inherently constrained by analog noise20, the hybrid MPPMG solver compensates the noise with

a sparse use of high-precision digital matrix-vector multiplications. Thus, the hybrid systems

converge with a residual norm below |r| = 10−10, equal to the accuracy reachable by fully digital

solvers. c) and f) We benchmark the same solver on the digital domain with 64-bit precision

(baseline), on the hybrid system with the photonic smoother (exp.), and on the digital twins of the

photonic smoother with effectively 4 bits (emul.) and exactly 8 bits (ideal). To achieve an accuracy

of |r| = 10−10, the hybrid system requires 60% and 80% less high-precision digital operations

than the baseline, respectively. The digital twin behaves similarly as to the photonic processor, and

increasing the accuracy of the photonic smoother to 8 bit could reduce the number of high-precision

digital operations by 80% and 85%, respectively.
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Figure 4: Photonic Lattice QCD Accelerator. a) Quantum chromodynamics models the

fundamental physics governing nucleons. After discretizing the system in space and time, we

obtain a matrix D describing the dynamics of quarks on a gluon background g represented by the

gauge links configurations U . As the bare quark mass m is tuned to the physically interesting

regime, the condition number in Eq. (11) diverges. We deploy a hybrid adaptive scheme based

on the photonic smoother to obtain a multigrid preconditioner, which is crucial for numerically

hard problems with a high condition number, especially arising for realistic values of the quark

masses. b) The bare quark mass m in Eq. (7) is adjusted to change the condition number of the

matrix A, which determines the numerical difficulty of the linear systems to be solved. As expected,

the performance of the hybrid solver (emulated) based on the IR method deteriorates quickly as

we approach physically interesting values of the bare quark mass20, 22, while the MPPMG solver

(emulated) remains robust for linear systems with high condition numbers. c) The standard method

for solving a single RHS is the conjugate gradient method. The MPPMG approach, now with the

adaptive scheme, considerably reduces the required number of digital operations while maintaining

high-accuracy solutions with |r| = 10−10 for m = −0.063. More information can be found in the

Supplementary Information.
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Methods450

Experimental setup451

We use a setup that includes an amplified spontaneous emission light source (Agilent 83438A), an452

incoherent optical 9x3 crossbar array fabricated by imec on a silicon-on-insulator (SOI) platform453

integrating electro-absorption modulators for input modulation and weighting and photodiodes for454

readout. We control the full system by a SoC-FPGA (Xilinx ZCU 216) featuring 4 GSPS DACs and455

2 GSPS ADCs for fast optical processing23. The weights for in-memory computing are456

programmed via a slower multi-channel DAC. We round the matrix values to 4-bit precision to457

reduce the amount of slow weight changes, and the input values to 8-bit precision. Due to the458

intrinsic optical noise of the ASE light source, we repeat the calculations 256 times and take the459

average as the result of the calculations. With this setup, we achieve errors comparable to digital460

4-bit precision fixed-point calculations. Using a noise-free coherent light source reduces the need461

for averaging23.462

463

18



Digital Noisy Fixed-Point Operations464

We use digital noisy fixed-point operations to mimic the analog nature of our experimental setup for465

the LQCD calculation by rescaling the input and matrix values to the range [-1,1] with 8-bit466

discretization, adding Gaussian noise with a standard deviation of 0.045, performing the467

matrix-vector multiplications, and rescaling the output accordingly.468

Residual469

We use the norm of the residual, defined as470

r := b− Ax, (8)

as a metric of accuracy, which is common in lattice QCD calculations36. This is related to the error471

defined in Eq. (1) as472

Ae = r. (9)

Estimation of the performance gain473

We introduce a metric to evaluate the performance of the proposed solver. The goal of an efficient474

hybrid photonic solver is to offload most of the calculations to the optical domain. We estimate475

the maximum possible performance gain by assuming that the speed and energy efficiency of476

specialized hardware based on PICs are infinitely better than those of their digital counterparts. This477

is expressed by the quantity478

G =
N

(S)
d

N
(MP )
d

, (10)

where N
(S)
d and N

(MP )
d are the number of double-precision operations required by the479

double-precision solver and the mixed-precision solver, respectively. This would imply that current480

technical challenges, like data movement, are solved. We note that this value represents the upper481

limit of the performance gain of the proposed mixed-precision photonic solver. Additionally, in482

Fig. 3 and Fig. 4, we make the approximation that the MVMs with the matrix A are the only483

operations relevant to the computation cost, and that the cost of the solver in the coarsest grid is484

negligible, which is the default approximation in literature36, 47.485

486

Condition number487

The number of iterations required by an iterative linear solver typically increases with the condition488

number of the system matrix, generally defined as489

κ(A) = ∥A∥
∥

∥A−1
∥

∥ . (11)

For symmetric matrices, this is simplified to490

κ(A) =
λmax(A)

λmin(A)
, (12)
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where λmin and λmax are the smallest and largest eigenvalues of A. Hybrid approaches based on the491

iterative refinement method struggle with problems with high condition numbers20, 22. In the LQCD492

problem, we tune the bare quark mass parameter of the model in Eq. (7) such that we approach the493

limit where the physical quark mass goes to zero, which is equivalent to λmin going to zero, leading494

to the divergence of the condition number.495

Iterative refinement Method496

Intuitively, the iterative refinement (IR) method resets the solver’s accumulation of rounding error,497

thereby improving numerical stability. The steps of this method are498

1. Choose initial guess x.499

2. Calculate residual r = b–Ax.500

3. Approximate the solution of Ae = r with some iterations of the solver.501

4. Update x← x+ e.502

5. Repeat 2 to 4 until convergence with the desired accuracy.503

Details on the multigrid implementation504

Due to empirical observations, we choose to perform asymmetrical smoothing for the505

mixed-precision solvers as in the work by Bouwmeester et al.48, where no post-smoothing is done.506

For a fair comparison, we perform four photonic pre-smoothing steps for the hybrid solvers, and507

two pre-smoothing and two post-smoothing steps for the digital solvers, keeping the total number508

of smoothing steps per multigrid iteration equal. More details can be found in the Supplementary509

Information.510

Lattice Quantum Chromodynamics511

We test our solver on a benchmark similar to Brannick et al.36. We provide further necessary data512

to reproduce the results in Fig. 4. We use the quench approximation to generate U(1) gauge link513

configurations on a 128 x 128 lattice with the action514

S[U ] = β
∑

n∈Λ

∑

µ<ν

Re tr [1− Uµν(n)] , (13)

with periodic boundary conditions and with β = 6. We generate the gauge links configurations U515

using a Metropolis-Hastings algorithm.516

Adaptive Multigrid Method517

The adaptive part is important to compute the space spanned by the low modes of the matrix, which518

are particularly challenging in lattice QCD calculations. We calculate these low modes by sampling519
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a random Gaussian initial guess x, approximately solving Ax = 0 by applying the smoother in520

Eq. (2) many times to x, saving the result, and repeating this process 8 times in total. We block521

the lattice into 4 x 4 blocks for building the coarse matrix. For the implementation, we build the522

aggregate operator based on the 4 x 4 blocks and use the calculated low-modes and the PyAMG523

library49 to construct a smoothed aggregation multigrid solver.524
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